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Computing radiation from Kerr black holes: Generalization of the Sasaki-Nakamura equation
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As shown by Teukolsky, the master equation governing the propagation of weak radiation in a black hole
spacetime can be separated into four ordinary differential equations, one for each spacetime coordinate.
(“Weak” means the radiation’s amplitude is small enough that its own gravitation may be negledtéol-
tunately, it is difficult to accurately compute solutions to the separated radial equtieieukolsky equa-
tion), particularly in a numerical implementation. The fundamental reason for this is that the Teukolsky
equation’s potentials are long ranged. For nonspinning black holes, one can get around this difficulty by
applying transformations which relate the Teukolsky solution to solutions of the Regge-Wheeler equation,
which has a short-ranged potential. A particularly attractive generalization of this approach to spinning black
holes for gravitational radiatiofspin weights=—2) was given by Sasaki and Nakamura. In this paper, |
generalize the Sasaki-Nakamura results to encompass radiation fields of arbitrary integer spin weight, and give
results directly applicable to scalas=€0) and electromagneticsE& —1) radiation. These results may be of
interest for studies of astrophysical radiation processes near black holes, and of programs to compute radiation
reaction forces in curved spacetime.

PACS numbd(s): 04.25.Nx

[. INTRODUCTION more involved, but can be evaluated in a straightforward
matter. The functiongS;;> are spin-weighted spheroidal har-
In 1973, Teukolsky1] derived a single partial differential monics, which are generalizations of spin-weighted spherical
equation describing the evolution of perturbations to rotatincharmonics to a spheroidal geometry. The spin-weighted
(Kerr) black holes. This master equation gives the linearizedspherical harmonics in turn are generalizations of spherical
evolution of fields that arise from a perturbing source ofharmonics that encode the rotation properties of sfialds;
stress energy — the charge and current densities associatsge Refs[3,4] for further discussion. A detailed algorithm
with the perturbation — to thévacuum black hole back-  for computing S;=(#) is given in Ref[5]. For the purposes
ground. The solutions of the homogeneous version of thigf this paper, the? dependence is considered known.
equation describe the propagation of radiation in black hole The radial dependenceR;,,(r)=R(r), on the other
spacetimes. Thus, a common use of this formalism is tand, can be rather difficult to calculate in practice, particu-
study the radiation emitted by matter in the environment of darly in a numerical computation. The fundamental reason
black hole. In some cases, one can use such an analysis fi§ this difficulty is the nature of the equation that governs
study back reaction, determining how the perturbing SOUrCR(r): this equation(the Teukolsky equationhas a long-

evolves as radiation carries away energy and angular mganged potential. In source-free form, it can be written
mentum. A beautiful feature of the master equation is that it

describes radiation fields of arbitrary spin weightlt has
been used extensively to study scalae=(Q), electromag-
netic (s=*1), and gravitationalg= = 2) radiation in Kerr dr*2
spacetimes.

The master equation is oftersolved by introducing a
multipolar decomposition of the radiation field. The solution
separates into functions of the Boyer-Lindquist coordinates:

2

dR
+FT(r)F+[a)2—UT(r)]R:O, (1.2

wherew is the frequency of the radiation mode and

. 2Mr+I r—r, 2Mr,I r—r_ 13
' _r+r+—r, oM ro—r_ oM (1.3

S\P=|E Rimo(N)sS3w(0)emPe e, (1.1

is the Kerr “tortoise coordinate.” The potential$(r) and
each function is governed by an ordinary differential equa++(r) are rather complicated; they encode the most interest-
tion. (The precise meaning of¥ is described in Sec. ). ing features of wave propagation in black hole spacetimes,
Thet and ¢ dependences are trivial. The dependence is such as scatter from spacetime curvatuaed superradiant

