2. A model of an unreliable machine

Introduction

In this chapter we analyze the following stochastic system: a single machine produces
parts at a deterministic rate but is subject to random failures. When the machine fails, it
is completely inoperable until it is repaired. Hence, at any time the machine is in one of
two states: working or failed. We assume that the times between failures are i.i.d.
exponential with mean time between failures (MTBF) equal to 1/1 and that times to
repair are i.i.d. exponential with mean time to repair (MTTR) equal to 1/m We assume
operation-dependent failures (Gershwin, 1994); that is, the machine can not fail while it

is under repair or idle.

Literature review

Reliability has been a topic of active research with origins dating back to the turn of the
century (according to Nahmias, 1989). See Shaked and Shanthikumar (1990) for a recent
survey of the field. The analysis of a single unit with two operating states is perhaps
the simplest problem in the study of the reliability. Within this problem subclass, the
case of i.i.d. exponential failure and repair times is the most tractable, and has received
virtually independent attention in a variety of fields. The problem has also been
studied in the telecommunications literature as the asymmetric random telegraph signal, in
radioactive physics as a type Il counter problem (Bharucha-Reid, 1960), in the
engineering literature in the analysis of the output of a resistance-capacitance (RC) filter
driven by a random binary process (Munford, 1986), and in the biology literature in the
analysis of channels in the nerve membrane (see FitzHugh, 1983), among others. The
problem can also be analyzed using many different methodologies; for example, the
problem can be viewed as a simple case of a Markov Process, or as an alternating

renewal process.
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Barlow and Hunter (1961) provide an excellent summary of the known results at that
time, based largely on Laplace transform and renewal theory. They derive the
transform of the expected number of failures and repairs in [0, T), the asymptotic
number of failures and repairs, and the transform of the distribution of the number of
failures in [0, T). If one knows the expected number of failures and repairs in [0, T) then
the transient or asymptotic availability coefficient (the probability that the unit is
functioning at a given time) is given by their difference. For the case of exponential
repairs and failures, they give closed form expressions for the availability coefficient
and the distribution of the number of failures in [0, T). Classic texts such as Barlow and
Proschan (1965) and Gnedenko et al. (1969) on reliability, and Cox (1962) on renewal

theory derive many of these results.

Barlow and Hunter (1961) also give an expression for the distribution of downtime over
[0, T) as an infinite series of the n-fold convolutions of the failure and repair
distributions with themselves. They also express the result as an integral in the case of
exponential failure and repair times, and for general failure and repair times give the
asymptotic distribution as T approaches infinity. These results are all due to Takacs
(1957a, 1957b, 1959). For exponential failures and exponential repairs, Gnedenko et al.
(1969) express the distribution of total operating time over a fixed period [0, T) as a

double infinite series.

Lie et al. (1977) give a comprehensive although now somewhat outdated survey and
classification of availability models. More recently, Baxter (1985) presents a critical
review of the literature on the availability of two-state unit modeled as an alternating
renewal process. This paper, in conjunction with Baxter (1981), seem to be the most

complete and recent summary of important results, and also “fill some gaps in the
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theory”. Unique to this paper is a review and extension of the results on waiting times
(i.e., the distribution of time until a repair greater than a certain length occurs) and on
the alternating renewal process where each repair time is correlated with the previous
failure time. Baxter also reviews and extends the theory on point availability and
average availability, and criticizes Barlow and Proschan (1965) for their “uncritical”
application of the asymptotic approximation for the distribution of availability, citing

simulation studies which show that passage to the limit can be extremely slow.

Other important contributions are numerous and are scattered over a variety of works.
Baxter (1985) finds expressions for the average availability of an alternating renewal
process, and gives the simple result in the case of exponential failure and repair times.
The average availability over (0, T] can be used to find the average uptime over (0, T]
simply by multiplying by T, and the average repair time by subtracting the average
uptime from T. Martz (1971) develops a method which can be used to find the
distribution of the average availability over n failure and repair cycles for any failure
and repair distributions for which the n-fold convolutions are known. For exponential
failures and exponential repairs, FitzHugh (1983) finds both the density and the Laplace
transform of the number of failure/repair cycles over a fixed period [0, T). He also cites
expressions for the autocorrelation and spectral density of the process, which have been
derived in the biology and physics literature. For the general case of alternating
renewal processes, Mortensen (1990) finds the Laplace transform for the density of the
availability coefficient at time T and the asymptotic autocorrelation of the availability

coefficient.

Feller (1971), Brouwers (1986) and Kim and Alden (1992) independently derived the
density of time to produce a fixed lot size on a machine operating at a constant speed

with exponential failure and repair times. This is equivalent to the density of time until

Page 24



the total uptime reaches some constant T. These authors express the result as a
modified Bessel function, which has important theoretical and practical implications,
and are a considerable improvement over the previous result of Gnedenko et al. The
latter two works also give a simple expression for the variance as a function of T, which
is a trivial result if one recognizes that the process can be viewed as a Compound

Poisson process (Ross, 1983).

There has also been considerable work, both exact and approximate, on other failure
and repair distributions. For example, Kabak (1969) analyzes the exponential failure
and constant repair time problem, finds the average availability over (0, T], and
develops an approximation for the variance. Takacs (1951) uses his general methods to
find the distribution of repair time over [0, T), with the machine either starting in a
known state or starting in steady-state. For the case of constant repair times and the
family of Weibull failure distributions (which include the exponential), Dickey (1991)
derives a double series for the availability coefficient at time T and renewal function

(expected number of failures in [0, T)).

In addition, numerical results for general failure and repair distributions can be
obtained by the method of Cléroux and McConalogue (1976) and McConalogue (1978,
1981). This method numerically evaluates convolution integrals, so many of the above
results can (at least in principle) be obtained by algorithm for the general case. When
the Laplace transforms of the failure and repair distributions are explicitly known, they
could instead be numerically inverted. See Baxter (1981a, 1981b) for a further
discussion. Laplace transform inversion has received considerable attention from many
authors; see Krylov and Skoblya (1969), for a survey of the classic methods. The last
two decades have seen a variety of more powerful and sophisticated methods using

both new and old techniques, such as Fourier series approximation (Crump, 1976, De
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Hoog, et al. 1982, Piessens and Huysmans, 1984, Abate and Whitt, 1992), continued
fraction expansion (Grundy, 1977), contour integration (Murli and Rizzardi, 1990), and
expansion in Laguerre polynomials (Garbow et al. 1988). Many of these codes are

available via netlib (Dongarra and Grosse, 1987).

Lastly, we note that some work on more complex systems could be used to analyze our
(relatively) more simple system. For example, Sericola (1990) develops a closed-form
solution for the transient distribution of total time spent in a subset of states of a
homogenous Markov process over a fixed period of time [0, T). Our two state Markov

process is the most trivial problem to which this method could be applied.

In the sections that follow we explore many of these same question as those described
above, sometimes from new perspectives and obtaining some new results. When our
results duplicate those of previous works, references will be given in context. In whole,
this chapter will present a unified treatment of the results that we will need in other

parts of our work.

Notation, summary of key results, and overview of this chapter

Density functions will be denoted by a lowercase letter (r), cumulative distribution

functions by an uppercase letter (R) and random variables by a bold capital letter (R).

The Laplace transform of a function g(t) will be denoted by g*(s). We will also use | {}
and | "{} to denote the Laplace transform and inverse Laplace transform of the
expression in brackets. We will use the symbol [ to denote the convolution operator,
and the symbol U to represent that the expression on the left is the Laplace transform of
the expression on the right. Pr{} will denote the probability of the event in brackets.
When we wish to write the probability that a continuous random variable X T (a, a+dx),

we will write dens{ X =a }, since Pr{ X=a}=0.
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I will denote the failure rate when the machine is working, and mwill denote the repair
rate when the machine is failed. Let a(:) be an indicator function, where a(t) = 0 if the

machine is failed at time t, and a(t) = 1 if it is working at timet't.

We will now give an overview of the remainder of this chapter. This overview will also
serve to introduce much of the important notation that we will use. As we proceed, we
will list some of the key results of this chapter. Many of the equation numbers for these

key results are also given, in parentheses.

The purpose of the next seven sections will be to characterize the number of parts
produced over a fixed time interval, and the quantity of time required to produce a
fixed number of parts. Although it is numbers of parts that we are concerned with, we
will often derive expressions in terms of machine time. It is important to keep in mind
that machine time can be converted to parts by simply multiplying by the production

rate, which is assumed to be constant when the machine is working.

The purpose of Sections 2.1 - 2.5 is to derive the PDF, CDF and Laplace transform of the
number of parts produced over a fixed time interval, and of the quantity of time
required to produce a fixed number of parts. The models in Chapters 3 will require a
probabilistic description of the number of parts produced over a fixed time interval.

The simulations in Chapter 4 will require the quantity of time required to produce a
fixed number of parts. We will see throughout the development that the number of
parts produced over a fixed time interval and the quantity of time required to produce a

fixed number of parts are very closely related.
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We now give a summary of the key results of each section of this chapter. The focus of
Section 2.1 will be to derive the probability density function for the uptime of an
unreliable machine over an interval of length T. If the machine is working at time 0, we
will denote this density as this as this as f(t; T | a(0) = 1) and abbreviate itas f(t; T | 1).

