Classical Communication in the Presence of
Quantum (Gaussian Noise

Jeffrey H. Shapir@,Brent J. Yerf Saikat Guh& and Baris |. Erkmeh

dMassachusetts Institute of Technology, Research LakgrafdElectronics, Cambridge, MA 02139;
bPrinceton University, Department of Electrical EnginagriPrinceton, NJ 08544

ABSTRACT

The classical information capacity of channels that argesitto quantum Gaussian noise is studied. Recent work has
established the capacity of the pure-loss channel, as wdbloands on and a conjecture for the capacity of the lossy
channel with isotropic-Gaussian excess noise. This woalpdied to the pure-loss free-space channel that usespteulti
Hermite-Gaussian (HG) or Laguerre-Gaussian (LG) spat@dles to communicate between soft-aperture transmit and
receive pupils, and to the lossy channel with anisotromofed) Gaussian noise.
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1. INTRODUCTION

A principal goal of quantum information theory is evalugtithe information capacities of important communication
channels. To date, such capacities have only been found liarited class of channels. In previous work we have
found the classical capacity of the pure-loss Bosonic calnmnd shown that it is achieved by single-use coherent-state
encoding with joint measurements over entire codewordsgl&iuse coherent-state encoding was also used to obtain a
lower bound on the capacity of the thermal-noise chafrfelwhich we have shown to be tight in the limits of low and
high noise levels. Furthermore, if our conjecture conaggihe minimum output entropy of this isotropic Gaussiais@o
channel is correct, then single-use coherent-state encoding is capacity\dabie

In this paper we provide two extensions of our previous waiikst, we find the capacity of the pure-loss free-space
channel that uses multiple Hermite-Gaussian or Laguea@as&ian spatial modes to communicate between soft-apertur
transmit and receive pupils. These mode sets are shown ¢édidhentical capacity versus transmitter power characiesis
because they share a common set of modal transmissivigesn§, for single-mode communication we study the capacity
of the lossy Bosonic channel with anisotropic (colored) €#an noise. Here, under the assumption that our minimum
output entropy conjecture is correct, we are able to usesenghitening argument to find the channel capacity. We begin
our development with a brief review of prior classical capasults for Bosonic channels with isotropic Gaussiais@o

2. BOSONIC CHANNELSWITH ISOTROPIC GAUSSIAN NOISE

We are interested in classical communication over Bosohannels with propagation loss and Gaussian noise. It is
convenient to begin with a treatment at the single-modé .levethis case the channel input is an electromagnetic-field
mode with annihilation operatdr, and its output is another field mode with annihilation opara’. The descriptions of
this channel when multiple temporal and/or spatial modesarployed can be built up from tensor-product construstion
using the single-mode model. Neither the single-mode renthlti-mode lossy channels constitute unitary evolutisos
they are governed by trace-preserving completely-p@s{fiPCP) magsthat relate their output density operatgs§,to
their input density operators,

The TPCP maﬁ,flv(-) for the single-mode lossy channel can be derived from thenvatator-preserving beam splitter

relation R
a'=ma++/1—nb, 1)
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in which the annihilation operatdr is associated with an environmental (noise) mode, @nrd < 1 is the channel
transmissivity. For the pure-loss channel, threode is in its vacuum state; for the thermal-noise chaniehtiode is in a
thermal state, viz., an isotropic-Gaussian mixture of cehestates with average photon numbér> 0,

= [z 22 5y, @

The extension of this model to anisotropic Gaussian noisetge associated channel capacity analysis for that casié—w
appear in Sect. 4.

The classical capacity of the single-mode lossy channestabéished by random coding arguments akin to those

employed in classical information theory. A set of symbjgi} is represented by a collection of input sta{@s} that are
selected according to some prior distributifgs }. The output state§y’ } are obtained by applying the channel's TPCP

map&X (-) to these input symbols. The Holevo information associatitid priors {p;} and state§s,} is given by,
n J J

x(pj, ;) ijoj —ijS(é'j), 3)
j
whereS(6) = —tr(61n(5)) is the von Neumann entropy. According to the Holevo-SchureatVestmoreland theo-
rem? the capacity of this channel, in nats per use, is
' = sup(Ch/n) = sup{ max [x(p;, (£, 2 )2 (63))/nl}, (4)

where(C, is the capacity achieved when coding is performed evehannel-use symbols and the supremum ovées
necessitated by the fact that channel capacity may be gsigiitva.

