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I. Results. Direct-sequence code-division multiple-access (or DS-
CDMA) network, used in wireless communications:

Each user has assigned to it a vector of high dimension,
called a signature sequence, used to transmit data.

Suppose:

1. K users and L receive antennas.

2. N is the dimension of the signature sequences, s; € CV is
the signature sequence assigned to user k.

3. At a particular instant of time X; € R is the value trans-
mitted by user k.

4. T € Rt is user k’s transmit power.

5. 7x(¢) fading channel gain from user k to antenna £.

6. Xj’s are independent standardized random variables.



7. W(£) € CN noise associated with transmission to antenna

¢, entries W;(¢) i.i.d. across ¢ and ¢, mean zero and
E|W;i(0)|? = o>

Then the data recorded at antenna ¢ is modeled by

Y(€) = Xiv/Tev(f)se + W(e).
k=1

Let Y =[Y(1)T,... ,Y(L)T)T € CNL.

Goal: Capture the transmitted X for each user in a linear
fashion, that is, by taking the inner product of Y with an
appropriate vector ¢ € CNL (the linear receiver for user k).

For user 1, X; = ctY is the estimate of transmitted X,
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The output signal-to-interference ratio

|ci8:1)?
o2|le]|2 + X pes et 3i)?

associated with user 1, is typically used as a measure for eval-

uating the performance of the linear receiver, where

& = VTelw(1)sE - ., m(O)sE]"

Fact: The choice of ¢; which minimizes E(X — X)? (the
minimum mean-square error) also maximizes user 1’s signal-to-

interference ratio, the latter taking the value

-1
SIR, = &} AMU 8185 + o2 v 81,
where I is the NL x NL identity matrix.
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Properties of SIR; and their dependency on the 4k(€)’s,
Ty’s, 02, L, N, and K, when the latter two values are large,
are explored by proving limiting results, as N and K approach
infinity with their ratio approaching a positive constant, under
the assumption that the s;’s are randomly generated (which
is usually done in practice). They are independent i.i.d. ran-
dom vectors containing i.i.d. mean zero, variance 1/N entries,

independent of the 7y (€)’s and Tj’s.



THEOREM. Let {s;;:4,j =1,2,...} be a doubly infinite array of
i.i.d. complex random variables with Esy; = 0, E|s11|?> = 1. Define for
k=1,2,... ,K 8 = 8p(N) = (81, 82k--- ,8Nk).. We assume K =
K(N)and K/N — ¢ > 0as N — oco. For each N lety(€) = v (€) € C,
T, =T eR* k=1,...,K,£=1,...,L be random variables, inde-

pendent of s1,...,8k. Let for each N and k

ar = af = VTe(y(1), - s (D)7

Assume almost surely, the empirical distribution of a1, ... ,ax weakly

converges to a probability distribution H in CL.
Let B = %aﬁ/wv = )\m._wAQwAHv.va cen »QwAvaWvﬂ» and

| K
C=C(N)= mMUF%m.
k=2
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Define

SIR, = %RS +a20)71B,.

then, with probability one

L
. . - / ,
%Wﬁo SIR, =T, NWMH Y1 Amvﬁ @ vai

where the L x L matrix A = (a¢,) is nonrandom, Hermitian positive

definite, and is the unique Hermitian positive definite matrix satisfying

*

(1.1) A= Aom 2

-1
2
I
H+Q,__{5W+e. Hv

where o € CL has distribution H and I, is the L x L identity matrix.
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Clearly SIR,; defined in this theorem is the same as the
one initially introduced, the only difference in notation being
the removal of the scaling by 1/v/N in the definition of the
Sk’S.

Importance: Arbitrary scenarios can be analyzed and com-
pared. In applications the empirical distribution of the aj’s

would typically be used for H, the matrix A thereby satisfying

K . -1

Although there appears to be no explicit solution to (1.1),
the paper shows that A can be computed numerically by it-
eration of the right side of (1.1), provided the eigenvalues of
the initial choice in the iteration lie in a certain closed interal
in (0,00).



Fact: Let ap denote the £t entry of the random vector o
having distribution H. If the v;(¢)’s are independent and cir-
cularly symmetric, with angles independent of the TI;’s, then

VTiv(€) and /Ty (€') are uncorrelated for £ # ¢'. It follows
that for £ # ¢’ and positive ay,... ,ar

QoOpr
1.2 E =0
(1:2) 1+ aglog|?

