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Natural resources are often produced jointly from composite ores, which in turn are 
extracted from fixed reserve endowments. In this paper market behavior is examined for such 
resources, and it is shown how the price of each resource will depend on its demand, and the 
demands and storage costs for the other resources present in the ore. The measurement of 
resource scarcity is discussed and the effects of uncertainty over future resource demands are 
examined. It is shown that the competitive market will still extract, produce, and store at 
socially optimal rates if firms are risk neutral and the average cost of storage is constant. Policy 
implications are noted, particularly with reference to government stockpiling programs. 

1. INTRODUCTION 

A number of exhaustible resources are discovered and/or produced jointly. For 
example, oil and natural gas are discovered jointly and sometimes (in the case of 
“associated” natural gas) produced jointly, natural gas and helium are produced 
jointly, and a wide variety of minerals are found together and must be separated 
from the same ore deposits.2 Perhaps of future importance, the deep seabed 
“ manganese nodules” contain manganese, copper, nickel, and cobalt, and the 
economic viability of exploiting this resource will depend on the prices of these four 
metals and their joint production characteristics. In this paper the implications of 
joint production for resource market behavior and for government policy are 
examined. 

A number of issues arise when exhaustible resources are jointly produce. First, 
even if extraction costs are constant, the net prices of the individual resources need 
not rise at the rate of interest. Instead the resource price trajectories-and hence any 
levels of private storage-are interdependent. An objective here is to characterize the 
behavior of prices and storage for jointly produced resources in unregulated markets. 

Second, resource “scarcity” and the depletion of the reserve endowment have 
been a concern of policy. But conventional measures of resource “reserves” have 
limited economic meaning when resources are jointly produced, and the question 
arises as to how resource scarcity should be defined and measured. 

Third, uncertainties may exist over the future demands for some of the individual 
resources. How will this affect market behavior, and will the competitive market 
extract, sell, and store resources at socially optimal rates when such uncertainties are 
present? If not, what is the proper role for government policy intervention? 

‘Research leading to this paper was supported by the National Science Foundation under Grant 
SES-8012667, and that support is gratefully acknowledged. The author also thanks Marco Hanig for his 
research assistance, and Ernst Bemdt, Dennis Epple, Chris Hill, Alvin Klevorick, Richard Schmalensee, 
V. Kerry Smith, and David Wood for helpful comments and suggestions. 

‘See, for example, Harris and Skinner [7]. 
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This last issue is especially significant, since an important form of government 
intervention in resource markets has been the accumulation and management of 
“strategic” stockpiles. Currently the government owns and/or controls stockpiles of 
a wide variety of resources, many of which were originally implemented for defense 
preparedness. However, these stockpiles have also been used to “stabilize” prices, 
and now that most of them far exceed foreseeable military needs, arguments for their 
expansion are increasingly made on economic grounds.3 In particular, it is argued 
that economic growth and changing technologies make the future demands for some 
of these resources highly uncertain. The question, however, is whether uncertainties 
are a cause of market failure, implying a need for government intervention. 

Helium and its joint production with natural gas is just one example for which all 
of these issues are relevant, and for which the public policy problem is timely. 
Almost all helium is found in natural gas deposits in the United States, so that 
helium reserves will be exhausted once our natural gas reserves are exhausted. 
Producers of gas can separate the helium and sell it or store it, or the helium can be 
dispersed into the atmosphere when the gas is purified or burned. Currently helium 
demand is small, but some geologists and scientists argue that changing technologies 
may make future demand much larger. It is this uncertainty over future helium 
demand that led to the government’s Helium Conservation Program, under which 
the Bureau of Mines purchases and stores helium. Government storage in 1978 was 
about 40 billion cubic feet, or some 60 times that year’s consumption. Under debate 
is whether the stockpile is sufficient, or should be greatly increased in size.4 This 
paper tries to provide an analytical background for that debate, and others like it. 

In the next section we develop a simple deterministic model for jointly produced 
resources, and show how competitive prices, production levels, and sales depend on 
relative demands and storage costs. In Section 3 we argue that resource “rent” is the 
appropriate measure of in situ scarcity, and we show how rents can be defined and 
calculated for the composite ore and the constituent resources. Section 4 is con- 
cerned with uncertainties over future resource demands; we show that competitive 
resource exploitation is’still socially optimal if firms are risk neutral, and although 
deviations from social optimality may exist if firms are risk averse, their direction is 
ambiguous. In the last section the results of the paper are summarized and their 
policy implications are discussed. 

