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The process of thermalization of a hot subexcitation photoelectron in polar medium is studied. 
The master equation is used as a starting point to derive analytic expression for the 
thermalization distances distribution function. The resulting expression depends upon the 
mechanism of energy dissipation via the first two moments of the energy loss probability. 
Asymptotic decay of the distribution with the distance depends on the character of electron 
motion (exponential for the ballistic motion; Gaussian for the diffusion). A general scheme 
was developed for evaluation of the energy loss probability within the framework of the linear 
response theory. Explicit results are derived for electron thermalization in polar medium 
whose dissipative properties are characterized by the Debye macroscopic dielectric 
susceptibility function (the Frohlich-Platzman model). Comparison of the estimates of 
thermalization distance in water with the experiment shows that the randomization of the 
direction of the electron motion is much faster than the thermalization process. The 
dependence of the most probable (average) thermalization distance on the initial kinetic 
energy, Ein , and on the dielectric relaxation time, T D' is found for the ballistic and the diffusive 
motion of the electron ( 0:: E ~:4T }{2 for diffusive motion). An explicit relation is derived 
between the probability to escape geminate recombination and the excess kinetic energy as well 
as the polarity of the medium and its relaxation time. Results are used to interpret the recent 
experimental data on the yield and kinetics of geminate recombination in normal and heavy 
water. 

I. INTRODUCTION 

Properties and process of formation of the hydrated 
(and, generally, solvated) electron have been the object of 
intensive studies since its identification almost 30 years 
ago.1.2 During the early "photographic age", the experimen
tal information was limited to the energetics and to the 
steady-state properties (quantum yields). A theoretical de
scription in the form of the theory of large (radius) po
laron J

.4 was developed almost a decade before. The inven
tion of stroboscopic pulse radiolysis marked the beginning of 
the "cinematographic age" as it became possible to follow 
the development in time. Initially, it was limited to studying 
electrons in glasses and matrices at very low tempera
tures,5.6 but as the time resolution improved it became possi
ble to study electrons in associated solvents (e.g., alcohols 
and water) below room temperatures.7-1O Finally, the recent 
development of the pico- and femtosecond time-resolved la
ser spectroscopy I 1-19 enabled study in detail of the kinetics 
of processes, which precede the formation of the solvated 
electron, accompany it, as well as the reactions (e.g., the 
geminate recombination D-IS ), in which the solvated elec
tron is involved. The picture, which emerged from these 
studies, involves four stages. 

(1) Thermalization. During this initial stage the excess 
kinetic energy of the electron is dissipated in the medium. 
For the high-energy electrons the energy is lost to electronic 
excitation (and ionization) of the medium molecules. 20 Be
low ~5-6 eV (subexcitation regime), excitation of the in
tramolecular vibrations becomes the most effective loss 

0) Present address: School of Chemistry, Tel-Aviv University, 69978, Tel
Aviv, Israel. 

channel. Finally, when the electron energy falls below -0.4 
eV (subvibrational regime) creation ofphonons and/or di
polar relaxation becomes the most efficient mechanism of 
energy dissipation. The timescale in water is -10-20 fs.21 
This stage is the least studied one both experimentally and 
theoretically. 

(2) Localization. The completely or partially thermal
ized electron is trapped on static defects (preexisting traps) 
or is self-trapped via the dynamical fluctuations of polariza
tion. We shall avoid discussing this controversial topic any 
further in this paper. The relevant timescale in water is 
-110-180 fs.12.14.16 

(3) Solvation. This stage involves orientational and 
translational relaxation of polarization around the initially 
localized electron. The timescale of the process is given by 
the longitudinal dielectric relaxation time,22 the same as for 
the solvation of an ion or an induced dipole. 23.24 However, 
the electron solvation process is qualitatively different from 
these in that it involves two different states.7.12 This fact has 
been established by demonstration of existence of an isosbes
tic point l9 in absorption spectrum. 

(4) Geminate Recombination. This process of capturing 
the electron by the parent ion resulting in formation of a 
neutral molecule has been experimentally studied for many 
years.20.25 The work during the last 2 years l3-18 gave impor
tant information about the short-time kinetics of the gemin
ate recombination both in nonpolar alkane solvents 13 and in 
normal l 4-17 and heavy15 water on the timescale from 100 fs 
to 100 ps. Apart from the time resolution the experimental 
technique employed in these studies has an additional im
portant advantage compared to the pulse radiolysis. This 
advantage stems from the fact that the electrons are created 
via the (two-photon) ionization ofthe solvent (solute) mol-
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ecules. In pulse radiolysis the high energy electrons create 
multiple tracks with extremely wide distribution of initial 
kinetic energies,26 which makes the analysis of the problem 
an extremely difficult task. Photoionization results in a nar
row distribution of the initial kinetic energies of electrons. 
Even more important is the fact that this technique allows 
controlled variation of the initial kinetic energy ofphotoelec
trons either by changing the wavelength of the laser or by 
ionizing solute molecules with different ionization poten
tials. This can provide experimental information about the 
recombination kinetics as a function of the excess kinetic 
energy. 

The standard model for description of the geminate re
combination has been formulated by Onsager. 27 The central 
physical assumption underlying this model is that the elec
tron is thermalized. This implies that the possibility of ge
minate recombination during the thermalization stage is dis
regarded. Furthermore, the effect of the initial conditions 
(such as the initial kinetic energy of the electron) and of the 
thermalization mechanism can be described only phenom
enologically. With this assumption, the problem is reduced 
to a diffusion-controlled reaction and is described formally 
by the Debye-Smoluchowski diffusion equation in Coulomb 
potential of the ion. Onsager obtained the steady-state solu
tion of this equation as well as the expression for the total 
probability of geminate recombination (more precisely, the 
complementary probability of escaping the geminate recom
bination). The model was subsequently extended to account 
for the structure of the medium28 by replacing the contin
uum diffusion by a random walk on a lattice. The general 
solution of the time-dependent problem both in the ab
sence29 and presence of an external electric field 30 was found 
by Hong and Noolandi. 

The Onsager model is incomplete in the sense that it 
disregards the thermalization stage. The information about 
the latter as well as about the initial kinetic energy of the 
electron enter the model phenomenologically, in terms of the 
initial distribution of thermalized electrons around parent 
ions. Both Onsager27 and Hong and Noolandj29 obtained 
fundamental solutions of the Debye-Smoluchowski equa
tion for the centrosymmetric initial distribution of vanishing 
width:p(r;O) 0:. 8(r - ro). The solution for an arbitrary cen
trosymmetric distribution can be obtained from it via convo
lution. It is clear that the particular form of the initial distri
bution affects more the short-time kinetics than the 
long-time kinetics. The detailed form of the distribution can 
only be determined from the analysis of the thermalization 
process. 

The importance of correct description of the initial dis
tribution has been realized long ago. The most popular ap
proach has been to choose an ad hoc functional form with 
adjustible parameters 14.16.20.25 to fit the experimental data 
on the free ions yield. There have been only a few attempts in 
the past to study thermalization theoretically.31-33 Sano and 
Mozumder32 have used the Langevin equation as a starting 
point of their analysis. They reduced the Fokker-Planck 
equation for the joint position-momentum distribution func
tion to a closed set of differential equations, which was 
solved numerically (this method was extended by Silinsh et 

al. 34 to include the external electric field). A closely related 
approach has been used by Mozumder33 to describe therma
lization of electrons in monoatomic gases, where the energy 
loss is due to the elastic scattering. In polar media (liquids) 
this mechanism of energy dissipation is not an effective one. 
For the electrons with kinetic energy below the electronic 
excitation level (subexcitation), energy is lost predominant
lyon reorientation of dipolar molecules and on creation of 
phonons. The aim of this work is to derive analytic expres
sion for the thermalization distances distribution function 
for electrons in polar media (liquids). 