Separation is not always used. There is also a body of work that ?As shown by Leonard and Poissf#l, the phenomenon dhils
uses the master equation to evolve initial data. This approach hdselayed propagation due to scatter from spacetime curyatite
been extensively used to study the endpoint of binary black holéeading order independent sf and is encoded in the logarithmic
collisions; see Refl.2] and references therein. behavior ofr*, not the potentials.
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scattering(radiation whose scattered amplitude exceeds thean initially chooses so that the solution is well-behaved in
ingoing amplitude due to extraction of energy from the blackthe initial r domain, and then “switch horses” and integrate

hole’s spin. For larger, with the other sign ofs as the integration approaches the
other asymptotic domain.
2(1+s) 2M(2+s) 3 A somewhat more elegant way to compRevas devel-
N=———""073 +O(1/r), oped by Chandrasekh#)]. As already noted, the poor be-

havior of solutiong1.5) and(1.6) is due to the long-ranged
) nature of the Teukolsky equation’s potentials. Rather than try
Ur(r) = 4isw N A +2amo+8IMsw o1 to work with an equation that is simply not well-behaved,
T r r2 ’ one should find transformations which relate the Teukolsky
(1.4  solutionR to the solutionX of some equation whose poten-
tials are short-ranged. For example, when the black hole spin
[The quantityA is related to the eigenvalues of tledepen- is zero, black hole perturbations can be described using the
dence; see Ref5] for details] For larger, F+(r) andU+(r) generalized Regge-Wheeler equatjdd:
fall off only as 1f — they are long-ranged, like the Coulomb

potential. The solution of Eq1.2) for larger is [7] 2
— T ©°=Vey(r,s) |X=0, .7
e—iwr* eiwr* dr
R:Cl r +C2r23+1. (15) Where

The complex constants; andC, are determined by bound-
ary conditions. This asymptotic solution illustrates the diffi- Vew(r,s)="f
culty in solving the Teukolsky equation: the coefficient of

ior* g i i —iwr* —-2s

e differs from the coefficient ofe by r =", For (Here, f=1—2M/r.) This potential dies away faster than
negatives, this beco*mes extremely large — large enoughllr and so is short ranged. Chandrasekhar shoffeedspe-
that the ingoinge™'“"" piece will eventually be entirely lost  ific choices ofs) that solutions to Eq(1.7) and solutions to

in any numerical computation due to round-off error. Hencegqy (1.2) (with a=0) are related by simple rulegBelow |
for negatives, it is nearly impossible to set proper boundary generalize these rules to any valuesof This is extremely
conditions on the solution’s phase at langeSimilarly, for —sefy for numerical work: one can integrate Hd.7) to
positive s it is difficult to set boundary conditions near the accurately computX and then transform t& Note that in
event horizor?. For r very close tor, =M+ yM*—a” (the  Ref. [8] Press and Teukolsky introduced a transformation
location of the event horizon in Boyer-Lindquist coordi- that, in essence, transformed to a function governed by an

[(1+1) 2(s®*—1)M
r2 - 3

(1.8
r

nates, the solution i§7] equation with a better behaved potential. They did not, how-
- - ever, discuss the nature of the transformation in terms of the
R=C3A % 'P"" +C,eP. (1.0 rangedness of the potentials; Chandrasekhar appears to have

] . been the first to systematically approach this problem with
| have introducep=w—mw, , wherew. =a/2Mr isthe  the viewpoint that the long-ranged potential was the key is-
angular velocity at which observers at the horizon are seen tg e Note also that Chandrasekhar’s notafighis rather
rotate. Because the Boyer-Lindquist coordinatesd ¢ be-  giferent from that used here; | use a notation similar to that
come twisted and entangled near the horigzodescribes the ;e in[11]. The transformation given in Reff9] and[11]
frequency of wave modes in that region. The factorr? is for s= —2; a rule fors= —1 is given in[6].

