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HOW BLACK HOLES GET THEIR KICKS: GRAVITATIONAL RADIATION RECOIL REVISITED
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ABSTRACT

Gravitational waves from the coalescence of binary black holes carry away linear momentum, causing center
of mass recoil. This “radiation rocket” effect has important implications for systems with escape speeds of order
the recoil velocity. We revisit this problem using black hole perturbation theory, treating the binary as a test
mass spiraling into a spinning hole. For extreme mass ragies (n,/m, < 1 ), we compute the recoil for the
slow in-spiral epoch of binary coalescence very accurately; these results can be extrapotpted.do with
modest accuracy. Although the recoil from the final plunge contributes significantly to the final recoil, we are
only able to make crude estimates of its magnitude. We find that the recoil can easily~H®&H200 km &'
but most likely does not exceeeb00 km s*. Although much lower than previous estimates, this recoil is large
enough to have important astrophysical consequences. These include the ejection of black holes from globular
clusters, dwarf galaxies, and high-redshift dark matter halos.

Subject headings: black hole physics — galaxies: nuclei— gravitation — gravitational waves
On-line material: color figures

1. INTRODUCTION AND BACKGROUND 1983; Fitchett & Detweiler 1984; Nakamura, Oohara, & Ko-
jima 1987), post-Newtonian expansions (Wiseman 1992; Kid-

Along with energy and angular momentum, gravit'ati'onal der 1995), and numerical relativity (Andrade & Price 1997;
waves (GWs) carryinear momentum away from a radiating Anninos & Brandt 1998; Brandt & Anninos 1999; Lousto &

ig%ceé:B%nrllor & Rott;:_nberfg 1961; tPeres 1962;tr??|§ﬁn3temPrice 2004). Unlike previous analyses, our treatment applies
). Global conservation of momentum requires that the C€M"to the strong-gravity, fast-motion regime around spinning holes

ter ?jf n’;asfstr(]COM)t of ,th? tsylstem recoil. This recoil is inde- undergoing binary coalescence. Using BH perturbation theory,
pendent of theé System's total mass. . L we model the dynamics of the binary, the generation of GWs,
Fitchett (1983) first computed GW recoil for binaries. He and the back-reaction of those waves on the system up to the

treat_ed _the members as nonspinning point massgsi, ), thEfnnermost stable circular orbit (ISCO). Our results are accurate
gravitational force as Newtonian, and included only the lowest only for extreme mass ratio in-spiralg& 1 ), but we can

G\l/)\(tmlljzl.tt'pr?lis, needﬁq for momentum ejection. For circular oo holate tag~ 0.4 with modest error. We model the GW
Orbits, Fitchetl's recoll 1s emission from the final plunge more crudely.

2\ 4
M) . (1) 2. OVERVIEW OF GRAVITATIONAL RADIATION RECOIL

V. = 1480 km sl@(

max rterm

The rate at which momentum is radiated is given by

Herer,.,, is the orbital separation where GW emission termi- dpk 2 ] ]
natesg = m,/m,<1 is the mass ratio,aMl=m;,+m, s oW —J do <h2+ + h2X> nk, 2
the total mass. The functioi{g) = gq?(1 —q)/(1+ )®> has a dt 16x