We will show that

é (2% )
Q) (Tl l)=§n1 1(&)() + | |0(zﬁ), -1 t-m(T-1)

+Uuy(T-t) e 7, 0ELtET

C>q.D C

where |, and I, are modified Bessel functions of orders zero and one, x =1 mt (T-t), and
Ug(2) is the unit impulse (Dirac delta) function which is zero everywhere except for an
impulse of mass one at z. We derive similar expressions for the cases where the
machine is initially failed (4) or in steady state (5). We then derive the probability
density function of uptime over an interval of length T conditional on the initial
machine state and the machine state T time units later. In our notation this is f(t; T |
a(0) = a, a(T) =b), and we will abbreviate this as f(t; T | ab). The results for the four
possible combinations of beginning and ending machine states are given in (6) - (9). We
believe that these results have not appeared in the literature. Unfortunately, these PDFs
are not easily integrated, so we will need to obtain the CDF and the Laplace transform

by other methods.

In Section 2.2 we derive the Laplace transform of the density function (3). The result is

(I +m-9T sinhy . Coshy

17) f(s T |12 = > s ot

wherey =12+ 2 mrnf +2l s- 2n5+s° T/ 2andh=( +m+s) T/ 2.
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We believe that this result is new. We then use this expression to find the transient
mean (18) and variance (25). The asymptotic mean and variance follow easily. We
derive similar results for the cases where the machine is initially failed or in steady
state. Lastly, we derive the transform, mean and variance for the cases where the

machine where the initial and terminal machine states are given.

In Section 2.3 we turn our attention to characterizing the time to produce a fixed lot of
parts. Since the quantity of machine uptime required to produce a fixed size lot is
deterministic, we focus on the probability density function for downtime incurred while
producing a fixed size lot. We will denote this PDF by r(t; b | 1) whereb =1 g/p, qis
size of the lot to be produced, and p is the production rate of the machine when it is not

failed. We will show that the Laplace transform of this PDF is

m &

2) r'(s bl Eb+b
r = exp§-b+
(32) r (s b Pg ot

which, when inverted, is

(33) r(t;b[1) = ug®)exp(-b) + mb exp(-mt- b) I4(2,/nbt) (mbt) 2, t3 0.

Although these results have been derived by Kim and Alden (1992) and others, the
approach that we present is different, and although not new, provides insight into a
more general problem. We also derive the transform and density for the case where the

machine is initially failed.

Sections 2.4 and 2.5 derive expressions for the cumulative distributions of Sections 2.1

and 2.3. In Section 2.4 we show that
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Nl<

(3) REbIL) = exp(-nt-b) & F

Iy (2J/mBt), t3 0,

<
1 Qo

0

and a similar expression for R(t; b | 0), where I,(z) is the modified Bessel function of
order v. We believe these results to be new, but have been independently derived by

Kim (1994, unpublished).

In Section 2.5 we describe an equivalence between R(t; b | 1) from Section 2.4 and
F(t; T | 1), the CDF corresponding to the density of Section 2.1. Using this equivalence

we easily conclude that

i0 t=0
Lm0t & (T g}

(39) F(tT[) =il-e a =g ly(2/mT t(T-1) o<t<T
' N
il taT.

We obtain a similar result for the case where the machine is initially failed.

The remainder of Section 2.5 focuses on the more difficult case where we are given both
the initial machine state and the machine state at some future point in time. This is
useful in the dynamic decision making context described in Chapter 3, where the

decision made at some future point in time may depend on the state of the machine.

We first derive the probability that the downtime while producing a batch of size q is at
most t, given that the machine starts working and is also working at time t + g/p, where
p is the production speed of the machine. In our notation, this probability is

R(t; 1 g/p | a(0) =1, a(t+q/p) = 1), which we abbreviate as R(t; b | 11). The result is
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(41) Rt b | 11) =

We derive expressions for the other three cases (00, 01, 10) as well (42)-(44). An

equivalence is between R(t; b | 11) and F(t; T | 11) is described and used to conclude

that

45) F(t T 11) = 1-
vi2
mi- Ft, T 1)+ 1 'ty & (" ?(TT”%; 1, (2/m (T - 1)
=0
RETE -

- I<

m +

Similar expressions are derived for the other three cases (46)-(48). We then find

8

(49) R'(s;b ] 10) = & exper(l +mnd- b+ b m__ 9.
, n=0 g p S+ m+ (| +m) nNg

1 1 u
+(+mn s+ (I +m (n+)Y

O

(w) [N (]

and similar expressions for the other three cases (50)-(52). We also show that

| u
s+ (I +m)H’

10:
™ g

€ m
exp%-b+b -
e s+ mo

+

(53) L{R(tb | 1) P,(t+a/p)} = ——

where P, (T) =Pr{a(T) =1 | a(0) = 1}. The left-hand side can be interpreted as
Pr{downtime £t & a(t+q/p) =1 | a(0) = 1}. The advantage of (53) is that it does not

contain an infinite series like the one in (49). We also obtain similar results for the other

three cases. Lastly, equation (53) also allows us to write
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(57) F(a/p;t+a/p | 11) =
1 g1
1- L i
Pll(t+q/p) i+

o m
exp%-b+b -
m e S+ ma§

1O:

s+ (I +m)

™2
+
S

We believe all of these results to be new.

Section 2.6 explores the transient effects of initial machine conditions on the mean and
variance of uptime over a fixed period of time. In Section 2.7 we investigate the
accuracy of using a normal distribution to approximate the distribution of parts
produced over a fixed period of time. Our results will confirm those cited by Baxter
(1985), namely, that under certain conditions the normal distribution can be a poor
approximation even after long time intervals. In Section 2.8 we develop exact and
approximate methods for obtaining the distribution of time to produce multiple batches
on a single machine, and show how that distribution is equivalent to another
distribution of interest. Lastly, in an appendix to this chapter we discuss our experience
testing two different Laplace transform inversion algorithms that we use in our

empirical work in subsequent chapters.
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2.1 Distribution of parts over a fixed period of time

In this section we analyze the uptime of a machine over the period of time [0, T) when
interarrivals of failures and repairs are exponentially distributed with means| and m
respectively. This is equivalent to analyzing the number of parts produced if the

uptime is scaled by the processing speed p.

Machine initially working

We will denote the state of the machine at any point in time a(:), where a(t) = 0 if the
machine is failed at time t, and a(t) = 1 if it is working at timet. Let f(t; T | a(0) =1) be
the PDF of uptime over [0, T) conditional on the machine working at time 0. We will
abbreviate thisas f(t; T | 1). Let h(t; T | 1) denote the PDF of downtime over [0, T)

conditional on the machine working at time 0. Note that

fET]1)=h(T-tT]| 1),

since downtime = T — uptime. We will use this relation when we derive expressions for

the PDF of uptime by characterizing the amount of downtime.

The PDF f(t; T | 1) has both a continuous and a discrete component. The discrete
component is an impulse at T that corresponds to the probability that the machine does
not fail over the entire interval of length T. This is the probability that the time of the

first arrival in a Poisson process of rate | is greater than T, so that

Q) fMTIL= uy(T-t)e'"
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where uy(z) is the unit impulse (Dirac delta) function, that is, a function that is zero

everywhere except for an impulse of mass one at z.

The continuous component corresponds to the density of uptime forO£t<T. ForO £

t < T we can write

¥
f,T])=h(T-tT|1 =é dens{ n failures comprising T-t units of downtime }

n=1

¥
:{;ol dens{ (n failures) and (T-t units of downtime & machine working at time T) }
n=1

¥
+ é dens{ (n failures) and (T-t units of downtime & machine failed at time T) }.

n=1

In order for the machine to be working at time T when there are n failures, the n" repair
must occur after T-t units of downtime and there must be n failures in the t units of
uptime. Note that these events are independent once we have fixed t, the amount of
uptime. Similarly, in order for the machine to be failed at time T when there are n
failures, the n™ failure must occur after t units of uptime and there must be n-1 repairs
in the T-t units of downtime (the n" repair has not yet occurred). These two events are
also independent once we have fixed t. Therefore,

¥

f(;,T)1)= é Pr{ n failures in t time units } dens{ n" repair occurs at time T—t }

n=1
¥

+ 601 Pr{ n-1 repairs in (T-t) units } dens{ n™ failure occurs at time t }
n=1

¥
:é_ Pr{ n arrivals in Poisson process at rate | t} dens{ time of the n" arrival in
n=1
Poisson process of rate mis T-t }
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¥
+ é Pr{ n-1 arrivals in Poisson process at rate m(T-t) } dens{ time of the n"
n=1
arrival in Poisson process of rate | ist}

for 0 £t < T. Substituting the Poisson PMF and Erlang density (Ross, 1983) we obtain

(| t)” et m (T_t)n—l e—m(T— 1) N (I’T(T- t))”'l e—n{T—t) |n tn—l e—lt
nl (n- 1) (n-2) (n- 1)

g
a

n=1

(Im(T- )" (Im(T- )"0

¥ é
— -l t-m(T-t) 8 - !
) a gl & (n- 1! nl (n- 1) (n- 1)!5'

n=1

Letting x =1 mt (T-t),

¥ Z n-1 n-1 )
. ity 8 8 L X © o, x U
f(tTl1)=e A dme T e

n=1

OE£t<T.