2. A SIMPLE MODEL OF JOINT RESOURCE PRODUCTION 

We begin with a model describing a market that is competitive at all levels: 
ownership and extraction of reserves of composite “ore,” joint production (or 
“separation”) of the individual resources from extracted ore, and storage and/or 

3For an overview of government policy in this area, and a discussion of some of the economic issues, 
see the report by the Office of Technology Assessment [ 17). 

‘Of course it is not even clear that the government should be storing any helium, since private firms 
can (and do) store helium themselves in the same Cliffside field used for storage by the government, so 
there are no diseconomies of small scale. For an overview of the helium conservation problem, see the 
Helium Study Committee Report [IO]; and for an economic analysis (based on a deterministic model), see 
Epple and Lave [5]. 
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sales of the resources.5 We assume that the composite ore is extracted at an average 
and marginal cost c(R) that is a decreasing function of the (known) reserve level R. 
We also assume that after extraction the ore is “separated” to yield the individual 
resources, which may be stored. Finally, we assume that the cost of producing 
resource i at a rate xi depends on the rate of ore extraction (and consumption) q, but 
not on the production rates xj, j * i. In particular, there are n cost functions 
Ci(xi, q) with smooth and continuous derivatives Xi/Jxi > 0, d*C,/ax? > 0, 
aci/aq < 0, a2ci/aq2 > 0, a2ci/aqaxi < 0, (a/aq)(c,/q) < 0, and c,(o,q) = 0, 
Ci(Xi, 0) = oo.6 

In this model one can think of resources as being consecutively separated from the 
ore, and separation can be complete or incomplete, with one or more individual 
resources partially or totally discarded. (This is indeed the case for most minerals, 
and for natural gas and helium.) These assumptions permit considerable generality 
in the specification and estimation of cost functions for particular resource markets. 
A useful functional form that satisfies the assumptions, for example, is 

cj(xiV 4) = cixi + x,(xi/fiiq)m. 

Note that for large values of m this approximates a pure fixed proportions technol- 
ogy, with pi the amount of resource i that can be recovered from 1 unit of ore. For 
smaller values of m, this cost function says that varying amounts of resource i can be 
recovered from 1 unit of ore, but the average cost rises as the amount recovered 
rises. 

Letting pi, qi, Si, and ki be price, sales, storage, and storage cost, respectively, for 
resource i, the competitive equilibrium is given by 

(4. 
Cpiqi-C(R)q-CCi(~i,q) +CkiSi e-“dt (1) 

i i I 

subject to 

k = -4, R(0) = R, (2) 

Sj=xi-qi,Sj(0)=O,i= l,..., n (3) 

and R, q, xi, qi, Si 2 0. Since the industry is assumed competitive, the maximization 
is done with the pi’s taken as given, but in equilibrium the pi’s and ql’s satisfy the 
market demand conditions qi = qi( pi), i = 1,. _ . , n. 

5We use the word “ore” loosely here. It can refer to a mineral deposit containing a number of 
compounds in various concentrations for which metals or other resources can be refined, or it can refer to 
a composite reserve of, say, natural gas and helium. Also, the model ignores common access problems. 
The reader can assume that reserves of ore are unitized, or that they are socially managed, or that 
individual producers own identical reserves and face identical marginal extraction costs c,( R,), so that 
c(R) applies in the aggregate. (Note that this aggregation issue disappears if marginal extraction cost is 
constant, i.e., c’(R) = 0.) 

6Note that with c(R) > 0 there are economies of scope, as defined in Willig [21]. This occurs not 
because of a sharing of facilities or management in producing xi,. , X, but because of a “sharing” of 
composite ore. 
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The Lagrangian for this problem is 

L = 
[ 

cpiqi - c(R)q - ~C,(xi, q) - xk,S, e-” 
i i i I 

- 
xq + CPitxi -  4i) + Ceisi 

with 0, = 0 if S, > 0, 13, > 0 if Si = 0. Maximizing L with respect to q gives 

A = 
[ 

- C( dC,/dq) - c(R) e-“. 
i I 

Note that X is the discounted shadow price of a unit of in situ ore. Now define 

(4 

(5) 

(6) 

so that Xe” = p - c(R). Since i = - dL/dR = c’( R)qe-“, p” satisfies the usual 
rule: 

j = r[fi - c(R)]. (7) 

Observe that p is the total value of a marginal unit of extracted ore, and he” is the 
rent component of that value. In other words, p” is the market price at which 
competitive mining firms would sell to competitive processing firms that separate 
out the individual resources; equivalently, it is the transfer price that vertically 
integrated firms should use to value the ore. Put another way, given the competitive 
production levels x , , . . . , x,, p” is the marginal benefit to producers from a unit of ore 
as measured by the total production costs savings resulting from that unit.’ 

