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Outline.

1. B-ensembles: Hermite as generalized GOE, GUE, GSE, Laguerre as
generalized Wishart real, complex, quaternion.

2. Semicircular laws and global fluctuations.

3. Sketch of proof for the Hermite case.



Gaussian orthogonal, unitary, and symplectic ensembles.

eR, B=1:. A = randn(n), S = (4 + A')/2;

eC, B3=2: A = randn(n)+israndn(n), H = (A + A")/2;

e, 3 =4: A = randn(n)+i*xrandn(n)+ j*randn(n) + kxrandn(n),
D= (A+ AY)2

FEigenvalue (A := (A1,..., \p)) distributions:
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General -Hermite (3-Gaussian) ensembles.

Defined through eigenvalue p.d.f. for 3> 0:
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General -Hermite (3-Gaussian) ensembles.

...or, equivalently, through their matrix model (with eigenvalue p.d.f.
shown before):

[ N(0,2) X(n-1)s \
| X1 N0,2) X(—2)p
\ x5 N(0,2) )

(D. and Edelman, 2001)



Wishart real, complex, and quaternion ensembles.

R, B=1. A = randn(mn); W, = AA”";

oC, =2 A = randn(myn) + z*randn(m n); Wy = AA":

oeH, 3 =4: A = randn(m,n) + ¢*randn(m,n) + ...
gxrandn(mmn) + kxrandn(mn); Wy = AA".

N

Eigenvalue (A := (Aq, ..., A\p)) distributions:
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General (-Laguerre (5-Wishart) ensembles.

Defined through eigenvalue p.d.f. for 3> 0, a > g(n —1):
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General (-Laguerre (5-Wishart) ensembles.

...or, equivalently, through their matrix model (with eigenvalue p.d.f.
shown before):

T

[ xa )

XB(m—1) X2a—73

where

Bg ~

\ X3 X2a—p(m—1) )

(D. and Edelman, 2001)



Semicircle Law.
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Histogram of eig(S), where n = 300, A =randn(n), S = (A+ A’)/(2v/2n)

Works for all -Hermite ensembles!



Semicircle Law.

-1 -0.5 0 0.5 1
Eigenvalue

Histogram of eig(S), where n = 300, A =randn(n), S = (A+ A’)/(2v/2n)

Rigorously: Given any suitable function h : |—1,1] — R,
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Marcenko-Pastur Law.

Eigenvalue
o o
e [52)
: :

0 0.5 1 15 2 25 3
Density

Histogram of eig(W), where m = 300, n =900, v = 1/3, A =randn(m,n), W = AA" \/~v/m

Works for all 3-Laguerre ensembles!



Marcenko-Pastur Law.
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Histogram of eig(W), where m = 300, n =900, v = 1/3, A =randn(m,n), W = AA" \/~v/m

Rigorously: Given any suitable function h : |—1,1] — R, let

a=(1- 772 b=(1+.,/7)° then
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What about fluctuations from semicircle and
Marcenko-Pastur laws?...



What about fluctuations from semicircle and
Marcenko-Pastur laws?...

Fluctuations define (Gaussian process.



Global fluctuations from semicircle and Marcenko-Pastur
Laws.

CLT for Hermite. (Zeitouni and D., -)
Let h be a “nice” function, and \;, ¢ = 1, n the scaled eigenvalues of the
(-Hermite ensemble. Then

> h(X) — 2—”/1 Mz)V1—22de =
1

B — N ((1 _ %) u(h),% ﬁh)) |

“Nice” means Lipschitz on [—1 — ¢, 1 + €] for some € > 0.

Works for all (.



Global fluctuations from semicircle and Marcenko-Pastur
Laws.

CLT for Laguerre. (Zeitouni and D., -)
Let h be a “nice” function, and \;, ¢ = 1, n the scaled eigenvalues of the
B-Laguerre ensemble (7, a, b as before). Then

f: W) — — ’ h(z) Vb-—o)@—a),

i=1 : % a o
— N ((1 _ %) u(h),% ﬁh)) |

“Nice” means Lipschitz on [—1 — ¢, 1 + €] for some € > 0.

Works for all (.