Each of the two terms in the brackets can be written as terms of modified Bessel

functions (of order 1 and 0, respectively),

e (2% U
@ f(tT|1)=dnt 1(&)() + 1 1g(2x) g Y, 0£t<T
é a
where
g (_z)2k 7 g (_z)2k
| = 2 ;o = - 2
@=a 5 W@=3 A Ty

The modified Bessel functions I, and I, can be computed numerically using a variety of
methods. For example, Press et al. (1989) present a polynomial approximation based on

Abramowitz and Stegun (1964). More sophisticated methods have been developed by
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many authors, including Sookne (1973), Cody (1983), and Boisvert and Saunders (1992).
Codes are also provided in most commercial numerical libraries, although many
excellent codes are in the public domain and are available via netlib (Dongarra and

Grosse, 1987).

To complete the derivation of f(t; T | 1), we add the continuous and discrete

components (1) and (2). In total,

[N

@ f(ET11)=dm (Zf‘xr)ﬂ o(25);

-1 t-m(T-t)

+Uuy(T-t) e 7, 0E£tET.

C>q.D g

Machine initially failed

Using an analogous argument to the one above, we could derive f(t; T | 0), the PDF of
uptime over [0, T) conditional on the machine being failed at time 0. However, with a
few simple observations we can more easily obtain the result. First, simply note that the
PDF of downtime over [0, T) conditional on the machine being failed at time 0 is
described by the same stochastic process as f(t; T | 1), with the roles of I and mreversed,

that is,
h(t T,I, m]O)=f(t; T, ml | 1),

Therefore,

e 1(2Jx)
h(t;T|O)=§nt T +m|(2\/_)

(T-1)

+ Up(T-t) e™, OFLtET.

C>q.D c
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Since downtime = T — uptime, the PDFs of uptime and downtime are simply mirror

images of one another, thus

4 f(T)1O0)=h(T-t, T]0)=

¢ 1 (2% )
gn(T-t) = mio(20x)g

-m(T-t)-1t

+ Up(t) e™, 0EtET.

C’% c

Further, we can conclude that the density of downtime conditional on the machine

working at time 0 is

h(t, T]1)=f(T-tT]1-=

é 1, (2% )
gn(T-t) el (2\/§<)

-1 (T-t)-m

+Ug(t)e™ T, OELtET.

C)Cm c

Machine initially in steady state

The PDF of uptime with the initial state of the machine randomized (i.e., starting in

steady state) can be written as

Pr{ machine initially working } f(t; T | 1) + Pr{ machine initially failed } f(t; T | 0).

Since the steady-state probability that the machine starts out working is n/(l +m) and

failed is| /(I +n) (Ross, 1983), f(t; T) can now be seen to equal

€ m @ 1(24) 6
f(tT)= g me ™ T x ! '0(2\5();*
& 1, (2% ou
— ngl n(T- t) —1(\/;()() + m lo(zﬁ);g g tmr-y
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m I
—— Uy(T-t) e’ ™ +
| +m o(T-1) [ +m

ug(t) e, 0£tET.
0

which, after simplification, is equal to

G T6T)= II-:nm g(”“' (T- 1) (‘2/-‘5) +2 |0(2\/§<)(+; gt

ug(t) e, 0EtET.
0

Ug(T-t) e’ T +

| +m | +m

Density with known starting and terminal machine states

Lastly, we wish to compute f(t; T | a(0) = a, a(T) = b), the PDF of uptime over [0, T)
conditional on the machine being in state a at time 0 and state b at time T. We will
abbreviate this as f(t; T | ab). From the development above, the results follow

immediately, for example,
. . . . . _ -1 t-m(T-t)
dens{t units of uptime in [0, T) & machine failedat T | 1} = | IO(Z\/;) e :
so that from the law of conditional probability,

dens{ t units of uptime in [0, T) & machine failedatT | 1} =
dens{ t units of uptime in [0, T) | 10} P,,(T)

where P,,(T) is the probability that the machine is failed at time T given that it is

working at time 0. Therefore,

6) f(tT]10) = Pl(T) lo(2Jx) et T, 0ELET.
10
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By similar reasoning,

. _ 1 € '1(2‘”() N tem(T-t) N

7y f(,T]11) = P (T) glm T e +Uy(T - t)e”! H 0EtET,
. _ 1 S1t-m(T-t)

() f(tT]O01) = Pm(T) mio(2/%) e , 0£tET,
. Il( ) Itrr(Tt mTu

Q) f(tT]00) = Poo(T éln( - 1) == + Uy (t)e” G 0£tET.

The four probabilities Py, (T), Py,(T), P,,(T) and P, (T) are well-known and are derived

classic texts on reliability, such as Barlow and Proschan (1965). They are

(11) Py(T) = 1- Rp(T) = 5 Tm+| L T
2 ) = il o).
(13) Ro(T) = 1- Py(T) = ILmJ,l Tme-(l T

Note that it is now easy to see that f(t; T | 10) = f(t; T ]| 01), as a result of the reversibility

of the process.
As an aside, it is interesting to note that through this derivation we can write new
expressions for certain integrals of modified Bessel functions. For example, since a

probability density function must integrate to one,

f(t; T]10)dt = 1,

OO,—{
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so that

T
OBM

| lo(2fim(T-9) &' dt = 1

Rearranging this equation, we obtain

T

Olo(2/M(T-1) &' dt = —Plol(T)
0
Substituting P,(T), it follows that
. m(T-1) 1 (1+m)T
\ Sl t-m(T-t _ -(1+m
?Io(z I mi(T - t)) e dt = I +m(1_ e )
and
. 0-m 1
\ - (I -m)t _ nm -7
g)|0(2 |I’TT(T-'[)) e at = m(e - e )
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2.2 Laplace transform and moments of uptime over a fixed time interval

In the development that follows we will compute the Laplace transform of the uptime

distribution over the period [0, T), conditional on the machine working at time 0,

L{ICTID}=FETID=q, e f(t T 1D d,

and the first and second moments of the distribution. We will also derive results
assuming the machine is initially failed or in steady state. From these results, we will
also show how to easily obtain results for the case when both the initial and terminal

machine states are known.

Laplace transform of uptime

We have shown in the previous section that f(t; T | 1) is

¥ & (Im(T-0)"" | m(T-t))"" 0
1=t 8 ynifiE e g "o

n=1
We will find the Laplace transform of f by breaking it into three separate functions f, + f,
+ f,, finding the Laplace transform of each of the three functions, and then summing to

obtain the overall transform of f. In particular, define

T 3 |m(T_t))” 1 X Intne—ltmﬁ(-l-_t)n—le—m(T—t)
f(t,T) = ol -r(T-) ( -
l ° ann(n4Nm 21 n! (n- 1)

¥ _ n-1 éé | nt n- 1e-| t I’T{] 1(T_ t)n-le-n(T- t)
FT)=glemrn § ((MT-9)"  _3
AD=e Al (- e (D) (n- D!

f,(t, T) = up(T-t) e’ ™.
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Further, we will find the transforms of f, and f, by finding the transform of each term in

the infinite series. To derive the transforms, we require the following

Lemma. If g(t), h(T-t) are two functions and f(t,T) = g(t) h(T-t) then the Laplace
transform of f(t,T), denoted by f*(s, T), is given by the inverse Laplace transform (with

respect to r and introducing the variable T) of g*(r+s) h*(r).

Proof. First, by definition of a Laplace transform,

L{ftT)}=FsT)= (‘io ot) h(T- 1) e dt.

Now note that
s, T) = {a(t) €} O {h(t)}

where [J represents the convolution operator and the parameter of convolutionis T.
Treating T as a variable and taking the transform of both sides with respect to T and

introducing the variable r, we obtain
**(s, r) = g*(r+s) h*(r).

Taking the inverse transform of both sides with respect to r and reintroducing the

variable T produces the desired result. [J

To use the lemma, we write the n* term of f,(t, T) as g,(t) h,(T-t), where

g,()=1""e"
n!
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and
ITP(T _ t)n-le- m(T-t)

h,(T—t) = oD

We also write the n™ term of f,(t, T) as g,(t) h,(T-t) where

gz(t) _ | ntn- 1e-l t
(n- 1)
and
_ n.i’\-l(T_ t)n-le-rT(T-t)

h,(T-t) = (n- 1)

Note that
" ' |" !
* - h * — * — h * - .
gl (S) (| +S)n+1’ 1 (S) (m+ Qn ’ gz (S) (| +S)n ’ and 2 (S) (m+s)n

Given these definitions and the above lemma, in order to find the Laplace transform of

f,(t, T) we must find

| "m"
n+1(

¥
L{ftD}=L{a

n=1 (I +s+r)

}

mer)"

and in order to find the Laplace transform of f,(t, T) we must find

In n-1

¢ o g m
L{ftT}=L {21 ( +st )y (mer)

where the inverse transforms are with respect to the variable r and introduce the

variable T.
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We will first focus on finding the transform of f,(t, T). In the discussion that follows
(_._..) refers to an equation in Abramowitz and Stegun (1964). The firstterm forn=11is

trivial. By (29.3.12),

I+sm g

. | R M _ g *)Tg
L { C
e

(I +s+r)(m+ r)} '

For n3 2, we have from (29.3.50) that

1 | "nd""? _ (| m)n ?9 T Qn% -3(1+s+m)T 1
o (I +s+1)"(m+r)" )= m(n- 1) &l +s- mg © I”"i(_Z(l +s- 1)

where |, ,, is a modified spherical Bessel function. We now desire an expression for the
sum of these terms from n = 2 to infinity. Writing this sum, and then rearranging the

terms and reindexing to begin at n = 1, we obtain

st & [p t1@Iimm ¢
IT e° a \/g (30 +s- m1)* il e |n+_§(-;(| +s- mT).