The remaining first-order conditions are 

- ( dCi/f3xj)e-rf + pi = 0, (8) 

and 

pieFrr - pi = 0, 

so that 

pi = ac,/ax,, i = l,..., n (10) 

‘Ignoring storage for simplicity so that x, = 9,, the added profit to producers of the n resources from 
an extra unit of ore is 

dWd9 = Cb, - G/a9,l(drl,/d9) - CW,/J9). 
I I 

Competitive producers will set 9, so that p, equals marginal cost X,/89,, and therefore would pay the 
price i = -&(X,/39) for the ore. Also, note that if extraction cost is constant, (7) is just the Hotelling 
[ 121 r-percent rule. 
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that is, the price of each resource is equal to its marginal production cost, given the 
optimal input of ore. 

Differentiating (9) with respect to time and combining with fii = - aL/aSi = 
kiePr’ - 0, gives the standard condition for the price of a storable good in a 
competitive market: 

Fi G ‘pi + ki> i = l,..., n. (11) 

Note that (11) holds with equality if Si > 0, that is, with storage available at 
constant average cost, the competitive rate of capital gain on any stored unit will just 
equal the total cost of holding the unit, namely the interest cost plus the direct 
storage cost. 

A set of terminal conditions completes the description of competitive market 
behavior. Let T be the time that extraction of ore ceases, and ZJ 2 T be the times at 
which sales qi cease. Thenp(T) - c[R(T)] = q(T) = x,(T) = 0, and qi(q) = S,(q) 
=O,i= l,..., n with q > Tonly if S,(T) > 0.’ 

In summary, market behavior is described by a total of 2n + 2 differential 
equations and 2n + 1 static identities and behavioral equations that can be solved 
for the following 4n + 3 variables: p, q, R, xi, qi, pi, Si. The differential equations 
are (2), (3), (7), and (11) and the remaining equations are (6), (lo), and the demand 
functions qi = qi( pi). Finally, if storage is zero for m < n resources, (3) and (11) are 
dropped for i = l,..., m and replaced with xi = qi. 

Note that the extent to which the demand for one resource will affect the price 
behavior of the other resources depends strongly on the availability and cost of 
storage. Consider a composite containing one resource in high demand (e.g., natural 
gas), and a second resource whose demand today is small but very inelastic, or is 
expected to be much larger in the future (e.g., helium). Suppose storage of the second 
resource is costly. Then relative to what would prevail if they could be produced 
independently, jointness of production will reduce the current price of the second 
resource and speed up its exhaustion, and at the same time will raise the current 
price of the first resource and delay its exhaustion. The cheaper the cost of storage, 
the more this effect is reduced. 

The interrelationships of prices and production levels are shown graphically in 
Figs. la and lb for the example of natural gas (ql) and helium ( q2). In the figures 
we assume no storage, so that xi = qi. Observe that as depletion of the natural 
gas-helium composite ensues, the marginal cost curves aCi/aqi move to the left. The 
price of natural gas keeps rising, but the price of helium remains constant for the 
first several periods since the marginal cost curve aC,/aq, is flat at its intersection 
with the demand curve. (Because of natural gas demand, a large quantity of the 
composite is being extracted relative to what is needed for helium production.) Only 
in the later periods (as exhaustion of the composite nears) does the price of helium 
rise, and then it rises rapidly. 

Of course this provides an incentive to store helium. If helium could be stored 
cheaply, then its production would initially be much larger (with most going into 
storage), and sales would be somewhat smaller, with price starting out higher and 
continually rising at a percentage rate r + k,/p,. Also, since production of the 

‘These conditions hold if the market demand functions q,(pi) intersect the price axes at finite points 
~7, = K,(x,,0)/~Yx, < c(0). Otherwise R, q, and the qi’s can all approach zero asymptotically. 
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FIG. 1. (a) Natural gas and (b) helium. 

composite would be initially greater, the price of natural gas would rise more rapidly 
from a lower initial level. 

