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Minimization of the mean completion time has always beeméuitively appealing
objective. Although the origins of th8hortest Processing Tin{&PT) rule are un-
known, we do know that W. E. Smith, in one of the first publioat in scheduling
theory, showed that theatio rule, a generalization of SPT, solve$ Iy w;C;. We
also know that Smith pointed out in 1956 that the ratio rulgsbi®r abstraction in
the form of a “preference order.”

During the 1960’s and 70's, Smith’s results or| ¥ w;C; were extended to apply
to precedence constraints of various kinds, first to pdraliains, then to rooted
trees, and then to series-parallel networks, with rootsektas a special case. During
the same period, it was found that the preference order pogpplies to a variety
of sequencing problems, including the least cost faultaliete problem, the two-
machine permutation flow shop problem, and problems withimas cumulative
cost and total weighted discounted cost as their objectMeseover, it was observed
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2 4. Weighted sum of completion times

that the same (logn) algorithm solves any of these problems with series-pdralle
precedence constraints, provided the preference ordehbgsoperty of applying
to “sequences” and not simply to “jobs.” This led to an eléghrory for dealing
with precedence constraints in sequencing problems withreety of scheduling
objectives, of which total weighted completion time is bytratotypical example.
Later, the influence of polyhedral theory on combinatorjatiraization made its
impact on our understanding of a number of variations of ttublem 1 | 3 w;C;.
This understanding led not only to new perspectives on thie results, but also
to the development of an extensive literature of approxionaglgorithms for these
problems. In this chapter, we will highlight both of thesestids of understanding.

4.1. Smith’s ratio rule

By applying Smith’s ratio rule, the problenj Iy w;C; can be solved with nothing
more than a simple Mlogn) sort of the jobs by their ratios;/p; (throughout this
chapter, we assume all job weights are nonnegative andogiépsing times positive,
i.e,wj; >0,andp; >0,j=1,...,n).

Theorem 4.1. A sequence is optimal fdf | ¥ w;C; if and only if it places the jobs
in order of nonincreasing ratios yy p;.

Proof. We first prove that having nonincreasing ratios is a necgssardition for a
sequence to be optimal. Latbe a sequence in which the jobs are not in ratio order.
Then, inTt, there is a job that immediately precedes a jgland yetw; /p; < w;/p;.

If job j completes at tim€;, then jobi completes at tim€; — p;. If we interchange
these two jobs, this affects ontlgeir completion times, not those of other jobs. The
result is a strict decrease in total cost, by

Wi (Cj — pj) +WjCj] — [wj(Cj — pi) +WCj] = w;pi —Wipj

Wi Wi
PP (pj pi> -0
from which it follows thatrtis not optimal.

Conversely, we now prove that having nonincreasing ra@ssufficient condi-
tion for a sequence to be optimal. Lrebe a sequence in which the jobs are in ratio
order and lett be an optimal sequence.Tif~ 1, then inTt* there is a job imme-
diately preceding a jolp, wherej precedes in 1. But thenw;/p; > w;/p; (because
in Ttjobs are in order of nonincreasing ratios) andp; > w;/p; (by the first part of
this proof becausa® is optimal) and, thereforey;/p; = w;/p;j. Interchanging the
jobs inTt* creates a new sequence of equal cost. A finite number of sterklimnges
convertsit* to T, demonstrating that is optimal. O

The ratio rule immediately specializes to the celebr&kdrtest Processing Time
or SPTrule.
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Corollary 4.2. A sequence is optimal fdf | 5 C; if and only if it places the jobs in
order of nondecreasing processing timgs p

The SPT rule is often applied to more complicated probleras th| 3 C;, some-
times without much theoretical support for its performangkhough no additional
proof of the SPT rule is needed, variations of the followinggs turn out to be quite
useful for parallel machine problems, as we shall see in @h&?2. Suppose the
jobs are executed in the order2l...,n. Then we have

G = py,
C = pitp2
C = pitp2+ps,
Ch = pitpP2t+pst--+ P
giving us
n
Ci=npt+(n—=1)p2+(N—2)p3+---+2pn-1-+ Pn. (4.1)

1

]

This means that the problem of minimiziryzlcj is equivalent to the problem of
assigning the coefficients 2, ..., nto the processing timgs; in such a way that the
weighted sum (4.1) is minimized. This is accomplished bygaésg the coefficient 1
to the largesp;, the coefficient 2 to the next-largest, etc., and the coefficiemtto
the smallespj, as can be verified by an interchange argument similar taued in
the proof of Theorem 4.1.

Smith’s ratio rule produces an optimal schedule for rtib@preemptiveproblem
1| |y w;Cj. The reader may wonder if the total cost could be further ceduby
allowing preemption, or inserting idle time before all jao® complete. The answer
is “No,” even for the most favorable model of preemption, vy an interrupted
job may be resumed at any date without any cost or time penaltiact, the same
negative answer, “There is no advantage to preemptionfiespf a broad class of
single-machine scheduling problems. If we@t (Cy,Cy, . ..,C,) denote the com-
pletion time vector of a schedule, we say that an objectiuwetfon f (C) is monotone
if C<C' (i.e,,Cj <C;j for eachj = 1,...,n) implies f(C) < f(C'). We leave the
proof of the following theorem as an exercise, since it caproged easily with the
machinery of the previous chapter.

Theorem 4.3. There is no advantage to preemption or idle time for the gifighchine
problem1| prec dj, pmtr f(C) whenever f is monotone.

Of course, this theorem can be applied to the probl¢pntn y w;C;, since we

assume throughout this book that eagh> 0, j = 1,...,n. Hence, Theorem 4.3
implies that Smith’s ratio rule is also optimal when preeimptand/or idle time are
allowed.
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Many results in single-machine scheduling, starting withits's ratio rule, have
a simple and intuitive geometric justification usitwo-dimensional Gantt charts
As in ordinary Gantt charts, the horizontal axis in a 2D Gah#rt represents time.
The vertical axis represents total weight: at date 0, we plot the total weight
W(t) of all the jobs that have not yet been completed by tlate a nonpreemptive
schedule, if jobj is in process at date we may also plowW(t) —wj, so the two
horizontal linesN(t) andW(t) —w; delimit a rectangle of lengtp; and heightw;,
somewhat analogue to the rectangles that represent jobdiimaoy Gantt charts; see
Figure?? (a).

For any nonpreemptive schedule, the area under the dWite is equal to
>|-1w;Cj. This can be seen by identifying each tewyC; with the area of the
horizontal slabs in Figur@? (b). From this, it is clear that there is no advantage to
inserting idle time.

We can draw a descending diagonal in each rectangle repirgsenjob. The
slopeof job j is the ratiop(j) = wj/pj; it is just the negative of the slope of its
diagonal. Smith’s ratio rule states that the area undeWtftg curve is minimized
when the jobs are sequenced with largest slopes first, thathisn the piecewise
linear continuous curw/(t) defined by the slopes of the rectangles, is made convex.
The adjacent pairwise argument used in the proof of Theordnisdvisualized in
Figure??.

One interpretation of thg w;C; objective is to considew; to be the holding
cost (euros per time unit) of a resource needed for the psowesf each joly. We
assume that we have an initial inventory of the resourceishextactly equal to the
amount needed to process all the given jobs\§0) = 2?:1Wj is the initial total
holding cost. It is convenient to measure the resource toverevel at any time
in monetary units (euros), and to identify it with the copesding total holding
costW(t). If all units of the resource used by jgbare consumed instantly at the
completion of the job, then the inventory lew#(t) follows the piecewise constant
curve plotted in the 2D Gantt chart.

In many situations, however, the resource is consumed atstantt ratep(j) =
w;j/p;j units per time unit during the processing of jpbin that case, the inventory
level follows the curvaV(t), as in Figure??(a). The total inventory cosfy ™ W(t) dt
is the sum of the areas of the resulting horizontal trapezdizch trapezoid has the
same area as a rectangle with len@h— p; +C;)/2=C; — pj/2 and heightv;; see
Figure??(b). Alternatively, one can instead define thean busy time lof each job
j as the midpoint of its nonpreemptive processifi@; — pj) +Cjl/2 =Cj — pj/2.
Thus, we are also interested in finding schedules to minithizéotal weighted mean
busy time,y w;M;. In the nonpreemptive setting, since the difference betvikis
new objective ang w;C; is equal toy w; p; /2 (a constant) for any feasible schedule,
the two objective functions lead to equivalent optimizatfoblems. Throughout
this chapter, we shall see that this alternative perspestgnificantly improves our
understanding.

In the presence of release dates, idle time may be necessatywe will see
in Section 4.10 that theris an advantage to preemption, for both fev;C; and
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S WjM;j objectives. It will also be shown there that the preemptiwégited mean
busy time problem [k ;, pmtrj 3 w;Mj is solvable to optimality by a very simple al-
gorithm, whereas the preemptive weighted completion tiroblem 1rj, pmtn 3 w;C;
is NP-hard.

Finally, whereas the nonpreemptiwptimization problems with ¥ w;C; and
s wjM; objectives are equivalent (because of the constant difterg 5 w;pj),
the correspondingpproximationproblems arenot equivalent. In fact, am-
approximation algorithm for the nonpreemptigew;M; objective is also aru-
approximation algorithm for the nonpreemptiyev;C; objective, but the converse
is not necessarily true.

Exercises

4.1. Prove Theorem 4.3.

4.2. Consider [tlj| 5 C;j. Assume that there exists a sequence in which all jobs meet
their deadlines. Show that the following algorithm procsiea optimal feasible
sequence:

From among all jobg that are eligible to be sequenced last, i.e., are such that

dj > p1+---+ pn, put the job last which has the longest processing time. Repeat
this procedure with the remainimg— 1 jobs.

4.3. Use 2D Gantt charts to show that an instance pfelj 3 w;C; with processing
timespj, weightsw;, and precedence constraintsis equivalent to an instance with
the same set of jobgj; = wj, w| = p; for each jobj, andj —' kif and only ifk — j.

In particular, a sequence is optimal for the original instaifiand only if the reverse
sequence is optimal for the new instance, and both have the shjective function
value.

4.2. Preference orders on jobs

A very general formulation of optimal sequencing problemas follows: Given a
real-valued functiorf that assigns a codt(m) to each permutatiomn of a setN of
njobs, find a permutatior* of N such that

f (1) = min{ f (1) : Ttis a permutation oN}.

If we know nothing at all about the structure of the functibnthen we have no
alternative but to evaluaté for each of then! permutations ofN. This occurs iff

is given to us by a “black box” subroutine, to which we can sittanpermutation,
and from which we only receive the valii€r) in return. However, we usually know
quite a bit about the structure of the functibn We use knowledge of to solve
problems like 1|Lmaxand 1 | 3 w;C; by Jackson’s EDD rule and Smith’s ratio rule,
respectively. Perhaps other problems lend themselveslutisoby similar rules.
But, if so, what do we mean by “similar?” What is it we need to wraboutf in
order to infer such rules?
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Throughout this section and Section 4.3, we will use slighifferent notation
and will represent a permutation or sequence as the comtitemf disjoint subse-
guences, e.g., a permutatiorof n jobs may be represented as= (u,s,t,v), where
each of then jobs appears in exactly one of the subsequencgs,v. A single job
corresponds to a sequence of length one. In the casg|bf,dx, we observed that
di < d; implies thatf (u,i, j,v) < f(u, j,i,v) [Jackson’s rule]. In the proof of The-
orem 4.1 we showed thas;/p; > w;j/p; implies f(u,i, j,v) < f(u, j,i,v) [Smith’s
rule].

Definition 4.4. A transitive and complete relation; on N is said to be areference
order on jobs relative to objective function f, if it satisfies tlagljacent pairwise
interchange property on jobise.,

i <¢ jimplies that f{u,i, j,v) < f(u,j,i,v), 4.2)
for all jobs i, j and all subsequenceswu

Recall that a relatior ; is transitiveif, for each triplei, j,ke N, i <t jandj <t k
imply thati <t k. A relation<; is completef, for each pair, j € N, eitheri <; j
or j <; i. Arelation that is both transitive and complete is somesiwadled aquasi
total order. Such a relation induces a linear ordering of equivalenassels, wherie
andj are in the same equivalence class if and only if bath j andj <s i, in which
case we may choose to writest j. If i <; j, but it is not the case thgt<s i, we
may writei <j j.

Theorem 4.5. Given a preference ordet; on N, an optimal sequence can be found
by sorting jobs according tet ¢, with O(nlogn) comparisons of jobs with respect to
<t.

Proof. Lettbe any sequence consistent with the preference order, arttihe an
optimal permutation. Ift* differs from, thentt* is of the form(u, j,i,v), for some
pairi, j of jobs, wherd precedeg in tand hence <; j. From (4.2) it follows that
f(u,i,j,v) < f(1"), and hencdu,i, j,v) is also optimal. A finite number of such
interchanges transform® into tand shows thatris optimal.O

As already observed, Smith’s ratio rule fgr|% w;C; and Jackson’s EDD rule
for 1| |Lmax give rise to special cases of preference orders. Below wsidensome
other examples of sequencing problems for which there afe@nce orders on
jobs.

Total Weighted Discounted Completion Time.

