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Outline

-

o Framework : radar detection using an array of sensors.

a Generalized Likelihood Ratio Test for detecting a signal
whose signature is subject to uncertainties.

a Analysis of the detectors (which involve the ratio of the
largest eigenvalue of a Wishart-type matrix to its trace).

a Concluding remarks.
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Radar detection

f a A fundamental task of any radar is to detect a target T
against a background of noise.

o Consider an airborne radar aimed at detecting a moving
target on the ground.

P
/% y

x |

SEA0B@MIT — p. 3/39

o

O. Besson, L. L. Scharf, S. Kraut




Radar detection

- N

o The radar send a series of pulses and receives the
various echoes (clutter + target).

o Within each pulse, the received signal is decomposed in
range cells which correspond to the echoes at a given
distance of the radar.
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Radar detection

- N

o If an arrays of sensors is used in reception, we have the
following datacube organization of the data:
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Radar detection

- N

o If atarget is present at given direction of arrival (DOA)
and velocity, the emitted waveform will undergo

e a phase shift from pulse to pulse (Doppler effect);
e a phase shift from antenna to antenna (propagation).
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Radar detection

- N

a The space-time signhature (steering vector) of a target is a
known function of its DOA and velocity.

a The clutter is a random (for the sake of mathematical
tractability Gaussian) space-time process whose
statistical properties are function of the nature of the
ground, the geometry of the array.

a The basic problem is to detect, in a range cell under test
(CUT), the presence of a target with known space-time
signature, in the presence of noise.
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Radar detection

f o If the noise covariance matrix M is known the optimal T
detector has the following form:

o Matched
Whitening filtering

r=as+n Hy
— M P 2
Hy

M~1/2q
(aHMfl/Qa)l/Q

o« When M is unknown, it can be inferred from range cells
adjacent to the CUT, assuming that the noise in the
adjacent cells shares the same statistical properties as
the noise in the CUT.
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The (usual) detection problem

-

a The problem consists of deciding between the two
hypotheses

-

x(t) =n,(t); t=1,--- | N, primary data
y(t) =ny(t); t=1,---, N secondary data

H o x(t) =as*(t) +ny(t); t=1,--- ,N, (a: steering vector)
- \y(t) — ns(t)a t=1,---,Ng
o Welet X = |(1) --- a(N,)| and
Y = {y(l) y(NS)} be the primary and secondary

u:lata array. J
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Thedetection problem considered heren

- N

a We consider a situation where there exit uncertainties
about the actual steering vector, due e.g. to uncalibrated
arrays, pointing errors, wavefront distortions.

o To account for these uncertainties, we assume that a
belongs to a known p-dimensional subspace spanned by
the columns of the m x p matrix H.

e The noise vectors n,(t) and n,(t) are proper zero-mean
Independent and Gaussian distributed with

E{ns(t)n (1)} = M; E{n,(t)n) ()} =M

p
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Thedetection problem

-

e X and Y are independent random matrices with
distribution

( -
X ~ Nm,Np (,LLI{HSH7 ()41\4'7 INp)
Y ~ N, (0,M, I,

with ¢ = 0 under Hy and . = 1 under H;.
o We consider two cases : M known and M unknown.

e In either case, 6, s and o« are unknowns.
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GLRT - M known

- N

o The probability density function (p.d.f.) of X is given by

e—Tr{oz_l (X-pHOsH)" M~ (X—pHOsH) }

X:a,M,0, s Hy,) =
I [H,) amNp qmNy | M |VP

a The generalized likelihood ratio test (GLRT) is given by

maxa M.6,s f(X;Cv,M,H,S‘Hl) Iil
maxXq,n f (X5 o, M |Hy) s !
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GLRT - M known
L -

o Maximizing over the unknowns yields

Amax { (H'M™'H) " H'M7 XXM~ H} g,

=
T {M XX o
)\max {PM—1/2HM_1/2XXHM_1/2} Hy
& Z 1
Tr {M—1/2XXHM—1/2} H,

a The detector performs whitening, looks for a preferred
direction in the whitened subspace R (M‘”QH) and

compares the energy along this direction with the total
energy.
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GLRT - M known