What does this model say about the desirability of government storage programs? 
Under our assumption that the average cost of storage is constant, the government 
can store resources no more cheaply than private firms. In this case it is easy to show 
that competitive market behavior as described above is socially optimal, in the sense 
of maximizing the present value of the flow of consumer plus producer surplus. 
There is then no role for a government storage program, or any other form of 
intervention. 

In the case where a producer is a monopolist supplier of some or all of the n 
resources, the transfer price jj again follows Eq. (7). However, assuming the demand 
functions are independent, for the monopolist-supplied resources, Eqs. (10) and (11) 
are replaced by 

and 

QRi < r MRi + k;. (11’) 

Although j! will still follow the r-percent rule, the composite ore will be extracted 
more slowly when there is monopoly power in markets for the produced resources, 
and p begins rising from a lower initial level. This occurs because monopoly power 
reduces the marginal value (to the monopolist) of a unit of ore as an input to 
resource production. Since the monopolist will produce the resources more slowly, 
he views the in situ ore as less scarce.9 

3. MEASURING RESOURCE SCARCITY 

Economists, geologists, and resource consumers have all been concerned with 
measuring the scarcity of various natural resources. Unlike the estimates of “proved,” 
“ probable,” or “potential” reserves used by geologists, resource rent (price-or 

‘Clark and Munro [3] demonstrate an analogous result for a renewable resource market. They show 
how monopsony power in the processing sector reduces the rate of harvesting from a fishery, and they 
consider whether that reduced rate will be close or equal to the socially optimal rate. 
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marginal revenue in a monopolistic market-net of marginal extraction cost) is a 
logical measure of in situ scarcity because it represents the opportunity cost of 
extracting a unit of resource. lo But how should rent be calculated for resources that 
are found and produced jointly? 

First note that for the composite ore, rent is clearly given by Ae” = fi - c(R), as 
in (5) and (6). Denote the full cost of producing all n resources by C = c(R)q + 
CiCi(x,, q). Then the full marginal cost of producing a unit of resourcej is 

MC,=~$+~=~(R)~+~~$+~~. 
J J J J r 

Thus the rent associated with resourcej is just 

hj=pj-MC,=(@-c)$ 
J 

(12) 

(13) 

that is, the rent on the ore times the amount of ore needed to (efficiently) produce 
one extra unit of the resource.” 

Calculating the rent hj requires three numbers: the “yield” of resourcej per unit 
of ore, the marginal extraction cost for the ore, and the market or transfer price of 
the ore p”. If data on p’ is not available, the cost functions Ci(xi, q) can be estimated 
and then, using data for xi,. . . , x,, and q, p’ can be calculated from (6). Alterna- 
tively, an optimizing process model describing resource production can be used to 
estimatep, again from (6). A process model would also yield estimates of the efficient 
yields dx,/dq. 

Equation (13) also serves to illustrate why estimates of potential reserves, crustal 
abundance, and related “scarcity” measures have little economic meaning. In 
particular, the equation shows how in situ scarcity for any one resource depends in 
part on the demands and storage costs for the other resources in the composite ore. 
To see this, consider again the example of natural gas (x,) and helium (x2). 

Suppose the current demand for natural gas increases. This increases the price of 
natural gas, but it will also increase the price ~5 and rent for the composite, and 
reduce the efficient yield dx,/dq. As can be seen from (13), the result is an increased 
scarcity of helium. Although the demand for helium is the same, the increased 
demand for natural gas means the composite will be extracted more rapidly, so that 
in situ helium is more scarce. 

Similarly, in situ scarcity is also dependent on storage opportunities and costs for 
the produced resources. For example, suppose a new technology is developed that 
allows firms to store helium cheaply. This will reduce the price a and rent for the 

“A measure of resource scarcity should reflect the present value of current and future sacrifices 
required to obtain in a unit of resource. As explained in Brown and Field [I] and Fisher [6], rent provides 
such a measure in an in siru context. As shown in Pindyck [ 181, when there is exploration, rent is equal to 
marginal discovery cost plus the opportunity cost of an additional unit of cumulative discoveries. 