The paper is organized as follows. In Sec. II the model is 
described. The continuous form of the master equation is 
used in conjunction with the classical description of electron 
dynamics to derive the equation for the integral energy loss 
probability function. This allows us to establish the relation 
with the approach used by Landau35 to describe the energy 
loss of cosmic particles penetrating through the atmosphere. 
Thermalization distances distribution function is deter
mined in Sec. III. The resulting expression depends on the 
detailed form of the differential energy loss probability func
tion (its moments). In Sec. IV, we describe the general 
scheme of evaluation of this function based upon the linear 
response theory.36 The Frohlich-Platzman37 model, in 
which the subexcitation electron loses its energy to the libra
tions and to phonons, is considered in detail in Sec. V. With
in this model the dissipative properties of the medium are 
described in terms of the macroscopic dielectric susceptibil
ity function. The general formalism of Sec. IV is employed to 
derive expressions for the differential energy loss probability 
and its moments. In Sec. VI we evaluate the most probable 
and the average thermalization distances assuming the bal
listic and diffusive motion of the electron. Results are em
ployed to analyze the data on geminate recombination of 
electrons in water. Finally, in Sec. VII we summarize the 
results and analyze the underlying assumptions and approxi
mations. 

II. THE MODEL 

The description of the electron thermalization process 
will be based on the following physical picture. The hot elec
tron is created (e.g., by photoionization) at the origin at the 
initial time moment (t = - 00) with the initial kinetic ener
gyabout 1.0-1.5 eV12,14-16 and it moves away from the par
ent ion. In its motion, the electron is scattered both elastical
ly and inelastically. 38 In the former processes only the 
direction of the electron motion is changed, and they, conse
quently, determine the shape of the electron track (trajec
tory) in the medium. In the latter processes the excess ener
gy is actually lost until the electron is completely 
thermalized. They, consequently, determine the length of 
the track. The length of the track is not to be mixed up with 
the distance the electron travels from the origin, which de
pends upon the shape of the track as well. We shall define the 
thermalized electron as having the kinetic energy equal to 
E = 1.5 (throughout the paper we employ dimensionless en
ergy variable E-=/3E-=E /kD. Since the initial kinetic ener
gy of the hot electron is Ejn "AO-60> 1, choice of the therma
lization energy slightly above 3/2 would not affect the 
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results. It follows that in order to thermalize, the electron 
has to dissipate (lose) energy €in - 3/2=€in' 

The problem we shall deal with in this paper can be 
stated as follows: What is the distribution of thermalization 
distances of an electron in the medium? In particular, we 
shall be interested in its dependence upon the initial kinetic 
energy of the electron and upon the dissipative properties of 
the medium. In other words, we shall determine the proba
bility <P(€in ;r) of the electron losing energy €in in escaping to 
the distance r from the parent ion (origin). Although this 
probability cannot be directly measured experimentally, 
there are many indirect ways of extracting it from the data 
on the short-time kinetics of the processes, in which the hot 
electron is involved. The geminate recombination 14-16 can 
serve as an example. In the actual experiments the hot elec
tron is "prepared" via the two-photon ionization of the me
dium (e.g., water) molecule. The initial excess energy of 
these photoelectrons is in the range 1.0-1.5 eV. This implies 
that the energy loss can proceed only on excitation of the 
intermolecular and intramolecular vibrational (phonon) 
modes of the medium. The characteristic energy scale for 
these modes is 10-100 cm - 1 and 100-1000 cm - 1, respec
tively. 

Our starting point is the continuum form of the master 
equation38 

an(€;t) =f'" dE'W(E';t)[n(E-E';t)-n(E;t)]. (2.1) 
at _. 00 

Here n (E;t) is the integral probability for the electron to lose 
energy E within time interval t after its creation. W(E;t) is the 
differential probability (per unit time) of the energy loss on 
the interval (t;t + dt ). In the following, we shall assume 
that the differential probability is time-independent, i.e., 
W(E;t) "",W(E). This assumption is equivalent to the neglect 
of temporal fluctuations, which will be considered else
where. 39 The master equation, Eq. (2.1), is based upon the 
following assumptions. 

(a) The energy loss of the electron at any particular 
time moment is independent of its history. The derivation of 
the master equation assumes that the timescale on which the 
memory (phase coherence) is lost is short, compared to the 
timescale on which the energy loss occurs. Physically, this is 
the case when the electron scattering in the medium is quasi
elastic,38 i.e., the elastic scattering cross-section is large. It is 
in these elastic scattering processes that the memory is lost. 
It should be pointed out that it does not determine the char
acter of the electron motion (shape of the track), which de
pends on the angular dependence of the elastic scattering 
cross section (i.e., whether it is peaked near e = 0, or it is 
nearly constant). 

(b) The electron energy loss spectrum is continuous. 
This assumption is invoked in replacing the discrete form of 
the master equation by the continuous one. This assumption 
is justified for the electrons with relatively low energy by the 
fact that the absorption spectrum of condensed media is con
tinuous in the far-infrared and microwave regions due to the 
abundance of the vibrational modes (phonons), their broad
ening, and mutual overlap. It is difficult to justify this as
sumption if the energy loss is to the electronic excitations of 

the medium molecules. These bands are separated energeti
cally and their broadening is rather small compared to their 
separation. 

(c) The electron not only loses energy to the medium 
modes, but can occasionally gain energy in the inelastic scat
tering process. Formally, this assumption is reflected in Eq. 
(2.1) by the fact that the integration is extended to the nega
tive energies. It implies that the bath of modes, which con
tribute to the energy loss is not cold. At room temperatures 
this assumption is valid for the intermolecular and partially 
also for the intramolecular vibrations (with energies 10-300 
cm - 1). It is certainly not valid for the electronic excitations 
since all the molecules are in their ground electronic state. 
The differential energy loss probability w( €) must satisfy the 
detailed balance condition. 38 The latter ensures the micro
scopic reversibility, or, in other words, that there is no ener
gy exchange on the average between the electron and the 
bath after thermalization. Formally, this condition can be 
written as 

W( - €) = exp(E)w(E). (2.2) 

We shall return to this question in Sec. IV in analysis of the 
microscopic expression for the differential energy loss prob
ability. 

As already mentioned, we are actually interested in the 
integral probability of the energy loss as a function of dis
tance from the origin rather than as a function of time. This 
can be obtained by introducing the classical statistical de
scription of the electron motion in terms of the root-mean
square distance from the origin as a function of time: 
r(t) = (r 2(t) > 112. This depends, in its turn, on the details of 
the elastic scattering process. The integral probability of en
ergy loss as a function of distance can be obtained now by 
expressing the time as a function of the distance from the 
origin: t = z(r) =z. Substitution of this expression into the 
master equation results in the desired equation for the ener
gy loss distribution as a function of the distance. Below we 
illustrate this on two simple examples. 

A. Ballistic motion 
In this casez = r/vwith v being the electron velocity. As 

a result, Eq. (2.1) can be recast as 

aep(er) f'" --,--,---,--' -'- = dE' Wu (E';r) [ep(E - E';r) - ep(E;r)] 
ar - '" 

with 

ep(€;,) = n(E;r/v) 

(2.3 ) 

1 
and Wu (E;r) = - W(E;r/v). 

v 
Here Wu (E;r) is the differential probability of energy loss 
(per unit distance). The kinetic equation similar to Eq. 
(2.3) has been used almost half a century ago by Landau35 

to describe the energy loss of the high-energy particles pene
trating through the upper levels of the atmosphere. The dif
ferences between our description and that of Landau are as
sociated with the mechanism of the energy dissipation. 

B. Classical diffusion 

If the direction of the electron motioh is randomized by 
each subsequent elastic collision, its distance from the origin 
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is given by r 2 = 6Dt with D being the diffusion coefficient. It 
follows that in this case z = r 2/6D and the equation for the 
integral energy loss probability function has the form 

am(er) f'" --'-T..:......:-~...:.... = dE' Wd (E';r)[<p(E - E';r) - <p(E;r)] 
ar - '" 

(2.4 ) 

with 

<p(E;r) = n(E;r 2/6D) 

It should be pointed out that this case corresponds physical
ly to the situation when the elastic scattering cross section is 
nearly independent of the angle. It can be realized if the 
electron is captured in a short-lived resonance state of a neg
ative molecular ion. Its release results in u( 0) ::::: const. Such 
resonant state capture is efficient only for relatively low-en
ergy electrons. 