Infinite sums of modified spherical Bessel functions are governed by the generating

function (10.2.31),

5 \/E S _ cosh Jz° + 2zt
2 ! z '

n=0
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To obtain a new identity that suits our purposes we take the partial derivative of both

sides with respect to t and reindex to obtain

s [p -1 t" sinh JZ* + 2zt
a |z z? =1 .02 = ,
oo V2 ni 3 Jz% + 2t

where cosh z = (exp(z) + exp(-z))/2 and sinh z = (exp(z) — exp(-z))/2. With this new
identity we can rewrite our infinite series as

& . | "
a Lt }=

h=2 (I +s+71)"(m+r)"
L +smT zﬂ'”h JE@+s mT) + 1nT2 snh HEX n')T)S
¢ Rl s Gles w1

IT e

The second term in the square brackets arises because we were missing the zeroth term
of the generating function and thus subtracted \/p/_22 11/2(2), which by (10.2.13) is just

sinh (z) / z. Adding this expression with the term for n = 1 and simplifying, we obtain
the Laplace transform of f,(t, T),

W4) L{LAD}=1T S‘yi;%

wherey = \/I2 +2l m+nf +2| s- 2ns+s® T/ 2 and h=( +m+s) T/ 2. Thiscompletes

the subproblem we have focused on.

Recall that the second part of the problem is to compute the Laplace transform of f,(t, T),

L{LEDI= 4 LY |
1\ ol (I +S+r)n+1(m+ r)n

1.
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This turns out to be somewhat more cumbersome but is similar to the development

above. Here the first term is

(m1)t

L{ u j=ime (T g e g

(I +s+1)"(m+ 1) m |
Cime (49T e .1 .\ gl rsmr (I +s- m)Tl‘f
&1 +s- m)2 (I +s- m)2 il

For n3 2, we proceed in three steps, first finding

4 | "m" _
L {r " (m | -s+r)”}_

[N

a=T Im" & t Qn (1 +s m)t
) e R

To evaluate this integral we first rewrite it as

1
n-3

(| m)” xe 2 an fdi'bn-% UEw
(n-1 el +s- mg €29 Q-

e" In_%(u) du

whereu = 3(I +s- mt andw = 3(I +s- mT. Note that du = (I + s- n)dt. Finally,

applying (11.3.12), and simplifying we obtain

™ GlremT gln_%(% (I +s- mT)- |n+%(%(| +s- mT)

o

ﬁ (I m" ge
2 n el

The second step is to use (29.2.12) to substitute r+l +s for r to obtain
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Q S0 4stm T A )
—2 T TG B0+ s mT)- 1,30 +s- M)

The third step, as before, is to evaluate the sum from n=2 to infinity. This produces two
infinite series, the first given by

3 , p V"
| _ —
na:‘z ""i(w) 2w n!

where w = ((I +s-mT)/2and v =1 mT 7/ (Il +s-m). Applying the generating function
(10.2.31) we obtain

W e -%(I +s+m) T

e 31 sy g%osh(\lwz +2wv) - cosh(w) - v sinh(w)%

where we note that the generating function sum starts at zero so we have, using

(10.2.13) and (10.2.14), subtracted off vp/2w I,,(w) = cosh(w)/w and v v/p/2w 1, ,,(w)

= v sinh(w)/w. The second series can be written as

- Y] +st 5 n
w8 ) ,L v
ney ™3 2w n!

Using our modified generating function and subtracting off the missing terms using
(10.2.13) and (10.2.14) as before,

Ly g s g%inh VW’ +2wv  sinh w
e Jw?+ 2wy w

,osh w sinh w

e w W2 ﬂg
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Combining these results we can, after a considerable amount of algebra, obtain a

simpler expression for the Laplace transform of f,(t, T),

cosry W smhhy C g T
e y e

(15 L{f(tT)}=

This completes the computation of the Laplace transform of f,(t, T) and f,(t, T). The only
remaining step is to compute the Laplace transform of the impulse term f,(t, T), which is

simply

6) L{f,tn}=e "7

Combining the three transforms (14), (15), and (16), we finally obtain

(I +m-9T sinhy coshy
+ 3
2 y & e

17) f(s T |12 =

or, in terms of exponentials,

fi(ss T|1 = + :

wherey = \/I2 +2l m+ nf +2| s- 2nms+s® T/ 2 and h=( +m+s)T /2. Notethaty=h
when s = 0, so that the above expression is easily seen to equal 1 ats =0. Thisisan

important check because the density f(t; T | 1) must integrate to 1.

Further, we observe that by definition, the Laplace transform of f(t; T]10) P,,(T) is the

Laplace transform of f,(t, T) and the Laplace transform of f(t; T]11) P,,(T) is the Laplace
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transform of f,(t, T) + f,(t, T), all of which have been derived above. As we would
expect, the Laplace transform of f,(t, T) equals P,,(T) and the Laplace transform of f,(t, T)
+ f,(t, T) equals P,,(T) at s = 0.

Mean uptime

The mean is obtained by taking the derivative of the transform with respect to s and
then setting s equal to zero and negating the result. The process is straightforward

although cumbersome, and after much simplification yields

(18) Elf | 1= ——T |+m2§ (et

This expression agrees with the result of Barlow and Proschan (1965). Also, this can be
easily derived from the general Laplace transform result of Takécs (1957a). As a simple
check we note that for small T, E[f | 1] =T + O(T?); at T = 0 the above expression is zero;

and as T approaches infinity, E[f | 1] / T approaches n¥(l +n), as we would expect.

Up to this point we have supposed that the machine is working at time 0. To derive
expressions where the machine is failed at time zero, we will be working with h(t; T), the
PDF for downtime over an interval of length T. To find the mean downtime over an
interval of length T when the machine is failed at time 0, we simply reverse the roles of

| and mto obtain

E[th]:ll 23 (I +m)T

+m I +m

Since E[f | 0] + E[h ] 0] =T, we simply subtract the above expression from T to obtain
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(19) E[f ] 0]= : "3

+m I +m

Since we have found the transform of f(t; T] 10) and f(t; T]11), we can also derive
E[f]10] and E[f] 11] by taking the derivative of the transform with respect to s and then

setting s equal to zero and negating the result. After simplification, we obtain

2
e, m o T | T+l - m
20) E[f|10] = & +&
(20) Ef 110 e|+m@1e( m)T eI+mﬂ1e(+m)T+ (I+n’)2
2m & 1 1 0
21) E/f|11 = - +
(21) E[f11] (|+m)23m+|e-(l+m)T |+ITE(I +m)Tg+
T & 3 n? O _InT

+ + ,
| +m)zg| e T g o (T (| +m?

—

and not surprisingly, we can also show that

(22) E[f|0] = E[f|10],
_ 2m ® 1 1 0
(23) E[f|00] = T- (| +n)Zg| +ne-(|+m)T_ m+| e(I +m)TTz-
T & |3 O |nT

(1 ”m)zgm+le('+m)T +I + e (! +mTé ( +”)

These expressions divided by T approach n¥ (I +m) as T approaches infinity, and

approach zero as T approaches zero, as we would expect.