We have previously shown that the capacity of the singleenpdre-loss channel whose transmitter is constrained to
use no more thaiV photons on average'is B
C = g(nN) nats/use (5)

where
g(@)=(z+ 1) In(x 4+ 1) — zln(z) (6)

is the Shannon entropy of the Bose-Einstein probabilityrithistion. This capacity is achieved by single-use random
coding over coherent states using an isotropic Gaussidribdigon which saturates the transmitter’s bound on ayera
photon number. [Note that the optimality of single-use elilwg means that the capacity of the single-mode pure-loss
channel imot superadditive.] This capacity exceeds what is achievalitelvemodyne and heterodyne detection,

1 _ _
Chom = 3 In(1+4nN) and Chet = In(1 4 nN), @)

although heterodyne detection is asymptotically optinsaNa— oo. An analytical expression for the direct-detection
capacity corresponding to this single-mode case is not knbut this capacity has been shown to satisfy,

Cair < %111(77]\7) +o(1) and lim (Caiy) = %111(77]\7), (8)

N —o0

and so is dominated by (5) fou(nN) > 1.

For the pure-loss scalar channel in which the transmittgrusa all frequencies € [0, co) of a single electromagnetic
polarization subject to an average power constrBiatith all frequencies having the same channel transmigsivié have
shown that the resulting channel capacity is

Cws = 727_hp nats/sec 9)

which is 7/+/3 times higher than what can be achieved with homodyne or deyee detection. Once again, single-
use encoding over a coherent-state ensemble is employgdlowi frequencies being used preferentially because of the



average power constraint. As yet, there is no correspondithgband capacity result for direct detection, becausstiagi
resultd! 12 ignore the frequency dependence of photon energy by camisigahoton flux rather than power.

For the thermal-noise channel, i.e., the lossy Bosonic mélanith isotropic-Gaussian excess noise, we have obtained
bounds on the channel capacity. For the sake of brevity, Mleasirict our discussion to the single-mode case. A lower
bound on the single-mode capacity for this channel is eaditpined. We assume coherent-state encoding over single
channel uses with an isotropic Gaussian prior distributibthen follows that

C>g(nN+1—-n)N)—g((1—-n)N). (10)

We believe that this single-use coherent-state encodittgami isotropic Gaussian prior achieves channel capadithéo
thermal-noise channel, i.e., we believe that the rightdrgide of Eq. (10) gives the capacity of this chanhBecause of
the following upper bound on the single-mode channel capaci

Cofn < max (S()/n) ~ min(S(75)/m). wheref = Y~ p;S(5)) (11)
= 9N + (1 —n)N) —min(S(0)/n), (12)

the proof of our conjecture is intimately related to the peob of determining the minimum von Neumann entropy that
can be realized at the output of the thermal-noise channetbige of its input staté So far, among many other things, we
have shown that a coherent-state input leadddaa minimum in the output entropy, and we have shown that a coltere
state input minimizes the integer-order Rényi output airs!® 14 A proof of our capacity conjecture would follow
immediately from the latter result were a rigorous founalativailable for the replica method of statistical mechgnic
[The replica method has recently been applied to other pro®in communication theoty; ' so establishing its rigorous
basis would have additional import outside of statistidafgics and Bosonic-channel communications.] Further spp
for our output entropy and capacity conjectures comes fhanstiite of lower bounds that we have obtained on the thermal-
noise channel’s single-use output entréphhese bounds provide fairly tight constraints on any pdesjap between the
channel’s minimum output entropy and the associated cahstate upper bound on this quantity. Indeed these results
imply that coherent-state encoding approachegtheapacity at both low and high noise levels. We have also deeel
numerical results that favor an even stronger conjectuze, that the output states resulting from coherent-stgiats to

the thermal-noise channel majorize the output stateshgrisom all other inputd? This majorization conjecture, if true,
would immediately imply both the minimum output entropy dhd capacity conjectures for the thermal-noise channel.