In the same way, one can derive the equation for the 
integral energy loss probability function for an arbitrary type 
of motion. This completes the definition of the model. In the 
way it is presented it is obviously phenomenological. Its con
nection to the "real world" will be established in the follow
ing sections, where the microscopic mechanism will be speci
fied and the differential energy loss probability function 
WeE) will be determined from first principles. 

III. DISTRIBUTION OF THERMALIZATION DISTANCES 

The master equation, Eq. (2.1), is of the convolution 
type in the energy variable and is solved easily using the 
Fourier transform (Laplace transform for the cold bath's) 

n(s;t) = f: 00 dEei"n(E;t). 

The final result is 

n(E;t) = _1_ foe ds exp{ - iSE + t [w(s) - w(O)]} 
21T - '" 

(3.1 ) 

with w(s) =f"::. '" dE eis€w(E). We can now exploit the fact 
that we are actually interested in the behavior of the integral 
energy loss probability function for large energy values 
E - 50 ~ 1. This allows use of the small argument expansion 
for its Fourier transform. Now, 

w(s) - w(O) =is(E) - £.(~) + 0(S3) ... , (3.2) 
2 

where (E) and (~) are the first two moments of the differen
tial energy loss probability (per unit time), 

(E) = f: 00 dE EW(E) and (~) = f: '" dE ~W(E). 
Keeping terms up to -~ in the expansion results in a Gaus
sian integral, which is easily evaluated leading to the final 
expression 

n(et) = [21Tt (~)] -1/2 exp{ _ [E - t (E) F} . (3.3) 
, U(~) 

The result is physically transparent. It implies that within 
the approximation adopted the dynamics is described by the 

diffusion (with drift) in energy space.4O The drift velocity 
and the diffusion coefficient are given by the average rate of 
energy loss, (E), and by the second moment, (~)/2, respec
tively. Appropriately normalized, Eq. (3.3) gives the distri
bution of thermalization times: 

N(Ein;t) = (E)n(Ein - 3/2;t) 

:::::[ (E)2 ]1/2exp{_[Ein-t(E)12}. 

21Tt (~) 2t (~) 
(3.4 ) 

Note that N( Ein ;t)dt is the probability that the hot electron 
with the initial kinetic energy Ein is thermalized within the 
time interval (t;t + dt ). The following properties of this 
distribution function have to be noted. 

(i) The distribution function is Gaussian in the initial 
kinetic energy Ein of the electron. This result is associated via 
the central limit theorem with the fact that thermalization 
requires emission of a large number of phonons. 

(ii) The distribution function vanishes in the short-time 
limit 

lim N(Ein;t)o::.t -1/2 exp { -~}--+O, (3.5) 
t-O 2t (~) 

which is an important physical condition that the proper 
thermalization times distribution function has to satisfy. 

(iii) The distribution function decays asymptotically as 

limN(Ein;t)o::.t-l12exp{- (E)2
t
}. (3.6) 

t- 00 2(~) 

Physically, this means that the scattering events are uni
formly distributed in time, or, in other words, that the pro
cess is Poissonian.41 

We are actually interested in the thermalization dis
tances distribution function. This can be derived by combin
ing the expression for N( Ein ;t) with the classical statistical 
description of the electron motion in terms ofthe root-mean
square displacement: r=r(t) = (r2(t)1I2. The result has 
the form 

(
dt(r) ) <I> (Ein ;r) = CN(Ein - 3/2;t(r» ----;;;:- . (3.7) 

Here the constant factor C is determined from the normali
zation condition 

i'" dr <I> (Ein ;r) = 1. (3.8) 

The expression for the thermalization distances distribution 
function, Eq. (3.7), is the central result of this section. The 
limiting behavior of <I> (Ein ;r) can be obtained easily from 
Eqs. (3.5) and (3.6). The distribution function vanishes in 
the limit r--+O. The simple exponential asymptotic decay 
with time does not imply, however, the same type of decay 
with distance. The latter depends also on the character of the 
electron motion. The exponential decay is recovered, in fact, 
only in the particular case w hen the electron motion is ballis
tic (uniform), when 

lim <l>u (Ein;r) 0::. r - 1/2 exp{ _ (E)2r }. (3.9) 
r-T. 2v(~) 

It is easy to show that for the classical diffusion case the 
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distribution behavior is asymptotically Gaussian. In general, 
if 

(3.10) 

the distribution function decays asymptotically as 

lim <I>(e 'r) ex: r 1/2a - 1 exp _ . { 
B (e)2r lla} 

r-oc on' 2(~) 
(3.11) 

This expression encompasses the ballistic motion (a = 1), 
the classical diffusion (a = 1/2), the persistent diffusion 
(partially coherent motion) (1/2 < a < I), and the disper
sive diffusion (0 < a < 1/2). 

The fact that the character of decay of the distribution 
function with the distance is associated with the dynamics of 
electron (Poissonian for the ballistic motion and Gaussian 
for the diffusive motion) has been implied in previous work. 
Thus, Abell and Funabashi31 employed the multiple scatter
ing theory and derived that the thermalization distances dis
tribution function should decay exponentially with the dis
tance. Their expression predicts a finite probability of 
thermalization at infinitesimally short distance from the ori
gin. This unphysical result can be traced to the breakdown of 
the multiple scattering treatment in the limit r--+O. Although 
not stated explicitly, their treatment assumes ballistic mo
tion of the electron. Sa no and Mozumder32 have studied the 
diffusive limit. The assumption that the dissipation can be 

. described by the velocity-independent friction (Langevin 
equation) has lead to the Gaussian asymptotic decay of the 
distribution. The advantage of our approach is that 

(a) it is general (i.e. applies for an arbitrary type of 
motion); 

(b) it is flexible in the sense that it allows the study of an 
arbitrary microscopic mechanism of energy loss (in Sec. V 
we shall show that the dissipation cannot always be de
scribed in terms of velocity-independent friction); and 

(c) it gives an explicit analytic expression for the distri
bution function (while Ref. 32 relies on the numerical solu
tion). 
We now turn to the microscopic analysis of the thermaliza
tion problem. 

IV. MICROSCOPIC APPROACH 

A. Differential probability of energy loss 

In order to apply the phenomenological expression for 
the thermalization distances distribution function derived in 
Sec. III to the "real world" problems, we must specify the 
microscopic mechanism of energy dissipation. The latter en
ters the master equation via the differential probability of 
energy loss, w( e) and the final expression for the thermaliza
tion distances distribution function, Eqs. (3.4) and (3.7), 
via the first two moments of w (e). Below we shall provide a 
general framework for the microscopic evaluation of wee) 
and its moments. In the following section, this will be ap
plied to the case of an electron moving ballistically in a polar 
medium. J7 

Our first problem will be to derive a microscopic expres
sion for the Fourier transform of the differential probability 
of energy loss, w(s). Since the latter is the characteristic 
function of wee) the moments can be easily obtained. The 

derivation is based on the following assumptions: 
(i) The medium is represented as a bath of harmonic 

oscillators. The bath is assumed to be in thermal equilibrium 
at the initial time (t = - (0) when the interaction between 
the electron and the bath is switched on. 

(ii) The electron motion is represented in terms of the 
(averaged) classical trajectory. 

(iii) The coupling between the electron and the bath 
oscillators is linear, so that the linear response theory36 can 
be used to describe the dissipative properties of the bath.42 
This assumption can, in fact, be relaxed.43 

Let P( e) be the probability for the electron to dissipate 
energy e along the whole track in the medium (Le., from 
t = - 00 to t = (0). It is related to the differential probabili
ty of energy loss (per unit time) via 

W 
wee) = - pee). 