- N

a In contrast to a matched subspace detector, the estimated
signal is constrained to lie on a line in R (M‘WH):

v _

M-Y2Ho

R (M V2H)

o The matched direction detector involves the ratio of the
largest eigenvalue of a Wishart-type matrix to the trace of
a Wishart-type matrix.
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Adaptive detection - M unknown

- N

e When M is unknown, the exact GLRT is difficult to obtain.

a A simpler (and widely used) method consists of replacing
M by its estimate obtained from secondary data, viz
M = N'S, with S =YY",

a This yields the adaptive matched direction detector

Amax { (HS™'H) ' H"S™ X X"S™'H | i
Tr {S~1X X1} 5°¢
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Detector’s analysis
f o From a radar point of view, it Is important

e to have constant false alarm rate (CFAR) detectors (so
that the threshold can be set independently of the
nuisance parameters);

e to obtain the distribution of the test statistic under H,
In order to avoid extensive simulations.

= need to derive the p.d.f. of the test statistic under H,.

a A bonus is to have this p.d.f. under H; also, so as to
obtain analytically the probability of detection P, (usually
more complicated).
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Matched Direction Detector’s analysis

- . .
o Let M'?H = QR = {Ql Q2} 1;1 and let

X — &—1/2QHM—1/2X _ X p|Np

_XQ_ m—p|Np
0

—1/2 bz i
m,N, | Ho / S ,Ip,INp

~

Y

These transformations perform whitening and rotation on
the first p components.
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MDD’s analysis
B

o The test statistic can be rewritten as

B )\1/t1 B a B
N 1+ t9/tq B 1+ f B

where Ay > Ay > -+ > Aningp,n,) are the eigenvalues of
X, X\t =Tr {lecf } and t, = Tr {5@5(5 }.

o To obtain the p.d.f. of ¢ = ab under H,, we’ll show that a
and b are independent, and derive the respective p.d.f. of

L a and b. J
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MDD’sanalysisunder H,

- N

a Since t; and ¢, are independent chi-squared distributed
rv.,, b =1/(1+ f) has a beta distribution:

['(mN,)
(PNp)T((m = p)Ny)

o Letzy, =t '\ fork=1,---,p(p < N,) denote the
normalized eigenvalues and let us define

fB(b) = : pPNe =L (1—p) PN )< p< ]

3 _— _—

)\:[)\1 N 5 A =diag ()

1T T

 nota:z, =1- P 2 o
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MDD’sanalysisunder H,

-

a The p.d.f of A is [James64]

fA) = C e AP V()

o« Making the change of variables, the p.d.f. of (¢1,2) Is

f(t1,z) = [(11)[f(z) with

N,—1 _
t]fp etl

; Z
F(Z?Np)

V(z)]

ft) = f(z) =CT(pN,)

~ )Np—p

where Z = diag (2).
L o Therefore t; and z; = A\ /t; are independent. J
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MDD’sanalysisunder H,

- N

a The p.d.f. of a = z; could in principle be obtained as

f(z1) = CT(pN,) / / [T " T sz - oy

“p—1 k=1 k<t

where the integration is over the domain
0<z, <z 1<...<zn<landz,+z,1+...+ 2 = 1.

a For p = 2, there is no integral and

f(z1) = CT2N,)2" (1 = 21) 72 (221 — 1)%;
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MDD’sanalysisunder H,

. N

orp=3
Np—3

f(z1) =C" 7 /zé\’p_3(1 — 21 —22) VP73 (21 — 22)2(221 — 20 — 1)% (220 — 21 + 1)% d2o

22N

zZ9 = 21

N[ —

S
D[ =
—_
N

N
—
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MDD’sanalysisunder H,

- N

o Evaluating the integral yields for the pdf of a = z;
f(CL) — Cl (1 . a)QNp—i—laNp—S
X { [(2Np + 1)(2Np — 1)h*(a) — 6(2Np + 1)h(a) + 15] Bz(a)(g, N, —2)

H[1 — 2(a)] NP ~223/2(a) [2(2N, + 3)22(a) — 10] } ; <a<1

1
3

where

h(a) = (3"’ = 1>2, +(a) = min (1, h(a))

Il —a
and B, (a, b) is the incomplete Beta function.

e Forp >3 77?
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MDD’sanalysisunder H,

-

a Going back to our initial detector g = ab, its p.d.f is given
(for p = 2) Is given by