Sometimes jobs must be scheduled over a time period so latgrnfiation and
interest charges must be taken into account. Suppose thailvxe paidw; dollars
upon the completion of jolp. The present value of one dollar at titni@ the future is
exp(—rt), wherer > 0 is a fixed discount rate. Hence the present value of completi
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job j at timet is wjexp(—rt). It follows that to maximize the present value of
the payments we will receive we should minimige fj(C;) with respect to cost
functions of the form

fj(t) = —W; exp(—rt).

We assert (Exercise 4.6) that an optimal sequence is obthineequencing jobs in
nondecreasing order of the ratig/[1—exp(rp;)].

Least Expected Cost Fault Detection.

A system consisting afi components is to be inspected by testing the components
one at a time until either one fails (the system is found todfective) or until all the
components pass their tests (the system passes inspedtiengost of testing com-
ponentj is ¢cj and the probability that it will pass its testds. Tests are assumed to be
statistically independent. Hence if the components atedda the order 12,...,n,

the probability that it will be necessary to test componijeist

Qi =01-%-...-qj_1,

where by conventio®; = 1. The expected cost of testing is thgpc;Q;j. We assert
(Exercise 4.7) that it is optimal to test the components indezreasing order of the
ratioscj/(1—q;).

Weighted Monotone Cost Density.

Suppose for each jopwe have

t
i =w [ gudu
t—pj
wheregis a nondecreasing “cost density” function, and we want timize y ; f;(Cj).
We assert (Exercise 4.9) that an optimal permutation isimddsby placing the jobs
in order of nonincreasing;.

Exercises

4.4. Suppose someone gives you a functi¢n) in the form of a “black box” sub-
routine. But she also assures you thét) is actually the weighted sum of comple-
tion times. You have total ignorance of the values of the mpatars (i.e., thep;'s
andw;’s) of then jobs in your problem instance. But you can still find an optima
sequence with hlogn) calls on the subroutine. How?

4.5. If <; is a preference order on jobs, does it follow that; j implies
f(u,i,v, j,w) < f(u,j,vi,w), foralli, j,u,v,w? Prove or disprove.

4.6. Prove the validity of the ratio rule asserted for thalteteighted discounted
completion time problem.

4.7. Prove the validity of the ratio rule asserted for thestexpected cost fault de-
tection problem.
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4.8. Any instance of the least expected cost fault detegiroblem can be trans-
formed into an equivalent instance of the total weightedalinted completion time
problem as follows. Let = 1. For componenf with parameterg; andg;, create
a job j with parameterp; = —Inqg; andw; = —c;j/q;. Provide a similar transfor-
mation in the reverse direction, i.e., from the discountajgletion time problem to
the fault detection problem, showing that the two probleneseguivalent.

4.9. In the case of a weighted monotone cost density fungbi@ve that an optimal
sequence is obtained by placing jobs in nonincreasing @fds|.

4.10. Show that total weighted completion time is a speciak®f weighted mono-
tone cost density.

4.11. Show that total weightediscountedcompletion time is a special case of
weighted monotone cost density.

4.3. Preference orders on sequences and series-paralleepedence
constraints

Let N be the set of alfeasiblepermutations of a sél = {1,...,n} of n jobs, and
f : M — R be a cost function. Theonstrained optimal sequencing problénto find
a permutatiort® € 1 such thatf (1) = min{ f (1) : t€ M}.

If the structure of the functiorf is unknown, then there is no alternative but to
evaluate the cost of each feasible permutatidi.iiAnd although the number of fea-
sible permutations may be much smaller tingrthis number may still be hopelessly
large. In practice, we are likely to know quite a bit abouthbtite functionf and
the setll. However, in order to successfully apply preference orteronstrained
problems, our preference orders must satisfy strongereptieg than before.

Let A denote the set of akubpermutation®f the jobsN, i.e., the set of all
sequences that can be formed from subsetd.ofVe shall call elements ol se-
guencesor compound johs

Definition 4.6. A transitive and complete relatiod; on A is said to be gorefer-
ence order on sequenceslative to objective function f, if it satisfies the folliogy
adjacent pairwise interchange property on sequences

s<¢t implies f(u,st,v) < f(u,t,s V) forall disjoint sequences,g,t and v.

Thus, by assumptiorg ¢ is a complete preorder or, in simpler terms, a total order
with possible ties between sequences. We denote pyhe corresponding strict
preorder, that iss < t whens<; t andt £¢ s.

Some sequencing problems, likg|Lmax, admit a preference order on jobs, but
not on sequences. (See Exercise 4.13.) However, all of tier ptoblems cited in
Section 4.2 do admit preference orders on sequences, withxtteption of problems
with weighted monotone cost density functions. (See Exgerdi.14.) In particular, in
the case of [| 3 w;Cj, the appropriate extensionss<t t if and only if w(s)/p(s) >
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w(t)/s(t), where we extend our usual notation (slightly) topés) andw(s) denote,
respectively, the sum of the processing times and weightsegbbs in a sequense
(See Exercise 4.12.)

In this section, we are primarily interested in the case whersetl1 of feasible
permutations is specified yrecedence constraintdVe writei — j to denote the
precedence constraint that jolonust appear before jopin any feasible permuta-
tion . One strategy for dealing with precedence constraints igrtore them and
simply sort the jobs by preference order. If we are lucky dmdresulting sequence
turns out to be feasible, then we are done. This follows frioefact that, by making
all jobs independent, we have solved a relaxation of ther@igroblem. If an opti-
mal schedule for this relaxation happens to be feasiblenaipect to the precedence
constraints, then it must also be optimal with respect tegl@mnstraints.

If the permutatiornt obtained by sorting jobs by preference order is not feasible
it is due to thecollision of one or more pairs of jobis j wherei — j andj <t i. If
it happens thaj andi are consecutive imandi < j, the collision can be resolved
immediately by interchanging andi in Tt Even if this is not the case, it may be
possible to do something about the collision.

Lemma 4.7. Let i and j be a pair of jobs such that+ j and j <f i. Suppose
that, for each ke N distinct from i and j, either (i) k- i; or (i) j — k; or (iii) k
is unrelated by the precedence constraints to i and alsolateé to j. Then there
exists an optimal feasible permutation in which i immedijapeecedes j.

Proof. Let T = (t,i,u,j,v) be an optimal feasible permutation. ufis empty,
then we are done. Hence, assume thé not empty. Since each jabin u is
unrelated to both and j, it follows that the precedence constraints are not vidlate
by interchanging andu, or by interchangingi and j. It must be the case that either
u<yiiorj<;u, else we would have<t u <s j, contradicting the hypothesis that
j <t i. Hence at least one of the two interchanges results in amapfeasible
permutation in which immediately precedeg O

When the hypotheses of the lemma are found to apply to a aailidair of jobs
and j, the pair can be replaced by the sequeficg, with (i, j) inheriting all of the
precedence constraintsiofnd j, e.g., if ] — kthen(i, j) — k. The sequenc§, j)
can then be treated as a single job, or compound job, for tiopa of reapplying
the lemma.

Precedence constraints that consisparfallel chainshave the nice property that
application of Lemma 4.7 is guaranteed to yield a set of secpeethat is free of
collisions. To see this, one need only note that if any paijobs is in collision,
there is a colliding pair of jobg j that are adjacent in a chain. But theand j
satisfy the hypotheses of the lemma and can be replaced hgle sequence. With
no more tham — 1 repeated applications of the lemma, a collision-free faiwif
sets of sequences can be obtained, in the sense of the fudiaefinition. For this
definition, let an orderings, ... ,s;) of sequences beonsistent with<s if s, <t s,
for all 1 <u < v </; andfeasible with respect to the precedence constrafrfisr
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any precedence relation- j, we have that € 5, andj € s,, for someu < v.

Definition 4.8. Let X be a finite index set. A famiy= {S(x) : x € X} of sets )
of sequences is said to bellision-free with respect to given precedence constraints
and preference ordex s on sequences, if

1. each jobin N is contained in exactly one of the sequencegS(x); and

2. there exists an optimal feasible permutation of the jol in which the jobs
in each sequencesUycx S(X) appear consecutively; and

3. any ordering of the sequences in each g&} ®hich is consistent witk ¢ is
also feasible with respect to the precedence constraints.

In effect, Lemma 4.7 enables us to transform a problem iestavith parallel-
chains precedence constraints into an instance, corngigfisequences (or com-
pound jobs)s € N/, for which the family§ = { N’} is collision-free. Hence the
resulting instance can be dealt with as if it was unconstciand an optimal fea-
sible permutation is obtained by simply sorting all thesguemces in preference
order<j.

Theorem 4.9. Let the precedence constraints form parallel chains. Giaeref-
erence order<; on A/, an optimal feasible permutation of N can be found with
O(nlogn) comparisons of sequences with respect o

Series-parallepartial orders are defined recursively as follows:
any partial ordefN,— ), whereN is a singleton, is series-parallel.

Let (N1, —) and(N2, —) be disjoint partial orders (i.eNs "Nz = 0) that are series-
parallel. A partial ordefN; UNp, —) is also series-parallel, when relations between
jobs inN; and jobs inN, are determined by either

series compositigrin which each job in N; precedes each jopin Ny, i.e.,
i — jforallieNpandj € Ny,

or

parallel compositionin which the jobs iflN; andN; are unrelated, i.e.,
i/~ jandjAiforallieNypandj e Ny

(Relations between pairs of jobs, both of which ar&ljror in Ny, are unaffected.)
The structure of series-parallel precedence constramepresented by@mpo-
sition (or decompositiontree in which each leaf of the tree is identified with a job
and each internal node of the tree corresponds to a seriepamaliel composition
operation, and is accordingly labeled either “S” or “P.” Taft and right children of
an S-node are respectively identified with the subligts\, of the series composi-
tion operation. The same is true of the children of a P-noxee that the left-right

ordering of its children is immaterial.
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Some examples of series-parallel precedence constraidtshair composition
trees are indicated in Figur#?. Note that parallel chains, in-trees, out-trees, and
forests of in-trees and out-trees, are all special casesridssparallel constraints.
The smallest non-series-parallel partial order is the “igraph shown in Figur@?.

In fact, a partial order fails to be series-parallel if antiyofit contains four elements
in a “Z" relation.

There are efficient algorithms for testing if precedencestmaints are series-
parallel. In particular, a digrapB with marcs andh nodes can be tested in1@¢ n)
time to determine whether the partial order it induces igeseparallel. If the partial
order is series-parallel, the algorithm “parses” it andmet a decomposition tree. If
the partial order is not series-parallel, the algorithnumes$ a “Z,” proving that it is
not.

Given a decomposition tree for series-parallel precedeanstraints and a pref-
erence ordeK on sequences, a plausible strategy for finding an optimailiea
permutation is to work from the leaves of the tree toward ti#,rdealing with the
subproblem at an internal node only after the subproblerits ahildren have been
dealt with. At each nodg of the tree we propose to obtain a collision-free family
S of sets of sequences, in which a &%) € § contains sequences which contain
every job corresponding to nodgand no other job. The algorithm will maintain the
following two invariants after each node has been dealt:with

(1) the current familys of sets of sequences is collison-free; and

(2) the permutation obtained by sorting all sequences in preference ordex
is optimal for the relaxed problem restricted only by thecpaence constraints
defined by the nodes dealt with so far.

Thus, at the root nodry the setS will consist of a single se§(xp), and an opti-
mal feasible permutation will be obtained by simply sortalbthese sequences in
preference ordex ;.

We initializeS = {S(]) : j € N} where eacly(j) consists of the single sequenice
Thus all leaves have been dealt with, and invariants (1) lapd@heorem 4.5, (2) are
verified. At aP-nodex with childreny andz, all that is necessary is to replacesithe
setsS(y) andS(z) with the setS(x) = S(y) US(z), since none of the sequencesS(x)
collide. If S is collision-free before this replacement, then it alsodlision-free
afterwards. Moreover, invariant (2) continues to hold bseawe have not added
any new precedence constraint. At &mode, things are a bit more complicated.
However, collisions can be resolved by repeated applicatfdhe following gener-
alization of Lemma 4.7.

Lemma 4.10. LetS be a collision-free family of sets of sequences. [(a} &1d Sb)
be two sets ir§ such that, for every s S(a) and t € S(b) there exist jobs € s and
j €t such that i— j. Leta be a<ji-maximal sequence in(& andp be a<;-
minimal sequence in(8), such thaf3 <; a. Assume that, for each &N which is
not in any sequence in(&) U S(b), either



12 4. Weighted sum of completion times

(i) k— ifor some jobiin every sequence i(&$ or
(i) j — kfor some job jin every sequence i(bg or

(i) k is unrelated by the precedence constraints to every jobvéryesequence
in S(a) US(b).