21T 
(4.1 ) 

Here w is the effective frequency of the bath response to the 
external time-dependent force due to the electron. It ensures 
the appropriate normalization of the flux. Let us assume for 
the moment that we know how to determine w from first 
principles (the methods are discussed below). Let us assume 
also that we have an expression for the average rate of energy 
loss (per unit time) 

(e)=Joo decw(c) = _ w roo dwA(w). (4.2) 
- 00 21T Jo 

Within the linear response theory, dissipative properties of 
the bath are described in terms of the complex admittance36 

X(w) so that 

A(w) = P ·wi"(w)I/(w)1 2
• (4.3) 

1T 
Here X" (aI) is the imaginary part of the complex admit
tance (loss term) and/(aI) is the Fourier component of the 
external force. In Appendix A it is shown that the knowledge 
of the expression for the average energy loss rate allows the 
determination of the Fourier transform of the differential 
probability of energy loss uniquely, 

w(s - i12) = w pes - il2) 
21T 

= w exp {_ r'" dal A (al ) 
21T Jo 

X . [cosh(/3muI2) - cos (s/3mu)] } 
(/3fuu) sinh (Pfuu /2 ) 

(4.4 ) 

This expression satisfies the normalization condition: 
w(O) = WI21T. It also possesses an important symmetry 

w( -s-iI2) =w(s-i/2) 

which follows from the detailed balance condition, Eq. 
(2.2). The latter allows us to write the general expression for 
w(s - il2) in the form 

w(s - i/2) = 2 fO dt: wee) exp(d2) COs(se). 

In the classical limit (Ii--+O), Eq. (4.4) reduces to 

Wei (s - i12) = (ij exp{ - (~+ 1/4)8} (4.5) 
21r 
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with 0= (21Tf(jj) (E) being the total average energy loss by 
the electron. An obvious implication of this result is that the 
differential energy loss probability function is Gaussian in 
the classicallimit,44 i.e., 

( ) _ W . (4 .~) - 112 {_ (E + 0)2 } Wcl E - - 1Tu exp . 
21T 40 

(4.6) 

Inspection ofEq. (4.6) shows that the detailed balance con
dition, Eq. (2.2), is indeed satisfied. The lowest order quan
tum correction can be obtained from Eq. (4.6) via replace
ment of the average rate of energy loss by 

(4.7) 

This is the well-known Wigner's quantum correction.45.46 

The Fourier transform of the differential energy loss 
probability, Eq. (4.4), can be used to derive explicit expres
sions for the higher order moments of WeE). Thus, the sec
ond-order moment is given by 

(4.8) 

with (02E) being the dispersion (variance) of the rate of 
energy loss 

( 4.9) 

Substitution of the results for the first two moments into the 
expression for the distribution of thermalization distances, 
Eqs. (3.4) and (3.7), transforms it from the phenomenolog
ical to the microscopic. This final expression depends on (a) 
the initial kinetic energy of the electron Ein ; (b) the character 
of the electron motion in the medium [via the time depen
dence of the distance from the origin, rCt) J; (c) the dissipa
tive properties of the bath (via the imaginary part of the 
complex admittance, X" (U) ); and (d) the interaction 
between the electron and the bath [via the Fourier transform 
of the time-dependent force,f(U) J. It also depends on the 
effective bath response frequency W. The calculation of the 
latter is described below. 

B. The effective frequency 

Evaluation of the differential energy loss probability re
quires the knowledge of the effective bath frequency. The 
latter ensures the appropriate normalization of the flux. One 
possible choice for it is the so-called absolute rate theory 
(ART) expression47 

_ _ 1 
U) = U)ART = -. 

{Jfz 
(4.10) 

The more common choice is the transition state theory 
(TST) result,47 which gives the effective (attempt) frequen
cy in terms of the equilibrium correlation functions of the 
reaction coordinate (which corresponds in our case to the 
distance of the electron from the origin) and velocity 

- - {(r(o)r(O»}1I2 (4.11) 
U) = U)TST = (r(O)r(O» . 

Within the linear response theory, the equilibrium correla
tion functions can be expressed in terms of the complex ad-

mittance using the quantum f1uctuation-<iissipation 
theorem (FDT) 36,48 

_ _ {sr:, dU)X"(U)U)2coth({JU)/2) }1/2 
U)TST -

S~ dU) X" (U) coth ((JU)/2) 

or its classical version. Here X" (U) is the imaginary part of 
the admittance (loss term). For problems dominated by the 
energy exchange between the system and the bath, the ener
gy loss plays the role of the reaction coordinate. The effective 
frequency is evaluated in the same way as in the TST: 

w=w = {(E(O)E(O»}I!2 (4.12) 
en (E(O)E(O» , 

where (E(O)E(O» is the equilibrium correlation function of 
the energy flux, etc. Use of the quantum FDT allows us to 
recast this expression in the form 

Wen = {sr:, dU) X" (U) 1 ~(U) 12U)3 coth ({JfzUJ/2) } 112 (4. B) 
f~ dU) X" (U) 1 I(U) WU) coth({JfzUJ/2) 

This expression differs from the TST by the fact that contri
bution of the different modes is weighted with the square 
modulus of the amplitude of the force for this frequency, 
1 f( U) 12 (the additional U) makes no qualitative difference). 
Usually, the interaction between the system and the bath is 
assumed to be switched on instantaneously or the pulse is 
assumed to be extremely short (0 pulse). Under these condi
tions,f(U) =const and the results of evaluation of the effec
tive frequency using the energy flux correlation function and 
the TST procedure should be quantitatively similar. The 
same is true, of course, ifthe force is harmonic. In other cases 
the results may be qualitatively different: e.g., in the patho
logical cases when the loss term does not decay sufficiently 
fast with the frequency and the moments diverge leading 
formally to divergence of the TST rate.49 The power spec
trum of the force 1 f( U) 12 in such a case provides an effective 
cutoff at high frequencies with the finite effective frequency. 
We shall deal with a particular example of this situation. We 
analyze the dissipation by a ballistically moving charge37 in 
medium characterized by the Debye dielectric susceptibil
ity.50 

v. ELECTRON IN POLAR MEDIUM 

As an application of the general formalism described in 
Sec. IV, we consider below, the energy dissipation by an elec
tron moving ballistically (with velocity v) in a polar medi
um. 37 Two aspects make the analysis for the uniformly mov
ing charge particularly simple: 

(i) the absence of radiative damping, which has to be 
taken into account if the charge is decelerated; 

(ii) the retarded Lienard-Wichert potential, which de
scribes the interaction of the moving charge with the 
medium has, in the case of ballistic motion, a par
ticularly simple form. 51 

The dissipation is assumed to originate from the orienta
tional relaxation of the dipolar medium molecules interact
ing with the moving electron via the long-range Coulomb 
force. The dissipative properties of the medium are charac
terized by the macroscopic dielectric susceptibility function 
t(U) (spatial dispersion effects 52 are neglected). Such a de-
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scription avoids the problems with a microscopic descrip
tion of the absorption spectrum of polar liquids53

,54 by using 
the experimentally determined susceptibility. 

Our starting point will be the Fr6hlich-Platzman 
expression for the average rate of energy loss of the elec
tron 3? 

(E) = _ 2{3e
2 

roo dfJJ fJJ:" (fJJ) afJJ Ko (afJJ) K, (afJJ) . 
1TV Jo jc(fJJW V V v 

(5.1) 

Here a is the lower limit for the impact parameter, which is 
taken equal to the average distance between the neighboring 
molecules in the medium. Kn (x) is the modified Bessel func
tion. In Ref. 37 the average rate expression, Eq. (5.1) was 
derived from classical electrodynamics. A quantum-me
chanical treatment leads to the same result. The derivation 
involves two steps (cf. Appendix B). 

(a) The medium is represented in terms of harmonic 
oscillators. One then evaluates the total energy transferred 
to a single oscillator as a function of its frequency and posi
tion in space (the impact parameter). 55 The time-dependent 
force on the oscillator is determined by the Lienard-Wichert 
potential and relativistic corrections (~vlc) are disregard
ed. 