COROLLARY 1. Under the conditions in the Theorem and (1.2),

the limiting A = diag(ai, ... ,ar) where the a,’s are positive satisfying
1
Hn_umw QW_QM_N

COROLLARY 2. Suppose the conditions in the Theorem are met
except, for the limiting behavior of the ay’s, it is only known that:
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1. the empirical distribution of
(1.4) Te(lve@)P ... s (D))" 2<k<K
converges almost surely in distribution to a probability distribution G

in RE, and

2. for ¢ # ¢' and positive ay,... ,ar

1 o Tem@%®)
K125 T+ 5 ali(OP
almost surely, as N — oo.
Let (81,... ,01)T € RY denote a random vector having distribution

G. Then the conclusions of the Theorem and Corollary 1 hold, with
each |ay|? in (1.3) replaced by 6.



Remarks:

1. The assumption of the 8;; coming from a doubly infinite
array can be replaced with s;; =s;;(N), 1<i< N, 1<j<K,
with no dependency assumptions for different N, provided
E|s11|* < oo.

2. The Theorem only provides limiting properties of the
signal-to-interference ratio with respect to one user.

Let
1 K
Ci = m A.Q.MHH %?%w - .%wmmv .

Then

1 1
SIR,. = MEMAQNQ + QwNvIHEw = N MU @wﬁvaw@svmwAOﬁ + QwNvNMtww
0.0

represents user k’s best signal-to-interference ratio.
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If E|s11|* < 00, or if the doubly infinite array assumption is
dropped, E|s1:|® < 0o, then
max [N~ 1sk(Cr + QMDMM\&“ —age| >0 a.s.

k<K

as N = oo.
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2. Basic tools. For any rectangular matrix X, vecX de-
notes the column vector consisting of stacking the columns of
X on top of each other, first column on top, last on bottom.

Lemma 2.1. Let 62 > 0, B, A n X n matrices with B Hermitian

non-negative definite, and x € C". Then

z*(B+0o%I)"1A(B+o%l) 1z
1+ 2*(B+021)" 1z

tr (B+zz*+0%I)" 1 —(B+o’I) ) A| =

Al
< 52

LEMMA 2.2. For any matrix A N x K and 6% > 0
A\»\»* + QM.N.ZvIH = QIMANZ — \—A\»*\» + Q.wNmvaH\»*v.

LEMMA 2.3. Suppose Aj,..., AL, are N x K, and 6% > 0. Define
the ¢,¢' block of the NL x NL matrix A by Age = A¢A,, and,
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splitting (A+o0%I)™' into L?* N x N matrices, let (A+0I);,
denote its €, ¢ block. Then

_1
A\» + QMNVMM\ = A%NK\NZ — Ay AM \»M\»m + QMNNV \»M\v .
J4

LEMMA 2.4 Given A,,...,Ar, are N X K and z,,...,2¢ € C with

D lzel? =1
AMU \»«N«V AMU \pMMNv = M\»«\»Mv
£ £ £

where “<” represents the partial ordering on Hermitian nonnegative

definite matrices.

Lemma 2.5 For A4, ...,Ar, A, 6% in Lemma 2.3, the L x L matrix
(tr (A + o1 vm«wv is positive definite with smallest eigenvalue bounded
below by

-1
tr AMU AgA; + %?v :
£
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For A = (aij) m xn and B p X q, the Kronecker product of
A and B, denoted by A ® B, is the mp X nqg matrix, expressed in
blocks of p X ¢ matrices, the 7,7 block being a;; B. We will need
the following, which is Lemma 4.2.10 of Horn and Johnson
(1991)

LEMMA 2.6. (Lemma 4.2.10 of Horn and Johnson (1991))
For Amxn,Bpxq,CnxkandD qxr we have

(A® B)(C® D) = (AC) ® (BD).

LEMMA 2.7, SCHAUDER FIXED POINT THEOREM (Nirenberg
(1961)). If A is a convex, compact subset of a Banach space X and
g : A — A is continuous, then g has a fixed point in A.

LEMMA 2.8. Let A = (ai;) = (a1,... ,a,) (mXxn) and B (hx g)

be two random matrices, the entries having bounded second moments.
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Then

IEA® B|| < min(+/||EAA*|| |EB*B, /|[EA*A| [EBB*|)).

LEMMA 2.9. For X = (X,,...,X,)T ii.d. standardized entries, C

n X n, we have for any p > 2
p/2
E|IX*CX —trCIP < NsAAm_NH_?Q QQ*V + E| X, |*Ptr AQQJENV

where the constant K,, does not depend on n, C, nor on the distribution
of X 1-
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3. Sketch of proof of Theorem 1.1. Write v/Tivk(€) as ax(£).
It is first shown that, after truncating and centralizing the en-

tries of s;, from Lemma 2.9, with probability one

ISIR; — N™1) " a1 (0)as (€)tr (C + 1) 5| — 0.
0,0

After additional truncation and centralization steps can
assume for each N:
1. 8px = 8nk(N), 1<n< N, 2<k<K, i.i.d. standardized ran-
dom variables with |s,x| < log N.
2. maxe<k<k,e|ar(f)|? <logN.