—2Mr+a’ goes to zero at the event horizon. Hence, for  For spinning black holes, perhaps the most elegant gener-
positives, the ingoing solution swamps the outgoing solution zjization of Chandrasekhar’s approach was given by Sasaki
as one approaches the horiztvhether one chooses positive and Nakamur&12]. They derive a transformation rule which
or negative s, there exists a domain in which one cannote|atesR for any physical spima to the solutionX of an
accurately compute numerical solutions by directly integrat-equation whose potentials are short ranged. The transforma-
ing the homogeneous Teukolsky equation. _ tion and short-ranged potentials are designed such that if
Various approaches have been discussed to circumventq the potentials reduce to the Regge-Wheeler potentials.
this difficulty. One of the first was introduced by Teukolsky Thjs approach is very natural in the sense that its solutions
and Pres§7,8]. Their approach used the fact that, for a givengre monotonic with respect to spin, ranging from the
|s|, the solutions to Eq(1.2) for s=+|s| ands=—|[s| are  gchwarzschild valua=0 to the extreme Kerr limiai=M.
physically equivalent: there exist rules to take the posiive chandrasekhar and Detweiler also investigated several trans-
solution to the negative solution, and vice versa. Thus, one formations relatingR to a short-ranged solutioX [13—16.
In some(but not al) cases, these transformations are gov-
erned by equations which reduce to the Regge-Wheeler
30ne can expand the potentials near the horizon and see that th@guation in thea=0 limit; however, the equations them-
die away slowly ag* — —o (which corresponds to—r,). The  selves are often not as “nice” to work with. For example,
actual form is somewhat messy, and is not given here explicitly. the equation forX is sometimes given in terms of a fre-
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quency dependent Variabfé(w) (see Ref[15]) which is !l reviews important aspects of the Teukolsky equation and

different from the “usual” tortoise coordinate* [cf. Eq. its solutions, particularly how one can compute the solution

(1.3)]. This coordinate can be doubly valued and mask feadiven an appropriate source term and solutions to the homo-

tures such as superradiant scattering. Also, the potentials §fneous equation, and how those solutions are related to

each of their equations are pathological for some set of frephysical radiation fields. In Sec. Ill, | review the transforma-

quencieilf'_ By using a set of mu|t|p|e perturbation equa- tion rules for Schwarzschild black holes. These rUleS, which

tions and transformation laws, one can always find a nonare particularly simple, will be used as guidelines for con-

pathological tool for any given frequency. But, there is nostructing transformations appropriate to radiation in Kerr

single rule that works for all frequencie&hese difficulties ~SPacetimes. Finally, in Sec. IV | construct the short-ranged

do not mean that Chandrasekhar and Detweiler's approach&§uation for Kerr black holes and provide a recipe for speci-

are not useful. Campanelli and Lougtt8] used rules very fying the transformation rule for a radiation field of arbitrary

similar to Chandrasekhar and Detweiler’s in order to showsPin weight. | apply this recipe in Secs. V and VI to scalar

that solutions to the Teukolsky equation are well-behavednd electromagnetic radiation fields, respectively. The result-

even for sources that extend to infinjty. ant transformation rules and equations should form a useful
Sasaki and Nakamura’'s work is restricted to the choicdasis for further studies of radiation in Kerr spacetimes.

s=—2. This is an appropriate choice for studies of gravita-Some concluding discussion is given in Sec. VII.

tional perturbations, and so the Sasaki-Nakamura equation

has been extensively used in studies of gravitational-wave

generation and gravitational radiation reactjén2,19-22  Il. SOME PROPERTIES OF THE TEUKOLSKY EQUATION

Other values ofs are interesting as well. For example, AND ITS SOLUTIONS

- i 1 corresponds to electromagnetlp rad|at|op. The propa- As background for the calculations in this paper, | review

gation _and s_catter of electromagn_etlc waves in black ho'?n this section the most important properties of the Teukol-

spacetimes is of great astrophysical interest. Also, muclgky equation and its solutions

work is currently being directed toward understanding how As discussed in the Introdﬁction Teukolsky] showed

one calculates self-forces and radiation reaction forces inh o ,

curved spacetimel23—30. Implementations of the general t "’_‘t one can sep_argte the wave equation for a Geidof

formalism (Refs.[23,24)) to date have been restricted to sca-SPIN Weights radiation propagating on a Kerr black-hole

lar (s=0) or electromagnetic fields. They have also beerP@ckground using the multipolar decomposition given in Eq.

restricted to spherically symmetric spacetimes. Tools for ef{1.1. The ¢ andt dependence is trivial, and the depen-

fective calculation of radiation fields in Kerr spacetimes will dénce is straightforwardly dealt with. Thedependence, on

make it possible to extend these calculations to more realistihe other hand, can cause problems.

spinning black holes. The radial functionR(r) is a solution to the Teukolsky
In this paper, | generalize the Sasaki-Nakamura equatiogquation, Eq(1.2). Here | write the Teukolsky equation with

to arbitrary integer spin weight. The generalized Sasaki- its source term and in terms of derivatives with respeat to