maximumf.,, aty = 0.38, is zero fog = 1 , and has the limit o )
f(g) =~ g° for < 1. wher.eht . are the “plus” and “cross” GW polanz.atloné, is
Equation (1) tells us that in the coalescence of binary black & unit radial vector from the source, ands the distance to
holes (BHs)—where,,, can approaGi/c> —the kick might the observer (Thorne 1980). (We have €t=c=1 ; an
reach thousands of kilometers per second. This is far greateoverdot refers to a derivative with respect to coordinate time
than the escape velocity of many globular clusters (typically t; angle brackets denote averaging over several wavelengths.)
~30 km s?) and may even exceed galactic escape velocities The binary’s COM recoil islRG,,/dt = —dRg,/dt .
(~1000 km s%). Recoil could thus have important astrophysical ~Decomposindy, . into multipoles in the wave zone (Thorne
implications (Redmount & Rees 1989), some of which are 1980), equation (2) can be expanded (to lowest order) as
explored in a companion paper (Merritt et al. 2004, hereafter ) ) v _
Paper Il). This has motivated us to revisit this problem. dRY 2 <d4f”kd31"> E< B d35q‘> 3
Equation (1) indicates that the recoil is strongest at small dt =~ 63\ dt* dt® 45 \° dt® dt3 /"’ (3)
separations, when the relativistic effects neglected by Fitchett
are most important. This issue has been addressed in restrictegihereZ’ S , and'* are the symmetric, trace-free mass quad-
circumstances using perturbation theory (Nakamura & Hauganrupole, current quadrupole, and mass octupole moments, re-
spectively. Recaoil thus arises from “beating” between different
* Department of Astronomy, Cornell University, 611 Space Sciences Build- multipoles. Applying equation (3) to a Newtonian binary and
i”%rD'thacat‘v NYt 1‘;853- s, Massachusetts Institute of Technologv. 77 Mas. MEOFating yields equation (1).
sachjspea;:sm:\?en%e, Cfrfs;idgfs,\j; o1z, e OF Tecnology, 45" Wiseman (1992) provides an intuitive description of the re-
3 Center for Cosmological Physics, University of Chicago, Chicago, IL COil: When two nonspinning bodies are in circular orbit, the
60637. lighter mass moves faster and is more effective at “forward-
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beaming” its radiation. Net momentum is ejected in the direc-

tion of the lighter mass’s velocity, with opposing COM recoil. 100 - ',',—-\'\' " (b)
Whenm, = m,, the beaming is symmetric, and the recoil van- F N
ishes. The instantaneous recoil continually changes direction T sk \‘ E
over a circular orbit, so the COM traces a circle. Neglecting € r -
radiation reaction, this circle closes, and the recoil averages to 2 L ;o]
zero over each orbit. With radiative losses, the orbit does not > 0r @/ B
close, and the recoil accumulates. This accumulation proceeds 5o r ]

- I T P e

until the holes plunge and merge, shutting off the radiated
momentum flux and yielding a net, nonzero kick velocity (see

Fig. 1). Vx [km/s]

Spin complicates this picture by breaking the binary’s sym- R — T — —
metry. Consider an equal-mass binary, with one member spin- : OE SN (a)
ning parallel to the orbital angular momentum. Due to spin- 3F \ E 100 ! ]
induced frame dragging, the nonspinning body’s speed—and = 2E Vo4 & 80f g
hence radiation beaming—is enhanced. Kidder (1995) has .§ f i 1 F el E
treated this spin-orbit interaction in post-Newtonian theory. g ! 3 P - w0k 3
Specializing his equation (3.31) to a circular, nonprecessing ~ OF @ S 4 F E 3
orbit, the total kick for two bodies with spins, , = -1 E — E 20 - -
a, ,m> 7z parallel (or antiparallel) to the orbital angular mo- U FETTE FRTT] FEVET AT e [\ JL N TE FENTL FRRRRFRET I,
mentum is -2-10 1 2 3 1 2 3 4 5 6

102 X /M r/M

Fic. 1.—Recoil from prograde coalescence wittM = 0.8 5,= 0.1
. (4) (g = 0.12%. Solid lines represent quantities during the in-spiral, as calculated
using our Teukolsky equation solver. Dashed lines are calculations during the
) . . . - . - plunge (using the “upper limit” prescription discussed in § 4). The plunge is
where the spin-orbit scaling functidg,(q, a,, a,) = g*(@,— truncated shortly before the particle enters the event horizon. The different
qé_l)/(j_ + q)5. The “correction” causes significant recoil even panels are as followsa) Orbit of the mass: about the central spinning hole.