’ ’ Rent is an appropriate scarcity measure only when referring to the resource in situ. If we refer to the 
resource as a consumption good, price is the appropriate scarcity measure. In fact, as shown by Heal [8], 
Pindyck [ 181, and Fisher [6], if extraction costs rise rapidly enough as depletion ensues, rent can fall over 
time. This just means that the opportunity cost of resource extraction is falling because resource use is 
decreasing as extraction costs-and price-rise, so that the resource is indeed becoming less scarce 
in situ. 
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composite, and also increases the efficient yield dx,/dq, thereby reducing the scarcity 
of helium-even though that scarcity is measured on an in situ basis. 

Finally, in situ scarcity will be affected by government policies. For example, 
government subsidies for helium stockpiling will increase the price p” and increase the 
efficient yield dx,/dq, thereby increasing the scarcity of natural gas, but having an 
ambiguous effect on the scarcity of helium. 

4. DEMAND UNCERTAINTY 

For many resources future demands are subject to considerable uncertainty. In an 
earlier paper [19], I examined the implications of demand (and reserve) uncertainty 
for resource exploration and production, but in the context of an individually 
produced resource. In the case of jointly produced resources there are two questions 
of interest. First, how do uncertainties over future demands for one or more of the 
resources affect the expected evolution of prices and production for all of the 
resources in the composite ore? Second, might such uncertainties imply that compe- 
titive market exploitation of the resources is not socially optimal, so that some kind 
of government intervention is called for? Note that this second question is at the 
heart of the public policy debate over helium conservation and resource stockpiling 
in general-does the considerable uncertainty over future demand justify govem- 
ment subsidies for helium separation and storage? 

Our analysis of uncertainty follows the same approach as in Pindyck [19]. In 
particular we write the market demand functions as 

Pi = Pi[4i, Yztt)l, i=l ,..*, n (14) 

with api/aqi < 0, and dpj/ayj > 0. Here the yr(t) are continuous-time stochastic 
processes of the form 

dy, = ai yrdt + ai y;dz,, i= 1 )...) n (15) 

and zi(t) is a Wiener process, that is, dzi = Ei(t)&, where q(t) is a serially 
uncorrelated normal random variable with zero mean and unit variance, so that 
E[(dzi)2] = dt. We also assume that the dzi are uncorrelated, that is, E[dzidzj] = 0 
for i * j. Equation (15) therefore implies that current demands are known, that 
random fluctuations in demand occur continuously over time,r2 and that uncertainty 
about future demand grows with the time horizon.‘3 

If firms are risk neutral, they maximize the expected value of the integral in (1) 
again subject to (2) and (3) but also subject to the stochastic differential equations 

“The assumption that random fluctuations in demand occur continuously over time is justified here 
given that new technologies (that might alter resource demands) may appear suddenly, but are usually 
commercialized slowly. 

131n my earlier paper [ 191, I wrote demand as p = y( t)f( 4). so (14) generalizes this by allowing the 
stochastic growth variables to enter demand additively, multiplicatively, or nonlinearly. Equation (15) is 
the limiting form as h + 0 of the difference equation [y,(r + h) - y,(t)]/y,(t) = a,h + a,q(r)fi, with 
E[Ay,/y,] = ah and Var[Ay,/y,] = ufh. Note that y,(r) is log-normally distributed, with 
Er,[log(yi(r)/yi(0))] = (a, - fa,‘)r, and Var[log(y,(r)/v,(O))] = u,‘r. Generally we would expect a, > 0 so 
that demand has a positive deterministic drift as a result, say, of economic growth. For an introduction to 
stochastic processes of the form of (15), see Chapter 5 of Cox and Miller [4]. 
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(15) and the conditions R, q, xi, qi, Si >, 0. In the Appendix we derive the interior 
solution to this stochastic optimization problem, based on the assumption that the 
inequality q > 0 holds up until an (unknown) terminal extraction time T.14 There we 
show that the transfer pricep follows the r-percent rule in expected value terms, and 
competitive extraction, production, and storage are at socially optimal rates. 

What if resource producers are risk averse, in that they maximize the expected 
integral of discounted utility U[II(t)], with u’ > 0, U” < O? As shown in the 
Appendix, the competitive rates of extraction, production, and storage will now 
differ from the socially optimal rates, but in ways that depend on the utility function 
U[ II] and the demand functions pi[ qi, yi]. If U is quadratic and the pi’s are linear in 
the yi’s expected demand growth (reflected in the deterministic drift parameters a,) 
will cause competitive rates of extraction, production, and sales to be initially higher 
than the socially optimal rates. But uncertainty over demand growth (reflected in the 
variance parameters ui) will affect these rates only if marginal utility is nonlinear, or 
demands are nonlinear in the growth variables yi. Further, if U”’ > 0, demand 
uncertainty reduces initial rates of extraction and sales, leading to ouerconseruation.‘5 
And d2pi/8y2 < (>)O reinforces (tends to offset) this effect, so that the net effect of 
uncertainty can -be ambiguous. Since there is little evidence that producers are 
indeed risk averse, and since risk aversion can have ambiguous effects (possibly 
leading to overconservation), it appears as a weak argument for underconservation 
by a competitive market. 