What was known before.

e Johansson, 1998

CLT for Hermite ensembles, all &, h differentiable, extra conditions.
Also other even-degree polynomaial potentials.
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What was known before.

e Johansson, 1998

CLT for Hermite ensembles, all &, h differentiable, extra conditions.
Also other even-degree polynomaial potentials.

e Bai & Silverstein, 2004
CLT for Waishart-like complex matrices, h analytic.
e Kusalik, Mingo, & Speicher, 2005
CLT for Wishart complex (6 = 2), explicit calculation of covariance

matrix, A polynomial. Calculation of covariances for any finite
number of independent matrices.

e D. and Edelman, 2006

CLT for all 3, Hermite and Laguerre, h polynomial. Use of matriz
models for all [5.



Outline of rest of the talk.

Use matrix methods, together with the “h polynomial” result of Edelman
and D., to extend the class of A for which the Gaussian process is defined
(in the talk, we only show this for Hermite).

1. Reduction to compactly supported functions h (Gershgorin).
2. Proof for a slightly different matrix model (Guionnet-Zeitouni).

3. Tying up the loose ends (Lidskii, Gershgorin, Chebyshev).
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Sketch of idea.

Would like to approximate a “nice” function h by a sequence of polynomi-
als py, (on compact sets); remainder should be small with high probability.

Let pp, — h on C' € R, nl||pn, — k|| — 0 (plus some other reqularity).

Then '
/ pn(2)V 1 — 2?dx — /
1

1

h(z)V1— z2dw ;
1

Need to show (e.g.) that for any C,

n n

C
Pr|| > h(X) =) palXi)| > C| < 72 llpn = Al -
i—1 i=1




Reduction to compactly supported functions.

n
We are essentially concerned with > h()\;); we know (semicircle law) that
1=1

1 n
5 E :5)\2 — Hs
1=1

where dug(x) = % 1 — 22
Enough to show that the probability of at least one of the eigenvalues
being large (outside |[—1 — ¢, 1+ €|, for fixed ¢ > 0) decays exponentially

nn.

To show this we use Gershgorin’s theorem.



Reduction to compactly supported functions.
Recall the scaled matrix

[ N(0,2) X(n—1)3 \
1| Xte—ns NO.2) Xn-2)s

Mo~ s s

\ xs  N(0,2)
All Gershgorin disks have centers distributed like ¢ N(0,1)/+/n , typical
Gershgorin radius is distributed like ¢ yon/v/n, 0 < a < 1.

But, for € > 0,
Pr [(6\ NO,1)| + cxan) > (1+ e)\/ﬂ < cre” @M.

q.e.d.



A very useful result.

Theorem. (Guionnet-Zeitouni, 2000)
Let A = (a;;) be a random matrix such that a;; have distributions v
which satisfy the log-Sobolev inequality with uniform constant c, i.e., for

all differentiable f,

/f2 log

then for any Lipschitz function h, for any C.

2

f
[ f2dv

dv < 20/ FPdr

A 2
Pr|[D> h(A)—E > h(\)||>C| <2 e
1=1 1=1

where hp is the Lipschitz constant for h.



Sounds perfect!
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Sounds perfect!
except...

the v function does not satisty log-Sobolev constraints.



Sounds perfect!
except...

the v function does not satisty log-Sobolev constraints.

But the Gaussian does.

Fixup: approximate y by (zaussian:

1
xr ~ N(¢cr,—=) + small .

V2
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A slightly perturbed model.

The Guionnet-Zeitouni theorem works for

~
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N(0,2)

N(C(n—l) » D
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Tying up loose ends.

Note that Hgyg = Hz — Hpy looks, entry by entry, like

[

Hyig =0

\

[

and the variables have uniformly bounded variance.
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Tying up loose ends.

It A; are eigenvalues of Hg and \; are eigenvalues of H 3, then for a
Lipschitz h (with hp)

> h(A) =Y h(A)] < hed hi— Al
i=1

1=1 1=1

By Lidskii’s theorem,

n i n
D Ni= X< ) il
1=1 1=1

where )‘diﬂ}- are the eigenvalues of H j;f.



Tying up loose ends.

By Gershgorin,

n n 1
A=\ < O(

and thus by Chebyshev,

Pr

> h(X) = h(A)

1=1 1=1




Wrap-up.

We obtained a (slightly) stronger CLT for g-Hermite and (-Laguerre en-
sembles, using a matrix-based analysis.

The largest class of functions we could define the Gaussian process on is
Lipschitz on [—1 — ¢, 1 4 ¢/, for some € > 0.

Natural technical condition: o*(h) < oo.

Can regularity be relaxed to match this?...