3. PURE-LOSS FREE-SPACE CHANNEL USING HG OR LG SPATIAL MODES

Although it serves a useful illustrative purpose, the walad pure-loss channel with frequency-independent losstis n
a realistic scenario. Thus we have also studied the far;felalar free-space channel in which line-of-sight profiaga
of a single polarization occurs over darm-long path from a circular transmitter pupil (ardg) to a circular receiver
pupil (areaA,) with the transmitter restricted to use frequencies{for: 0 < w < w. < wy = 2wcL/\/A: A, }. This
frequency range is the far-field power transfer regime, wingthere is only a single spatial mode that couples aprkcia
power from the transmitter pupil to the receiver pupil, atsdtiansmissivity at frequenay is n(w) = (w/wp)? < 1.
Figure 1 shows the geometry, the power allocations ver&ggiéncy for heterodyne, homodyne, and optimal reception,
and their corresponding capacities versus normalized pdwye= 27hc?L? /A, A,., when only this dominant spatial mode
is employed. Because far-field, free-space transmissivity increases dsigh frequencies are used preferentially for this
channel—unlike the case for frequency-independent logsatse the transmissivity advantage of high-frequencioplso
more than compensates for their higher energy consumption.

We have also explored the near-field behavior of the purediee-space channglpy employing the full prolate-
spheroidal wave function normal-mode decomposition astetwith the propagation geometry shown in Fig. 2{a)®
Near-field propagation at frequeney= 2mc/\ prevails whenD; = A; A, /(\L)?, the product of the transmitter and
receiver Fresnel numbers, is much greater than unity. Bidhase there are approximatdly spatial modes with near-
unity transmissivities, with all other modes affordingigrsficant power transfer from the transmitter pupil to teeeiver
pupil. In what follows we shall take another approach to théelwand capacity of the pure-loss free-space channel, by
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Figure 1. Capacity results for the far-field, free-space, pure-ldssnoel: (a) propagation geometry; (b) capacity-achieyioger
allocationshw N (w) versus frequency for heterodyne (dashed curve), homodyne (dotted curvel)patimal reception (solid curve),
with w. andfiw./n(w.) being used to normalize the frequency and the power speats eespectively; and (c) wideband capacities of
optimal, homodyne, and heterodyne reception versus trigesmowerP, with P, = 2rhc?L? /A, A, used for the reference power .

employing either the Hermite-Gaussian (HG) or Laguerressan (LG) mode sets that are associated with the soft-
aperture (Gaussian-attenuation pupil) version of the Hig) propagation geometry. Several benefits will be derixeu

this approach. First, closed-form expressions becomdsdaifor the modal transmissivities, as opposed to the-hard
aperture Fig. 1(a) case, for which numerical evaluatiorenatytical approximations must be employed. Second, the LG
modes have been the subject of a great deal of interest, iquduetum optics and quantum information communities,
owing to their carrying orbital angular momentum. Thus gésmane to explore whether they confer any special advantag
in regards to classical information transmission. As wdl e, in the next subsection, the modal transmissivitfehe

LG modes are isomorphic to those of the HG modes. Inasmudiedatter do not convey orbital angular momentum, it
is clear that such conveyance is not essential to capacitigang classical communication over the pure-loss fpeace
channel.

3.1. Propagation Model: Hermite-Gaussian and Laguerre-Gaussian Mode Sets

In lieu of the hard-aperture propagation geometry from E{g), wherein the transmitter and receiver pupils are pdyfe
transmitting apertures within otherwise opaque planagests, we now introduce the soft-aperture propagation gepme
of Fig. 2. From the quantum version of scalar Fresnel diffomaheory?® we know that it is sufficient, insofar as this prop-
agation geometry is concerned, to identify a complete setamfochromatic spatial modes—for a single electromagnetic
polarization of frequency = 27¢/\ = ck—that maintain their orthogonality when transmitted ttgbthis channel. The
resulting two mode sets—i.e., the mode functions at thetiapd output of the Fig. 2 propagation geometry—constitute
a singular-value decomposition (SVD) of the linear propiagakernel (spatial impulse response) associated with thi
geometry, which we will now develop.