Define Cy = C — (1/N)BiB;;-

Define the L x L matrix B = (b, ) with

by = L3 ax (£)ak (6)
|§2 auwp+%mﬁ@$+qwd|€av
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and define the NL x NL matrix B in terms of the Kronecker
product: B=B® Iy. We have (B + 0¢%I)~! = (B+0%I1) 1 ® Iy.
Denote the £,¢ entry of (B+ o%I1)~! by wﬁ?

Let Iy o denote the NL x NL matrix consisting of the N x N

identity matrix in the ¢,¢ block, zeros elsewhere. We write
1 K
2 27y _— * __
C + 0% — (B+0%l) = zaMlUm%w B.
Taking inverses on each side, we have
(B+o*I)' - (C+o*D)7!

K
= =SB+ D) BBIUC + o) ~ (B+ 1) B(C +071) !
k=2

— (B+o*1)"'B(C +7*D)7L.

_ L (B4 ) Bui(Cw +o?) !
N —~ 1+ AH\ZVWMAQQ& + 021)~ 16y
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Multiplying on the right by Iy ., taking traces, and dividing
by N we get

N=Yr(B+0%I);; — N~'tr (C +0°I),

2 1+ %85 (Cry ot )~ 1Bk

|N<.IH._”_‘ .wAQ |_| Q.M.NvIH.NN\RA.m |_| Q.M.NvIH

— M MN ¢ DQAANvDQoAN\v Z.ww_”AQQav + Q.M.N.v H.N.Q A.w + Q.M.Nv H”_N &?ww
N 14+ %B4(Cry + 021)~ 14

H _ —_
NY W By f[(C +0°) T Iy o(B+0°I) " gp
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MU H si[(Cxy +0°I) Iy o(B + 02I) ™ g g sean(£)ar(£)
"7 1+ §Bi(Cwy + 021) ™' Br

—tr By o[(C + 0*I) " I o(B + 0I) g

_ M H mwAQAE + QMDN o (B+ QMDN QmwQ»QVQ»AS
ZNloN 1+ §Bi(Cay + 02I) 1By

—tr wm\.m:Q + QMNvWM\ Aw + QNNVNIM\

M M S £ % SQiSZ HA#AQ@ + QMDN o8k —tr(C + qwb« Qv
7 wlw 1+ meAQQa + 021)~ 16y
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Noticing that
N~'tr(B+02I),p = by,
we get from Lemmas 2.1 and 2.9
lbeer — N~'tr (C+0%I); ;| +0 a.s.

Again, from these lemmas

1 MU Qf AN\vDQn ANV
1+ Y, ak(Oar(€ )Nt (C + 021,

k=2
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4. Proof of uniqueness. Suppose A and A are two differ-

ent L X L Hermitian positive definite matrices satisfying (1.1).

Then _ _
Aaa*Aa*(A - A)a
(14 a*Aa)(1+ a*Aa)
Multiplying A~1/2 on the left and A—1/2 on the right we obtain
A 2q0* AV20* (A — A)a

A—A=cE

\»H\M\N\IH\M _ \»IH\MNH\M —cE

(1+ a*Aa)(1 + a*Aa)
_ amsm*:*ﬁkp\ww\lp\w _ \»L\\,\wmu\wvm
(1+ a*Aa)(1+a*Aa)

where n = AY2q and 7j = AY/2a. Write
1 = vec(AY2A-1/2 _ A=1/2 1/2)

With the aid of the Kronecker product we can write the above

equation as
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@@ n)®@* @n*)

4.1 =cE ~— L.
(4.1) H (1+a*Aa)(1+ Q*kAQvt
Using Lemma 2.6 we have
E_@en@en) |
(14 a*Aa)(1+ a*Aa) l1+a*Aa 1+ a*Aa

and, since p # 0, this matrix has an eigenvalue equal to 1. By

Lemma 2.8 its largest squared eigenvalue cannot be greater

than
~y 2 . 9
amA §zv amA m v
1+ a*Aa 1+ a*Aa

We have

=cE ,

E m* 2 AV 200 AY20* Ao
(1+ a*Aa)?
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and since

A200* AV2 A 200 AV 20* Ady
1+a*Aa (14 a*Aa)?

is non-negative definite we have

* M AH\M * QH\M
SS QQ H\w IH M H\w
IA II I
OmA v Gm 1 * _ \P A\w Q. .Nm‘v\w

= Nh |Q.w\r

the eigenvalues of which must all be less than one. The same
result applies for the other matrix involving A. Therefore, the
matrix in (4.1) cannot have an eigenvalue equal to one, a con-
tradiction. So we conclude that there is only one Hermitian

positive definite solution to (1.1).
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