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[ I ] Stiefel manifold Vi, (k <m)

dEef{ K - frames inR™; k - frame = a set

of k orthonormal vectors in R™}
~={X(mxk); X'X=17}.

Dimension of V, , = km - %k(k +1) .



Ex: () o(m)=V,, :orthogonal group.
() v, :unit hypersphere ing™
( m=2 circle, m=3 sphere)

Applications in Earth Sciences, Medicine,
Astronomy, Meteorology, Biology.

(k =1: A large literature exists for analysis of
) directional statistics.

2<k<m<3 :{ vector cardiogram

orbits of comets. 3



[ 11 ] Grassmann manifold Gin. (K < M)

—h

Z { k - planes in R" i.e., k - dimensional
hyperplanes containing the origin
in R™}
To each “k - plane” €G,. , corresponds a
unique “M XM orthogonal projection matrix
P idempotent of rank kK" € P .

5 Gk = Bk
We carry out statistical analysison B ., . |,



Ex: G, ,,={axes or undirected lines through 0 }

Applications: in the signal processing of radar
with M elements observingk targets.
A rather new sample space.

We confine our discussion mainly on Vim
In the following.



| Il ] Population distributions
on Vin

1. Uniform distribution (normalized
invariant measure) [dX]

invariant under X — H, XH',
H, eO(m), H,eO(k).



[dX ]=(dX )/ [ (dx ), where the differential form

Vkm

m-k k — — —

(dX ) = J/\1/\1xk+,dx/\1x d x X, for X =(X"""X.)
! i< j 1

choosing Xt X St (Xl"' Xk Xk+1° " Xm) € O(m),

[ (@) =2"7"""*/T, (m/2), with

k,m

a-(k+1)/2 ((k-1)/4 £ :
[ (a) = L etr(-S)|S| (dS) =z MT(a-(i-1/2).

(multivariate Gamma function) 7



2. Matrix Langevin L(m,k;F) distribution
pdf f,(X)=etr(F'X)/,FF(m/2;F'F/4)
for F mxk matrix, w.r.t. [dX].
(- X 3N, (M;1,Z), with F=MZ7 | X'X =1,).
o L “hypergeometric function with matrix argument.
Exponential type distribution.

Parametrization of F=I'A®" (svd), where

I'eVi,, ©€0(k), and A=diag(4 - -4),

(with first row positive) ﬂ1 > > ﬁ« > 0.



Mode: X, =T0®'(eV,,) (.)etr(F'X)=etr(Al'' XO)
Concentrations: A (.)etr (F'X,) = etrA.
Assume rank F =k, unless otherwise stated.

F =0 (or A =0 ): uniform distribution.

Historical background:

k =1: directional disrtibution
‘'m = 2 von Mises distribution (1918)
m = 3 Fisher distribution (1953)

.

m > 2 Langevin (1905)

generalization by Watson & Williams (1956).



Matrix-variate
normal N . (M;X,,%,) distribution

Z(mxk) 5 N (0;1.,1,) if Z has the pdf

o™ (2) = (2x) ™ exp[tr(-Z'Z 1 2)]
i.e., all elements of Z arei.i.d.N(0,1).

Let Y 221/22 z]é/Z + M [|e,Z ZZIl/Z(Y _M )251/2 ]
for M(mxk), =,(mxm)>0, =, (kxk) >0,
then Y(mxk)+ N, (M;2,,2,) .
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Hypergeometric functions with symmetric
matrix argument.

Starting with F (S) =etr(S), for S Mmxm symmetric,

(Laplace transforms)

1 a—(m-+ . .
F—@S>Oetr(—8)|8| (M2 F (a0 @by by YS)(dS)
:p+1Fq (al' . apa; bl' - bq; Y)

qu(a:L. . ap1 bl. . bq1 S)

=> ¥ (&), '(ap)/l CZ(S)
=02h1 (), - .(bq)/l L .




where A = (|1, ,1.) ordered partition of |,

(I, > > >0, 2| )\

(@), = 1@—%) . With

(a), =a(a+1) - -(a+1-1), (a), =1
C,(S): zonal polynomial with mxm

symmetric matrix S.
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3. Matrix Bingham B(m, k; B) distribution
pdf f (X)=etr(X'BX) /,F,(k/2; m/2; B)

for B mxm symmetric matrix.
(- X~ Nm,k(O;Z, ), with B :—%21 | X' X =1,).
Exponential type distribution.
Parametrization of B =T"AI"" (sd), where
reO(m) and A=diag(4 A ) A== .
[ Multi-mode ['H, forl = (rlrz) with T (m X k)
3 and any HZEO(k)

Concentrations: A.