Nakamura(GSN) potentials are given for ang but in terms  rather tharr*:

of two unknown functions(r) and 8(r). These functions

are fixed by requiring that the transformation which relates

the Teukolsky solution to the GSN solution reduces, in the ATS(ASTIR) = V1(r)R=—"T(r). (2.2

Schwarzschild limit, to the transformation between the Teu-

kolsky solution and the Regge-Wheeler solution. They also

must be chosen so that the potentials they generate are 9fjs s the way the Teukolsky equation usually appears in

short range. _ the literature. The potentil(r) is
There is a great deal of freedom in how one choases

and gB: for each value of, there are an infinite number of
f.un.c.tions which lead to a transformation with the correct _ K(r)2—2is(r— M)K(r)
limiting value and that produces short-ranged potentials. It is Vi(r)=\N—4diswr— A ,
thus most practical to develop and 8 on a case by case
basis, rather than trying to develop generic formulas. Given
the interest in scalar and electromagnetic radiation, | provide ) » 5 ]
examples ofx and 8 for s=0 ands=—1. the qgantlty)\=8|m—2amw+a_w —s(s+ 1)_, Where_&m is
Throughout this paper, a prime denot#slr, wherer is the eigenvalue of the spheroidal harmopfsee[5]; in the
either the Boyer-Lindquist or the Schwarzschild coordinateSchwarzschild limit, &, =1(1+1)]. The function K(r)
(which coordinate should be clear from contexX&n overbar =(r’+a’)o—ma
denotes complex conjugation. The functidn=r?—2Mr The source terri(r) depends upon the spin weight of the
+a2, andf=1—2M/r. Thus, for Schwarzschild holeg radiation. It is constructed by projecting the radiation source
=r2f. The functionR will always denote the solution to the onto legs of the Newman-Penrose null tetiadh, m, andm.
homogeneous Teukolsky equatiofiwill always refer to the A useful representation of the tetrad in Boyer-Lindquist co-
solution of the equation with short-ranged potential. Sectiorordinates i§16]

(2.2
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! {1 > o—asir? 9} H I SRH
=T U masl ; Z"(r :—.f dr’A(r")*R™(r")2(r"),

A (0= =), AR T

1[Alo as sir ‘T 7= [CaraeyRamn. @8
n,==l<1,0~ ——|, rN=———o r'A(r r r'. .
“ 203 3 2iwB"D”*Jr
Using Eq.(2.7) one can constructV. This quantity is

m [iasing,0,—3,—i(r?+a?)sing] related to a radiation field of spin weig§itthe details of that

relation depend upon the value af Typically, ;¥ is con-
2.3 structed by projecting a tensor describing the radiation onto
legs of the Newman-Penrose null tetrad. For examgii,

The tetrad leas andn reoresent indoina and outdoing null =&, a massless scalar field. No projections are needed in
g p going going this case. Fos=*1, we have

vectors, respectively. Quantities constructed by projecting
ontol correspond to ingoing radiation and their sources; they ., bo=F, 1*m"
map to positives. Likewise, projection ontm corresponds to ! 0" ’
outgoing radiation and their sourckand map to negative _
See Ref[1] for details. _1¥=(r—iacos@)?¢,=(r—ia cosd)?F ,,n"m’,

Because Eq(2.1) is in self-adjoint form, one can con- (2.9
struct its solution by the method of Green’s functid34]. ) o )
This means that one needs to know only the solutions to th&¥hereF,, is the electromagnetic field tensdiThere is a
homogeneous equation, third projection, ¢,=(1/2)F ,,(1“n”+m#“m”). It does not
describe the radiative degrees of freedom of the electromag-
netic field, and so is of less interest hgreor s= +2, the
radiative quantities are

B J2(r +ia cosé)

A™S(ASTIR') —V4(r)R=0, (2.9

in addition to the source. One does this by adapting the ges¥ = /= — C 5,5 “m”l m?,
neric solution, given in Eqg1.5 and(1.6), to the appropri- o
ate boundary conditions: no radiation may come in from in-,¥ = (r —ia cos6)*y,= — (r—ia cosa)“CaBy(gn“mﬁnym‘s.