Letu,;(Z), for £ a 2D vector in the transmitter's exit-pupil plane, denoteegjfiencyw field entering the transmitter
pupil that is normalized to satisfy

/dQ:E lus (Z)]? = 1. (13)
The resulting field that leaves the transmitter pupil is teleebe
ur (&) = exp(—|7 |* /r7)ui(7), (14)

which represents a soft-aperture (Gaussian-attenuatiwetibn) spatial truncation. After free-space Fresndralition
over anL-m-long pathur () produces a field

. . _.exp(ikL + ik|z — z'|? /2L
uR(x’):/de ur(Z) B i/\|L I’/ ), (15)




in the receiver’s entrance-pupil plane, wh&res a 2D vector in that plane. The receiver employs a softtape(Gaussian-
attenuation function) entrance pupil, so that the field irdiately after this pupil is

uo(Z") = exp(~|'*/ri)ur(Z"). (16)
Thus, the input-outputd; (& )-to-u,(Z')) relation for the Fig. 2 channel is
uo (') = /d%z' ui (Z)h(Z', ), (7)

where
exp(ikL + ik|Z — #'|*/2L)

A~ =12 /.2 =12 2
hz", ) = exp(—|Z'|"/rR) . exp(—|Z|"/r7), (18)
iAL
is the channel’s spatial impulse response.
Transmitter exit pupil
Gaussian-attenuation aperture
Receiver entrance pupil
~ Gaussian-attenuation aperture

Figure 2. Propagation geometry with soft apertures.

The singular-value (normal-mode) decompositiorGf’, ¥ ) is

h(EE) =\l bm(E) P (F), (19)
m=1
where
1>2m=>m2n>--- 20, (20)

are the modal transmissivitie§®,, ()} is a complete orthonormal (CON) set of functions (input ng)dm the trans-
mitter's exit-pupil plane, and,,(¥’)} is a CON set of functions (output modes) on the receiver’sasce-pupil plane.
Physically, this decomposition implies thiatz’, ) can be separated into a countably-infinite set of parallahokls in
which transmission ofi; () = ®,,(Z) results in reception ok, (') = /m ¢m(Z’). Singular-value decompositions
are unique if theif{n,,} are distinct. When degeneracies exist—i.e., when therenaféple modes with the samg,,
value—the SVD is not unique. In particular, a linear comboraof input modes with the samg, value produces/7,,
times that same linear combination of the associated outpdes after propagation througl’, ). As we shall soon
see, owing to singular-value degeneracies, the HG and LGemofithe soft-aperture free-space channel are equivalent
mode sets.



The spatial impulse respondéz’, ¥ ) has both rectangular and cylindrical symmetries. The Her@Giaussian modes
provide an SVD of this channel that has rectangular symmétfith © = (z,y) in Cartesian coordinates, the HG input
modes are as follows:

B, () — V2(1 +4Q5)1/4 " \/5(1+4Qf)1/4x I \/5(1+4Qf)1/4y
e revVmn!m! 2ntm " rT " rT
1+40.)Y2  k
X exp[—(%—i—i—)(x?—i—yz)}, forn,m=0,1,2,..., (21)
Ty 2L
whereH,(-) is thepth Hermite polynomial and
kr2. kr%
RETARYA (22)

is the product of the transmitter-pupil and receiver-p&pésnel numbers. The modal transmissivities for the HG mode

are
n+m—+1
1429, — /T + 4%,
n,m = < ) ) (23)

20

and the HG output modes are

() = V2(1 +49,)1/4 V2(1 + 49414, V2(1 +4Q4)14
nom(T,Y) = - H, o | Hy| ——————y
gtmEle o /o plm! 2ntm TR TR
1+4Q.)1/2 k
X exp[—<%—iﬁ>(x/2+y’2)}, forn,m=0,1,2,..., (24)
R

whereZ’ = (2/,y’). Because channel capacity depends only on the modal trasisities, it is worth noting that

Q=>"> thm = /d%’/d“‘f |h(Z', %), (25)

n=0m=0

where the second equality is a consequence of (19) and theduslity can be obtained either by summing the series
or evaluating the double integral. Far-field power transfaurs wherf)y < 1, in which casej o ~ Q; and all the
other modal transmissivities are insignificantly small amparison. Near-field power transfer occurs wkgn>> 1, in
which case there are many modes that couple appreciable fronethe transmitter pupil to the receiver pupil. However,
because the HG mode decomposition presumes soft-apettpils,ghe near-field modal transmissivities do not have the
abrupt near-unity to near-zero transition that occursherttard-aperture singular values.