(b) The resulting expression is multiplied by the density 
of oscillators (per unit volume) with a given frequency 56 

and integrated over the frequency and over the impact pa
rameter. In integration over the impact parameter a lower 
cutoff distance has to be introduced (usually it is taken equal 
to the distance between the neighboring molecules). 
The relationship with the general formalism of Sec. IV is 
established by observing that, in this case, the complex ad
mittance and the power spectrum of the force are given by 

,it(fJJ) a: 1 - lIe(fJJ) 

and 

If(fJJ)12a:a: Ko(a:)K, (a:), 

respectively. Together with Eq. (4.10), these relations deter
mine the effective (response) frequency for the medium. In 
the following, we shall assume the Debye dielectric suscepti
bility of the medium 50 

Cs - Coo 
e(fJJ) = Eoo + ----

I - jfJJ7D 

with Eoo and Cs being the optical and the static dielectric 
constants, respectively, and 7D being the Debye relaxation 
time. The Debye relaxation provides a reasonably good de
scription of the absorption spectrum of polar liquids in the 
far infrared and microwave frequency domains, which are 
responsible for the major part of energy loss of subexcitation 
electrons. The imaginary part of the complex admittance 
(the loss term) is given in this case by 

(5.2) 

In this expression, cp == lIEoo - liEs and 7L == (Eoo IEs )7D is 
the longitudinal dielectric relaxation time. 

To evaluate the effective bath (response) frequency we 
assume that fJJ7L ~ 1

3
? and f3fuu/2> 1 for the modes which 

give the dominating contribution to the energy loss (the lat
ter assumption implies small thermal popUlation of the 
modes). This assumption will be checked for consistency. 
As a result, the imaginary part of the admittance and the 
population of the modes can be approximated by 

e(fJJ) ~l, coth(f3fuu/2) ~ 1, 
je(fJJW fJJ7L 

(5.3 ) 

and the expression for the effective bath frequency reduces to 

Q)~G: y/2 : = (! y/2 : ~0.6 : . (5.4 ) 

The integrals 

In == 100 

dx xnKo (x)K I (x) 

are evaluated in Appendix C. For realistic values ofthe phys
ical parameters: 

longitudinal dielectric relaxation time of water at RT, 
7L ~300 fs; 
intermolecular distance, a = 3·10 - 8 cm; 
velocity of the electron with energy 1 eV, v~6'1O? 
cm/s; 
thermal time tth ==f31i at 300 K, tth ~ 25 fs, 

the effective response frequency is Q)~ 1015 S - I and one can 
easily check that the assumptions introduced in the evalua
tion are indeed satisfied. Moreover, the opposite assumption 
about the relevant frequency domain, i.e., fJJ7L 41: 1 and 
f3fuu/241: 1 would eventually lead to Q) ~ (4/3) l!2vl a, which 
differs only by a factor of 2 from Eq. (5.4) and which is 
clearly inconsistent with the assumptions involved in its der
ivation. 

We can now use the result of the previous section to 
write down the expression for the Fourier transform of the 
differential energy loss probability function, wee): 

w(s _ i/2) = (_3_)1/2 ~ 
32r a 

{ (32r)l!2 a A } 

xexp - -3- f3liv R(s) (5.5) 

with 

R (s) == roo dfJJ :" (fJJ) fJJa Ko (afJJ) K, (afJJ) 
Jo IE(fJJ)j2 V V V 

X [cosh(f3fuu/2) - cos (sf3fuu) ] . (5.6) 
sinh (f3fuu 12 ) 

It is also possible to evaluate the moments of the differential 
energy loss probability function. We shall limit ourselves by 
the first two moments, which are required for the thermali
zation distances distribution function. The result for the 
average rate of energy loss has the form3

? 

(5.7) 

and is independent of the electron velocity. For the disper
sion we get 
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(o2e) =- 12 f3fzv (e) = ~ f3fzv (e). 
II a 1T a 

(5.8) 

Combined with Eqs. (4.8) and (5.7), this leads to an explicit 
result for the second moment. Substitution of the microscop
ic expression for the average rate of energy loss and for the 
second moment into Eq. (3.7) gives us a first principles re
sult for the thermalization distances distribution function. 
This will be analyzed in the following section. 

The expression for the dispersion of the differential en
ergy loss probability function, Eq. (5.8), allows study of the 
role of the quantum fluctuations. Comparison of Eq. (5.8) 
with the prediction of the classical fluctuation-dissipation 
theorem: (o2e) = 2(e) gives for the quantum correction fac-
tor 

Yq = ~ f3fzv =- 16. 
1T a 

This clearly shows that the quantum fluctuations are impor
tant for the electrons with kinetic energy ~ 1 eV even at 
room temperatures. This is not surprising taking into ac
count the result for the effective frequency of bath response 
(quantum modes give the dominant contribution to the ther
malization process). The classical Gaussian form for the dif
ferential energy loss probability, Eq. (4.6), is not a good 
approximation in this case. One has to use the general quan
tum-mechanical expression, Eqs. (5.5) and (5.6). The 
expression for the second order moment can be recast in the 
form 

(~) =-~ f3fzv (e) [1 + fflcp .~] 
1T a 6112 fzv2rL 

=2Yq (e)(1 +g). (5.9) 

Estimate ofthe second term in brackets gives g =- 2 X 10 - 2 so 
that it can be neglected for the electrons with the kinetic 
energy above ~O.05 eV. These electrons are so close to ther
malization that for them the whole analysis of this work (cf. 
Sec. III) is clearly inapplicable. We shall therefore approxi
mate the second moment by (~) =- 2 Yq (e). 

We finish this section dealing with the microscopic 
study of dissipation for the Fr6hlich-Platzman model37 

with the following remarks. 
( 1) The most important aspect is that the effective bath 

response frequency and the moments of the differential ener
gy loss probability function are finite. The exponential 
asymptotic decay of the power spectrum of the time-depen
dent force in the high-frequency limit prevents the well 
known divergence of these expressions for the Debye relaxa
tion. The latter is associated with the pathological behavior 
of the Debye dispersion in the high-frequency domain,49 
where the inertial effects are important. 

(2) The result for the average rate of energy loss, Eq. 
(5.7), implies that the deceleration of the charge is inversely 
proportional to its velocity. Consequently, the Langevin 
equation32 does not constitute a proper macroscopic de
scription of the dynamics (thermalization process) in this 
case. 

(3) Unlike the average energy dissipation rate, the sec
ond moment depends on the electron velocity (initial kinetic 

energy). This dependence originates, of course, from the de
pendence of the differential energy loss probability function, 
wee) on the initial kinetic energy. An obvious consequence 
of this result is that the integral energy loss probability func
tion, <p (e;r) also depends on, e in • This has to be borne in 
mind in analyzing the expression for the thermalization dis
tances distribution function. 

( 4) Finally, the character of the electron motion enters 
into the final expressions for the moments in terms of the 
power spectrum of the time-dependent force I f(w W. The 
form used in this section is appropriate for the ballistic mo
tion of a charge. For any other dynamics (e.g., diffusive mo
tion) one has to determine the power spectrum of the force, 
which will be generally different from that of a ballistically 
moving charge. 

VI. ANALYSIS OF RESULTS 

We now apply the results of the previous section to the 
study of the thermalization of a hot electron in water at room 
temperature. The reason is that most of the available experi
mental data on the short-time geminate recombination ki
netics as well as on the formation of the trapped solvated 
electron are for water. 12.14-16 Consequently, in subsequent 
analysis we shall use the values of the physical parameters of 
water (cf. Sec. V). As our first step we shall evaluate the 
average thermalization distance for the ballistic and diffu
sive motion of the electron. These results will be used to 
interpret the data on geminate recombination of photoelec
trons in water. 