finity and none may come out from the event horizon. In (2.10
other words, there exist two solutionR”(r) and R*(r), _ _
whose asymptotic forms are The tensolC 4, is the Weyl component of the spacetime’s

curvature. The quantitieg; , with i an integer from 0 to 4,
are the Newman-Penrose projections of the Weyl curvature

_ pholep —s,—ipr*
RA(r)=B""A %", ror, (see Ref. [16]). For unperturbed black hole space-
fwr* Ceier* times, all components excemzz—caﬁyﬁlamﬁmyn‘S:M/
— gout +Bn , r—m (2.5 (r—ia cos#)® can be set to zero with an appropriate choice

restt r , of gauge. This is the non-radiative “background” compo-

nent of the curvature; the perturbatiopg and ¢, represent
. _— - radiation on the background.
R(r)=DeP" + DA% P, r—r The solution for thelinearn evolution of radiation of spin
gior® weight s in a Kerr black hole spacetime is thus completely
=D*——, r—oo, (2.6) described by construction of the souréig) appropriate to
r2sti that spin weight and construction of the homogeneous solu-
tions R™(r) andR™(r). As discussed in the Introduction —
and, as should be clear from the asymptotic soluti¢@hs)
and (2.6) — it is very difficult to build these solutions in a
numerical integration. The remainder of this paper is devoted
to methods for constructin®™(r) and R*(r) by finding
transformations that relate the Teukolsky solutigfr) to
R(r)=Z"(r)R*(r)+Z*(r)R™(r), (2.7)  solutions of equations with short-ranged potentials.

The solution to the inhomogeneous equatii@ri) which one
constructs from Eq92.5),(2.6), and the sourcé(r) is con-
veniently written as

where Ill. RESULTS FOR SCHWARZSCHILD HOLES

The Teukolsky equation for Schwarzschild black holes is
“Because one can transform between positive and negatoe ATS(ASTIR') —V14r)R=0, (3.)

lutions, one can actually develop both ingoing and outgoing radia-
tion with a single source term. where
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Vid(r) =\ —4disro+[2is(r —M)w—(re)2])/f, (3.2 IV. PERTURBATION EQUATION FOR KERR HOLES

Guided by Eq(3.9), let us assume that functiomsand 8
can be found that transform th&err solutionR to solutions
x of some other equation. By generalizing relati@m®) to a
form appropriate for the Kerr metric and rewriting all deriva-
tives in terms off * we will come to an equation with short-
ranged potentials governing the behavior of a funckgn).
X (3.3 This is the generalized Sasaki-Nakam(&SN) equation. It
rJAS ' will depend explicitly on the(currently unspecifiedfunc-
tions @ andB. These functions will be specified by requiring
If X satisfies the Regge-Wheeler equation, it is straightforthat the transformation rule satisfy a form which reduces to
ward to show thay satisfies Egs.(3.6a—(3.609 whena=0. This guarantees that solutions
to the GSN equation are equivalent to solutions of the
A*S(AS“X’)’—UXS(r)XZO, (3.9 Regge-W_heeIgr equgtion in the Schwarzschilq I?mit.
To begin, differentiatey and use Eq(2.4) to eliminate the
where second derivative dR. The resulting equations for and x’
can be gathered neatly into matrix form:
1| ,(3M% 2M
S r_2 —_

Uys(N =N+ = ; —(rw)zl- (3.5 (X): “ paT )(;) (4.1

f
x') \a'+BViA® a+p AT

andA=\(a=0)=I1(I+1)—s(s+1).

We would like to find rules that allow us to obtdihgiven
a solutionX of the Regge-Wheeler equati¢h.7). To do so,
first define the quantity

XE

By direct substitution, one can show thatcan be trans-

formed toR, and vice versa, via A nice feature of Eq.4.1) is that the inverse solution is

rather obvious:

s<0: X:(r\/K)lsl’DLS‘ El, R _i a+ﬁ’AS+l _'BAS+1 X (4 2)
rls R') n\—(a'+BV:A%) a x'/’ '
A\ls P\ where
o [
\/K 77:a(a+B1As+l)_BAs+l(ar+IBVTAS) (43)
s=0: x=R, (3.6b s the determinant of the matrix in E¢4.1).
Differentiating again and massaging the resultant expres-
ro\® A\S sion gives us a second-order differential equationyfor
s>0: X= \/—_ Di (T) R},
A ATS(AS ) —AF (Y —Ui(N)x=0. (4.4
1\° i i
R:(F) Di[(r\/K)SX], (3.60 The potentialssF4(r) and jU(r) are given by
sFa(r)=7"17,
where
1 7'
D.=d/dr+iw/f. (3.7 U=Vt 5A7 (2a+B’AS“)’—7(a+B’As“) :
For s=—1 ands=-2, Eq. (3.6a reduces to the Chan- (4.9
drasekhar transformatioisee Ref[11] for s= —2, Ref. (6] Next, generalize Eq3.3) to the Kerr form
for s= —1). Equationg3.68—(3.60 serve as guidelines that
will be used to fix the form of the transformation rules for X
Kerr black holes. Note that the transformations freo y X= (4.6
can be written as (re+a®)As
x=aR+ BASTIR (3.9 Using this to replacg for X in Eq. (4.4) and then replacing
derivatives inr with derivatives inr* with the rule
by repeatedly using E¢3.1) to eliminate derivatives of sec- s
ond order and higher. The resulting functiomsand 8 may i: (r'ta) d @7
become rather complicated, particularly for large values of dr A dr* '
|s|, but the general operation is straightforwaf@ihe factor
AS™1 is inserted for later convenienge. yields the GSN equation:
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d2x

e 4.8

daX
—SF(I')F—SU(I')XZO.

The potentials are

AgFq(r)
AU4(r) 5 AdG/dr  AG(r)F4(r)
U =——"—5+s 2, .2 2, .2
(re+a°) r<+a r<+a
(4.9
The function G(r) is
G(r) rA s(r—M) 4.10
ry= : .
s (r’°+a%»? r?+a?

the functionsgF(r) and (U,(r) are from Eq.(4.5. When

s=—2, all functions reduce to those given by Sasaki and

Nakamura(see Ref[12]).
All of the quantities which have been derived to this poin
depend upon the as-yet-undetermined functiersd 3. We

PHYSICAL REVIEW D 62 044029

To now specifya and 8, one must pick functiong;(r)
and then repeatedly use E@.4) to eliminate derivatives of
second order and higher in Eqg.119—(4.119. The result-
ant expressions forr and 8 will be, in general, quite com-
plicated; examples are discussed in Secs. V and VI. The
functionsg;(r) must be chosen so that they become constant
in the Schwarzschild limit, and lead to potenti&ér) and
U(r) which are short-rangef.e., fall off at a rateO(1/r?)
or faster ag —]. In practice, choosingj;(r)=1 or g;(r)
=(r?+a®/r? appears to lead to well-behaved potentials;
some experimentation may be needed to make useful
choices.

V. SCALAR RADIATION

For scalar radiatiors=0, the functions®R, X, andy have
the following relationship:

go(r)R=x= (5.2

rZ2+a?’

fix these functions by requiring that they affect a transforma-

tion betweenR and y which, asa—0, reduces to Egs.
(3.69—(3.609. A useful generalization of these transforma-
tions is

s<0: x=w<r2+a2)A)'Sgo(r)J[glm

%3 ] gi5(NR
- gz(r) Y- (m)‘s| ' (4.113
s=0: x=dgo(rR, (4.11b

rZ+a2\®
s>0: X:( A )go(r)h{gl(r)

XJs gz(r)-..J{gs(r)

g

r2+a?
(4.119

where the operator

J.=d/dr=iK(r)/A (4.12

generalize®.. to Kerr. Thes= + 2 transformation rule, for
example, is

(r’+a?) A?

A

X=0o(r) R

(4.13

2+a2

J+{gl(r)~]+{gz(r)r

an example fos=—1 is given in Sec. VI.

A good choice iggy(r)=1. The functionse and g3 [cf. Eq.

t(3.8)] are then given by
a=1, pB=0. (5.2)

From this, it follows that
n=1, (5.39
oF1=0, (5.3b
oU1=Vr, (5.309

rA

oC= 2z (5.30

The potentialsgF(r) and (U(r) are given by substituting
Egs.(5.39—(5.3d into Eq. (4.9. For larger,

A+ 2amw +2M(1—)\)

4y.
_ ——+0(1Ir%);

(5.9

U (1) =—w?+

r r

clearly, oF(r)=0 for all r. Hence, the potentials are short-
ranged. Whena=0, ,U(r) reduces to— w?+Vgu(r,s
=0). Thus, it reduces to the Regge-Wheeler equation in the
Schwarzschild limit, as it was supposed to.