Laplace transform with machine initially failed or in steady state

Using the same observations as above we can easily find the Laplace transform of

f(t; T | 0). We reverse the roles of | and madd T to t (which corresponds to multiplying
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the transform by exp(s T)) and then negate t (which corresponds to negating the

transform variable s). The result is

o h_ g (y+h) N 4 +h)
2y ¥ 2 '

(24) f(ss T|0) = h

As a final check on our work, let us examine the case where the machine state at time 0
is unknown, i.e., the machine starts out in steady-state. Then the probability that the
machine starts out working is /(I +m and failed is | /(I +n). Thus, the expected time

the machine is working over an interval of length T is

| +m

Substituting the above expressions, we obtain

m € m ? I+mTO | € m ) m & -(I+m)T()l‘f
| +m§ m | +m2 ‘Z’U | +mg +m (1 +m)*® 24

which is, after simplification,

E[f] =T n/(l +m),

as we would expect from the theory of alternating renewal processes. In fact, it is well

known that this result holds for any repair and failure distributions (Ross, 1983).
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Variance of uptime

To derive an expression for the variance of uptime over an interval of length T when the
machine is working at time 0, we first find the second moment by taking the second
derivative of the transform (17) with respect to s and then setting s = 0, which, after

simplification, gives

2A%-4mge  -(+mrg, 4m 202 _.(+mT, nf
ROk e A A A e

To find the variance we square our expression for the mean and subtract it from the

above expression to obtain (after simplification)

2 s +m .
25) Vaff i1 :m?ﬁ' ¢ TS ﬁ?- e T8,
2lm : -(1+mTy 2 2 - (1 +m)T
mT?+e o { +m)3Te '

We can find Var[f | 0] in a similar manner. The result is

(26) Var[f |o]:ﬁ§_ . 2l +m)T8' ﬁéﬁ e'(l +m)T8+
2l'm 2n{l - m) _ (1 +mT
(1 +m)3T * (I +m)’ Te '

Note that as T approaches infinity, both Var[f | 1] / T and Var[f | 0] / T approach
2l /(I +m?*. This asymptotic result agrees with the general result of Takéacs (1957a);
see also Gnedenko et al. (1969). Further, these authors both show that the asymptotic

distribution is Normal.
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Lastly, with a substantial amount of algebra, it can be seen that

1 8l m 21 mr
27) Varlf |10| = - + -
R (R L (ETT L g g’
21 nT 2@& mpe el T
( +m)3§_ e(l +m)T%2 el + mo éﬁ_ e(l +m)T82 ’
6l nfifell TMT 208 {I+mT6 5228 ol +m T02
(28) Valf |11] = g & — 3¢ -
( +m)4z§, + el +m)T8 (I + m)4gF + el +m)T8
o) 3mT§i + 2e(| +m)T8 ol mgT%ez e(| mT | e2(| +m)T%
+ +
(| +m)3§ +ITE(I +m)T%2 (| +n)3é¢ +n’e(| +m)T82
| mr?(1 - m)2e(I +mT
( +m)2é’.‘q; +m3(|+m)T82
(29) Vaif |01 = Vaff|1q],
6l Ze(l +m)T m20% e(I +mT 21 2177 (I +m) T02
(30) Varff [00] = i =t — 2 g -
( +m)4‘;§’ + ma(l +m)T8 (I + m)4§|3 + ne(l +m)T8

9| 3m-|-g‘§e(l +m)T e2(I +m)T8 ol m3T§L N 2e(| +m)T8

- +

(1 +m)sg5' +mel +m)T%2 (I + ”)33? + el +m)T82
| nr2(1 - m)ze(I )T

(I +m)°% el +m)T82.

We note that each of these expressions divided by T approaches2l m/ (I +m)*as T

approaches infinity, and approaches zero as T approaches zero, as we would expect.
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2.3 Distribution, transform, mean and variance of time to produce a

fixed number of parts

The focus of the following development will be to characterize the time to produce a
fixed lot of g parts at some processing speed p, exponentially distributed time between
failures with MTBF 1/1 , and exponentially distributed time to repair with MTTR 1/m
Although this problem has been addressed previously by Brouwers (1986) and Kim and
Alden (1992), we take a different approach that is simpler and provides insight into the
more difficult problem with an arbitrary (general) repair distribution. The key
observation is that the random variable of interest can be represented as a power series,
from which the transform is easily found. This approach is not new; see, for example,
Giffin (1975) for an excellent exposition, or Serfozo (1990) for a rigorous presentation of

theoretical results.

Laplace transform and density when machine initially working

We begin by observing that the time to produce a lot can be divided into two mutually-
exclusive, collectively-exhaustive components: the processing time to produce parts,
plus the time the machine spends in repair. Note that the first component is
deterministic and the second is stochastic. Thus the time to produce a lot is given by

g/p +R

where R is a random variable representing the time spent in repair. We will thus focus

our attention on R.

Let us first define b as the arrival rate of failures per batch, given by
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b=1q/p.

Using this notation, two parameters characterize the distribution of R: band m The
key observation of our derivation is that if the machine is working at time 0, we can
model the failure process as a Compound Poisson process of the form

N(b)

R(:b[1) = a X

i=1

where N(b) is the number of arrivals in the Poisson failure process with rate b and each

Xj is exponentially distributed with rate m Using standard results (Ross, 1983) for

Compound Poisson processes,

E[R | 1]=b/m
Var[R | 1] = 2b/n?.

In fact, we can easily find all the moments since the Laplace transform is easily found.
We note that R is a mixture and can be represented by the power series
i*

RE: DID) = & (o) X

=0

where {p;(b)} is the Poisson distribution with rate b and X" represents the i-fold

convolution of X. With this observation, we may write

F(s b1d) = & p (<)

i=0
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where r* and x* denote the Laplace transforms of R and X. Letting f denote the

characteristic function of a random variable,
(s blD) = fx'E)
(by definition of a characteristic function). Since f p(s) = exp(-b + bs), we conclude that

@1 (s bl) = exp(- b(l- x*(s))),

which agrees with the Laplace transform for the Compound Poisson processes (Ross,

1983). In the case of exponentially distributed repairs, x*(s) = n/(s+m), and thus,

* x m o
32) r b|l) = exp% b+b——"=,
(32) r (s bl pS-b+b——"
Calculating the first and second derivatives of r*(s; b] 1) at s = 0 for the exponential case
validates the two moments obtained above; note that from (31) we can easily obtain the

moments for any repair distribution.

From this transform we can obtain r, the density of the time spent in repair, for the
exponential case. We will need the fact that the Laplace transform of 1,(20x)/Ox is
exp(1/s) — 1 (Feller, 1971), which is easily verified by Maclaurin expansion of the
transform (Doetsch, 1961). Using this fact and the basic rules of Laplace transforms, we

obtain

(33) r(tbl1) = up(hexp(-b) + mb exp(-mt- b) I5(2/m) (nbt) 2, t2 0,
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where uy is the unit impulse function and I, is the modified Bessel function of order 1.
This density has also been obtained by direct probabilistic argument by Feller (1971),
Brouwers (1986), and Kim and Alden (1992).

Laplace transform and density when machine initially failed

We would now like to find r(t; b]0), the density of time spent in repair given that the
machine is currently failed. This is given by the convolution of r(t; b] 1) with the
density of time to repair (i.e., the exponential density with parameter m). The
convolution integral is difficult to evaluate, but the Laplace transform is simply the

product of the two transforms, and is

m

(5 b/0) = —™ expbib+b
r = — exp%-b+ _
(34) s bl s+m Xpé S+ Mg

From this transform we can easily find the first two moments of r(t; b | 0). The result is,

not surprisingly,

E[R | 0] =b/m+ 1/m
Var[R | 0] = 2b/n? + 1/n?.

To find r(t; b]0), we need only to invert the above transform. The symbol U will be
used to represent that the expression on the left is the Laplace transform of the
expression on the right. We begin with the following transform identity from standard

tables of Laplace transforms (e.g., (29.3.81) in Abramowitz and Stegun),

Viﬂ exp(t/s) O 12 1,(24t), v>-1,
S
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where |,(z) is the modified Bessel function of order v,

Vv

(5)"

o K (k+v)

T Qox

L@=&8

(see (9.6.10) in Abramowitz and Stegun). We now proceed with three simple steps to
transform the above identity into r*(s; b]0). First, taking the identity at v =0 and

scaling s by 1/nb gives

1 @b 0
el s 8 exp(nb/s) U 1o(2/mbt).

Next, we replace s by s + m which is equivalent to multiplying the inverse transform by

exp(-nt), and then scale both sides by the constant mexp(-b). We obtain

€glo pE%—o O exp(-mt) 1o(2/mbt),

es+ I’Tﬂ

and

gmo expEEb+b—m?J U mexp(-nt- b) IO(Z\/_)

es+ mg

Therefore,

(35) r(t;b|0) = mexp(-nt-b) Io(2/mbE), t2 0.
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We should not be surprised that the impulse term in r(t; b] 1) is not present in r(t; b]0):
since the machine is currently failed, the time spent in repair time is almost surely non-

ZEero.

Since the stochastic process of this section is related to a compound Poisson process, the
Laplace transforms (32) and (34) are of a special type, and as a result can be numerically
inverted by the rather elegant method of Van Landingham and Shariq (1974). These

authors present an efficient method that is specialized for inverting transforms of this

type.

We also note that from the above development, we obtain an equivalence between the
convolution integral and r(t; b ] 0). Writing this equivalence and simplifying, one

obtains a surprisingly simple identity,

L 1,(2/a)

== 1g(2/a)- 1
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2.4 Cumulative distribution of time to produce a fixed number of parts

To find the CDF R(t; b] 1) one could attempt several different approaches. The most
obvious is to integrate the density obtained in the previous section. This is possible for
the functional form involved; this method is illustrated on a similar function R(t; b ] 11)
in the next section. Another possible method is direct probabilistic argument, and this
has been successfully accomplished by Kim (1994, unpublished). We take a different

approach, utilizing the Laplace transform obtained in the previous section.