5. CONCLUSIONS 

We have seen that the competitive market price of extracted composite ore-or 
equivalently for integrated firms, the properly measured transfer price of the 
ore-will follow the usual r-percent rule. However, the prices of the individual 
resources need not follow an r-percent rule, whether or not storage is available. As 
shown by the example of Figures la and lb, the relative demand functions for the 
resources might be such that the prices of one or more of them remain fixed over a 
period of time. Accounting for jointness of production might thus help explain some 
of the negative results that have been obtained in recent empirical tests of the 
Hotelling model.16 

14This is a nontrivial assumption that greatly simplifies the analytical approach in the Appendix. We 
do not allow, for example, extraction to cease after drops in demand occur and then begin again if 
demand later rises. If this assumption is not made, that is, if resource owners can “sit” on reserves as an 
option on possible future production (should price rise), the rent associated with the composite ore will 
grow in expected value terms at a rate less than r. The competitive market, however, will still extract the 
ore at a socially optimal rate if producers are risk neutral. This is discussed in Pindyck [20]. 

‘SUncertainty over future demands creates a “precautionary” reduction in current rates of extraction 
and sales if marginal utility is convex for much the same reason that a “precautionary” demand for 
savings in the presence of future income uncertainty requires a convex marginal utility. See Leland [ 141 
for an analogous discussion of savings under uncertainty. 

%ee, for example, Heal and Barrow [9], and note that many of the resources they examined are 
metals jointly produced from mineral ores. Of course there may be other explanations for the long-term 
constant, declining, and U-shaped price profiles observed for many resources: the increased use of 
resource substitutes resulting from technological change; the durability of some resources, as discussed in 
Levhari and Pindyck [ 151; and the process of reserve discovery and development, as discussed in Pindyck 
[181. 
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We have also seen that uncertainties over future resource demands do not imply a 
need for government intervention in a competitive market, and this has obvious 
policy implications, as exemplified by the debate over helium conservation. As 
Koopmans [13] observed, that debate has been noteworthy for being almost devoid 
of economic analysis or economic reasoning, and instead has focused largely on 
arguments over future demand projections. One recent study that does apply 
economic analysis to this problem is by Epple and Lave [5] who determined the 
optimal rate of helium production and storage (private or public) over time that 
would maximize consumer surplus net of cost. They took the rate of natural gas 
production to be exogenous and ignored uncertainty over future helium demand. In 
that context they found no justification for government involvement other than 
operating the Cliffside storage facility for private storage (so that average storage 
costs would indeed be constant for all firms). Of course uncertainty over future 
helium demand is indeed considerable, and this has been used as the major 
justification for a government program. But our results show that such justification 
is unwarranted, and thereby support and extend the policy conclusions of Epple and 
Lave. 

As for stockpiles of other resources, some of them may indeed be justified for 
military needs, which create public good characteristics. But the policy question 
today is largely over whether these stockpiles should be increased in size beyond the 
military requirements. We find little economic justification for an affirmative answer 
to this question.17 

Of course the model developed in this paper is a simple one, and ignores a number 
of the realities that characterize resource markets. For example, we have assumed 
that the ore is homogeneous, whereas in fact the constituent products of many ores 
vary widely across deposits. Also, we have considered jointness only in the separa- 
tion and production of individual resources from a composite ore, whereas many 
resources are also (or instead) discovered jointly. A model that shows the interrela- 
tionship of resource exploration and production was developed in Pindyck [ 181 and 
it could be extended to include jointness in both the exploration and production 
processes. (In fact, it is just such a framework that is needed to model exploratory 
activity, reserve accumulation, and production for natural gas and oil.) Here we have 
characterized markets for jointly produced resources in only the most basic way. 