Then there exists an optimal feasible permutation in whigiresequence if is
consecutive and sequenzémmediately precedes sequelfice

Proof. Sinces is collision-free, letrt* = (t,a,u,B,v) be an optimal feasible per-
mutation in which each sequence appearing iis consecutive, and for which the
number|u| of jobs betweem andp is as small as possible. [ifij = 0 we are done;
hence assume thai| > 1. If any sequence i5(a) appears iry, let s be the first
such sequence and let= (U, s,u”) with no sequence i’ contained irS(a). If U’ is
empty, then by theCs-maximality ofa in S(a) we may interchangeanda, obtain-
ing an optimal permutation with fewer thaun jobs betweem andp, a contradiction
to u being of minimum size. I/ is nonemptyy’ precedes € S(a) in the feasible
permutationt®, and no sequence iri can be contained if(b) either. Therefore, by
condition (iii) of the lemma, we can feasibly interchangevith ', andu’ with s.
The minimality of|u| and the optimality oft* imply thata <; u andu’ <; s; hence
o <t S, a contradiction to thel;-maximality ofa in S(a). Therefore, no sequence
in S(a) can appear in. A symmetric argument implies that no sequencg(im can
appear inu. But now we may feasibly interchangewith u, andu with (3, so we
must havex <; u < 3, a contradiction with the assumptifn<; a. O

Let x be anSnode andy and z be its left and right children. Let be a<j-
maximal sequence i§y) andr be a<;-minimal sequence if(z). If ¢ <; r then we
can simply merg&(y) andS(z) into a single se§(x) = S(y) U §(z) and the resulting
family is collision-free. Moreover, invariant (2) contiesito hold. Otherwise,<; ¢
and we can apply Lemma 4.10: there exists an optimal fegs#stautation in which
every sequence if is consecutive and sequentimmediately precedes sequemce
Thus we concatenate the two sequentardr into a single sequencde= (¢,r). If
s<i Aforallse Sly)\ {¢} and\ <; sfor all se §2) \ {r}, then we can replace
S(y) andS(z) with S(x) = (S(y) \ {¢}) U(S(2) \ {r}) U{A}, and the resulting family is
again collision-free. Otherwise, we form a collision-ffaeily §’ by replacingS(y)
andS(z) with the three setS(y) = S(y) \ {¢}, {A}, andS(z) = S(2) \ {r}. However,
we aim to replace in turn these three sets with a singl&sgtthat comprises all of
the corresponding jobs: for the resulting family to be sidin-free, S(x) must satisfy
Property 3 of Definition 4.8.

If A <t sfor somes € S(y) then we may again apply Lemma 4.10 w8lty) as
S(a) and{A} asS(b): we conclude that there exists an optimal feasible perroutat
in which every sequence iff is consecutive and d-maximal sequence in S(y)
immediately precedes sequencelhus replacing with (a,A) andS (y) with S(y) \
{a} maintains the invariant that the resulting family is cadisfree. Similarly, if
s <t A for somes € S(z) then we may remove froi (z) a <¢-minimal sequencg
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and merge it with\ (so (A, B) now replaces\). We may repeat these two operations
until we obtain a collision-free familys’ such that all sequencass S(y) satisfy
s<¢ A and all sequencdse S(z) satisfyA <t t. We may now replace these three
sets by their uniors(x) = S(y) U{A} US(z) and obtain the desired collision-free
family. At this point, we have dealt with th&-nodex and may proceed to another
tree node.

To summarize the preceding discussion, we now give a pseodefor the recur-
sive computation of a set of sequen&és) at a nodex of a series-parallel decompo-
sition tree, so as to maintain a collision-free family ofssettsequences. We suppose
that the sets of sequences at each node are recorded in itygrisue supporting
the operations of i ndmi n, f i ndmax, del et eni n, del et emax, andner ge.
Thef i ndmi n operation returns a sequence whichdg-minimal in the set, while
del et emi n returns such a sequence and also deletes it from the sefargynfor
fi ndmax anddel et emax. WhenL is empty the i ndimax anddel et enax op-
erations return a dummy job such that nhax s j, for all jobs j; similarly, whenR
is empty, mirR > j, for all jobs j. Finally, mer ge forms the union of two sets of
seguences.

S(x) :

Case(x is a leaf): return S:={j}, wherej is the job atx;
Case(x isa P node): return S:=ner ge(S(left(x)), Sright(x)));
Case(x is an S node):
L:=Sleft(x)); R:= (right(x));
if findmax(L)<¢findm n(R) thenreturn S:=rmer ge(L,R);
else
s:= (del et emax(L), del et emi n(R)); * concatenation *
while (f i ndmax (L) > s) or (fi ndm n(R) <t 9)
if findmax(L)>¢s thens:=(del et emax(L), s);
elses:= (s, del et em n(R));
endwhile
S:=nerge(L, R);
return S:=ner ge(S {s});
endif.

Each of the priority queue operations can be implementedrtarO(logn) time,
and each operation is performed no more thgn)Qimes. The final sort of the
strings obtained at the root of the tree requires no more@{atogn) comparisons,
and invariant (2) implies that this is an optimal sequencettie entire instance.
Hence we have the following result.

Theorem 4.11. Let series-parallel precedence constraints be specifieal dbgcom-
position tree. Given a preference ordgr on sequences, an optimal feasible per-
mutation of N can be found with(®logn) comparisons of sequences with respect
to <;, and at most @nlogn) time for other operations.
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In particular, a variety of single-machine scheduling witecedence constraints
can be solved in hlogn) time; see the exercises below for examples.

Exercises

4.12. Prove that the preference order on sequences defingeefpw;C; criterion
is correct.

4.13. Show that []Lmax does not admit a preference order on sequences.

4.14. Show that there is no preference order on sequences fnikeletermined by
weighted monotone cost density functions.

4.15. Find a preference order on sequences for each of tbeviol) problems:

(a) Total weighted discounted completion time problem.
(b) Least cost fault detection problem.

4.16. Provide pseudocode for obtaining a collision-freteirs¢he case of parallel-
chains precedence constraints. You should be able to a&cigy running time.

4.4. NP-hardness of further constrained min-sum problems

Unfortunately, it is relatively easy to move from the worldpolynomial-time solv-
able problems to the world of NP-hard ones. In this sectiomwill present three
NP-hardness resultsir}| 5 Cj, 1jrj, pmtri S w;C;, and 1pred 5 w;C;.

Theorem 4.12. The problerl|r;| 5 Cj is NP-hard in the strong sense.

Proof. We will show that the 3rPARTITION problem (see Chapté&r?) reduces to the
decision version of [tj| 5 C;. Consider an instance of BARTITION, consisting of
positive integersy, ..., ag, b, with b/4 < a; <b/2 for all j andy ; a; = tb. Recall
that this is a yes-instance if and only if the indexBet {1,...,3t} can be partitioned
intot mutually disjoint 3-element subsess, ..., § with 3 jc.gaj =bfori=1,....t.
We will define an instance of|d;|y Cj and an integeZ such that there exists a
schedule of valug Cj < Z if and only if the instance of ARTITION is a yes-
instance.

The scheduling instance has three types of jobs. First,doh gec T, there is a
job J; with release date 0 and processing timeSecond, for eache {1,...,t —1},

there are/jobsKiE') with release datid and processing time&=1,...,v). Finally,
there arew jobs L, with release datéb and processing time ¢ = 1,...,w). The
values ofZ, v andw will be defined later.

Suppose we have a yes-instance ofARTITION, and consider the following
schedule (see Figurg?). The three jobs); with j € § are processed in the inter-
val [(i — 1)b,ib], fori =1,...,t; the sum of their completion times is bounded from
above by

t
3
Zy=S 3ib=St(t+1)b.
272
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The jobsK|£') are scheduled to start at their release dates; their tatapletion time
is equal to
t—1 1
Zx = Zvib: Evt(t —1)h.
i=
The jobsL, are processed consecutively in the inteftlltb + wj]; their total com-
pletion time is given by

w

1
Z = /z (tb+¢) = wtb+ EW(W—i— 1).
=]

We now definev = Z3, w= 273+ Zx, andZ = Z3 + Zx +Z.. The schedule corre-
sponding to the yes-instance off@RTITION has a valug Cj < Z.

Conversely, consider a schedule satisfyjn@; < Z. We claim that, in any such
schedule, all; are completed by timth. If this is not the case, then at least alje
as well as all, finish aftertb, so that

w+1
ZC,- > ; (tb+¢) =27 +tb+w+1>7Z
=1

It may be assumed that, for any i, Kllf) (k=1,...,v) are processed consecutively;
this follows from a straighforward interchange argumeng Mgw also claim that, if

SCj <Z, then aIIKS) start at their release dates. Otherwise, at leadtthese jobs
are delayed by one time unit, so that

ZCJ' >k +V+7Z =2

We conclude that, in any schedule of vali€; < Z, all jobsJ; are processed in the
interval[0,th], interrupted by zero-time jobs at each pointin tiln¢i = 1,...,t —1).
Hence, in each interva(i — 1)b,ib], three jobs]; are processed for a total duration
of b time units. This implies that we have a yes-instance @R&TITION.

Note that the number of jobs is proportionallipso that the correctness of the
reduction essentially depends upon #imng NP-completeness of BARTITION.
Finally, let us mention that one can modify the reductionhsti@at all jobs have a
positive length (Exercise 4.17)1

We did mention earlier that, in the presence of release difitee can be advan-
tage to preemption. In fact, forr}| ¥ C; there is; in addition, [t;, pmtri 5 C; can
be solved efficiently by th&hortest Remaining Processing Ti®RP7 rule; see
Theorem 4.25 below. However, the preemptive problem is Bifetif jobs can have
different weights.

Theorem 4.13. The probler|rj, pmtri 3 w;C; is NP-hard in the strong sense.
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Proof. We will show that this problem is NP-hard in the ordinary sersy a re-
duction from thePARTITION problem. It is not hard to extend this to a reduction
from the 3PARTITION problem, which implies NP-hardness in the strong sense; see
Exercise 4.18.

An instance ofPARTITION consists of positive integees;, ..., a, b with ¥ ;aj =
2b. It is a yes-instance if and only if the index det= {1,...,t} includes a subs&
with ¥ jcsaj = b.

Given an instance ofARTITION, we definet jobs j, (j =1,...,t), withr; =0
andp;j = w; = a;. For these jobs, any nonpreemptive schedule without idie t5
optimal: allrj = 0, so that there is no advantage to preemption, anajdlp; = 1,
so that the ratio rule may choose any job order. The valuedtf alschedule is given

by
Z;= zk ajay.
1<)<kst

(This can easily seen by considering 2-dimensional Gardttshsee Section 4.5
below.) We define one more jolK, with release datdé, processing time 1, and
weight 2.

Suppose we have a yes-instance®RTITION, and consider the following sched-
ule. All jobs j with j € Sare processed in the intenj@l b, job K is scheduled in
[b,b+ 1], and the remaining jobs are processetia 1,2b+ 1] (see Figure?(a)).
Since these latter jobs are all delayed by one time unity tweitribution toy w;C;
increases by the sum of their weights, which is equal to the sitheir processing
times. The value of this schedule is therefore equal to

Z=(Zy+b)+2(b+1)=2Z;+3b+2

Now consider any feasible schedule, and suppose th#t fotishes at timd+ 1+-c,

for somec > 0. It may be assumed that there is no idle time in the intdBy@b+ 1]
and that jokK starts at timéo+c. For the jobs that finish after jd, letd be the total
amount of processing done on them prioikipfor somed > 0 (see Figur&@?(b)).
Again, the contribution of these jobs Jow;C; increases by the sum of their weights,
which is now equal tal + b — c. Hence, the value of this schedule is given by

(Zy+d+b—c)+2(b+c+1)=2Z;+3b+c+d+2=Z+c+d.

It follows that a schedule has valgew;C; < Z if and only if c = d = 0; that is, job
K is processed ifb, b+ 1] and each other job is entirely processed either béfave
afterK. Such a schedule exists if and only if we have a yes-instahegaRrITION.
O

Note that, alternatively, we could have given a very highghieto jobK, thereby
immediately fixing its starting time tb. The above technique, however, can be
extended to yield similar and simple reductions to a numbbeekated problems,
including 1d;| 3y w;Cj, 1] | S w;T;, andP| | 3 w;C;.
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We show the strong NP-hardness of the probldmpréd y w;C; by a two-step
reduction from the INEAR ARRANGEMENT problem, which is defined as follows:
assign the vertices of an undirected graphk- (V,E) to integer points on the real
line so that the sum of edge lengths is minimized. More folynglven G = (V,E)
and a positive intege, is there a one-to-one mappirfigpf V to {1,...,n} such that
Y uvpee | f(u) — f(v)| < Z? This problem is NP-complete, and we first reduce it to
a version of 1pred 3 w;C; where jobs can have zero processing times and negative
weights.

Lemma 4.14. The optimal linear arrangement problem is polynomially ueithle
to the precedence-constrained single-machine schedpiisijem with nonnegative
processing times and arbitrary weights.

Proof. Given an instanc& = (V,E) andZ of the LINEAR ARRANGEMENT prob-
lem, we introduce a job for each vertex and one for each edged,lbe the degree
of vertexvin G. For each vertex € V, the corresponding jobhas weightv, = —dy,
and processing timp, = 1. For each edgéu,v} € E, the corresponding jobu, v}
has weightv;,\y = 2 and processing timgy,; = 0. Moreover, each edge jdl, v}
has exactly two predecessors, namegndv.

Suppose that we have a mappih@f V to {1,...,n} such thaty 1,y | f(u) —
f(v)| <Z. Schedule the vertex jobs in the same order;V.&s scheduled in position
f(v) among all vertex jobs. An edge jolu,v} is scheduled immediately after its
predecessor that completes later. The total weighted aiapltime of the resulting
schedule is given by

; w,Cy + W{u,v}C{u,v}
ve {uv}ieE

:_Z/de(V)+ Z 2max{ f(u), f(v)}

{uvieE
- Z (2max{f(u), f(v)} — f(u) - (V)
{uyv}eE
= Y [fu-fWl .