If f(t) is any non-negative function of t and f*(s) is its Laplace transform, then f*(s)/s is
the transform of the integral of f(t) from zero to t, namely, the CDF. We therefore seek

the inverse Laplace transform of r*(s; b]1)/s, i.e.,

m U

4

1i 1 ge b+ b

1f - exp%-b+

L 1S IOe s+ mr%
As in the previous section, we begin with the transform identity

vi+1 exp(l/s) U /2 1,(248), v>-1
S

from standard tables of Laplace transforms (e.g., (29.3.81) in Abramowitz and Stegun).
We now proceed with a series of simple steps to transform the above identity into

R*(s; b]1)/s. First, scaling s by 1/nb gives

1 abg'™ ~ /
— é—sg exp(mb/s) O (mbt)"’? I(2/mBt), v>-1.

Multiplying both sides by the constant b™ yields
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L V+L LV /2
&6 exp(nb/9 O ke Iy(2/mBt), v>-1

Next, we replace s by s + m which is equivalent to multiplying the inverse transform by

exp(—nt), and then scale both sides by the constant exp(-b). We obtain

LVv+l .. /2
12mgo € mo - a5’
- C—%  expbb——" U exp(-nt) — I, (2/mbt), v>-1,
m és+ mg PP o mo P )ebﬂ V( )
and
LVl " /12
12mad e mo - antyY
—¢—* exp$-b+b—> U exp(-nt-b) :==2 1 ,(2/nbt), v>-1.
m és+ mg P S+ Mg p(- ) ¢ epho V( )

We are now almost done, as the left-hand side of the above identity is very similar to
our desired R*(s; b]1)/s. Although no simple transformation of the above expression
will give us the form that we desire, by the additivity of Laplace transforms we can

create the identity we seek, by summing over v from zero to infinity. That is,

- mg § @m ot a2
E exp b+ bmﬂ a ém‘ﬂ U q exp(-m- b) éFﬂ IV(Z,/nbt),
v=0 v=0
which, after simplification, gives
5 ¥ v/2
1 & aeno o arty
= exp%-b+b U exp(-m- b — l,(2/nbt).
m o Pg s+mZJe 2 pl- )2oebﬂ o )

Canceling the mand 1/mon the left-hand side, we obtain the desired result, namely, that
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Nl<

(36) R(t:b[1) = exp(-nt- b)

Iy (2J/mBt), t3 0.

an
épo

<
1 Qo

0

This expression agrees with Kim (1994, unpublished). Itis at first surprising that there
is not an impulse term at zero, such as the one in our expression for r(t; b | 1). Note,
however, that at t = 0 the first term of the infinite series is one and all the others are
zero, so that R(0; b | 1) is indeed exp(-b). Although this infinite series can not be
simplified further, we can evaluate a finite number of terms as an approximation. Press
et al. (1989) present an algorithm to compute | (z) using downward recurrence in v and
the polynomial approximation for 1,(z) given by Abramowitz and Stegun (1964). More
sophisticated algorithms exist for computing a sequence of modified Bessel functions,
such as the algorithm of Cody (1983), which provides guaranteed error bounds. Several
codes are in the public domain and are available via netlib (Dongarra and Grosse, 1987);

most commercial numerical libraries also provide such routines.

By a simple modification of the above derivation, we can also show that

Nl<

(37) R(t;b]0) = exp(-nt- b)

Iy(2y/mbt), t2 0.

&
epo

<
N Qo

1
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2.5 Cumulative distribution of parts produced over a fixed period of

time

The task of this section will be to obtain the cumulative distribution of parts produced
by a machine at processing speed p over the time period [0, T) when interarrivals of

failures and repairs are exponentially distributed with means | and m respectively.

We now show that this distribution follows immediately from the results of the
previous section. By simply noting that the Pr { parts produced in [0, T)£q } is
equivalent to Pr { time to produce g parts ® T }, which is equal to Pr { downtime

incurred while producing q parts 3 T — g/p }, we can write the following equivalence

property
(38) Fa/p;T11) =1-R(T-a/p;l a/p | 1).
Therefore, carefully accounting for impulses and endpoints, the CDF F(t; T | 1) is given
by
i0 t=0

e 3
@9 FET =i1-e ™01t g B0 o mTT-0)  o<t<T
T v=0

71 ts3 7.

Barlow and Hunter (1961) give an alternative formula for F(t; T | 1),0<t<T,

z T- AN
1-e"t§L+\/ml t Q L 102 Il( m tx) ax“
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due to Takacs (1957). This integral is simply 1 —f(t; T | 11) P,,(T) with (T-t) replaced by
x and then integrated from zero to T-t. This has an intuitive physical interpretation;

see the end of this subsection. Unfortunately this integral for has no known closed-form
solution, and is therefore not much more useful than the integral of the density

ft. T | 1).

We can also conclude with analogous logic that

i0 t=0
! -m(T- 1)-1t & aa(T - t)(‘j%
(40) F(tT[0) =il-e a o ly(2/mT t(T-0) o0<t<T
T v=1
il t3T.

We have been able to verify this expression and the expression for F(t; T | 1) by brute-
force integration of their respective densities f(t; T | 0) and f(t; T | 1). The basic

approach is to recognize that

¥
1-F(tT]1) :é Pr{ n failures in t time units } Pr{ n" repair occurs at time £ T-t },
n=1

using an argument similar to the one used to derive f(t; T | 1). Pr{ n" repair occurs at
time £ T-t } can be written as an infinite series using (6.5.1) and (6.5.29) of Abramowitz
and Stegun (1964). Once this is done, one manipulates the two infinite series to produce
a single infinite series of modified Bessel functions, and the above result follows

immediately. An example of this technique can be seen at the end of this section.
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Distribution function with known starting and terminal machine states

We now turn our attention to finding F(t; T | 11), the cumulative distribution of parts
produced by a machine at processing speed p over the time period [0, T) given that the
machine is working at time 0 and at time T. This distribution will be important to our
dynamic programming models in Chapter 3. To find this distribution, we will, as
before, first derive an expression in terms of the distribution function R, and then

exploit an equivalence between the distribution functions R and F.

In particular, we will now derive the probability that the downtime while producing a
batch of size q is at most t, given that the machine starts working and is also working at
time t + g/p, where p is the production speed of the machine. In our notation, this
probability is R(t; | g/p | a(0) =1, a(t+q/p) = 1); we will abbreviate this as

R(t;1 g/p | 11). Our derivation is a probabilistic argument based on Bayes’ theorem.

We begin by writing
1 -R(Il g/p | 11) = 1 - Pr{downtime to produce g parts£t | 11}.

The key step is to rewrite this as

Pr{ downtime to produce q parts £ tand a(t +q/p) =1 | 1}
Pr{ a(t+a/p)=1 | 1}
t

(yend downtime to produce q parts =y } Pr{ a(t+a/p—(a/pty)) =1 | 1} dy
y=0

Rt 1 g/p | 11) =

P{ a(t+ap)=1 | 1}

The reasoning behind the numerator of the last expression is as follows. First, the event
{ downtime to produce g parts £ t } has been rewritten as { downtime to produce q

parts =y } where y is integrated from 0 to t. If the downtime to produce q parts is y, the
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g™ part is completed at time q/p +y. The machine must be working at the instant
g/p +Y, so in order for the machine to be working at time t + q/p, it must be back in the

working state after an interval of length t + q/p — (g/p +y). Therefore,

Qtzo r(y: a/p | 1) Py(t-y) dy
Pll(t +q/p)

Rt 1 g/p | 11) =

where P, (T) is the probability that the machine is still working T time units later. P, (T)
is simple to derive and appears in many contexts; we first used it in Section 2.1. Itis

given by

Pu(T) = |l+ L (T,

Substituting P,,(T) gives

em 1 eyl
~ +—_— - d
gl +m |+ me Y y

m + | e (I +m)(t+q/p)

l+m | +m
mR(t; a/p | 1) + | e'('”“)tfézo r(y; a/p | 2)e!™™ dy

1+ 1 (A

R
Q, rvalp |
Rt Il g/p | 11) =

The last step is to rewrite the integral in the numerator. Substituting the value for the
density r, replacing its Bessel function I, with the usual infinite series representation,
settingb =1 q/ p, and applying (6.5.2) of Abramowitz and Stegun (1964) to express the
integral as an incomplete gamma function, we obtain

t +m - g I’Tbtj+1€'b -(j+ .
0o b arp 1™ ay = e® v & BPL=0 (1909 gan 1y

S 0t i+
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z
where g(a,z) = Q e t*1 dt. Rewriting the incomplete gamma function as an infinite

series using (6.5.4) and (6.5.29) gives

t + ) g (rrbt)j+le' b+ t
N rly:g/ip | )™ dy = e+ :
Q- viaip 19 y a i

(1Y’

o (i+v+1°

i Qox

Rearranging terms and applying the infinite series representation for I (z), we can write

3! ) I +m)y _ b, 8 Vo _-b+t ?V(Z\/nbt) 19
_ry,q/p|1e( dy = e "+ (-1t)" e E&—— - —0
Q_O ( ) v=0 ( ) é (‘/nbt) V!E

Lastly, recognizing the embedded Taylor series for exp(-l t) and simplifying, we obtain