The HG modes’ singular values have degeneracies, i.eg ¢hdG modes whose modal transmissivities eqyg,
hence the HG-mode SVD 6f(Z’, Z) is not unique. The Laguerre-Gaussian modes provide amattee SVD for this
channel, one with cylindrical rather than rectangular sytign Using the polar coordinatés= (r, 6) we have that the
LG input modes are

4]
B, ,(r6) = 2pt  (1+40)Y | V2L 42V 1 (20044012
me m(|¢] + p)! rT rr P 2,
1/2
X exp[—(%—i—i%)?ﬂ—kiw], forp=0,1,2,...,andl =0+ 1,42,..., (26)
T

whereLzlfl() is thep|¢|th generalized Laguerre polynomial. The correspondingahmdnsmissivities are given by

l
1+ 2Qf — /14 4Qf (Gple+y
Mpt = 9 (27)

20



from which it can be seen that the HG modes with- m + 1 = ¢ span the same eigenspace as the LG modes with
2p + |¢] + 1 = ¢, and hence are related by a unitary transformation. The LiBubmodes are

l€]
Gpe(r,0)) = 2pt (L4490 | VR(LH4Q)YE 1 (2004499)12
p,\T" = 7r(|€|+p)! Z'2p+|é|+1TR IR P T%

1+40.)1/2 k
X exp[—<%—iﬁ)r’2+we’}, forp=0,1,2,..,andl =0+ 1,42,..., (28)
"R

wherez’ = (1/,6"). As was the case for the HG modes, channel capacity when L&srare employed depends only on
the modal transmissivities.

A single frequencyw photon in the LG mode,, ;(r, §) carries orbital angular momentuid directed along the prop-
agation ¢) axis, whereas that same photon in the HG mégg, (z,y) carries noz-directed orbital angular momentum.
The equivalence of thén,,; } and the{n, ., } then implies that angular momentum does not play a role ierdening the
ultimate—channel capacity—Iimit on classical informattoansmission over the free-space channel shown in Fig. 2.

3.2. Wideband Capacities with Multiple Spatial Modes

Here we shall address the wideband capacities that can levadiover the pure-loss, scalar free-space channel shown
in Fig. 2 using either heterodyne detection, homodyne tietgcr optimum (joint measurement over entire codewords)
reception. We will allow the transmitter to use multiple splamodes—from either the HG or LG mode sets—and all
frequenciess € [0, o0) subject to a constraint?, on the average power in the field entering the transmitéitspupil. It
follows from our prior work: 2 that the capacities we are seeking satisfy,

C(P) = max Y a [ 52 Coulae)?, Nyfw) 29)

P—Zq/;od—“’ Ny (), (30)

and

20

n(w)? = <1+2Qf—w/1+4ﬂf>q (31)

is the modal transmissivity at frequeneywith ¢-fold degeneracy. In (29),
g(nN), for optimum reception
Csm(n, N) =1{ In(1+nN), for heterodyne detection (32)
$1In(1 4+ 4nN), for homodyne detection

are the relevant single-mode capacities as functions ofrib@al transmissivityy), and the average photon numbat,
for that mode. Regardless of the frequency dependengé&.gfthe single-mode capacity formulas for heterodyne and
homodyne detection imply that their wideband multipletsdanode capacities bear the following relationship,

Chom(P) = 5Ches(4P). (33)

Thus, only two maximizations need to be performed—both dttvican be done via Lagrange multipliers—to obtain the
wideband multiple-spatial-mode capacities for optimugegion, heterodyne detection, and homodyne detection.