{uv}eE

Itis therefore at mosZ. On the other hand, if there is a schedule of total weighted
completion time at most, we may assume, without loss of generality, that each edge
job {u,v} is processed as soon as both jokendv are completed. Then, the same
calculation as before implies that the order of the vertdss jdefines a solution of
the given instance of theiINEAR ARRANGEMENT problem with value at mo&t. O

Given an instance of|pred 3 w;C;, adding a constant to the weight of every job
not only changes the value of each schedule, but also camehha relative order
of schedules with respect to their objective function valugdowever, if the constant
is only added to the weights of jobs with processing time 4, ahother jobs have
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zero processing time, then the relative order of schedslgmintained. Letlnax be
the maximal degree of a vertex (8. We can then addax to the weight of each
vertex job in the proof of Lemma 4.14 to see that the schedyitmblem remains
NP-hard for instances with nonnegative weights.

One can also easily modify the reduction so that all jobs Ip@a#tive processing
times (Exercise 4.19). We have completed the proof of tHedahg theorem.

Theorem 4.15. The problenil| pred § w;C; is NP-hard in the strong sense.

Exercises

4.17. Modify the reduction in the proof of Theorem 4.12 sa #ihjobs in the re-
sulting instance of [tj| 5 C;j have strictly positive processing times.

4.18. Give a reduction from the BARTITION problem to show that the problem
1|rj, pmtn 3 w;C; is indeed NP-hard in thetrongsense.

4.19. Modify the reduction in the proof of Theorem 4.15 sd thlhjobs in the re-
sulting instance of [pred y w;C; haveunit processing time.

4.20. Modify the reduction in the proof of Theorem 4.15 sa thhjobs in the re-
sulting instance of fbred y C; have unit weight and processing times 0 or 1.

4.5. The ratio rule via linear programming

Linear programming methods have played a significant rokaéndevelopment of
combinatorial optimization; scheduling is no exceptiorthis rule. We next present
another proof of correctness for Smith’s ratio rule usingttbols of linear program-
ming.

Let us draw a 2-dimensional Gantt chart where the “resousosumed” during
the execution of every jobpis in fact the amount of processing, work done on the
job. The vertical axis may thus be interpreted asrémaining work see Figure??
for an illustration. Note that all jobs now have the samesjofj) = 1. Recall that
the mean busy time of a jopin a nonpreemptive scheduleNs; = Cj — p;/2.

Consider any subsét C N, whereN = {1,...,n} is the set of all jobs to be
processed. From the 2D Gantt chart, or from Smith’s ratie,ritl follows that a
schedule minimize§ ;.4 pjMj if and only if all jobs inA start at time zero and no
idle time is incurred until the processing of all jobsAris complete. Jobs not iA
have a zero weight in the objecti§g A pjM;j, and can be processed at any time after
all jobs inA are complete. The resulting minimum objective value is tiea ®f the
triangle below job seA, that is,% p(A)?Z = % (ZjeA pj)z. This shows that for any
subsefA C N, the following so-callegbarallel inequality

S piM = 5 P (43
i€

holds for any feasible schedule in which no job can startfieefime 0 and the ma-
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chine can process at most one job at a time. These ineqeaditeevalid forany
scheduling problem, whenevBris a set of jobs or operations to be processed on a
machine with unit speed and unit capacity.

The parallel inequalities may be written, using completiores instead of mean
busy times, in the equivalent form

1 1
PiCi > S P(A? + 5 S pf (4.4)
J; || 2 2 J; j

and may be interpreted as enforcing the requirement thagtnaf gobs can be com-
pleted too early on a machine with limited processing capaci

The parallel inequalities (4.3) or (4.4), and variationswengthenings thereof to
take into account additional constraints or charactesdtsuch as precedence con-
straints, release dates, different processing speeddferedi machines, etc.) play
an important role in defining relaxations and approximatdgorithms for more
complicated scheduling problems.

In this light, we start by considering the problem that we Wriftow to solve:
1| | > w;Mj. Suppose, without loss of generality, that we have reindi¢ie jobs so
thatp(1) > p(2) > --- > p(n). Consider the linear program

1
min wiM; 1 S pjM;j > S p(A)2forall ACN 3. (4.5)
{jeZV 1V gA 1V 2

We can show that the ratio rule is optimal by proving that if sehedule the jobs
in the order 12,....n, this feasible solution is an optimal solution to this linea
program. Consequently, this schedule must also be optianal|f| 3 w;M; (and
also 1 |3 wjC;).

Let Mj, j =1,...,n, denote the mean busy times of the jobs scheduled in the
order 12,...,n. We use linear programming duality to prove the optimalityhis
schedule. That is, we exhibit a feasible dual solution th#stes the complemen-
tary slackness conditions witffj, j = 1,...,n. The dual linear program has non-
negative variablega, for eachA C N, and has a constraint for eagh=1,...,n,

Y AjeaPjYa = Wwj, or equivalently, thaf a.jcaya = p(])-

The complementary slackness conditions for this pair @dirprograms amount
to ya > 0 only if the corresponding parallel inequality is satisfieith equality. If
we keep this in mind, then we can deduce a feasible solutiotinéodual as follows:
the parallel inequalities corresponding to the ggts= {1,..., j} hold with equal-
ity. Sincenis only in A,, we setya, = p(n); working backwards, we see then that
Ya,_1 = P(n—1) —p(n), and in generala; = p(j) —p(j+1), j=1,...,n—1. The
sorting of the jobs ensures that these values are all notimeg&oreoverya = 0
for all otherA C N. Hence, we have feasible primal and dual solutions satigfyi
the complementary slackness conditions, and so they araaldor their respective
linear programs.

This proof of the correctness of the ratio rule actually sagmething much
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stronger, and truly remarkable. What it says, at its cordasthe parallel inequali-
ties completely describe the feasible set of mean busy teweovs; more precisely,
what we have shown is, in essence, that the feasible regithredinear program in
M; variables is exactly the convex hull of vectors that coroesjpto mean busy times
of feasible schedules. Of course, the same holds true fopletion time vectors.

Exercises

4.21. If one would want to solve the linear program (4.5) lndard linear pro-
gramming methods, one would have to deal with the exporlemtimber of con-
straints. Because of the equivalence of optimization apdrsdion (see Chaptéf),

it suffices to solve the separation problem associated \withparallel inequalities
YjeaPiMj > % p(A)%2, AC N. Given a vectoM* € QN, the separation problem is to
decide whetheM* satisfies all parallel inequalities and, if not, to produgeasallel
inequality that is violated bii*.

(a) Defining the violationv(A) = 3 p(A)2 — YieaPiM}, AC N, computev(AU
{k}) —V(A) for k& A, andv(A) —v(A\{j}) for j e A.

(b) Assume, without loss of generality, thdf <M < ... <M. Using (a), show
that a parallel inequality most violated W*, if any, can be found among one
of the consecutive sefd},{1,2},...,{1,2,...,n}.

It follows that (4.5) can be solved in polynomial time. Thiwsld be hardly surpris-
ing, since it is solved by Smith’s ratio rule. The real inttref the separation algo-
rithm is in solving linear programming relaxations of mommplicated scheduling
problems, as will be seen later in this and other chapters.

4.22. Show that the mean busy tinlds, j = 1,...,n, of any feasible schedule for
1Jrj| ¥ w;C; satisfy the inequalitieS jca pjM; > (minjearj + 3 p(A))p(A).

4.23. Solve the separation problem associated with theialiigs in Exercise 4.22.

4.6. Approximation algorithms for 1| pred ¥ w;C;

In light of the NP-hardness of fired 3 w;C;j, it is natural to consider approximation
algorithms. In Section 4.5, we used a linear program to givalternative proof of
optimality for Smith’s ratio rule. Looking at this proof fnoa different angle, we see
that sequencing jobs in nondecreasing order of their caioplémes in the solution
to the linear program results in an optimal schedule fdryiw;C;. We now use the
same idea to create a schedule whose cost is within a factahataf an optimum
for the strongly NP-hard problenijfdred 3 w;C;.

While the constraints of the linear program fdr|§ w;C; consisted of the par-
allel inequalities (4.4) only, we add the following inedjtiak to make sure that the
resulting schedule is consistent with the precedence i@ntst:

Cj—Gi > p; for all pairsi — j. (4.6)
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LetCj, j =1,...,n, be a solution of the linear program to minimige.-y w;C; sub-
ject to the parallel inequalities (4.4) for &iC N and the precedence constraints (4.6).
Without loss of generality, we can reindex the jobs so @ak C; < --- < C,. Be-
cause of (4.6)j < j wheneveri — j. In contrast to the casg 1y w;Cj, the val-
uesC; do in general not correspond to job completion times in anaciched-
ule, even when they correspond to a basic feasible soluter; Exercise 4.25.
However, we can easily construct a feasible schedule byeseing the jobs in
the order 12,...,n. The completion time€; of this schedule ar€; = p;,C; =
p1+ P2,-.-,Ch = p1+ P2+ -+ pn- Note that this schedule does not violate any
precedence constraints. We will now show that the total iateid completion time
of this schedule is at most twice that of an optimal schedule.

Consider an arbitrary, but fixed job Recall that(C;,Cy, .. .,C,) satisfies the
parallel inequalities (4.4); in particular, fér= {1,2,...,k},

k 1 k 2
]lejcj > z(j;pj) 7

where we have even dropped a nonnegative term from the mighd- side of in-
equality (4.4). Because of the ordering of jobs, the lefichaide of this inequality
is bounded from above @Kz‘j;l pj. We therefore obtain

K
Ck=> pj<2C .
=1

Thus,3"_; w;Cj <25"_; wiCj; givenanyfeasible solution of the linear program
to minimizey ;o\ W;Cj subject to all parallel inequalities and precedence caimgs;,
we can construct a schedule with total weighted complefioe &t most twice its
value. If we start with an optimal solutid®y, j = 1,2,...,n, of the linear program,
theny jn W;C; is a lower bound on the cost of an optimal schedule; we haweegro
the following theorem.

Theorem 4.16. Scheduling jobs in nondecreasing order of completion timemn
optimal solution to the linear prograrmin{;?zlecj : C satisfieq4.4)and (4.6)}
is a2-approximation algorithm for the probledjpred 5 w;C;.

Actually, we still have to argue that the linear programOpvariables can be
solved in polynomial time, because there are exponentimadpy parallel inequali-
ties. While it follows from Exercise 4.21 that this is indebe tase, we here take a
different route. Suppose there is another linear progrargmalaxation that only has
polynomially many variables and constraints, so it can obsiy be solved in poly-
nomial time. Furthermore, suppose that every solution efrtew linear program
can be mapped to a feasible solution of the original lineag@am with no change
of its objective function value. Then we could compute arirogt solution to the
new linear program, map it to a solution of the old linear pamg, and apply the
previous algorithm. We now describe such a linear program.
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One way to derive another linear programming relaxatiomefstcheduling prob-
lem 1]pred 3 w;C; is to formulate it as an integer program, and then relax ttes in
grality constraints. Solving|pred 3 w;C; is equivalent to determining, for each pair
i andj of jobs, whether precedeg in the solution, or not. For any pdit£ j of jobs,
we introduce the variabl@; € {0,1}: & = 1 indicates that jobprecedes jolj, and
&ij = 0 indicates otherwise. Therefore,

&ij + 0ji = 1 for all pairsi, j € N,i # j. 4.7)

We can obviously represent every feasible schedule bylavectord = (&jj)ij
of this type; moreover, the resulting/ D-vectors satisfy further inequalities. The
precedence constraints imply that

ojj =1foralli — j. (4.8)

In addition, when jobj precedes jolk, andk precedes, thenj also precedes job
This translates into the following inequalities:

Ojk + O — 0ji < 1foralltriplesi, j,ke N,i # j#k#1. (4.9)

These inequalities are call&dnsitivity constraints On the other hand, every/ 0-
vectord that satisfies the transitivity constraints (4.9), the pdance constraints (4.8),
and (4.7) represents a feasible job sequence. Given&uble completion time;

of job j in the corresponding schedule is

Cj= z’_ Pidij + ;- (4.10)
i#]

So 1 preqd y wCj is equivalent to minimizing!_; ¥+ w; pi&ij + ¥ |, W pj subject
to the constraints (4.7) — (4.9), adgl € {0,1} for all i # j. If we replaced;; € {0,1}
by

&ij > 0foralli # j, (4.11)

we obtain a linear program of polynomial size whose optinadlie is a lower bound
on the value of an optimal schedule. It remains to show thatid a solution to this
linear program, then the vector defined by (4.10),jfer 1,2,...,n, is a solution to
the linear program i€; variables.
Let us consider the precedence constraints (4.6) first.tAesu- j; thend;; = 1,
and (4.10) gives
Ci= > pdj+pi+p -
K1,

Because of (4.7);i = 0, and thus (4.10) yields

C= ; Pk + Pi- -
k#1, ]
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Let k be a job withk # i, j. Sinced;; = 0, the transitivity constraint (4.9) for this
triple implies thay; = 1 - djk > d. HenceCj > G + p;.
We now turn our attention to the parallel inequalities (4Fx A C N. Then,

le%pjcj = J;\Pi(k; pk5kj+pj JGAZ&N pjpkék]"i_%pj
> Z p,pkékﬁzAp, Z Pj Pk(Bjk + Ok ;) +2Ap,

J#k

= fp +5 ZAp, :
The last equality follows from (4.7).

Corollary 4.17. Letdbe an optimal solution to the linear programin{y . ; Wk p;jOjk :
d > O satisfieq4.7)—(4.9)}. Define G according to(4.10) for j =1,2,...,n, and
sequence the jobs in nondecreasing order;ofélues. Then, the total weighted com-
pletion time of the resulting schedule is at most twice ttianooptimal schedule.