/2

N . (I +m)y _ -bH t éé v x|t Qv
Qo ralp 1) ™ dy =™ A (Y (2.
Thus, our final result is, after simplification,
b- mt 3 v | t OVIZ
mRt; b| D)+ 1 e a (-1 gmz 1, (2,/mbt)
. — v=0
(41) R(t;b | 11) = 1 &

To find R(t; b | 10) we simply note using the law of total probability that

Rt b | 1) = Rt b | 11) P,(t+a/p) + R(t b | 10) P.(t+q/p),

and therefore
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R(t; b | 1)- R(t; b | 11) Py(t +a/p)
Pyo(t+a/p)

(42) R(t; b | 10) =

¥ 69 |t (';')VIZ
R b |1)-e™™ § (-1’ &= 1,(2/mdt
_ oo eny/po V( )
1- e—(l+th+q/p) )
Through a similar derivation one can also show that
y v+l
Rt b |0)+e™™ § (- gﬁ%z | a(2/0E)
(43) Rt b | 02) = LD ,
and, of course,
R(t; b | 0) = R(t; b | 01) Py(t+q/
@a) R@gbj ooy = G0 10)= Rt b1 0 Ryft+alp)
Poo(t +a/p)
y v+l
bt 9 It §2
| R(t; b | 0) - b-mt qy &1L l,..(2/nbt
_ ( | ) me V:o( ) élT[]/pﬂ vl( )

|+ me 0 Mam

With a little effort, it can also be seen that R(t; b | 10) = R(t; b | 01).

We now use the expressions that we have derived for the distribution function R with
known starting and terminal machine states to derive new expressions for the
distribution function F with known starting and terminal machine states. The

modification of the equivalence (38) is immediately obvious,

Fa/p;t+a/p | 11) = 1 - R(t 1 9/p | 11),
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and we therefore can write

45) F(t T|11) = 1-

¥ .
s dtemT-n 8 v @(T-1)0 -
mil-FE T1L)+1 e 530 (- 1) ?—m i |V( m T t))
m+ | e (I +rr)T !
46) F(;T]10) = 1-
¥ vi2
= o emTy 2 v @(T-96 -
(1-Ft T 1D)- e & (-1) ? — 1, (2/m (T - 1))
1- e—(l+m)T !

(47) F(t; T]00) = 1-

v+l

. -l t-m(T-t A v (T-t)Q7
IL-F T1D)- me'™™™0 § () ?T}a e 2/MIE(T- 1))

(I+mT !

v=0
| + me

and

(48) F(t; T ] 10) = F(t; T | 01).

Note that in all of the distributions that we have derived in this section, the terms of the
infinite series alternate in sign. This is fortunate, since we can exploit numerical
methods such as Euler's transformation to accelerate the convergence of these series
(Press et al., 1989). As discussed earlier, the modified Bessel functions of order v can be
computed using one of several available algorithms, such as Cody (1983) or the one

described in Press et al. (1989).

Laplace transform with known starting and terminal machine states

We now derive an expression for the Laplace transform of R(t;| g/p | 10),
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s It &
R(tt b |1)- eP™ a B1LO |, (2/nbt
L ( ) Va:‘O( ) eny/pg ( )}
1- e—(l +mYt+q/p) )

We begin by rewriting 1/P,,(T) as

n

1 - n=

Note that for all positive T, the convergence condition is satisfied. Our problem can

therefore be rewritten as

3 . +m)(t+ n
& Life" ™) R b Y-
n=0 |

v/

) )
(e omteserm) g & cy Lo, oy,
b

v=0 emq/pg

Noting that multiplying a function of t by exp(-at) replaces s by s+a in its transform, we

conclude that

g n
& L{(e" ) R b | 1))
n=0 g | . *
=3 (e-( M p) R'(s+ (I +m)n; b | 1)
n=0
¥ n x o}
- o .(I+n~)q/p -b b s
So(e ) s + (| +m)neng My m+ (I +m) ng
3 1 e q m 0
=84 ————— expS-(I 2 b+b =
So s+ (I+m neng ( +m)np ey m+ (I +m) ng

The more difficult half of the problem is to find
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_v/

¥ ¥
o - (I +m(t+q/ p) -b-mt 2
a Lile a (-1 9
n=0 {( ) v—O( ' errq/pg

1, (24/mBt) 3.

We begin by constructing

LVI/2

¥ ¥
2 L{e"™ & (1 &0 | (oM
n%O L 20 Y eny/po ( \/_)}

from the basic rules of Laplace transforms. As before, the symbol U will be used to
represent that the expression on the left is the Laplace transform of the expression on

the right. We saw in the previous section during our derivation of R(t; b | 1) that
v+l
% ae‘rbg exp(mb/s) O (mbt)'/? | I(2/mBt), v>-1.
Multiplying both sides by the constant m* (q/p)™ (-1)" yields

v/2

exp(nb/s) O (-2 gﬁ; 1, (2/ABt), v>-1.

v+l
(o 1" &S

Next, we replace s by s + m which is equivalent to multiplying the inverse transform by

exp(—nt), and then scale both sides by the constant exp(-b). We obtain

v+l v/2
Q £ m Q R o -
(D1 e expth——" U exp(-nt) (-2)" grrq/pz 1, (2/Bt), v>-1.

and
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t_)v+1 -b+b£ X It (.jv/2
e MO0 e™P® ()" ¢——* | (2mbt), v>-1.
(-3 eny/ po "( )

The last step is to sum over v from zero to infinity,

¥
o]

o ELLET o ),

m v+l
1 brbon 4 &l 0 ~ _m
Z e stm (_ 1)V g o U e nmt- b a C
I V=0 es+nmg ve0 eny/po

which, after simplification, gives

L V/2
ELLO ) (omhr).

m
52 H -btb— ¥
C LR g g™ g (O
es+l +ma v=0 eny/po
We now see that
& - (L +m)(t+a/p)\" - b-nt & v &1t OV/Z
a L{le e a (1) ¢ =1 (2t ) }
n=0 ( ) v=0 eny/po V( )
¥ ) L
=a (e'(' +m)q/p)n 1 exp§-b+b m °
=0 s+ (I +m) (n+1) é s+ m+ (I +m) ng
3 1 e q m 0
= exp¢-(I +mjn=-b+b -,
naz‘os+(l+m)(n+1) pé( ) P s+ m+ (I +m ng
Our Laplace transform of interest is thus, in total,
3 e m 9
49) R*s;b | 10) = Q ex e (I +mnd. p+b =7
(49) RGib110) = & expe (1 +mno- b+ boo—miy
é 1 1 u
+(I+mn s+ (I +n) (n+)f

Further, we can also show by nearly identical arguments that
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¥ % i . . & O
(50) R'(s:b | 11) = & & L e ™ML oic hapy m *
neo € M e s+m+(l+n) ng
e 1 | 1 u
= +

g+ (I+mn ms + (I +m (n+D§

(51) R*(s;b ] 01) = R*(s; b | 10).
(52) R*(s;b ] 00) = 5

n=0

Q.

s+ m+ (I +m) N
m e 1 ] 1 u
s+ m+(l +m) nEs+ (I+mn s+ (I +m (+Df

x r_ne- ( +m)q/p('jn
e | 4]

23]
expé-b+Db
e

A simplified Laplace transform with known starting and terminal machine states

It is important to note that the above infinite series for R*(s; b | 11) may not converge if
I >m and R*(s; b ] 00) may not converge if m> | , since the parenthetical term could be
greater than one (Knopp, 1956). However, one possible solution is to work with

R*(s; b | 01) and R*(s; b | 10), and then employ an equation such as
Rt b ] 1) = R(tb ] 11) P,(t+a/p) + R(t; b | 10) P,,(t+q/p).

Furthermore, we can use these results to derive formulae that are simpler and do not
suffer from convergence problems. Rearranging the above equation and taking the

Laplace transform of each side gives

L{R® D | 1) P (t+a/p)} = LR b | 1)~ RE;b | 10) Py(tra/p))
_ . . (g g (#mitarp)
=L{REb 1D} - L{RED110) ——(1-e )3

1 x m & I
= - exp%b+b - R(t;b ] 10)} +
S Xpé s+ nmg | +mL{ ( 110)}
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I e(l+mq/pL{R(t b I 10)6 (I +m)t }

| +m
:-expG b+ b—n 9 _
S+ Mg
¥ ae o)
L 2 expC (1 +mnd- b+ b m 2
| +m o e P s+ m+ (I +m) ng
é 1 1 L‘J+
E+(I+mn s+ (I +n) (n+)F
[ e q m 0,
exp%- (I +m)(n+1)—- b+ -
I +mna:‘O Xpe ( -+ D) s+ m+ (I +m) (n+Dg
e 1 1 u

&+ (I+m(n+) s+ (I +m) (n+2H

Noting that the two infinite series are identical except for a shifted index, we can cancel

almost all of the terms and obtain

L{R(t b | 11)P,(t+q/p)} =

A U
}epr b+ b2 _ expf; peb—m 221
s s+ mg | +m s+ megs s+ (I+mp
or
1 m 6 ém | u
53 R(t; b | 11) P, (t+g/ =TI Gb+b T —

The left-hand side can be interpreted as Pr{downtime £t & a(t+q/p) =1 | a(0) =1}. We
will see later that this probability will be very useful. Of course, if R(t; b | 11) is desired

instead, it is a simple matter to scale by P,,(t+q/p).