— — i i ; The dashed circle is the location of the ISCB). Recoil velocity of the center
wheng 1 (and hencg. 0 ). The spin-orbit term is largest of mass. The spiral ends when GW emission is cut aff.Motion of the

V\lhen q = 1 and the spins are maX|ma|_ and .antlparallel binary’s center of massd) Total center of mass recoil velocity> + vf)“2
(a, = —a, = *1; fso max= 1/16). The recoil vanishes for  [see the electronic edition of the Journal for a color version of this figure,]
g = 1 and spins equal and paralld, (= a, )—a symmetric
blné}W- . o . (GWs rapidly reduce eccentricity, so circularity is a good as-
Since we work in theg< 1 limit, we ignore the smaller symption for many astrophysical binaries.) Whee M, bi-
body’s spin, which incurs an erreqa, in the orbital dynamics  nary evolution is well described using BH perturbation theory
(Kidder 1995). Our extreme mass ratio analysis treats the binary(Teukolsky 1973). We treat the binary’s spacetime as a Kerr
in an effective one-body sense: a nonspinning point particle BH plus corrections from solving the perturbed Einstein equa-
with massy = m;m,/M orbits a Kerr hole with mads = tions—the Teukolsky equation. Specifically, we solve a linear
m, + m, and spinS = aM?z . There is an ambiguity, however, wave equation for the complex scalar functibp , which de-
in how one translates the physical spin param&ter of the holescribes radiative perturhations to the hole’s curvature. Far from
to the “effective” spin parametexr . Damour (2001) provides the binary,¥, = (h, — ih,)/2 ; it therefore encodes informa-
a relation between these parameters, valid in the post-Newto+jon about the GW fields in the distant wave zone as well as
nian limit fora =< 0.3:a = &,(1 + 30/4)/(1+ q)*. Because of  the energy, momentum, and angular momentum carried by
this ambiguity, we present our results in terms of the effective thgse fields.
spin parameted . Even if the larger hole’s spin is nearly max-  Ear from the binary¥, has the expansion
imal @, = *1), finite mass ratiog = 0.1 restrict our results
to spins with|a| < 0.8-0.9. 1
When applied to a perturbation calculation of the head-on v, = —E Z,.Sn(0; aw,,)e™ enr, (5)
collision of two BHs, an effective one-body scaling of the GW Fim
energy flux Egy o< g?) in whichg— 15 = u/M = /(1 + g)? ) ) )
has been shown to agree with results from full numerical rel- In terms of Boyer-Lindquist coordinatgs r, 0, ¢) ta =t —
ativity (Smarr 1979). We use a similar “scaling up” procedure T is retarded timegw, = m{,, is a harmonic of the orbital
for the momentum flux: In perturbation theoB,,, o< q> . We frequency.S,(6; aw,) is a spheroidal harmonic, afid  is a
then substitute? — f(q) (Fitchett & Detweiler 1984). [Interms complex number found by solving a particular ordinary dif-
of 4, the scaling function is given bf(q) = f(1) = 7> (1 — ferential equation (Hughes 2000). .
4n)“? and is maximized a = 1/5 ] Using(q) [ok(n) ] to The linear momentum flux can be extracted by combining
scale the momentum flux assumes both bodies are nonspinningauations (2) and (5). The resulting expression is simplest in
and that the orbit is quasi-circular. For simplicity, approximate the “corotating” frameg ' = ¢(t) — oyt :
spin corrections té(g) based on equation (4) are ignored (in- _
curring errorss30% if q < 0.4; see Paper lI). » 1< ZinZigmiy
GW

Viww = | Vi + 883 km s fs0(0 8x 8) (ZM)9’2
kick — £

fSO, max r ter

= SnSimi1) SirF 6 df. (6)

20m Wn®Wmi1 Jo
3. IN-SPIRAL RECOIL FROM PERTURBATION THEORY

Our model binary consists of a magsén circular, equatorial Here,Pg,, = e 0 (F’XGW + inW) , and an overbar denotes com-
orbit about a BH with mas#! and effective spima = aM . plex conjugation. Similar expressions give the energy and an-
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gular momentum fluxes. The recoil velocity is found by inte-
grating equation (6), starting at initial ting  when the binary
is at large separation (and the recoil is well described by eq. [1])
and ending at tim& when GW emission terminates:

+i 1JT
v Ty, = ——
M /.,

Our procedure starts with a point source on a circular geo-
desic orbit with specified energg and angular momentum
L,. Solving the Teukolsky equation gives us the energy, mo-
mentum, and angular momentum fluxes of GWs to infinity and
down the event horizon. (The linear momentum flux down the
horizon does not affect the recoil.) In the adiabatic limit (in
which GW back-reaction changes the orbit very slowly,
rlr < 27/Q,,), the energy and angular momentum fluxes
(Ecw: L, ew) are used to evolve to a new geodesic WHR-
EswAt andL, — L, owAt. Repeating this procedure for a se-

€07, dt. 7

guence of geodesics generates a slow in-spiral trajectory. The

momentum flux along this trajectory and the associated recaoil
velocity are then calculated via equations (6) and (7).