A. Average thermalization distance 

1. Ballistic motion 

The thermalization distances distribution function in 
this case has the form 

<1>u (ein;y) = Cuy- 1/2 exp{ _ [y -:1 .~~2]2} , (6.1) 
q2 ein Y 

where Cu is the normalization factor,y=r/a is the distance 
from the origin scaled by the average separation between the 
neighboring molecules, and 

25/2 r L 
ql =-- 3.6, 

1TC
p 

(mf33) 1/2e2 
(6.2) 

(6.3 ) 

The maximum of the distribution function (most probable 
thermalization distance) corresponds to 

q e { [ (q)2] 1/2 } y. = 7 1 + 16 q: e in - 1 

_ 8 fzrLeon {( r ma
2
eon )112 } ---- 1+--- -1. 

rcp mf3ae2 2 f3fz2 
(6.4 ) 

For the high initial kinetic energy (ma2ein/f3fz2~ 1) this 
most probable thermalization distance increases with in
creasing kinetic energy as a: ef~2. In the opposite limit 
(which may not be legitimate within the approximations of 
this work) ,y. scales as a: <=Tn. It is also worth noting that the 
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most probable thermalization distance is proportional to the 
relaxation time of the medium. 

It is also possible to obtain a closed expression for the 
average thermalization distance Yav: 

Ya,.=l'" dyy<I>(Ein;Y) =q\ET:2[1 + 2 Q2J/2]' (6.5) 
o q\~n 

The numerical values of the most probable and for the aver
age thermalization distances for a number of values of the 
initial kinetic energy are presented in Table I. The fact that 
Yay is considerably larger than Y * reflects the slow decay of 
the distribution for long distances and high kinetic energy: 

<l>u (Ein;Y) ex: exp{ - ylq2 Ein}' 

Evidently the results presented in Table I are much larger 
than the experimental average thermalization distance for 
subexcitation electrons in water, which lies within the inter
val of 20-30 A,\4(b).16 One of the reasons for this overesti
mate of thermalization distance is the assumption that elas
tic collisions lead to the forward scattering of the electron. 
This is clearly not a correct picture of what is actually going 
on. Therefore, we consider below, another extreme situa
tion, when the elastic scattering cross-section is independent 
of the scattering angle. This results in diffusive motion of the 
electron. 

2. Diffusive motion 

We now consider the case when the direction of the elec
tron motion changes at random after each subsequent elastic 
collision. In this caseS7 

l(t) = 6D(t 17e ) 

wherey=rla is the scaled distance travelled by an electron, 
7e is the average time between the elastic collisions, and 

D = f,(v7cia)2 

is the dimensionless diffusion coefficient. We shall further 
assume that the mean-free path 1= V7e between the collisiot:ls 
is equal to a single intermolecular spacing, i.e., 7c = alv. It 
follows that the thermalization distances distribution func
tion is given in this case by 

(6.6) 

with 

1 (2 )112 
UI=~' /3ma2 

( 6.7) 

and 

TABLE J. The most probable and the average thermalization distances in 
water. 

\0 
20 
30 
40 

55 
188 
379 
618 

302 
699 

1157 
1666 

11 
18 
24 
30 

15 
24 
32 
38 

( 6.8) 

The most probable and the average thermalization distances 
can be expressed in the form 

Yd = (u ( 312 ) 112 * 1 In 
(6.9) 

and 

Y:v = Y! (2pl1r) 1/2 exp(p)K\ (p) ( 6.10) 

with p=2u\ Ein lu2 • These results are general in the sense 
that the mechanism of dissipation is not specified. We shall 
now assume that the energy dissipation in the case of diffu
sive motion is similar to that for a ballistic one. More precise
ly, it is assumed that the first two moments of the differential 
energy loss probability function (per unit time) for a diffus
ing charge can be approximated by those for a ballistically 
moving charge with the same initial kinetic energy. The va
lidity ofthis assumption is far from being obvious a priori. Its 
justification can be based on simulations by Magee and Hel
man,58 which showed that the force power spectrum for dif
fusive motion of a charge is similar in the important frequen
cy region with that of a uniformly moving one. The 
difference between the two is considerable in the low-fre
quency region. However, the latter does not contribute sig
nificantly to the overall dissipation. With this assumption, 
Eqs. (6.7) and (6.8) reduce 'to 

u1 =Ql and U2 = Ei
1
:

2
q2' (6.11) 

Results of calculation of the most probable thermalization 
distance, Y! ' and of the average thermalization distance, Y:v 
are also presented in Table I. Inspection of the table shows 
that the thermalization distances for the diffusively moving 
electron are more than order of magnitude smaller than the 
corresponding results for the ballistic electron. This is, of 
course, expected. It is easy to show that y; =y!:'2 if the first 
two moments of the energy loss for the uniformly moving 
charge are employed and if the mean-free path is taken equal 
to a single intermolecular separation. The results for the dif
fusing electron are much closer to the experimental data for 
the thermalization distance of electron in water. This implies 
that the timescale on which the direction of electron motion 
is randomized is much shorter than that of thermalization. 
In other words, classical diffusion is a more realistic descrip
tion of the electron motion during the thermalization pro
cess. 

The derived expressions predict the dependence of the 
average (most probable) thermalization distance on the ini
tial kinetic energy of the electron and on the dielectric relax
ation time of the medium. For ballistic motion it is given by 

y* ~ Yay ex: E::2( 7Llcp ) 

and for the diffusive motion 

( 6.12) 

d d 3/4( I )1/2 (613) y * ~ Yay 0:: Ein 7 L C p • • 

These results can also be derived in the "back of the enve
lope" fashion from the expression for the average rate of 
energy loss, Eq. (5.7). Indeed, the rate (per unit length of 
the track) is given by 

dE cp 
--0::---

dL fl/27L 
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Integration of this relation together with the fact that for the 
ballistic motion of the electron r rx L leads to the result that 
the thermalization distance scales with the initial kinetic en
ergy and dielectric relaxation time as predicted by Eq. 
(6.12). Assuming that this expression for the rate of energy 
loss is applicable for the diffusive motion as well as together 
with rrxL 112 leads to Eq. (6.13). 

We would like to finish the discussion of average ther
malization distances with two comments. 

( 1) In our evaluation, the effect of deceleration of the 
electron was neglected. This deceleration leads to an in
crease of the energy dissipation rate in two different ways. 
First, according to Eq. (5.7) the average energy loss (per 
unit length of the track) is increasing with the decreasing 
velocity (inversely proportional). Second, decelerated 
charge also loses its energy via the radiative damping. There
fore, the average thermalization distances calculated above 
constitute upper bounds to the correct one. However, the 
overestimate is relatively small. Indeed, it is easy to show 
that the total length ofthermalization track is overestimated 
(at most) by a factor of (2Ein /3 ) 112. It follows that the ther
malization distance is overestimated in our calculation by 
(at most) a factor of (2Ein /3 ) 114 if the motion of an electron 
is assumed diffusive. For Ein = 40, the overestimate is not 
larger than a factor of 2. Furthermore, the ratio of the rates 
of radiative vs nonradiative energy losses can be estimated as 

(dE/dt)rad a3.(1TC/3ft)2. <10- 8 
(E)"; 487L qz 

with a=.ez/ftc being the fine structure constant. It follows 
that the radiative energy loss is negligible. 

(2) Another important approximation involved is that 
the loss of energy associated with the work against the Cou
lomb field of the hole has been disregarded. We shall discuss 
this assumption in the following section. 

B. Geminate recombination 

As already mentioned, the results can be applied to ana
lyze the yield and the kinetics of the geminate recombina
tion. The probability for the hot electron to escape geminate 
recombination Gfi in the absence of external electric field is 
given by 

Gft = 1" dr<l>(Ein;r)exp{ - rc/r} (6.14 ) 

where rc =.[Je2/Es is the Onsager radiusY Similarly, the ki
netics can be studied by convoluting the distribution ofther
malization distances with the fundamental solution of the 
time-dependent problem. 29 Below, we shall limit ourselves 
only to a semiquantitative analysis of the yield. A detailed 
study will be presented elsewhere. 59 

In the simplest approximation the actual distribution of 
thermalization distances can be replaced by the zero-width 
distribution centered at the most probable thermalization 
distance, r., 

<I> (Ein ;r) z8(r - r. ) = 8(r - ay. ). 