The results we have obtained, by performing the precedingmizations, are shown in Fig. 3. Here we have plot-
ted the heterodyne detection, homodyne detection, anthaptireception capacities in bits/sec, normalizedJgy=
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Figure 3. Wideband, multiple-spatial-mode capacities for the scplare-loss, free-space channel that are realized wiimopt recep-
tion, homodyne detection, and heterodyne detection. Tpaaites, in bits/sec, are normalized by = 4cL/rrrr, the frequency at
whichQ; = 1, and plotted versus the average transmitter power norethbig/iwg.

4cL/rrrg, the frequency at which; = 1, versus the normalized powed?/hw?. Unlike the case seen in Fig. 1(c) for the
wideband capacities of the single-spatial-mode, far-figlce-loss channel—in which heterodyne detection outperso
homodyne detection at high power levels—Fig. 3 shows thatduyne detection is consistently better than heterodyne
detection for the multiple-spatial-mode scenario. Thisdweor has a simple physical explanation. Consider firssihgle-
spatial mode wideband capacities. At low power levels, wtsracity is power limited, homodyne detection outperforms
heterodyne detection because at every frequency it suéfessnoise. On the other hand, at high enough power levels
single-spatial mode communication becomes bandwidthdimiln this case heterodyne detection’s factor-of-twodban
width advantage over homodyne detection carries the dagpgstare different when multiple spatial modes are avaglabl
In this case, increasing power never reaches bandwidttelinoperation; additional, lower transmissivity, spatieodes

get employed as the power is increased so that the noise tageaof homodyne detection continues to give a higher
channel capacity than does heterodyne detection.

Figure 3 shows that the wideband capacity realized withnoyoth reception, on the multiple-spatial-mode pure-loss
channel, increasingly outstrips that of homodyne detactidh increasing transmitter power. This advantage india
that joint measurements over entire codewords—which amdidgihin the Holevo information maximization procedure
that leads to the optimum-reception capacity—afford penénce that is unapproachable with homodyne detectiorchwhi
is a single-use quantum measurement.

4. BOSONIC CHANNELSWITH ANISOTROPIC GAUSSIAN NOISE

We now return to the single-mode case, and generalize oviopiework on lossy Bosonic channels with Gaussian excess
noise to include anisotropic (colored) noise. Some mutidmresults for the lossy channel with anisotropic-Gaussia
excess noise appear elsewhére.

The channel mode we shall consider is the TPCP ﬁ}ﬁp(-), associated with the beam splitter relation (1), when the

noise mode), is in a zero-mean Gaussian state whose density opepatds, completely characterized by its quadrature
covariance matrix,
(07) (b1ba 4 bab1) /2

V, = . o . , (34)

(biba + b2b1) /2 (03)

whereb; = Re(b) andb, = Im(b) are the quadrature componentshofisotropic Gaussian noise, as encountered in the
thermal-noise channel, has .
2(bTb) + 1

V, = 17 (35)



wherel is the2 x 2 identity matrix. All other valid covariance matrices imphat the noise is anisotropic.

In seeking the capacity of this channel, we slaafumehat our conjectures about the capacity and minimum output
entropy of the thermal-noise (isotropic-Gaussian noisajoel are correct. Presuming the correctness of thosectargs,
we now have the following theorem.

THEOREM4.1. The channel capacity of the Gaussian-noise chaﬁg‘{e(-) is given by

C=gnN + (1 —n)Ny) — g((1 —n)(2|Vy|'/? = 1/2)), (36)

when the average photon number constraint on the tranansitigsfiesN > Nip,esn, Where

— 1
Nuwen = <\/ (Vi = Vo2 +4V5? 4 Vi o+ Vi = 1/2, (37)
Vo= gV (-n)V, (38)
1[ lw+v® 2Im(uv)
vV = - (39)
4] 2mm(w) |-y

Ny = <ETB> is the average photon number of the noise source, and thengteas, andv are chosen such that the squeeze
operator

S(€) = exp [%(e_ml;2 - e”lA)TQ)} , (40)

with € = ¢e®, u = cosh(¢), andv = ¥ sinh(¢), whitens the Gaussian stag.