The analysis of this 2-approximation algorithm is tight; j there exist instances
for which the resulting schedule has cost close to twicedhah optimal schedule.
There are also instances for which the value of an optimaddule is essentially
twice that of the linear program; see Exercise 4.27.

The technique of scheduling jobs in order of their “completiimes” in a linear
programming relaxation of the problem is of use in more cacaped problems than
1| pred 3 w;C;j, including parallel machine and open shop problems. We skel
some of the resulting approximation algorithms in Chap®érs

Interestingly, no approximation algorithm with a perfommea guarantee strictly
less than 2 is known for the problemidred S w;C;. However, there is a generic
way of designing a 2-approximation algorithm that does eqtiire solving a linear
program, which we describe next. For that, we need the cordepidney decom-
position.

Exercises

4.24. For aninstance of Ly w;Cj, consider the linear program n{igi; j i_j wj pidjj :

dij +9ji =1,8; >0 foralli # j}. Show that the optimal value of this linear program
plusy ;w;jpj is equal to the value of an optimal schedule. How can one usésttt

to give another proof of the optimality of Smith’s ratio r@le

4.25. Consider the following instance dfpted y wjC;: there are three jobs of unit
length each, job 1 precedes jobs 2 and 3,w&ne- 0, w, = 1, andwsz = 1. Show that
C1=4/3,C, =7/3, andCz = 7/3 is an optimal basic feasible solution of the linear
program mif{y ; wjC; : C satisfies (4.4) and (4.)

4.26. Show that the analysis that led to Theorem 4.16 is:tight

(a) Describe a family of instances for which the ratio of th®eative function
value returned by the algorithm to that of an optimal schedwahnverges to 2
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with increasing values af.

(b) Give a family of instances for which the ratio of the cosan optimal schedule
to that of an optimal solution to the linear program in contipletime variables
converges to 2 with increasing valuesof

4.27. Show that the analysis that led to Corollary 4.17 isttig

4.7. Sidney Decompositions

Recall that any optimal sequence fgf ¥ w;C; orders jobs according to nonincreas-
ing ratiosw; /pj. In the presence of precedence constraints, we alreadyhsawts
ordering can lead to collisions that cannot always be resblMhe Sidney decom-
position offers one way to extend Smith’s ratio rule {pfed S w;C; by considering
ratios of subsets. A subsktC N that contains all its predecessors under the prece-
dence constraints is said to beiaitial setof N. Thatis,| is an initial set ifj € | and

i — jimply i €. Note that a subsétC N is an initial set ofN if and only if there

is a feasible sequence that schedules all jobsi@fore all remaining jobs. Aatio-
maximal initial set lis an initial set ofN with maximum ratiop(l) = w(l)/p(l).
Here, as beforew(l) = 3 ;¢ wj andp(l) = ¥ ¢ pj.

Theorem 4.18. Let I* be a ratio-maximal initial set of N. There exists an optimal
sequence of N that schedules the jobs‘ibdfore all remaining jobs.

Before we prove this theorem, we discuss its implicationd @atated aspects.
First, note that an initial set is a closure in the directepyrdefined by reversing
all precedence constraints. A ratio-maximal initial seh tiaerefore be computed
in polynomial time; see Chapt@f?. Second, we can apply Theorem 4.18 to the set
N\ I* of remaining jobs. If we repeat this, then we eventually mbéadecomposition
(I1,12,..., 1) of N such thatiNl; =0, forall 1<i < j <k lqUlbU...Ulk =N,
andlj is a ratio-maximal initial set ol \ (I1U...Ulj_1). A decomposition of this
kind is known as &idney decompositiorNote that each séf, for j =1,2,... kK,
is ratio-maximal for itself; i.e.p(l) < p(l;) for all initial setsl C I;. A sequence is
consistent witta given Sidney decomposition if it first schedules the jobig jithen
the jobs inly, and so forth, until it eventually schedules all jobdin We can now
reformulate Theorem 4.18 so that it encompasses Smitldsrrdé (Theorem 4.1).

Corollary 4.19. A sequencel= (T, T, ...,Tk) is optimal forl| pred 3 w;C; if Ttis
consistent with a Sidney decomposit{bn >, ..., k) of N, and each subsequerme
is optimal for lj, j=1,... k.

Corollary 4.19 implies that it suffices to consider approaiion algorithms
that are consistent with a Sidney decomposition. In pddicuf we had a 2-
approximation algorithm for instances whose ground setsratio-maximal, then
we could apply this algorithm to all seksin a Sidney decomposition, concatenate
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the resulting sequences in order, and thus obtain a 2-ajppatign algorithm for
the entire instance. It turns out that we do not have to workl ha find such a
2-approximation algorithm.

An important structural property of instances with a ratiaximal ground sell
is that sequencing the jobs amyfeasible order constitutes a 2-approximation algo-
rithm. Assume thaN is a ratio-maximal initial set of itself. That ig(l) < p(N)
for all initial setsl C N. Let us interpret this situation with the help of 2D Gantt
charts. Consider an arbitrary feasible schedule, sucheasrth in Figure??, and
the line segment connecting the poiftw(N)) on the vertical axis with the lower
right corner of any rectangle representing a jobThe absolute value of the slope
of this line segment is equal to the rapdl ) of the initial setl of jobs defined by
I ={ke N:C<C;j}. Forany jobj, the lower endpoint of this line segment is on
or above the diagonal defined by the two poifisv(N)) and(p(N),0), becausé\
is ratio-maximal and the negative value of the slope of thagahal isp(N). Recall
that the area under the cur\¥(t) is equal toz?:lecj. So we have just argued
that the total weighted completion time of any feasible dcite especially that of
an optimal one, is at least the area under the diagonal, vidwetN)p(N) /2. On the
other hand, the cost of any schedule is at mg$t) p(N). The proof of the following
theorem is complete.

Theorem 4.20. The total weighted completion time of any feasible sequémce
1| pred y w;C;j that is consistent with a Sidney decomposition is at mosttttiat of
an optimal schedule.

So even if the only ratio-maximal initial set i¢itself, i.e., we cannot divide the
original problem into smaller pieces, we are at least asiinat no feasible sequence
is too far from optimal.

It is time to prove Theorem 4.18. For notational conveniemeeuse the equiva-
lent integer programming formulation of fired S w;C; to do so. We have to prove
that, if I* is a ratio-maximal initial set oN, then there exists an optimal solution
0" to the integer program defined by the constraints (4.7) 9 @nél the objective
Yi+jW;pidij such thady; = 1foralli € I*, j€ N\ 1"
Proof. [Theorem 4.18] Led be an optimal solution of the integer program. Suppose
&ij < 1 for somei € 1*,j € N\ I*. For eachk € I*, definelx = {j € N\ 1" : djx >
0}. Ifajobi e N\I*is a predecessor df€ I, i.e.,i — |, then the transitivity
constraint (4.9) applied to the tripiej,k, andd;; = 1— & = 0 imply thatdy =
1-38 > djk > 0. Hencej € Iy, andly is an initial set ofN \ I*. Similarly, for each
ke N\ I*, /e={i e l": 0 > 0} is afinal set of *. (Thatis,|*\ K is an initial set
of I*.)

Lete =min{&; :i e N\ I*,j € 1*,8;; > 0}, and consider the vectdt defined as:

&j—e ifieN\I*jel*, anddj >0; fori,j € Nji # j.

gj+e ifiel* jeN\I*, anddj < 1;
3 =
&ij otherwise;
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Clearly, &, +8j; = 1 for alli # j, andgj; =1 for alli — j. Consider now a triple
i,j,keN,i#j£k#£i. If {i,j,k} €l* or{i,j,k} € N\ I*, then the associated tran-
sitivity constraint is satisfied becaud&andd coincide in the relevant components.
Otherwise, it is convenient to rewrite the transitivity straintdj, + o — 85 < 1 as
djk + di + &ij < 2. We may assume, because of symmetry, itiat* andj € N\ I*.
Suppose thalj, +8;; +j; > 2. There are two cases: eithet I orke N\ 1*. Inthe
first casedy; = &, so we must havd; = &;; +¢€ anddj, > 0. But thendjk = 5, +&,
and, thereforeé]fk + 9+ 6i*j = Ojk + & + &ij, a contradiction. The second case is
handled analogously. Thug; also satisfies the transitivity constraints.

The difference in the objective function values®éndd* can be calculated as
follows:

piwidij — Y piwdj = € pw(Fo) —€ ) pew(li)
iJel ije PEE KET*
i#] i#]
= & 5 mp(RIP(R)—€ > pep(liop(li) -
keN\1* kel*

Becausd* is ratio-maximal,p(lx) < p(1*) < p(F), for all k; see Exercise 4.28.
Hence, the difference in objective function values can hended from below by

eo()( Y pkp(Fk)_kg*pk’p(lk’)) :

keN\I*

Becausek’ € F if and only if k € 1y, this expression evaluates to zero. Therefore,
the objective function value a¥* is not worse than that ad. Soo* is an optimal
solution as well, andj; = 1 foralli € I" andj e N\ 1. O

Of course, inthe proaf= 1, and the reader might have wondered why we avoided
using the integrality 0 andd*. The reason is that the result holds true for the linear
programming relaxation i variables as well. That is, if* is a ratio-maximal
initial set, then there exists an optimal soluti®@nto the linear program to minimize
> jenWjCj subject to (4.7) — (4.11) such thgf} = 1 whenever € I andj € N \ 1.

We can use the same proof; whil@eed not be equal to 1 anymore, the variable that
determined the value afwill be reduced to 0 ird*. If " does not have the desired
property yet, we can repeat the same procedure dvithd* until it does.

Corollary 4.21. Let (I4,1,...,lx) be a Sidney decomposition &fpred S w;C;.
There exists an optimal solutiod of the linear program to minimizg ;cy w;jCj
subject to(4.7)—(4.11)such tha®; = 1foralli € I, j € I, wheneved <h </ <k.

Exercises

4.28. LetSbe a ratio-maximal initial set dfl, | an initial set oN \ S andF a final
set of S. Show thap(l) < p(S) < p(F).

4.29. Letl andJ be two ratio-maximal initial sets dfl. Are I nJ andl UJ ratio-
maximal initial sets as well? Prove or disprove.
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4.30. Show that there exists a unique Sidney decompositioh, ..., k) such that
p(l1) > p(l2) > --- > p(lx). Prove also that for any other Sidney decomposition
(J1,2,...,J¢) of the same instance and any index {1,...,¢}, J C |; for some
je{1,... k}.

4.31. Let(N,—) be a series-parallel partial order that is the parallel casitjpn of
(N1,—) and(N2,—). Show that there exists a ratio-maximal initial kef N that is
completely contained in eithé&t or No.

4.8. An integrality theorem for series-parallel precedene constraints

With Corollary 4.21 in place, the following result comeserssally for free.

Theorem 4.22. When the precedence constraints are series-parallel, therin-
ear program to minimizg ;o\ w;C; subject to(4.7)— (4.11) has an integer optimal
solution.

Proof. The proof is by induction on the number of jobs. The resulthgiously
true if there are just one or two jobs. Suppose it is true fhinatances with series-
parallel precedence constraintsrojobs, and consider the case wit| =n+1. The
setN is either a series or a parallel composition of two propesstaN; andNy. In
the first case, all variables; with i € Ny and j € N, have to be equal to 1, because
of (4.8). Hence, the linear program fig U N, decomposes into two separate linear
programs, one foN; and one foN,, each of which has an integer optimal solution,
by induction. In the second cadd,is the parallel composition dfi; andN,. Let|*

be an inclusion-minimal ratio-maximal initial set Nf it follows from Exercise 4.31
thatl* is entirely contained itN; or Np. By Corollary 4.21, there exists an optimal
solutiond* such thaty); =1 fori€1” andjeN \ I*. The linear program foN
therefore decomposes again into two separate, smallarlpr@grams fol* and
N\ I, respectively, which have integer optimal solutions.

Theorem 4.22 implies that the optimal value of the lineargpam is identical
to the value of the optimal schedule. It does not necessianityy that an optimal
solution to the linear program is integer (and, therefoseheedule) because there can
be noninteger optimal basic feasible solutions, althobghdan be overcome by data
perturbation (see Exercise 4.32 (a) and (b)). There is dedlaeemingly weaker
linear program ind variables that has the same properties as the one that we have
presented so far. It has the additional property #flats basic feasible solutions are
integer if the precedence constraints are series-pardieprove this result, it will
be convenient to work with the following characteristic efies-parallel precedence
constraints.