Since the decay of the distribution is rather slow for large 
initial kinetic energies, the average thermalization distance, 

r may be a better choice than r •. However, it will not av' 
affect the results and conclusions. Substitution of the ap-
proximate form for the distribution into Eq. (6.14) results in 

Gfi"",exp{-rc/r.}. (6.15) 

The importance of this result is that it allows the prediction 
of the dependence of the probability to escape geminate re
combination on the initial kinetic energy of the photoelec
tron, Ein , the Debye relaxation time, 7 0 , and the polarity of 
the medium (via the static and the optical dielectric con
stants). Assuming that the motion of the electron is diffu
sive, one obtains that 

( 6.16) 

Thus, the total probability for the electron to escape gemin
ate recombination increases with the increasing initial kinet
ic energy as well as with the relaxation time. It also increases 
with the increasing polarity of the solvent (es )' The depend
ence on the initial kinetic energy is qualitatively (not quanti
tatively!) trivial. It has been experimentally observed in pho
togeneration of charge carriers in molecular crystals. Scott 
and Braun60 have shown that the use of the shorter wave
length for laser photoionization resulted in larger yield of 
free charge carriers. Hopefully, the quantitative dependence 
of the yield on the kinetic energy predicted by Eq. (6.16) can 
also be tested in this way. The dependence upon the static 
dielectric constant is also qualitatively clear. Indeed, most of 
it is associated with the decrease of the Onsager radius with 
increasing polarity of the medium. Such a correlation has 
been recently established61 in analysis of the experimental 
data for the free-ion yield in irradiated polar liquids. Analy
sis of these data using Eq. (6.16) would be interesting. 

The predicted dependence of the probability to escape 
geminate recombination on the dielectric relaxation time is 
less expected and more interesting. It can be used to interpret 
the experimentally observed isotope effect on the probability 
of geminate recombination in water. 10,15 The smaller yield in 
D2 0 compared to that in H2 0 was attributed 10 to the longer 
electron thermalization distance in heavy water. This result 
directly follows from Eq. (6.16) taking into account that the 
dielectric relaxation time of heavy water is larger than that of 
normal water:62 

70 (D2 0) "'" 1.370 (H2 0). 

According to Eqs. (6.12) and (6.13), the most probable 
(average) thermalization distance in D z 0 should be 30% or 
15% larger than in Hz 0 depending on dynamics. Cherno
vitz and Jonah 10 attributed the difference in the thermaliza
tion distances to the difference in the frequencies of the 
OH(OD) asymmetric stretch mode. This implied that ther
malization requires - 2112 as many collisions in heavy water 
as in normal water. However, the larger portion of the ther
malization track corresponds to the subvibrational electron 
(cf. Ref. 21), whose energy is not sufficient to excite intra
molecular vibration modes. In this regime, the energy loss is 
associated with molecular reorientation (rotation and/or li
brat ion ). It should be pointed out that the fact that relaxa
tion time (viscosity) in D z 0 is larger than in Hz 0 is not 

J. Chern. Phys., Vol. 94, No.6, 15 March 1991 

Downloaded 21 Oct 2012 to 18.111.99.30. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



I. Rips and R. J. Silbey: Thermalization of photoelectrons 4505 

unrelated to the Chernovitz and Jonah argument. Indeed, 
reorientation of the water molecule requires breaking of the 
hydrogen bonds,63 and it is quite probable that the OH 
stretch mode plays an important role in this process. 

VII. SUMMING UP 

A. Results 

( 1) Starting from the master equation a general gain
loss type equation has been derived for the integral energy 
loss probability function based on the classical description of 
the particle motion. In the particular case when the motion is 
ballistic, the reSUlting phenomenological equation coincides 
with that used by Landau.35 The difference from the Landau 
approach is associated with a difference in the assumed 
mechanism of energy loss (intramolecular vibrations, libra
tions and phonons vs electronic excitation). The use of the 
master equation as a starting point has an advantage that it 
allows to consider an arbitrary type of electronic motion. 

(2) A closed analytic expression for the thermalization 
distances distribution function has been derived. The latter 
can be dealt with both as phenomenological and as first prin
ciples if the first two moments of the differential energy loss 
are evaluated for the particular microscopic mechanism of 
dissipation. 

(3) A formalism for determination of the differential 
energy loss function based on the linear response theory has 
been developed. Within the formalism, the differential ener
gy loss function is expressed in terms of the loss term, the 
power spectrum of the force (between the electron and the 
bath) and the averaged bath response frequency. An expres
sion for the latter has been derived treating the energy ex
change between the electron and the bath as the reaction 
coordinate. 

(4) The Frohlich-Platzman model,37 which describes 
the energy dissipation of a ballistically moving charge in di
electric medium, has been employed to derive explicit results 
for the differential energy loss probability, its moments, and 
for the thermalization distances distribution function. For 
the electron with kinetic energy of ~ 1 eV the quantum fluc
tuations affect the energy dissipation considerably. The clas
sical Gaussian form for the differential energy loss probabili
ty function is not a good approximation in this case. 

(5) A closed expression for the thermalization distance 
distribution function has been derived as well as for the most 
probable and average values of the thermalization distance. 
These were shown to scale with the initial kinetic energy as 
0:: s':2 and linearly with the longitudinal dielectric relaxation 
time of the medium. 

(6) All these parameters have also been calculated for 
the diffusive motion of the electron assuming that the energy 
dissipation in this case does not differ from that for the ballis
tic motion. 58 The most probable distance scales with the 
kinetic energy and the relaxation time in this case as 
0:: s':41' 1;'2. The predicted values for the ballistic motion far 
exceed while that for the diffusive motion are close to the 
experimental data for the average thermalization distance of 
photoelectrons in water. 

(7) The dependence of the yield of formation of free 
electrons (escaping the geminate recombination) on the ini-

tial kinetic energy of the electron and on polarity and dielec
tric relaxation time of the medium has been determined [cf. 
Eq. (6.16)]. This is the central result of this work. It allows 
explanation of the observed isotopic effect in water lO,15 as 
well as the general trends. Direct comparison with the exper
iment is required to test whether the predicted behavior is 
also quantitatively correct. 

B. Assumptions and approximations 

(a) The neglect of energy loss to overcome the Coulomb 
field of the parent ion. This is certainly a grave approxima
tion, which one would like to avoid. However, it can be actu
ally accounted for using a simple physical argument. The 
electron loses a major part of energy while it is detached 
from the parent ion and travels the distance of 2-4 intermo
lecular spacings. During this "booster" stage one can neglect 
the energy loss due to the dipolar relaxation compared with 
the work against the Coulomb field of the parent ion. How
ever, during the remaining part of the thermalization pro
cess, the effect of the Coulomb field can be neglected (it 
becomes non-negligible again, when the electron therma
lizes) . 

(b) Classical statistical description of the electron mo
tion. Quantum molecular dynamics simulations of electron 
in water show64

•
65 that the "gyration" radius of the electron 

reaches the equilibrium value of ~2 A within 20-30 fs (for 
comparison: intermolecular distance ~ 3 A). These simula
tions also show (cf. Fig. 4 in Ref. 66) that the electron mo
tion can be described in terms of classical diffusion for 
t> 100 fs. Inspection of the insert in Fig. 4 in Ref. 66 indi
cates that on a shorter timescale the electron motion is not 
ballistic, but can be described in terms of diffusion with the 
diffusion "coefficient" decreasing with time. Thus, the dis
persive diffusion should be a reasonable model on this time 
scale. 

(c) Neglect of the energy loss in direct collisions com
pared with the indirect collisions and impact parameter treat
ment of the indirect collisions. The former assumption is jus
tified by the long-range character of the Lienard-Wichert 
potential between the moving electron and the molecules of 
the medium. The latter assumption is equivalent to semiclas
sical treatment of the collisions. 55 Both assumptions are im
plicit in the Frohlich-Platzman model. 37 

(d) Neglect of deceleration of the electron as a result of 
energy loss. Deceleration leads to increased energy loss per 
unit distance (cf. Sec. VI). 