The asymptotic solutions to the=0 GSN equation are
simple plane waves:

XH(ry=e P, ror,,

=AMPy(r)e” +APy(r)e 1, o (5.5
Xx(r):Couteipr*+Cine7ipr*, r—r,,

=Py(r)ee™, r—o. (5.6)

The function
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A, B C
Po(r) =1+ — 4 — ° 4.
ol (wr)® (wr)?

(5.7

allows us to more accurately describe the behavioX'df®

near infinity. This is useful both to improve numerical com-

PHBICAL REVIEW D 62 044029

c3=—2a%(M+iam),
c,=a*(1—1\). (6.7

Using this» and

putations and to derive certain relations between the ampli- rA (r—Mm)

tudes of the Teukolsky solution and the GSN solution. The -1G(r)=

first three coefficients have the values

i
Ap=— (N +2amw),

2
1, :
By=— §{)\ —N2—4amw)—4[amw—iM e

—amw(amew+2iM w)]},

[
Co=— E[BO()\—6+ 2amw+8iM w)—4(Mw)?
—2AMo(A—6)—(aw)?(A— 1+ m?+2amw)].

(5.9

VI. ELECTROMAGNETIC RADIATION

For electromagnetic radiatioa= — 1, the functionsR, X,
and y exhibit the following relationships:

- X 6.1
X= Nzt ©3

x=aR+ BR’ (6.2
01(NR
=go(r)J(ré+a%AJ_ . 6.3
From this, we can read off
, rga ig,K
=803 1 m‘T}
B=00g1VA. (6.4
A useful choice forgy andg; is
(r’+a?)
go(r)=—=—, gi(r)=1. (6.5

r
The function# that follows from these choices is

N=Co+Cy/r+Cy/r2+cylr3+cy/r?, (6.6)
where

COZ_)\,

ci=—2iam,

c,=a%(1—2\),

(r?+a%?2 r2+a?’ 68

it is straightforward to construct the functions;Fq(r),
_1U4(r), _4F(r), and _;U(r). The results are rather com-
plicated and are not given here. Whers large,

2iam 2a[2imMA—a(2m?+2\2—\)]
AT? A2rs

_1F(r): -
+0(1/r3),

A2+ 2amw(\+1)

= — 2—‘,—
,1U(I’) w )\rz

2[ia?(2m?—\)+M(A3+2amw))]
B AZr3

+0(1r%). (6.9

Both _;F(r) and _;U(r) are short ranged. Whea=0,
_4F(r)=0 and _;U(r)=— 0%+ Vgu(r,s=—1).

The solutionsX"* are, in the limitsr —r_, andr—oo,
essentially identical to those given in Ed5.5) and (5.6);
one need only change the subscript on Ehéunction to
—1. The corresponding coefficients ih_,(r) are

i
A_1=— 5()\+2amw),

1
B_i=— g{)\z—)\(z—4amw)—4aw[m—2ime

+aw(2—m?)]},

i
C-1= = g{B_1(\~6+2amo+8iMw)

+2A_1[Mw(5—\)+iaw(2aw+m/\)]
—(aw) N —5+8iM w+2amw+m?(A +2)/\]}.
(6.10

VIl. CONCLUSION

In this paper, | have shown how the Sasaki-Nakamura
short-ranged equation for gravitational perturbations to a ro-
tating black hole may be generalized to arbitrary spin weight
radiation. Of course, there is no particular physical motiva-
tion for choosing radiation spin of magnitude greater than 2;
this approach is taken simply so that one can write down a
single rule which encompasses all physically interesting ra-
diation fields, much as the Teukolsky equation itself encom-
passes all spin weights. Efficient numerical computation of
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Teukolsky equation solutions now reduces to a simplesquation given in Sec. VI may be of astrophysical interest,
recipe. First, following the analysis in Sec. 1V, develop theparticularly when coupled to an appropriate source.

potentials needed in the GSN equation, E48). Examples
are given fors=0 ands=—1. Then, integrate Eq4.8) for
the GSN solutionX. Transform to the variablg using Eq.