-

fate) = [ tawifs (2) =
1

= Cy g2Np—1/ 1 ZCNp_mNp_l(l . a:)NP_2(2:c . 1)2(ZC . g)(m—2)Np—1 do
ma’X(g7§)

= /fA (g) fB(il?)df

min(1,2g)
—Cag™r? | (1 — 2)M=DNo=1(3g _ 1)2(z — g)Nr =2 dg
g

o The detector is CFAR as f;(g) does not depend on any
nuisance parameter, viz o or M.

e The threshold can be obtained by integrating fz(g).
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MDD’sanalysisunder 4,

- N

o Under H,, notable complications:
e t; and \;/t; are no longer independent;

e the distribution of the eigenvalues is known when
E {X} Is a full-rank matrix (and not a rank-one matrix
as here).

o We were able to obtain the joint p.d.f. of (zl Zp_1)-
In the case p = 2, the p.d.f. of a = z; IS given by

_ P@Np—1) et o V=2 (9, _
fa(a) = TN, D) o a (1—a) (2a — 1) x

L with w1 = a1 (sH s)(6" ). J
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Synthesis
B

a So far, we were able to derive the p.d.f. of
a = Amax {8} /Tr {8} when S ~ W, (N,, X) is a Wishart
matrix, in the case p = 2 and p = 3.
a Some open questions :
e Can the p.d.f. of a be obtained for any p?
a Is there a simpler (e.g. asymptotic in NV,,) analysis?
a These p.d.f show that the detector has a constant-false

alarm rate (CFAR). Hence, the threshold can be set
theoretically without resorting to extensive simulations.

a Only for p = 2 were we able to derive the p.d.f. of a under
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Adaptive MDD’s analysis

fq The AMDD is given by T
Amax { (HS™'H) ' H"ST' XX"S™'H} 1,
=
Tr{S1X X"} 5°¢

o Similarly to the MDD, we define

D

X =a'"2Q"M '2X ~ N, | pa='/? st 1,1y,

~

Y = QHM_l/QY ~ Nm,NS (OaIma INS)
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AMDD’sanalysis

. N

he adaptive matched direction detector can be written as

-~ 1
A {SMNNH}

Tr {S‘SNNH} +Tr {F)

~ H~—-1 ~

where F' = X, S,, X, and

Sl_g ~ Wp (NS —m + P, Ip)

N‘Xg, S22 ~ ./\N/;),Np (/L(X_l/QéSH,Ip,INp + F)

F

f(F)=cC

F }INP —|—F|Np+NS
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AMDD’sanalysis
B -

o The AMDD is a CFAR detector; its p.d.f. under H, does
not depend on o and M : the threshold can be set
Independently of the noise statistics.

o The distribution of the eigenvalues of S™' X X* are
known when § ~ W, (n,I,) and X ~ N, ,(0,1,,1,).
Here, the columns of IN are not independent.

o Possible to use some recent results on correlated Wishart
matrices?
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Numerical examples

- N

o We consider a scenario with m = 10, NV, = 2 and N, = 20.

e p=dimR (H) = 2 and the presumed steering vector a
belongsto R (H).
o We consider three different situations
@ a=ac R (H):nomismatch.
e ata,acR(H):weletd=(M"?a, M~ ?a).
e aa,a¢ R(H):welety= (M '2a, M~'?H).
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Numerical examples

-

We compare the probability of detection of the three detectors

-

=
Tr{M'XX"} Ho

Amax { (H"S™'H) ' H"ST' XX"S™'H} 1,

Ty {S_1XXH} I?() Namdd (AMDD)
a?s ' xXX"s'a g

(@S 'a)Tr {8 XX} i, ot (GASD)

Nota: GASD = AMDD for p = 1.
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Probability of detection

Numerical examples
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Numerical examples

Probability of detection

a#a,a€cR(H). cosf =0.97.

o
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Numerical examples
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a#a a¢R(H

o
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Probability of detection
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Numerical examples
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Concluding remarks

- N

o We addressed the problem of detecting a rank-one signal
matrix, which belongs to a known subspace, in the
presence of Gaussian noise with known or unknown
covariance matrix.

a The detectors involve the ratio of the largest eigenvalue of
a Wishart type matrix to its trace.

a When the size of the subspace is small (p = 2, 3), It s
possible to obtain the distribution of such a statistic. For
larger values, this is still an open problem.
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