Lemma 4.23. If the precedence constraints are series-parallel, theardlexists a
total orderingrtof all jobs, which is consistent with the precedence coir#sasuch
that, for all triples i, j,k € N with i — j and k unrelated to i and j, either k precedes
i in Ttor j precedes k.
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Proof. Consider the decomposition tree of the precedence comistrand the total
ordering of jobs obtained by parsing the leafs from left ghti Note that this order-
ing is consistent with the precedence constrainissifj, then the leaf corresponding
toi is to the left of that ofj. Now consider a jolk that is unrelated tbandj. The
tree has an internal node representing a parallel compositherei and j are part
of one of the two subtrees, whileis in the other subtree. Hendés leaf is to the
left of the leafs of both and |, or to their right.O

We use the total orderimgfrom Lemma 4.23 to eliminate half of ti&evariables
from the previous linear program. Because of (4.7), &g+ 9ji = 1, we know the
value ofg;j when we know that 0d;i, and vice versa. We only keep the varialdgs
for whichi precedeg in Tt We also eliminate all variables whose values are fixed
by the precedence constraints; i.e., we do not i&ewith i — j. Apart from the
nonnegativity constraints, we are left with the transiyidonstraints, some of which
we shall drop as well. More precisely, we only keep the titavitsi constraints

Ok +0i—0; <1

for triplesi, j,k € N, i # j # k #1, for whichi — j, andk is unrelated to bot
and j. Depending on whethgrprecedes or k precedes in 1, we derive one of the
following two inequalities:

Ojk < Ojk Or i < &j -

For convenience, let us assume that we (re)index the joldsasdhey appear in the
order 12,....nin 1. The resulting linear program,

min z wj pi & (4.12a)
g

st d <ok fori—j,j<Kk, (4.12b)

Oki < O fori — j,k<i, (4.12¢)

%j >0 fori < j, (4.12d)

is a min-weight closure problem (see Chag@y; in particular, its constraint matrix
is totally unimodular, and thus all basic feasible solutiane integral.

Interestingly, the linear program (4.12) has the same @timlue as the previ-
ous one, although it has fewer constraints (Exercise 4.32Because one can find
an optimal sequence when one can determine the optimal (Bkeecise 4.33), this
yields another way of efficiently computing an optimal sawpeefor series-parallel
precedence constraints. As the derivation of the lineagnam (4.12) only hinges
on Lemma 4.23, we have actually proved thgirgéd y w;C; can be solved in poly-
nomial time for a much larger class of precedence cons#aifiie class of partial
orders possessing®nseparating linear extensipre., a total ordertwith the prop-
erty described in Lemma 4.23 coincides with thatwd-dimensionapartial orders.
The dimensiorof a partial order— is the minimum number of linear orders whose
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intersection is—. There are efficient algorithms for recognizing two-dimenal
partial orders. If the partial order is two-dimensionakytireturn a nonseparating
linear extension. We can conclude this section with the¥alhg theorem.

Theorem 4.24. If the precedence constraints are two-dimensional, annagitise-
quence forl| pred 3 w;C; can be found in polynomial time.

Exercises
4.32. Consider the linear program to minimize-y wjCj subject to (4.7) — (4.11).

(a) Show that it can have nonintegral optimal basic feasiblations, even if there
are no precedence constraints.

(b)Let 0< € < 1/(25jen pj), and assume that the precedence constraints are
series-parallel. Prove that the instance with redefinedjitsiv; = w; + 2!
has a unique Sidney decomposition. Use this fact in the pbbheorem 4.22
to show that the linear program has a unique optimal solutitich is a sched-
ule.

(c) Show that any optimal solution to this linear programs®an optimal solution
to the linear program (4.12).

4.33. Suppose someone gives you a “black box” subroutiriegivaen an instance of
1|pred 3 w;C;j, returns its optimal value. Show that you can find an optireglience
with a polynomial number of calls on the subroutine.

4.34. Show that a partial order is two-dimensional if and/éhit has a nonseparat-
ing linear extension.

4.35. Present a two-dimensional partial order that is noesgarallel.

4.9. Approximation algorithms for 1|rj| 3 C;

Once we add release dates to the problem of minimizing theageecompletion
time, we again reach the realm NfP-complete problems. Since we are unlikely
to have a polynomial-time algorithm to solve this probleng turn our attention
to approximation algorithms. Our approach will again beddasn solving a relax-
ation to the problem; in this case, we relax the condition tha schedule must be
nonpreemptive. We then show how to convert the optimal pptemschedule to a
nonpreemptive one, without increasing the objective fiamctalue of the schedule
too much.

The first component of this approach is that the preemptivianiacan be solved
efficiently. The natural rule to consider is tBdortest Remaining Processing Time
(SRP7J rule: at each moment in time, one should always be proagssiob that
could be completed earliest. This rule only preempts jobsnéhnew job is released.
A straightforward interchange argument can be used to gra/éllowing theorem;
this will be left as an exercise.
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Theorem 4.25. Any SRPT schedule is optimal for the problgm, pmtr 5 C;.

An important property of the SRPT rule is that it is an onlitgoaithm, in the sense
that the algorithm need only know of the existence of a jobitsydarameters at the
moment in time that it is released.

A seemingly naive approach to converting a preemptive sdeddto a nonpre-
emptive one is to schedule the jobs in the order in which tlegpieted in the pre-
emptive one. Yet, recall that a similar approach has workeltifar 1| pred 5 w;C;.
LetC;j, j =1...,n, denote the completion times of jobs in a preemptive scledul
We can assume, without loss of generality, that we have eggdlthe jobs so that
C1 <Gy < -+ <Cy. We construct the minimal nonpreemptive schedule in wiieh t
jobs are processed in this order; job 1 is processed frotor, + p1, and each job
j+1is either scheduled to start at the tigthat j completes, or at its release date,
ri+1, whichever is later.

We can analyze the completion tin®g of job j in the following way. Trace
backwards fron€; in this schedule to find the latest idle time prior to the cogtiph

of job j; we see that
B j
Cj= rk+;kpz7

where jobk is the first job processed after this idle time. Since the detigm of
job k also precedes the completion of jghin the preemptive schedule, we have
thatr, < C¢ < C;. Furthermore, all of the jobg ¢ =k, ..., j, have been completely
processed in the preemptive schedule(yy and hencezj:k p; < Cj. Therefore
C; < 2C;.

Thus, we see that]_; w;Cj < 23", w;Cj; givenany preemptive schedule, we
can find a nonpreemptive schedule with total weighted cotigpléime no more than
twice that of the preemptive one. Of course, if we start with bptimal preemp-
tive schedule, then we have found a nonpreemptive schediii®hjective function
value at most twice that of the preemptive optimum. The pregire optimum is
always at most the nonpreemptive optimal value, and so we joavproved that the
schedule found has total weighted completion time at maskttine optimal value.

Theorem 4.26. Sequencing jobs in order of nondecreasing completion timése
SRPT schedule is a 2-approximation algorithm for the protilé ;| 5 C;.

In fact, we can strengthen this result to derive an algorithat is an online 2-
approximation algorithm. The idea behind this is quite dampVe maintain a queue
of available jobs (which handles the jobs in a “first-in fiostt” manner, and hence
fixes the order in which the jobs are processed in the schednfgead of making a
job available at its release time, we will use the online SRR& to create ahadow
schedule. This schedule is not used for the actual proaeséithe jobs, but only
as a kind of side computation. Nonetheless, this side caatipntcan be done in an
online manner.
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We make a jobj available only at dat€;*", the time that it icompletedn the
SRPT schedule. Clearly, this queueing mechanism ensuaéshid jobs are pro-
cessed in the order of their completion in the preemptivedule, but it most likely
introduces additional idle time into the schedule. Howgetee analysis does not
change much. Now, the latest idle time priotGpends with the point in time that
some jobk is made available (instead of being released). Hence,

CJ — CERPT+;j<p£ S ZCJ_SRPT,

and we still have thay w;C; < 25 w;C;*"; we have proved the following theorem.

Theorem 4.27. Scheduling jobs in the order of nondecreasing SRPT coropleti
times with delayed starts is an onlirgapproximation algorithm for the problem
1rj| 3 C;j-

Surprisingly, this result is best possible, in the sensg foa anya < 2, there
does not exist a deterministic onlineapproximation algorithm for t;| 5 C; (Exer-
cise 4.37). However, as we shall see next, if the algorithatigsved to “toss coins,”
one can prove a better result, in expectation. For each itipeiiobjective function
value of the schedule found by such a randomized algorittarramdom variable; it
is natural to analyze the performance of such a randomizggtitim by considering
its expected value, and to show, for each possible input.ttisexpectation is no
more than a factor gp times the optimum value. We call an algorithm with this
performance guarantegandomized-approximation algorithm

We will now give an online randomizegf (e— 1)-approximation algorithm called
the randomizedx-point algorithm The algorithm is based on a more general pro-
cedure to convert a preemptive schedumi@to a nonpreemptive one. The algorithm
first picks ana € (0, 1] according to some probability density functibnWe define
thea-point Gj(a) of job j to be the first moment in time where a totalgs; units of
processing of joj have been completed m We now modify the online algorithm
discussed above, so that each job is made available, arebtiglsto the queue, only
at itsa-point. This means that the algorithm now schedules the ijoltke order
that thea-points occur ino, with the additional condition thait is not allowed to
be started prior t€;(a). Subject to these two constraints, the schedupeoduced
is minimal in the sense that each jobs starts as early aspi@ssietC; denote the
completion time of joly in g; that is, ifrtis the order in which the jobs are processed,
thenti(1) completes at tim€&py1) = Cryy) () + Pr1), @nd in general, each jaiy )

starts at the maximum of its-point ino andCy; 1), and completegy ;) time units
later,j = 2,...,n. We will analyze the expected objective function vagjleﬁj as a
function of the choice ofr.

We next introduce notation that will be convenient for thalgsis ofa. We will
give, for eachj = 1,...,n, an upper bound o€; that depends on our choice of
Let us focus on the completion time of some johLet Bx(a) be the fraction of jolk
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that has been completed in the preemptive schedlldg the a-point of job j, that
is, byCj(a). For simplicity, letBx = Bx(1). Similarly, letR(a) denote the total idle
time in the preemptive schedule prior to theoint of j. Since the machine, at any
point in time, is either processing some job, or idle, we betfollowing lemma.

Lemma 4.28. In the preemptive schedute for eacha € (0, 1], thea-point of job |
is equal to G(a) = R(a) + T R_4 Br(at) pk.

On the other hand, we show next that we can also express theletion time
of j in o in terms of similar components.

Lemma 4.29. In the nonpreemptive schedudejob j completes by time

Cj<Cj(a)+ % (140 — By(or)) pr-
k:Bk(a)>a

Proof. We shall analyze a worse nonpreemptive schedul@ the sense that for
eachk = 1,...,n, we have that the completion tin& > C.

Imagine starting out with the optimal schedaidor the preemptive relaxation,
and write the Gantt chart for this schedule on a strip of tickpe. We will modify
this schedule by a number of “cut and paste” operations tearbit into a nonpre-
emptive schedulé.

Consider the schedule “over time,” starting at time 0 and advancing in time,
until an a-point of some jokk is reached. Cut the schedule at this point, and paste
into this schedule a block of time of lengph that will be used for the nonpreemptive
processing of jolk. For the intervals of time that are spent processingkjearlier
in this schedule, replace the processing of kalith new idle time, which we will
call omission time For each interval of time that is spent procesgingfter this
nonpreemptive block, cut that time interval out of the sehegdand then rejoin the
schedule without any new idle time introduced at this poi@tntinue processing
the schedule in this way until thee-point of each job has been reached. Call this
schedulé. See Figure? for an illustration.

We begin by making a number of observations. The effect ariitgy the non-
preemptive block of lengtlpx shifts the entire subsequent schedule exautliime
units later. However, the deletion of the processing ofljdieyond this new block
of length px shifts earlier some portion of the schedule beyond thiskbldctotal of
length(1— a)px is deleted, and so the end of the schedule is sh{fteda) px time
units earlier by these deletions. However, the net effeth®ithanges prompted by
reaching thex-point of jobk does not shift any portion of the schedule earlier. This
allows us to conclude, for example, that the schedule ishiEassince each jolx
starts no earlier thary before the modifications, and hence must start no earlier tha
rg after them. Furthermore, we also see that as we modify thedsiid, when we
find ana-point of jobk in the schedule, it must currently correspond to a time that
is at leasCi(a). Thus, we are scheduling the nonpreemptive block for edgkk jo
to start no earlier tha@y(a). Finally, the jobs are processed in this schedule in the
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same order as their-points ino. We have constructed a scheddlén which the
jobs are processed in the same order as, iand no jolk starts befor&€y(a). Since
o is the minimal nonpreemptive schedule that is consistetit thiese constraints,
we see tha€ < C, k=1,....n.

We now analyze the schedufeup to the completion time of jolp. Each time
interval on the ticker tape after these operations cormedpto one of the following:

e trueidle time (i.e., in the preemptive schedalenot omission time): these add
up exactly toR(a) since we have not altered true idle time.

e processing time: the jobsthat are processed @by timeéj are exactly those
that reach theio-point in o no later tharC;(a); in terms of the notation that
we have set up, this is equivalent to writing tfafa) > a. Hence this total is

equal toy kg, (a)>a Px-

e omission time for each jok that has reached its-point in o by timeC;(a)
(including j itself): for each jobk, we replaced the first px times unit of its
processing by omission time (here all of this time occursriad the processing
of j); hence this total§ g, (o)>a O Pk-

e omission time for each jok that reaches ita-point in o after timeC;(a): in
this case, considering just the part of schedilgp to CJ-, only the fraction
Bk (o) of the processing di that precede€;(a) is replaced by omission time;
hence this contributes a total Bf.g, (o) <a Bk () Pk-

This yields

Ci=Ro)+ Y B@p+l+a) Y pe
k(@) <a k(@) >a

Applying Lemma 4.28, we see that this can be written as

Ci=Ci(a)+ Y (1+a—Bu(a)px.
k:B(a)=a

SinceC; < C;j, for any given choice oft

Ci<Cj(m)+ H (1+0a—Pk(0))p«.
k:Bk(a) >0

This completes the proof of the lemma.