(4.6). Then construct the Teukolsky solutidh using Eq.  mation rules and perturbation equations for gensyi€ric
(4.0. Poisson for valuable comments, and Manuela Campanelli for
One application of these results may be to extend theointing me to some useful references. | am also very grate-
mode sum regularization scheme described in 28] to  ful to Steven Detweiler for valuable comments on the history
self-forces computed in Kerr spacetimes. Calculations thadf black hole perturbation studies which | have used to cor-
employ scalar or electromagnetic charges and fields are gerect some of the discussion in the Introduction. The package
erally simpler than the gravitational self-force calculations,MATHEMATICA was used to aid some of the calculations.
which are of great interest for researchers studyindgrhis research was supported by NSF Grant AST-9731698

ACKNOWLEDGEMENTS

| thank Lior Burko for encouraging me to find transfor-

gravitational-wave sources. The electromagnetic perturbatioand NASA Grants NAG5-7034 and NAGW-4268.

[1] S. A. Teukolsky, Astrophys. 1.85 635(1973.
[2] J. Pullin, Prog. Theor. Phys. Supfl36, 107 (1999.
[3] W. B. Campbell and T. Morgan, Physi¢amsterdam 53, 264
(1972.
[4] J. N. Goldberget al,, J. Math. Phys8, 2155(1967).
[5] S. A. Hughes, Phys. Rev. B1, 084004(2000.
[6] S. W. Leonard and E. Poisson, Phys. Re\6® 4789(1997).
[7] S. A. Teukolsky and W. H. Press, Astrophys. 183 443
(1974.
[8] W. H. Press and S. A. Teukolsky, Astrophys. 1B5 649
(1973.
[9] S. Chandrasekhar, Proc. R. Soc. Lond®#3, 289 (1975.
[10] E. W. Leaver, Proc. R. Soc. Lond@w02, 285(1985.
[11] E. Poisson, Phys. Rev. B7, 1497(1993.
[12] M. Sasaki and T. Nakamura, Phys. Le8BA, 68 (1982; M.
Sasaki and T. Nakamura, Prog. Theor. Pl§%.1788(1982.

Holes (Oxford University Press, New York, 1983Chaps. 8
and 9.

[17] S. Detweiler(private communication

[18] M. Campanelli and C. O. Lousto, Phys. Rev. 38, 6363
(1997.

[19] Y. Kojima and T. Nakamura, Phys. Lei6A, 335(1983; Y.
Kojima and T. Kakamura, Prog. Theor. Phy4, 79 (1984.

[20] M. Shibata, Phys. Rev. B0, 6297 (1994).

[21] Y. Mino et al, Prog. Theor. Phys. Supdl28(1997, Chap. 1.

[22] D. Kennefick, Phys. Rev. 38, 064012(1998.

[23] Y. Mino, M. Sasaki, and T. Tanaka, Phys. Rev.5B, 3457
(1997.

[24] T. C. Quinn and R. M. Wald, Phys. Rev. &5, 3381(1997.

[25] W. G. Anderson, E. E. Flanagan, and A. C. Ottewiill prepa-
ration).

[26] A. G. Wiseman, Phys. Rev. b1, 084014(2000.

[13] S. Chandrasekhar and S. L. Detweiler, Proc. R. Soc. Londofi27] A. Ori, Phys. Lett. A202 347 (1995; A. Ori, Phys. Rev. D

A350, 165 (1976.
[14] S. L. Detweiler, Proc. R. Soc. Londok352, 381 (1977).

55, 3444(1997.
[28] L. Barack and A. Ori, Phys. Rev. b1, 061502(2000.

[15] S. Chandrasekhar, i@eneral Relativity — An Einstein Cente- [29] L. M. Burko, Class. Quantum Grax.7, 227 (2000.

nary Survey edited by S. W. Hawking and W. IsraéCam-  [30] L. M. Burko (in preparatioly see also L. M. Burko,
bridge University Press, Cambridge, England, 29Thap. 7. gr-qc/9911089.

[16] Much of the work by Chandrasekhar and collaborators is sur{31] G. Arfken, Mathematical Methods for Physicistgcademic,
veyed in S. Chandrasekhdme Mathematical Theory of Black Orlando, 1985 Chap. 16.

044029-8