(e) Neglect of the temporal fluctuations of the medium 
polarization and of the spatial dispersion. We shall neither 
justify nor discuss these approximations (which are quite 
reasonable in many cases) since they are dealt with in a sepa
rate paper. 

(f) Finally, in analyzing the thermalization distance 
distribution function for the diffusing electron, it is assumed 
that the energy loss is similar to that of a uniformly moving 
electron. This approximation is based upon results of the 
simulations,58 which show that the power spectrum of the 
force in two cases is close in the frequency domain, which 
gives the dominant contribution to the dissipation. 
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c. Extensions 

(i) Although explicit results were obtained for the ex
treme cases of the ballistic and diffusive motion of the elec
tron, it is easy to write down the explicit expressions for the 
normalized thermalization distances distribution function 
for an arbitrary type of motion, i.e., dispersive or persistent 
diffusion. Dimensionality effects can be explored easily. 

(ii) The treatment can be extended to the non-Debye 
polar solvents. In particular, one can readily write down the 
results for the medium whose loss spectrum can be adequate
ly represented by the superposition of two or three Debye 
domains (as is the case for water67 and for alcohols67

,68). 

(iii) Convolution of the thermalization distances distri
bution function with the fundamental time-dependent solu
tion of the Debye-Smoluchowski equation29 allows the 
study of the kinetics of the geminate recombination process. 
This will be done elsewhere. 59 

(iv) The possibility of geminate recombination or any 
other type of reactions (e.g., with scavengers) during the 
thermalization stage can be taken into account by adding a 
sink term to the equation for the integral energy loss proba
bility function. 

(v) The treatment can be extended to account for the 
motion ofthe parent ion. This is also of practical importance, 
since, for example, the mobility of the hydroxonium ion 
H 30 + is larger than that of the electron. 16 Note that noth
ing prevents using the results of this work for ion motion. 
Moreover, for the ions the classical description of the dy
namics is more appropriate than for the electron. 

(vi) Finally, temporal andlor static disorder in the me
dium, which result in the spatial dispersion, can be dealt with 
within the formalism described above. 
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APPENDIX A 

The expression for the Fourier transform of the transi
tion probability kernel 

pes) = f: 00 dE ei"P(E) 

for the classical subsystem linearly coupled to the bath of 
harmonic oscillators can be written in the form42 

P(s-i!2)=exp{-R(s)} (AI) 

where 

R(s) =_1_ r'" dwi"(w)lf(wW 
1rli Jo 

[ cosh (,Bmu 12) - cos (s,Bmu ) ] 
X sinh(,BmuI2) , 

(A2) 

where i" (w) is the imaginary part of the complex admit
tance of the bath of oscillators, and/(w) is the Fourier trans
form of the force 

f(w) = f: '" dtf(t)e
iw,

• 

The average dissipated energy is given by 

8= f:", dE EP(E) 

I 1'" A = - - dO) (,Bmu) X" (0) 1 f(O) 12 
1rlio 

= -1'" dO)A(O). (A3) 

It follows that 

"'- { roo "'-pes - i/2) = exp - Jo dO) A (0) 

X [cosh(,BmuI2) - cos (s,BfwJ) ]} . (A4) 
(,BfwJ) sinh (,BfwJ 12 ) 

The importance of Eq. (A.4) is that it allows one to write 
down the expression for the Fourier transform of the proba
bility function from the expression for its first moment 
(average energy loss). The fact that single moment is suffi
cient to determine the probability distribution uniquely is 
due to the specific property of the bath of harmonic oscilla
tors. The average rate of energy loss (per unit time) is relat
ed to the average dissipated energy via (E) = «(jj!211") 8 with 
(ij being the characteristic frequency scale of the bath. It fol
lows that if one has an explicit expression for the average rate 
(per unit time) of the energy loss 

f"" roo A 

(E) = _ 00 dE EW(E) = - Jo dO) C(O) (A5) 

one can easily obtain the expression for the Fourier trans
form of the transition probability and of the transition rate 

fO(s - i/2) = (jj pes - i!2) 
211" 

= (ij exp { _ ~ roo dO) C(O) 
211" 0) Jo 
x [cosh(,BfwJ!2) - COS(S,BfwJ)]}. (A6) 

(,BfwJ) sinh (,BfwJI2) 

The bottom line of this straightforward calculation is that to 
obtain the expression for the Fourier transform of the transi
tion rate, one requires the expression for the average rate of 
energy loss (per unit time) as well as the characteristic fre
quency scale of the bath. 

APPENDIX B 

Below we present a quantum-mechanical derivation of 
the Frohlich-Platzman resule7 for the average rate of ener
gy loss (per unit distance) ofa charge (Z = 1) moving uni
formly in a dielectric medium. The dielectric medium is rep
resented in terms of a bath of three-dimensional isotropic 
harmonic oscillators. As a first step, one has to evaluate the 
energy transferred to a single oscillator. We shaH assume 
that the charge is moving along x axis with velocity v and the 
oscillator is located in the point with coordinates (O,O,b). 
Neglecting the relativistic effects, the components of the 
force on the oscillator are given by51 
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2 Ix (l;b) = _ e vt 
[b 2 + (vt)2j312 

/y(t;b) = 0 

e2b f, (l'b) =----
z, [b 2 + (vt)2j312 

(Bl) 

The total energy loss of the charge to the oscillator, I:l.E(OJ;b) 
is given bysS 

1 A 

I:l.E(OJ·b) = - fzw--lji(0J'b)1 2 

, 2mw' 

- 2~ {l/x(OJ;b)1 2 + Ifz(OJ;b)1 2
} 

The average energy loss (per unit length) can now be ex
pressed as 

aE 100 100 

-= dOJp(OJ) db 21TbI:l.E(OJ;b) 
aL 0 a 

_ 41Te
4 

roo dOJ P (OJ) OJa Ko (OJa) K I (OJa) , 
mv2 Jo v v v 

(B3) 

wherep(OJ) is the number of oscillators with frequency OJ per 
unit volume (oscillator strength). The latter can be ex
pressed in terms of the dielectric susceptibility function of 
the mediums6 

p(OJ) = mOJ Im{1 - lIE(OJ)}. 
2~e2 

(B4) 

It is assumed that there is no spatial dispersion. Substitution 
ofEq. (B4) into Eq. (B3) leads to the Fr6hlich-Platzman 
expression for the average rate of energy loss of the electron 
(per unit distance) derived from the classical electrodynam
ics. The rate of energy loss per unit time is obtained from Eq. 
(B3) by mUltiplying the result by the velocity of the charge. 

APPENDIX C 

In this Appendix we derive the expressions for the integrals, 
which appear in the main text. The integral has the general 
form 

In == 1"" dx x"Ko (x)KI (x), (Cl) 

where KI' (x) is the modified Bessel function. We use the 
integral representation for the product of two Bessel func
tions, [Eq. 7.7.6(39) ]:69 

Ko (x)KI (x) = 2 100 

dt KI (2x cosh t) cosh t. (C2) 

Substituting this expression into the integral and interchang
ing the order of integration we obtain 

In = 21"" dt cosh t 1'" dx xnKI (2x cosh t). (C3) 

The internal integral is a tabular one, [Eq. 7.7.4(27) ]69 

100 

dx x P -
IK r ({3x) 

= 2P -
2/3 -pr(pI2 + r!2)r(pI2 - rI2). 

Thus, 

In = 1r(n12 + 1) r(nI2) roo dt 
Jo coshn t 

Using the relation 

100 

cos~t+2 t = (n: I) 100 

co:~n t 
leads to the recursive relation between the integrals: 

I _n2(n+2)I 
n+2 - 4(n+ I) n' 

The integrals II and 12 are easily evaluated: 

1T 
II =-, 

4 
1 

12 =-. 
2 

(C4) 

(C5) 

(C6) 

(C7) 

The rest can be obtained using Eq. (C7). For example, the 
ratio 131/1 required for the evaluation of the effective fre
quency is obtained directly from this recursive relation 
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