This prescription can be used to calculate the recoil velocity
only up to the ISCO. There the slow, adiabatic in-spiral of the
particle transitions to a rapid “plunge” that terminates when
the particle crosses the event horizon (cf. Fig). Dur Fourier
decomposition off, is no longer valid as there are no well-
defined harmonics,, for plunging trajectories.

Figure 2 shows the perturbation theory calculation of the
ISCO recaoil for a binary with reduced mass ratjo= 0.1
(g = 0.127. The solid curve in Figured.can be fitted by

2M \2:63+0.081scoM
C) (8)

Visco = 422 km 51@(— ,

max l’ISC

whererg.o is the spin-dependent ISCO radius (defined for
g = 0 by eq. [2.21] of Bardeen, Press, & Teukolsky 1972),

and we have included the appropriate scaling function (valid
for q =< 0.4). Although our adiabatic assumption is violated for

n = 0.1 (especially for large, prograde spins), our results are
still valid sinceV,s.o/f(q) is only weakly dependent gnland

is independent of] in theq— 0 limit).

For retrograde orbits around rapidly spinning holes, the ISCO
is at large radiusQM foa = —1 ), and Fitchett's Newtonian
formula (eq. [1]) agrees well with our result. For prograde in-
spiral into rapidly spinning holes, the ISCO is deep in the strong

field, where relativistic effects become important and suppress

the recoil relative to Fitchett’s result.

4. RECOIL ESTIMATES FROM THE FINAL PLUNGE

During the plunge, the small body’s motion is dominated by
the Kerr effective potential rather than radiation-reaction forces
(Ori & Thorne 2000). It is easy to match a plunging geodesic
with constantE andL, onto an in-spiral trajectory near the
ISCO. With a code that does not Fourier-expahnd
2003; Martel 2003), one could properly compute the GW emis-

GRAVITATIONAL RADIATION RECOIL REVISITED
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Fic. 2.—Recaoil velocity vs. effective spia/M foj = 0.1 q(= 0.127 ).
(a) Recoil velocity up to the ISCO. The solid curve is our Teukolsky equation
result. The dashed curve shows the Newtonian recoil prediction (eqg. [1]), which
is substantially higher for large, prograde spins (smaller ISCO radius).
(b) Upper and lower limits for the total recoil. The hatched region represents
our uncertainty in the final kick velocity. The detailed shape of the upper limit
curve depends on the nature of our truncated powerAmgatz. [See the
electronic edition of the Journal for a color version of this figure.]

break down at some point: the power law reflects the circularity
of the in-spiral orbit and should be suppressed by the increas-
ingly radial motion during the plunge. To prevent the momen-
tum flux from diverging, we truncate the power law 3
replacing it with the condition thafdt/dr)7,, = constant ,
where 7 is the proper time along the plunge geodesic. This
allows the momentum flux to “redshift away” as the particle
approaches the horizon. Using the recoil velocity at the ISCO
as initial conditions (8§ 3) and a plunge trajectory with coor-
dinates|[r(t), ¢(t)] , we use equation (7) and our truncated
power-law Ansatz to compute the accumulated recoil until a
cutoff time T when the horizons of the holes come into contact
(in a quasi-Newtonian interpretation of the coordinates). The
upper curve of Figure I2shows the result of this calculation
(for n = 0.2).

We also perform a separate “lower limit” calculation. A
plunge trajectory is computed as before, but in place of the
power-lawAnsatz for Pg,,, we integrate the truncated, multipole
expansion of equation (3) instead. In this calculation, the mo-
mentum flux initially grows like a power law but then decreases
as the plunging trajectory nears the event horizon. Because we
neglect higher multipoles (which are extremely important in
the fast-motion, strong-gravity region), this method likely un-

(Khanna derestimates the recoil. The total accumulated recoil at the

cutoff time T using this method is shown in the lower curve

sion and associated recoil along such a plunging trajectoryof Figure 2 (also fory = 0.1).