Proof. We begin by establishing an upper bound on the capacitynKi@), which does not assume that the noise is
isotropic, we have that

Cn/n < g(nN + (1 —n)Ny) — Hgi_n(S(ﬁ})/n)- (41)

As sketched in Fig. 4, we can use the squeeze opesaimfind a thermal-noise channel, with TPCP nggl¥ (-), whose
output minimum output entropy is equal to that of our anipit noise channel. [In essence, this is the quantum e@uital
of the noise-whitening approach to communication througflored noise that is employed in classical communication
theory.] The average noise-photon numbér, of this equivalent channel is

Nr = (2[Vy|'/? = 1/2), (42)

which, when used in conjunction with (41) and our minimumpaiditentropy conjecture, shows that the right-hand side of
(36) is an upper bound on the channel capacity.

To show that the right-hand side of (36) is also a lower boundh® channel capacity wheN > Njresh, We
evaluate the information rate achieved by a single-useestpeestate code. Lef = |0; u, —v)(0; u, —v| be the zero-
mean squeezed state whose quadrature-component coeaneaiix is given by (39). Consider that random code in
which we transmit the displaced squeezed states,

pal) = D(a)p DY (), (43)

where[)(a) = exp(aa’ — a*a) is the displacement operator, that are selected with amemn Gaussian probability
density function whose quadrature-component covariaretgixris denotedV,. Imposing the average photon number
constraint,(afa) < N, assuming thatV > Ni.esn, and applying a capacity result that is due to Holevo, Sorand,
Hirota?! we find that there is a squeezed-state code whose informaerequals the right-hand side of (36T his
implies that

C > g(nN + (1 = n)Np) — g((1 = n) 2|V |'/* = 1/2)). (44)

Equations (41) and (44) provide coincident upper and loveenils on the capacity, whé¥ > Niy,.csn, hence the proof
is complete.O
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Figure 4. Noise-whitening construction of a thermal-noise chanéigi?, that is equivalent to the anisotropic-noise ghar&)}é?. The
latter is thea-to-a’ channel; the former is th&to-¢’ channel. The whitening action of the squeeze oper$iéy puts theb’ mode into a
thermal state with average photon numbér = (2|V,|*/2 — 1/2).

There are two special cases of Theorem 4.1 that are worthgdigrg. First, it is easy to see that when

2Ny +1
v, =2ty (45)
4

E,‘I’b reduces to the thermal-noise chanﬁﬁl. Theorem 4.1 then predictS e, = 0 andC = g(nN + (1 — n)N) —
g((1 —n)N), in accord with our capacity conjecture for the thermalseaithannel. A more interesting special case occurs
whenp, = |0; u, —)(0; u, —v| is & squeezed state, with| > 0, i.e., a pure-state anisotropic Gaussian noise. Here we
find
1[ le+v? 2Im(u)
V=V=V,=- (46)
4] 2mm(w) -y
which yields B o

C=gnN+(1- 77)|V|2)a for N > Ninresn = [pv|/n + |V|2- (47)

Note that this capacity ibigherthan that of the thermal-noise channel with the sawealue. In other words, phase-
sensitive, pure-state Gaussian noise enhances, ratimedeélggades channel capacity fir> Nyy,..sn. Capacity behavior
below this average photon number threshold is not knowneatih partial results are availaifle.

5. CONCLUSIONS

We have reviewed recent work on the capacity of lossy Bostmanels with isotropic Gaussian noise. We then extended
this prior work in two ways. First, for the pure-loss case,de¢ermined the wideband capacity of the free-space channel
when multiple Hermite-Gaussian or Laguerre-Gaussianapabdes are employed. These mode sets are related by
unitary transformations over their degenerate eigenspaee, they have isomorphic modal transmissivities. Assailt,

they achieve the same capacities, and no fundamental agjesistconferred on classical communication by the facthieat
Laguerre-Gaussian modes carry orbital angular momenteoorfl, for the single-mode case, we determined the capacity
of the lossy channel with anisotropic-Gaussian excesrnpithe region above a threshold value on the average photon
number of the transmitter, under the assumption that oyectured capacity for the thermal-noise channel is correct
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