4. A general form of distributions

F(a--a; br--b; X'BX)
(@ ra,k/2; by --b,m/2; B)

pdf f.(X)=
for B: mxm symmetric matrix.

Ex: ,Fy(X'BX )=etr(X'BX),
Fo(b; X'BX)=| I, = X'BX |



5. Distributions with pdf
of the form f(P,X),

where [v: a subspace of R™ of dimension 0
<

P, - orthogonal projection matrix onto V'

Ex: (L(m,k; F =TA®"), with pdf oetr(F'X)

= etr(OAL'TT' X )=etr(F'P, X))

B(m,k; B =TAT"), with pdf o etr(X'BX)
=etr(X'TC'TAC'TT' X )=etr[(P,X ) B(P, X))
with (P, =TT"

Z
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|V . subspace spanned by the the columns of I.



6. A method to generate a new family
of distributions

Foran mxk random matrix Z,
7 Z(Z.Z)—l/z_ (Z.Z)llz _ I_IZ_-I-Z1/2
Sy \ ,

H2 2* (polar decomposition of Z).
H, eV, ,: orientation of Z.

What is the distribution of H;?
km /2
using (dZ )= )[dH ] (@@T,),

T
where (dZ ) (dT,): Lebesgue measures,

r.(m/2

[dH, ]: normalized invariant measure on Vim: 1



Ex: (i) When Z 5 N, (0;Z(mxm),1,), then
fo (H,) =S HZ 7 H, M5

Matrix angular central Gaussian [MACG(X)] distribution.
(MACG(I,) = uniform distribution)

(i) More generally,
when f,(2)=[= "% g(z's7Z )=z [ g(H'z'=72ZH) ,

for HeO(k),
then H, ~ MACG(Z)
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[ 1V ] Inference for F =T'A®’
of Langevin distribution

Let X,---, X, arandom sample from L(m,k;F)

n

X = ;1x /n, then the log-likelihood is

I(F; X,,---, X, )=n [tr(F X) log,F (m/2 A2/4)]
:n[tr H,OAT'H, X ) log ,F (m/2 A2/4)]
X, H", (svd), with H. 1 €V,

where X = H, X ,H",
X, =diag(x,---X. ), X >--->x, >0.

H, e O(k),
M.l.e.’s sz_l, ®=H,, and /A\:diag(/il---/{k)
8|090F1(m/2;[\2/4)_x i=1--,k. (%)

oA T :

where



| V] Asymptotic theorems In
Inference and disrtibution theory

for

(" large sample N

arge or small concentrations A
(near uniformity)

high dimension M
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[ V.1] Large sample asymptotics

Testing
”|-|O - A =0 (uniformity) against

H,: F=n"*F, (or A=n"?A,),
N, (0;1,,,1,) under H

1 'm?

Nmk( V2E -1 1) Under H,. forlarge .

0 "m?

9

7 =\/nm>T—é~<

fX2
1 u k
..l trZ Z ‘T < 2m

d kam;trA%,m under H, for large N;

under H,

asymptotically Rayleigh-style, likelihood ratio,
Rao score, locally best invariant tests.
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[V.2] Small or large A asymptotics

Solve ( * ) by using the asymptotic expansion

for theoFl(m/Z; /A\2/4) with A small or large:

/I\ PaN N

A =mx, +O(A°), i=1---,k, forsmall A.

» K R
o m- k 1 ) 1 ) +O(A_2)=Xi, i=1.--k
_ 2/1 2 =L 4 + 4

for large A.

(when A has rank 1, then ="




| V.3 ] High dimensional asymptotics

(1) Background

Applications in compositional data and certain
permutation distributions.

For Langevin distributions with k =1, it is known
that practically, concentrations for m=3 are
larger than those for m = 2.

L(m, k; F) + uniform distribution ( 0),
as M — oo (see later) . =O(mﬂ)?
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(1) Asymptotic expansions for distributions

For X,,..,X. arandom sample from L(m,k;F), put
Z =~/nm¥' X (qxk), for fixed ‘P(qu)evq’m, g fixed.

o 1,(2)=0°2) @+ M(Fv2)

m

+— =Y a. H'Y(Z)+2n(({tr F'¥Z)?
4m[nm JH(Z )+ 2n(( )

—tr ¥'FF'¥)]+O(m~'%)},
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wheref k(7)< (27 *?etr(-2'Z 1 2)

H; (k) () Hermite polys. associated with the
normal N, (0;1,,1,) defined by

H0(2) §12)=C (@232) 912)

], for z=(z,).
|

q,k
Z.
2 Z NG,

0;
. L(m, k; F )~ uniform distribution as m — oo.