This also has the following immediate consequence.

Corollary 4.30. In the nonpreemptive schedudejob j completes by time

C;<Cj+ z (1+a—Bk)p-

kiBx=a
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Here, G is the completion time of job j in the preemptive schedule

Proof. From Lemma 4.29,

G < Gl 3 (B
KBy (o
Cj(o) + Z (Bk* Br(@))pe+ > (I+a—PB)px
k:Bk(0)=a k:Bk(a)=a
The second term in this last expression corresponds to wark dn jobs between
C;(a) andCj, and hence the sum of the first two terms is at nigst

It is now just a straightforward calculation to compute ampepbound on the
expected completion timg[C;] of job j in o: for any probability density function
f(x), we can compute the expectatlon of the upper bound justetkriv

Theorem 4.31.1f a € (0,1] is selected according to the probability density function
f(x) = €/(e—1), then for the nonpreemptive schedaleE[Cj] < ;% C;j.

Proof. We can boundE|[C;] by integrating the bound in Corollary 4.30. Note that
o appears in two ways in the bound of this corollary: in fher a — Bx) pk term,
and in the fact that we need that< (x for any jobk that contributes to the bound.
Alternatively, for each jolk, we can focus on those such thar < . Hence, we
have that

n Bk
EC| <G +k;pk/o F(o)(1+a — Bda

Straightforward calculus (if one recalls that integrati®) yields €*(x — 1)) shows
that

/ F(X)(1+x— B)dx= il
Hence, sinc&}_; pkBk < Cj by Lemma 4.28,
_ 1 2 e
E[Cj] < to1 Z Gj.

The expectation of the total completion time is, by lingaoit expectation, within
afactore/(e— 1) of the total completion time of the preemptive schedul# we ap-
ply this randomized conversion to the optimal solut@ifor 1|r;, pmtrj 3 C; found
by the SRPT rule, we see that the expected total completizanis at mose/(e— 1)
times the preemptive optimum. The preemptive optimum ispofse, a lower bound
on the nonpreemptive optimum and hence we have obtainedltbeiing theorem.

Theorem 4.32. The randomizedx-point algorithm which drawsa according to
the density function in Theorem 4.31 provides an online oamded ¢(e— 1)-
approximation algorithm for the probledir;| 5 C;.



4.9. Approximation algorithms for 1Jr;| 3 C; 35

There are a few immediate implications of this result. Nd&iat tve have con-
structed a nonpreemptive schedule of total completion tiritien a factor ofe/(e—

1) ~ 1.58 of the preemptive optimum. This places a limit on the poofgsreemp-

tion: by allowing preemption, we can improve the objectiuadtion by at most a
factor of 158. As this argument does not depend on our ability to solegthemp-

tive problem in polynomial time, the limit on the power of praption is the same
for the total weighted completion time objective.

Many people are troubled at first by the fact that our focus jppr@ximation
algorithms is in order to be guaranteed that the result isigand yet now we only
know that it is expected to be good. While that is true, it isamant to realize that
this theorem says th&br every inputwe are assured that the expected result will be
good, and the source of randomness is merely the coin tosedsy the algorithm.

However, one can convert this randomized algorithm into tardgnistic algo-
rithm (provided we are considering off-line algorithms, as we can see the en-
tire input in advance). We now just compute the minimal sckted which the
jobs are ordered consistently with theirpoints. (That isC; = r1+ pp andCj =
max{Cj_1,rj}+ pj.) Since we have shown that by choosingn this random man-
ner, thea-point algorithm delivers a schedule with expected obyediinction value
within a factor of 1.58 of the optimum, then there must exishea with the prop-
erty that if thata is used, then that schedule has objective function valueirwa
factor of 1.58 of the optimum. So, if we could computecafor which thisa-point
algorithm would deliver the best solution, then the schedolind must be within a
factor of 1.58 of the optimum.

If we consider the schedule constructed for various valfies the schedule only
changes when the order in which the jobs reach thgipints in the SRPT schedule
o* changes. This can only happen when there exists some jolistpatempted
when exactly am fraction of its processing has been completed. Recall that &
job is only preempted if another job arrives whose procestsine is shorter than the
remaining one of the current job. In particular, there ammastn — 1 preemptions.
Hence there are at mosipotentially critical values oft, and we can compute these
critical values directly frono™*. If we run thea-point algorithm for all of these values
of a and take the best schedule, then we have deterministiaaityated a schedule
within a factor of 158 of optimal.

Theorem 4.33. The besti-point algorithm is a (deterministic}®; -approximation
algorithm for the problem|rj| 5 C;.

The only reason that the same approach does not lead to apxapation al-
gorithm of the same performance guarantee fof| ¥ w;C; is that its preemptive
relaxation 1rj, pmtri 3 w;C;j is NP-hard (see Theorem 4.13). We will therefore dis-
cuss a similar conversion technique that starts from ano#fiiciently computable
preemptive schedule in the next section.

Exercises
4.36. Prove Theorem 4.25.
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4.37. Show that no deterministic approximation algoritemir;| ¥ C; that works
online, can have a performance guarantee smaller than 2.

4.38. Use Yao’s minimax principle to show that no randomiapdroximation algo-
rithm for 1|r;| 3 C; that works online, can have an expected performance gearant
smaller thare/(e—1).

4.10. Mean busy times revisited & approximation algorithms ér
1rjl > wiC;

For nonpreemptive schedules, the mean busy time of eachigod mere translation
of the completion time byp;/2. But it is also interesting to consider mean busy
times for preemptive schedules. Ugft) = 1 if job j is in process at time, and

0 otherwise. The functioly is called theindicator functionof job j in the given
schedule. Because the schedule is feasiblepjalinits of work for each jolj are

processed, that is,
+00
/lﬂmzm
0

Consider again the 2-dimensional Gantt chart, and thepretation thatp(j)
specifies the holding cost of jojoper unit of unprocessed work. Consider the curve
defined by the functioiV(t), introduced in Section 4.1, which is piecewise linear;
each piece corresponding to the (partial) processing ofjjblas slope—p(j) =
—w;/p;j. As we have already seen, the area under this curve corspothe total
cost of holding the inventory over the planning horizon. Vém decompose this
area by breaking it into horizontal trapezoidal pieceshe#avhich corresponds to
a unique jobj being (partially) processed for an interJals]; see Figure??. The
area in this trapezoid is

4
p(i)(s —9)($+9)/2= [ plitat

and so the total area in all of the trapezoids correspondinds o p(j)t!1j(t)dt.
This is the total cost of holding jopover the planning horizon; this is equivalent to
w; timesM;, themean busy timef job j, where

1 /=

W:—/ImmL (4.13)
Pj Jo

Note that this is the natural extension of the definitiorivhfin the nonpreemptive

case. Thus the mean busy tirg is the average time at which the machine is
processing jolj. Even in this preemptive setting, if we It denote the start time of
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job j in a given schedule, we have
1 1
Sj—O—EijMjﬁCj—épj, (4.14)

where each of these inequalities holds with equality if anlg @ job j is processed
without preemption.

The interpretation of ;w;M; as the area under the cuMét) leads to an easy
extension of the ratio rule to solve the problem; lpmtri ¥ w;Mj. Intuitively, this
area is made small by having the curve descend to 0 as shaglysaearly as pos-
sible. In other words, consider tipgeemptive ratio rule at each moment in time,
among all available jobs choose a jpfor which the ratiow; / pj is maximum. Thus,
we need preempt a joponly when a jolk with a bigger ratio is released.

We can prove the optimality of the preemptive ratio rule byrdarchange argu-
ment. Suppose that the schedaleroduced by the algorithm is not optimal, and con-
sider an optimal schedul&* whose earliest difference fromis as late as possible.
Suppose that the two schedules agree up totjraewhich pointo* processes jolp,
whereaso processes jok. Of course, this means that has not completed work
on jobk at timet, andk must still be processed later, next starting at some time
Consider these two fragments of processing jobs,jjatx and jobk att’ in *, and
suppose that the jobs are processed in time peftods d) and [t’,t’ + d), respec-
tively, for somed > 0. Both jobs have been releasedtbgnd so we could swap the
processing od time units of the two jobs. By the preemptive ratio ryék) > p(j).
However, since the objective function value is the area utid8\V(t) curve, we see
that unles(j) = p(k), this interchange will improve the objective function valu
which contradicts the optimality af*. But if p(j) = p(k) then this interchange pro-
duces another optimal schedule, but one for which the ratoagrees even longer
than foro*. This contradiction yields the following theorem.

Theorem 4.34. A schedule is optimal fot|rj, pmtri ¥ w;M; if and only if it is a
preemptive ratio rule schedule.

In the previous section, we saw that the fact thaf,Jomtri 5 C; could be solved
in polynomial time led to a good approximation algorithm fhe nonpreemptive
variant. Next, we will see that Theorem 4.34 provides a siméngine for the
weighted extension. In fact, it might seem natural to take gblution provided
by this algorithm, and then process the jobs nonpreemptinethe order in which
their mean busy times occur. Unfortunately, this algoritthoes not perform well
(see Exercise 4.40). Instead, we will use the second tegarofjthe previous sec-
tion: we will consider a randomized approach to convertirggreemptive ratio rule
schedule to a nonpreemptive one.

In fact, we will consider a somewhat more flexible algorithwmijch we call the
randomizedy -point algorithm

(1) compute an optimal schedule fdr 1 pmtri 3 w;Mj;
(2) for j=1,...,n, picka; independently and uniformly at



38 4. Weighted sum of completion times

random from the interv&l0, 1J;

(3) for each jobj, compute it j-pointCj(a)

in the optimal preemptive schedule;

(4) schedule the jobs nonpreemptively in nondecreasingrafitheir
aj-points, always scheduling the next job as early as possible
(subject to this ordering constraint).

As we did in the previous section, our analysis of the alpariis more general
than we need for deriving an approximation algorithm; we shilow that given any
preemptive schedule in which jobhas mean busy timklj, the expected value of
> w;C; for the schedule produced by this algorithm is at mdg{ & (pj/2+ M;).

We start with an easy observation, that follows directlyrirtine definition of the
mean busy time: choosireg uniformly in (0, 1] is just a rescaled version of choosing
a time uniformly within(0, p;].

Lemma 4.35. If a; is selected uniformly at random {9, 1], then ECj(a;)] = M;.

Let Cj denote the completion time of jopin the schedules produced by the
algorithm. Note thaC; is a random variable, since the ordering depends on the
random choicesj, j = 1,...,n. Nonetheless, we can write tf@f = P; +R;, where
the random variableB; andR; are, respectively, the total processing and total idle
times prior to the completion of jopin the schedule.

Lemma 4.36. The randomized-point algorithm produces a schedule that, with
probability 1, has R < Cj(aj), j=1,...,n.

Proof. We will show that forany realization of the valuesj, j =1,...,n, the
machine is never idle within the time intervd@;(a;),C;J; clearly, this implies the
lemma. Any jobk that is processed prior to jopcan have its release date no later
thanC;(aj) (since it has reached its.-point by then). Suppose that there was idle
time in the intervalC; (aj),C;]; this must be due to the fact that the next job in the
ordering is not yet released, but this is impossible, sitigelas processed before

have been released by this point.

Next we analyze, for each jop the total timeP; the machine is busy prior to the
completion ofj.

Lemma 4.37. The randomized j-point algorithm produces a schedule for which
E[Pj] < pj+M;.

Proof. Focus on a jolj; each job is processed prior to its own completion, and so
we see that

E[Pj] = pj + ; Pr[k precedeg in the schedule] px.
k#]

In order to analyze the summand, we first fix a vaiue (0, 1], and condition on
the event thatr; = a. This fixes thenj-point of job j at some timé. Once we have
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done this, itis easy to compute the conditional probaliitigt jobk precedes joh; k
precedeg if and only if ay is chosen such th&(ay) is at most. If we let By denote
the fraction of jobk that is processed in the preemptive schedule prioy tioen the
probability thatCy(ay) is at mostt is exactlypx. Note that this uses the fact that
eachay is chosen independently af;. Thus, 5, .; Prlk precedeg inc|aj = a] =
Ykj Bxbk- But this is exactly the total processing done priot (o the preemptive
schedule) on jobs other thgn and hence is at most= Cj(a). Thus,E[Pj|aj =
a] < pj+Cj(a).

Taking the expectation over all such choiceand applying Lemma 4.35, we see
thatE[Pj] < pj+M;. O

It is now a simple matter of putting the pieces together tainbthe following
theorem.

Theorem 4.38. The randomized j-point algorithm is a randomize2approximation
algorithm for1jr;| ¥ w;C;.

Proof. LetC}, j =1,...,n, denote the completion times in an optimal schedule for
1|rj| 3 w;Cj. This implies that the mean busy times for this schedul&Care p;/2,

and hence the preemptive ratio rule produces a schedulesvahean busy timeld;,
j=1,...,n, satisfy the inequality

n
Z i(Ci —pi/2).

HM:

]

However, the randomized;-point algorithm produces a schedule with completion
timesCj, j =1,...,n, such that, by Lemmata 4.36 and 4.37,

n n

n

WMJ

which concludes the proof of the theorem.

Note that the randomized;-point algorithm works online. One can also deran-
domize it to obtain a deterministic 2-approximation alguri; however, for this we
need to see the entire instance in advance, and so it doesonobwine. We con-
clude this chapter by describing a (deterministic) onlitgoathm that produces a
solution that is within a factor 2 of the offline optimum.