(wheng< 1).

The hatched region between the two curves in Figure 2

Since we do not have such a code at hand, we must estimateepresents our uncertainty in the total recoil at the end of the

the wave emission more crudely. Our results from the in-spiral
show that, for a given spir?s,, is well described by a power
law in radius,Pg,, o< r* , from large up to the ISCO. As an
approximate “upper limit” of the recoil, we make tiesatz

plunge. This uncertainty is largest for retrograde orbits around
rapidly spinning holes, in which the distance the particle must
“plunge” is greatest. For prograde in-spiral into rapidly spin-

ning holes, much of the recoil is due to emission during the

that this power law can be continued past the ISCO. This mustslow in-spiral phase, for which our BH perturbation techniques



L8 FAVATA, HUGHES, & HOLZ Vol. 607

are well suited. Figure 1 shows the relative contributions from likely, with significant implications for the formation of inter-
the in-spiral and plunge for such a scenario. mediate-mass black holes (IMBH) via hierarchical mergers
Although the two calculations for the plunge recoil give (Miller & Colbert 2003). Our recoil estimates will also be useful
rather different results, useful astrophysical information is con- in simulations of supermassive and IMBH evolution in dark
tained in the approximate upper and lower bounds that theyhalos (Volonteri, Haardt, & Madau 2003; Madau et al. 2004).
represent. The estimad~ 120 km'shisects the hatched Future papers will present the formalism used for this anal-
region of Figure B and represents a typical recoil velocity for ysis and will investigate the influence of orbital inclination on
this mass ratio. Note also that the numbers in Figure 2 can bethe recoil. More work in perturbation theory also remains in

scaled to higher mass ratios by multiplying b§q)/f(y = addressing the recoil from the plunge and final ringdown of
0.1). For q= 0.38, this implies that our results can be aug- the merging black holes.
mented by a factor2.3. Finally, Redmount & Rees (1989) have speculated that spin-

orbit misalignment could lead to recoil directed out of the
orbital plane. This recoil might accumulate secularly rather than
oscillate and would be similar to the “electromagnetic rocket”
The punchline of this analysis is simple: quasi-Newtonian in pulsars with off-centered magnetic dipole moments (Har-
estimates have significantly overestimated the kick velocity rison & Tademaru 1975; Lai, Chernoff, & Cordes 2001). We
from anisotropic GW emission during binary coalescence. The suspect that this effect occurs, but it is likely small compared
recoil is strongest when the smaller member is deep in thewith the recoil from the final plunge and merger. Firm estimates
strong field of the large black hole. General relativistic effects, of the final kick velocity will rely on correctly modeling the
such as the gravitational redshift and spacetime curvature scatfinal phase of BH coalescence. For comparable mass binaries,
tering, act on the emitted GWs and reduce the recoil. full numerical relativity will ultimately be needed to accurately
Although reduced, the recoil remains large enough to have compute the GW recaoil.
important astrophysical consequences. Recoils With 10 -
100 km s* are likely; kicks of a few hundred kilometers per We thank Saul Teukolsky and Jerry Ostriker for bringing
second are not unexpected; and the largest possible recoils arthis problem to our attention. For helpful discussions, we thank
probably <500 km s*. These speeds are smaller than most Avi Loeb, David Merritt, Milos Milosavljevic, Martin Rees,
galactic escape velocities, suggesting that BH mergers that fol-Joseph Silk, Alan Wiseman, Yangin Wu, and most especially
low galaxy mergers will remain within their host structures. Eanna Flanagan. We gratefully acknowledge the support of the
However, these recoils are similar to the escape speeds of dwarKavli Institute for Theoretical Physics, where this work was
galaxies, and they may be sufficient to escape from mergersinitiated. M. F. is supported by NSF grant PHY-0140209;
in high-redshift structurez & 5-10 ;cf. Barkana & Loeb 2001, S. A. H. by NASA grant NAG5-12906 and NSF grant PHY-
Fig. 8). Binary BH ejection from globular clusters is quite 0244424; and D. E. H. by NSF grant PHY-0114422.

5. DISCUSSION
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