With g5z = [
19

N )not dependent on F,



(il1) Generalized Stam’s Limit Theorems

(iti, 1) Histrical background

de Finetti’'s theorem (1929): an infinite, exchangeable
sequence of random variables is mixed i.1.d.

Poincare’s theorem (1912), or Stam’s (first) theorem (1982):

asymptotic normality of the first k coordinates of a random
point (uniform) on V,,,, as m — .

If X.,..., X, is orthogonally invariant, Xi,..., X,
has a o -mixture distribution of normal N (0,02) yas N — oo,
[Diaconis, Eaton, Freedman, Lauritzen (1980’s)]

25



(111, 2) Stam’s first theorem

Theorem 0. [Stam (1982)] Asymptotic normality
of a finite number of coordinates of the uniform
variate on V,,, as m — .

Theorem 1. [Watson (1983)] If X 3 uniform

on V, ,,a finite number of elements of JmX are
iid.N(0,1),asm - o.
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Extensions to more general distributions
with pdf f(P,X)

where P, : the orthogonal projection matrix onto
a subspace y of dimension (.

Ex:[L(m,k; F =TA®' (svd )), with pdf oc etr(F'P,X )
B(m,k; B =TAI"(sd)), with pdf oc etr|(P,X ) B(P, X )]
with P, =TT

27



Theorem 2. [Chikuse (1991)] If X ~ f(P,X),

with P, =TT TeV,.(q fixed<m)

then VmI'X(qxk) + N, (0:1,.1,), as M —> .

( § =M <> uniform case)

28



Theorem 3. [Chikuse] Suppose that X 3 f(mﬂPVX).
(1) When ,B<%, Jmr'X =N, 0;1,,1,), as m—

(ex: s = 0(< %) & Theorem 2.)
2 When ﬁ=%, the limiting distribution depends on f(:) .

Ex:( () When X 3 L(m,k;+/mF ), F =TA®", then
Jmr'X = N, (C'F31g, 1, ), as M —> oo,

(i) When X 7 B(m,k;mB), B =TATI'',then

Jmrx + N, (0;(1,-24)",1,), as m —> o,

29



(111, 3) Stam’s second theorem
(limit orthogonality of X,,..., X, )

Theorem O.

Theorem 1.

Stam (1982)] On V, ..

'Watson (1983)] If X,,..., X, is arandom

sample from the uniform distribution on V, ,, then
JmX X (kxk), 1<i< j<n, are mutually
independent normalNk,k(O; |, Ik), as M — oo,
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Extensions to non-uniform distributions
On Vk,m

Theorem 2. [Chikuse (1993)] If X,,..., X, is arandom
sample from L(m,k; F) or B(m,k; B),

then VmX X, 1<i<j<n, are mutually
independent normal N, ,(0;1,,1,), as M —> oo.

31



Theorem 3. [Chikuse]
(1) If X,,....,X, Is ar. sample from L(m,k;mﬁF), ,Bs%,

or B(m,k;mzﬂB) , ,B<%, then \ﬁx;xj, 1<i< )<n,

are mutually independent normal N, , (0;1,, 1, ),as M—»oa
(2) If X.,...,X,Isar.sample from B(m,k;m”’B) B = %
then VmX', Z7°X;, 1<i< j<n, are mutually
independent normal N, ,(0;1,,1, ),as M—> 0,

where £ =(1_—-2B)™ > 0.

(ex:s =0(< %j < Theorem 2.)
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Applications

Let X,,...,X_ bearandom sample from
L(m,k;mﬂF) ,ﬂs%, or B(m,k;mzﬁB), ,3<%-
hen VmX;X; + N, ,(0;1,,1,) independent

asS MmM-—Q
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() S, =X, +--+X,, IS, [F=trS,S, = nk+22 X X,
- i<j
where U =VmtrX;X; + N, (0,k) .
1 _
IS, =k +——=—=Y"u, +O(m?)

nkm iZ;

NS N{M,”—‘l} as M—x
d 2m
Ex: distance between 2 random points X,Y (n=2)
d?=tr(X =Y )(X -Y)

d + Nl(ﬂij as M—x

d 2m

34



(i1 sy x
Mn ngxlxl

trM ° = E + n22 Ztr(xi'xjxxixi) ’

i< ]
where

Y (XX, X x,) = 22 q:”(nz—l)
i<j

k.

m(ter—Ej P %Zs as M—x

35
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