Thedelayed ratio ruleworks as follows: At timd, let j be an available job with
highestw; /p; ratio. Ift > p;, then start jobj. Otherwise, do nothing until either
time p; or a job with better ratio is released, whichever comes first.

Let ap be the schedule returned by the delayed ratio rule. As argr ddasi-
ble nonpreemptive schedule fojril S w;C;, oo can be decomposed into blocks of
consecutive jobs and idle time between the blocks. For thdéysis, it will suffice
to look at an arbitrary block. Ldtbe the instance defined by the jobs in one such
block, and leto be the restriction 06g to |. We define another instan¢efrom |
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by changing the release dates of all jgkia | to r’j = min{S;,2r;}, whereS; is the
starting time of jobj in the schedules. Moreover, we add a new jobto I’ with

re =0 andpx =1, wheret; = min{S; : j € | }. In order to definav, let us consider
the situation inog right before timet;, when the machine was idle (unldss= 0, in
which case we sati = 0). This idle time can be caused by either the fact that no job
is available or the jolln with the currently highest ratia, / py is delayed because of
pr > 1. If hbelongs td, we definen = whpk/ ph; otherwisewy, = 0. In either case,
we have

ZWJ‘ Pj > Wicpx- (4.15)
IE

Finally, leto’ be defined frono by assigning jolk to the time period0,t).

Lemma 4.39. The schedule’ is an optimal preemptive schedule for the instarice |
and the weighted mean busy time objective.

Proof. According to Theorem 4.34, we only need to show tbaprocesses at
any pointt in time a job with the highest ratio among all the jobs that rawe yet
completed. We distinguish two cases.

In caset < t|, @’ is currently processing jok Suppose there is another jpke I’
available at that time; i.er; < rﬁ <'t. Jobj is not started inog before timet,,
SOWh/pn > Wj/pj. If hel’, thenwy/px = Wh/pn, andk is a job of highest ra-
tio available at time. If h ¢ I’, the algorithm did not wait until time, before it
started processing other jobs. By the definition of the dmlawtio rule, this implies
W;j/pj > Wh/pn for all jobs j € 1, a contradiction.

In caset > t;, suppose that jolb is processed at timeand job j is available.
Hence,r’j <t < S+ p <2S. The last inequality follows from the fact that the
delayed ratio rule only starts a job after its processingtivas passed. Singaloes
not start at its release ting, we haver| = 2r;. Thereforerj =rj/2<§, andj was
available when jolh was started. Hencey; /p; > w;/p;j. O

Let o* be an optimal preemptive schedule for the instahead the weighted
completion time objective. We denote the mean busy timescantpletion times
of ajob j in a scheduleat by M}T andC}T, respectively. The following equations are
easily verified:

1
wiCf = wiM? + = § wipj, (4.16)
o1
ZW]M? = Z WjM? — EWkpk, (4.17)
Je jel’
* K 1
wiM¢§ < wiC% — = S w;p;. (4.18)

From the preemptive schedute we define a “pseudo-schedule” by letting the ma-
chine process all jobs at half speed. That is, if a fractiofobfj was previously
scheduled in the intervah;,b;), it is now scheduled irf2a;,2b;). Consequently,
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the mean busy time of each job increases by a factor of 2. Vdepatess jolk at

half speed from time 0 tot2 This pseudo-schedule satisfies the release dates of the
instancel’, and we use it to derive a feasible preemptive schedufta I’ with no
further increase in any mean busy time. We can now put thepitgether:

1
Wqu (4':16) Wng—F* W; Pj

. 1
@10 > WMy — 5 WPt 5 ZijJ
jel’ Jje

5 1 1
Lemma 4.39 MO _ = ‘N
n j;WJMJ > WPkt 5 j%WJPJ

el’

1
< 2 Wng*Jr* Wi Pj
J% ] ij
“19 2Zw,-cj° -5 ijp,-+§w;<pk
JE IB

(4.15) 2% wiCo
J .
< J; i
Theorem 4.40. The delayed ratio rule is a deterministic onliBeapproximation al-
gorithm forl|rj| > w;C;.

Exercises

4.39. Define the mean busy tinMs of a subseS C N of jobs as the average point
in time that the machine is busy scheduling a job frEBnShow thaty jcspjMs =
2jesPiM;.

4.40. Give an example forld;| 5 w;C; that shows that scheduling the jobs nonpre-
emptively in order of nondecreasing mean busy times in thiengpp preemptive ratio
schedule can lead to a schedule that is arbitrarily worsetti@optimal one.

4.41. Prove that the preemptive ratio rule is a 2-approxonatlgorithm for
1|rj, pmtry 3 w;C;j. Show that this analysis is tight.

4.42. Give an example that shows that the randomigeploint algorithm can return
an exponential number of different schedules.

4.43. Use the method of conditional probabilities to decmide the randomized
aj-point algorithm.

Notes and references
4.1. Smith’s Ratio RuleThe ratio rule is, of course, due to W. E. Smith (1956). The
observation

given two nondecreasing sequences of numlagrs,ay < --- < apandb; <bhp, <
-+ < bp, the permutatio = (n,n—1,...,2,1) minimizeszrj‘:laj bc,(j) among
all permutations of1,2,...,n)
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used in the alternate justification of the SPT rule, appeatsairdy, Littlewood and
Polya (1966). Two-dimensional Gantt charts go at least addak as Eastman,
Even and Isaacs (1964). Goemans and Williamson (2000) shthae many results
in single-machine scheduling have a simple and intuitivengetric justification us-
ing 2D Gantt charts. Mean busy times were introduced by Goasm@ueyranne,
Schulz, Skutella and Wang (2002) in the context of lineagpmmming relaxations
and approximation algorithms foifr}| ¥ w;C;; see Sections 4.5 and 4.10 for further
details. Exercise 4.3 is due to Goemans and Williamson (R0UBe equivalence
in this exercise was shown by Chudak and Hochbaum (1999)fanthe case all
pj = 1, von Arnim, Faigle and Schrader [1990].

4.2. Preference Orders on JobsWhen Smith (1956) defined a preference order,
he did not require the relation to be transitive. This hasctiressequence that there
might not exist a total order consistent with the relationowdver, for relations
for which there does exist a consistent total order, Smitlenition and the one
given in this section are equivalent. Jackson (1955) shawatlithe earliest due
date rule is optimal for [L|Lmax. The total weighted discounted completion time
criterion was introduced by Rothkopf (1966). The least faslt detection problem
was studied by Boothroyd (1960), Mitten (1960]), Mankekad aitten (1965),
and Garey (1966), among others. Monotone cost densityibumsctvere introduced
by Lawler and Sivazlian (1978). The cumulative cost probleas formulated by
Addel-Wahab and Kameda (1978) and generalized by Monmaj198

4.3. Preference Orders on Sequences and Series-Parallel PeeacedConstraints.
Monma and Sidney (1979) introduced the notion of prefereglegions on sequences.
Parallel-chains precedence constraints were treated byw&e Maxwell and Miller
(1967). Horn (1972), Adolphson and Hu (1973), and Sidney %) @ave algorithms
for tree-like precedence constraints. Lawler (1978) presktthe @nlogn) algo-
rithm for series-parallel precedence constraints. Goenaaxa Williamson (2000)
used 2D Gantt charts and linear programming duality to givaléernative proof
of correctness of Lawler’s algorithm fordred y w;C;j. The equivalent characteri-
zation of series-parallel partial orders in terms of a fddain substructure is due to
Duffin (1965). Valdes, Tarjan and Lawler (1982) gave a listaae algorithm that
recognizes series-parallel partial orders and creates@msition tree.

4.4. NP-Hardness of Further Constrained Min-Sum Problenie strong NP-
hardness of [t;| 3 C; was established by Lenstra, Rinnooy Kan and Brucker (1977).
The proofs presented here for this result and the NP-hasdvfelr j, pmtrj 3 w;C;

are due to Lenstra. The latter result was originally obwibg Labetoulle, Lawler,
Lenstra and Rinnooy Kan (1984). Lawler (1978) showed thateld  w;C; is NP-
hard, even if either allvj = 1 or all p; = 1. The proof of Theorem 4.15 follows that
of Lenstra and Rinnooy Kan (1978).

4.5. The Ratio Rule via Linear Programmind.he parallel inequalities were con-
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ceived by Wolsey (1985) and Queyranne (1993), who also sthdhet these in-
equalities completely describe the convex hull of feasdampletion time vectors
for 1| | Y wjC;j. The relationship between Smith’s ratio rule and optimgzinlinear

function over the polyhedron defined by the parallel ineijeslis laid out further in

Queyranne (1993) and Queyranne and Schulz (1994). Theatigmaalgorithm for

the parallel inequalities discussed in Exercise 4.21 apgea Queyranne (1993).
The “shifted” parallel inequalities in Exercises 4.22 an@34were introduced by
Queyranne (1988).

4.6. Approximation Algorithms fot|pred S w;C;. Hall, Schulz, Shmoys and Wein
(1997) devised linear programming based approximatioordlgns to yield the
first constant performance guarantees for a variety of minirsum single-machine
scheduling problems, including Theorem 4.16, and gaveitit €xamples asked
for in Exercise 4.26. Potts (1980) suggested the integgranming formulation in
o-variables, and Wolsey (1990) showed that any feasibldisalto its linear pro-
gramming relaxation satisfies the parallel inequalitied precedence constraints,
which implies Corollary 4.17. A family of instances provitby Chekuri and Mot-
wani (1999) demonstrates that the integrality gap of thisdr programming relax-
ation is essentially 2 (Exercise 4.27). The first part of Eiezr 4.24 is due to Peters
(1988) and Nemhauser and Savelsbergh (1992). Potts (188@kd that the linear
programming relaxation of his integer programming forntiolawith the transitiv-
ity constraints dropped can be used to obtain an alterndtivivation of Smith’s
ratio rule, which corresponds to the second part of thisaser 2-approximation
algorithms for 1pred y w;C; that do not rely on solving a linear program were pro-
posed by Chekuri and Motwani (1999), Chudak and Hochbau®9(1@nd Margot,
Queyranne and Wang (2003).

4.7. Sidney Decomposition$he concept of Sidney decomposition is, of course, due
to J. B. Sidney (1975). The proof of Theorem 4.18 presentegifés adapted from
Correa and Schulz (2005). Chekuri and Motwani (1999) and®taQueyranne and
Wang (2003) observed that each sequence that is consisthra idney decompo-
sition is within a factor of 2 from optimum. The 2D Gantt chilstration of this
fact is due to Goemans and Williamson (2000). Correa andI3¢2005) noted that

all known 2-approximation algorithms are of this type. Exee 4.30 is based on an
observation by Margot, Queyranne and Wang (2003).

4.8. An Integrality Theorem for Series-Parallel Precedence €@ints. This sec-

tion is largely based on Correa and Schulz (2005). Chudak-othbaum (1999)
suggested to drop all transitivity constraints associatigh triples of unrelated jobs
from Potts’ linear programming relaxation. They observeat the resulting linear
program is half-integral and can be solved by a min-cut cdatppn, and used this
insight to develop a combinatorial 2-approximation altfori for the single-machine
problem with general precedence constraints. Two-dino@asipartial orders were
introduced by Dushnik and Miller (1941), who also provedtthgartial order is



44 4. Weighted sum of completion times

two-dimensional if and only if it has a nonseparating lineatension. The first
polynomial-time recognition algorithm for 2D orders wasgented by Pnueli, Lem-
pel and Even (1971). Exercise 4.32, which is needed to camgie proof of Theo-
rem 4.24, is based on a conjecture by Correa and Schulz (20@5)as proved by
Ambuhl and Mastrolilli (2006).

4.9. Approximation Algorithms fol|rj| 5 C;. The optimality of the SRPT rule for
1jrj, pmtri 3 C; was shown by Baker (1974). Phillips, Stein and Wein (1998) in
troduced the idea of scheduling jobs in order of their pre@mpgompletion times
into the design of approximation algorithms. Theorem 4.2®igs to them. The
lower bound of 2 on the performance guarantee of any deteticironline algo-
rithm is due to Hoogeveen and Vestjens (1996). Chekuri, MatywNatarajan and
Stein (2001) presented the randomizegoint algorithm and proved Theorem 4.32.
Goemans et al. (2002) showed that the sample space of thistaig is Q'n), which
makes the straightforward derandomization possible. Dmsteuction of a match-
ing lower bound on the performance guarantee of any randahuonline algorithm
can be found in Vestjens (1997).

4.10.Mean Busy Times Revisited & Approximation Algorithmslfoy| 3 w;C;. The
randomizedx-point algorithm was suggested by Goemans et al. (2002)y d@lse
showed that drawing the;j’s according to a truncated exponential distribution re-
sults in an expected performance guarantee@f.1Working with the sama for all
jobs complicates the analysis, and the best density fuméiimwn leads to an ex-
pected performance guarantee of3. Theorem 4.40 is due to Anderson and Potts
(2004). The proof presented here follows an interpretdiioSitters (2005) of a sim-
plified proof suggested by Queyranne (2002). Exercises 4.392 and 4.43 are from
Goemans et al. (2002). The tight example sought in Exerciskbwas presented by
Schulz and Skutella (2002). Therein, they also proved tipeupound, which is due
to Goemans, Wein and Williamson (1997).