APPENDIX 

The Model with Demand Uncertainty 

We analyze the model with demand uncertainty presented in Section 4. For 
risk-neutral firms the problem is to maximize the expected value of the integral in 
(l), subject to (2), (3), and (15) and with the integration up to an (unknown) 
terminal time Tat which extraction ceases. We treat the problem as one in stochastic 
dynamic programming, following the approach in my earlier paper [ 191. 

“Again, the optimality of the competitive market depends on the availability of storage at constant 
average cost. But where there are scale economies, the government can operate a storage facility without 
subsidizing the storage itself. This may be the preferred way to develop an oil stockpile. For a discussion 
of oil stockpiling and oil supply disruptions, see Hogan [I I]. 
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Letting III,(t) be the integrand in (l), define the optimal value function 

J=J(R,S ,,... J~,Y,,...,Y~J)= ma E, 
J (9,x,,....9,....) f 

*II,(T) d7. (A.l) 

The fundamental equation of optimality is” 

0= max 
(9,x,,...,q,....) 1 nd(t) + 4 - @R + CCxi - qiJJ., + CaiYiJ,, 

+ 4 &,2yi2J,,y, + &;] 

i 

i i 
64.2) 

with f$ 2 0, Si > 0. The first-order conditions are 

XI,/cYq = JR (A-3) 

and/ax, = -J,,, i=l ,.--, n (A.4 

aJJd/aqi = J,,, i=l ,..., n. (-4.5) 

Next differentiate (A.2) with respect to R, and utilizing Ito’s Lemma write the 
resulting equation as 

SI,/b’R + (l/df)E,d(J,) = 0. 64.6) 

Now apply the differential generator (l/dt)E,d( ) to both sides of (A.3) and 
combine with (A.6): 

(l/dt)E,d( an,/aq)= -an,/aR = d(Rjqe-rf. (A.7) 

Similarly, differentiate (A.2) with respect to S,, apply the differential generator 
(l/dr)E,d( ) both both sides of (A.5) and combine to yield 

(l/dt)E,d( an,/aqJ + and/asi+ e, = 0. (A-8) 

Finally, note that (A.4) and (A.5) together imply 

pi = ac,/ax,, i=l ,..*, n (A.9 

as in the deterministic case. 
To obtain the expected dynamics of price, substitute the partial derivatives of IId 

into (A.7) and (A.8): 

and 
(l/dt)E,dj = r[p’- c(R)] 

(l/dt)E,dp, d rp; + ki, with S, > 0. 

(A. 10) 

(A.1 1) 

Thus the deterministic results hold in expected value terms; the expected rate of 

‘XSubscripts denote partial derivatives, for example, JR = aJ/aR. For an introduction to the 
techniques used in this Appendix, see Chow [2] and Merton [ 161. 
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change of the composite ore price p” follows the r-percent rule, and storage opportun- 
ities limit expected increases in resource prices to marginal storage and holding 
costs. Furthermore, by replacing the integrand in (1) with the discounted sum of 
consumer and producer surplus, it is easy to show that the competitive market 
extracts the ore and produces, stores, and sells the individual resources at socially 
optimal rates. 

Now suppose that firms are risk averse. Then it is easy to show that (A.7)-(A.9) 
again hold, but with III, replaced by U, = U(II)emr’. However, the stochastic 
differentials d( aU,/aq) and d( aU,/aq,) in (A.7) and (A.8) must be expanded using 
Ito’s Lemma. Doing this gives the following equations analogous to (A.lO) and 
(A. 11): 

(A.12) 

&Etdpi G rpi + ki + pi- :,::; [ Ckj(Xj - qj) - ZajYj(aPj/aYj)qj] 
j i 

Observe that if a2pj/ayF = 0 for all j and U “’ = 0, risk aversion implies a change 
in the expected rates of increase of p and the pi’s, but because of the rates of 
deterministic demand growth oj, and not because of uncertainty over demand 
growth. Expected increase in prices will imply, relative to the risk-neutral case, faster 
rates of ore extraction and resource production and consumption (and therefore 
lower initial prices), because of the incentive to shift profits to periods of higher 
marginal utility. Uncertainty over future demand affects extraction and production 
rates only if U “’ f 0 or a2pj/ayj2 f 0 for somej. Further, if the utility function is 
well behaved so that U “’ > 0, this reduces the expected rates of increase of J? and 
the pi’s, which means slower rates of ore extraction and resource production and 
consumption. If a2pj/ay,’ < (>)O, this effect is reinforced (at least partially offset). 
Thus the net effects of risk aversion can be ambiguous. 
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