From the above development we also see that
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(54) L{R(Db | 10) P(t+q/p)} = —— expCb+p—"_9 %
; 1\t+a/p [ +m pé S + Wé& 5+—(|+m)6'

Finally, using the equation
R(t; b ] 0) = R(t; b | 01) Pyy(t+a/p) + R(t; b | 00) Pyy(t+a/p),
we can also obtain, by similar argument,

(55) L{R(t;b ] 00) Py(t+q/p)} =

e m§gé m 1 m 1 m 1 U
exp$-b+b " A - — -+ ”

P*

e st mg+ms | +ms | +ms+ (I +m{

and
m §€é 1 U
s+ me&s s+ (1+mf

m e
(56) L{R(t;b ] 01) Py (t+a/p)} = e expg- b+b

To use these results to compute the distribution F, we begin with the equation
F@/p;t+a/p | 11) = 1 - R(t; | a/p | 11),
and multiplying both sides by P,,(t+q/p), obtain
P,(t+a/p) F(a/p; t+a/p | 11) = Py(t+a/p) - P, (t+a/p) R(t | a/p | 11).
This can be used in several ways, for instance,

(57) F(a/p; t+a/p | 11) =
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! u

s+ (I +mty

1 a1 e
1- L i exp%-b+b
Pu(t +a/p) il+m e

m gém
s+ Mg s

Of course, analogous expressions can be written for the other three cases (00, 01, 10).

An important property of the distribution function

Property 1. F(t; T ] 1) is a non-increasing function of T.

While this is difficult to prove by calculus, the result follows immediately from the

equivalence (38) between the distributions F and R. In particular, forany d>1, T3 0 we

wish to show that

FdT | 1) £ F(& T 1)

We can rewrite this using the equivalence (*) as

RAT-t I t]1) 2 RT-t | t]1)

Since R(t; b | 1) is a non-decreasing function of t, the result follows.

By the same arguments, the above properties also hold for the CDFs F(t; T | 0),
F(t; T | 11), F(t; T ] 10), F(t; T | 01), and F(t; T | 00).
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2.6 Transient behavior of mean and variance of uptime over a fixed

period of time

In this section we explore the transient behavior of the mean and variance of
f(t; T | 1)/T (derived in Section 2.2) as we vary the parameter T. We are interested in
both the behavior of the asymptotes and how quickly these functions approach their

asymptotes.

Figures 2.1 — 2.6 depict the results. In each figure we vary the parameter T from 1 to 25.
Figure 2.1 will serve as our base case, in which | =1, m=1. We will subsequently
investigate changes in the failure rate | and the repair rate m We see that in the base
case, the mean approaches the asymptote m/ (I + n) = 50% somewhat slowly, while the
variance approaches its asymptote of 21 m/ (I + n)® even more slowly. The asymptotic

mean is sometimes called the stand-alone availability.

Next we increase the stand-alone availability (SAA) to 80% in two different ways. In
Figure 2.2 we increase mto 4, and in Figure 2.3 we decrease | to 0.25. We see vastly
different results in each case. Increasing mleads to a great reduction in the variance
asymptote and results in much quicker convergence of both the mean and the variance
to their asymptotes. Decreasing | , however, yields a slight increase in the variance
asymptote, reduces the rate of convergence of the variance to its asymptote, and does

not improve the rate of convergence of the mean as much as increasing m

Figures 2.4 and 2.5 tell a similar story. In each case we decrease the SAA to 20%, by
increasing | to 4 in Figure 2.4, and decreasing mto 0.25 in Figure 2.5. Increasing | is
seen to somewhat improve the rate of convergence of the mean to its asymptote, greatly

reduce the variance asymptote, and almost completely eliminate the transient effect

Page 77



1 Expected fraction of uptime 03 Variance of uptime /7 T
09 T
0.25
0.8 T g
4
0.7 0.2 +
0.6 T
05 9-9009090-90-9-9-90-90-0-0-0-0-0-0-0-¢ 0.15 +
0.4 +
0.1 4
03T
02+ 0.05 +
0.1+
o T e e A I S S e Ol 4 b v b
- e e~ 2 4 8 385 3 3 8 8 Sew e g3 35 338 83
Length of production run Length of production run
Figure 2.1 Transient behavior atl =1, m=1, SAA =50.0%, Var. asympt. = 0.25
1 Expected fraction of uptime 03 Variance of uptime / T
09 T
L 0.25 +
0.8 M:::;;;;;;;;;;;;;;;;;
07T 0.2 +
0.6 T
0.5+ 0.15 +
0.4 +
0.1 +
03T
02+ 000000 000-000-000000009
0.05 v
¥
0.1+
o T I B e L S A [ S S e A Ol 4 b v b
e e~ 4 8 35 33 8 8 S e g3 358338 83
Length of production run Length of production run
Figure 2.2 Transient behavior at| =1, m=4, SAA = 80.0%, Var. asympt. = 0.064
1 Expected fraction of uptime 03 Variance of uptime /7 T
0'9!\*0—0-;‘
v 9090-90-0-90-9-9-0-06-0-0-06-06-060-0-0 0.25
0.8 R 0000000 4
07T 0.2 +
0.6 T
0.5 1 0.15
0.4 +
0.1 +
03T
021 0.05 4
0.1+
0 +—+—+—+—+—+—+—+—++—+—+—+—+—+—++—F—F—+—+—+—++ 0 +—+—+—+—+—+—+—+—+—+—+—+—++—+—+—F+—+—+—++—++—
S e e~ o 4 8 35 33 8 8 -0 e e 28 35 233 QR
Length of production run Length of production run

Figure 2.3 Transient behavior at| =0.25, m=1, SAA = 80.0%, Var. asympt. = 0.256

Page 78




Expected fraction of uptime

Variance of uptime / T

1 0.3
09 T
0.25 +
0.8 T
0.7 02 |
0.6 T
0.5 1 0.15 +
0.4 4
4 01+
0.3 T
0.2 e —=C—=0—=—=C=0=C> O.Osﬁvvvvvvvvvvvvvvvvvvvvvvv
0.1 1
o —t+—+—+—"F—"Fttttt+tt+tt—Ft—t—F—F— o +—+—+—+—+t++t+t+—t+t+—t+t+t+—t+ttt—t—tt—t
e~ g8 385 2 38 8 8 -0 e g2 35 38 QA
Length of production run Length of production run
Figure 2.4 Transient behavior at| =4, m=1, SAA = 20.0%, Var. asympt. = 0.064
1 Expected fraction of uptime 03 Variance of uptime / T
0'977 P W W WWWUWWWWUWWWWEWwWwewS
025 & -0—0—0—0—0—0—0—0—0—0-0—0-0-0-0-0—0
0.8 T
o7 e 0.2 +
0.6
0.5+ 0.15 +
0.4 1 4
0.1 +
03T
>
02 0.05 +
0.1
o —t+—+—+—"F+—"4+ttt+t++t+tt—Ft—t—F—F— o +—+—+—+—+++t+t+—t+t+—+t+t+t+ttt—t—tt—tt
40w~ e 3225 23R8 -0 e g8 35 233 QA
Length of production run Length of production run
Figure 2.5 Transient behavior at| =1, m=0.25, SAA = 20.0%, Var. asympt. = 0.256
1 Expected fraction of uptime 03 Variance of uptime /7 T
0.9 T
0.25 +
0.8 T
0.2 +
J
0.15
i
0.1 +
0.05 +
0 +—+—+—+—+—+—+—+—++—+—+—++—+—F+—t————— 0 +—+——+—+—+—+—+—+—F—+—+—F+—F—F—+—+———+—+—
40w~ 0 3 925 23 R4 e e 2325 31 QR

Length of production run

Length of production run

Figure 2.6 Transient behaviorat!| =1, m=0.1, SAA =9.1%, Var. asympt. = 0.150

Page 79




associated with the variance. In sharp contrast, decreasing myields a slight increase in
the variance asymptote, does not dramatically improve the rate of convergence of the
variance to its asymptote, and worsens the rate of convergence of the mean. We will

analytically examine this phenomena below.

Lastly, we observe in Figure 2.6 some of the unusual behavior that can exist at a very
low SAA (9%). Here we observe that the variance is initially below the asymptote (at
T = 1), increases above the asymptote, then decreases to the asymptote as T increases to
infinity. We can understand this behavior intuitively, recognizing that the MTTR is 10
hours, that is, any failure leaves the system failed for a long period of time. This, in
combination with the fact that the machine is not failed at time 0 and may still be
working two or three hours later (since the MTBF is 1 hour), has the effect of

significantly increasing the variability due to the initial startup effect.

There are two ways to improve the reliability of the machine. One is to increase the
repair rate m and the other is to lower the failure rate | . The above exploration suggests
that for any fixed SAA, we would prefer to have a higher minstead of a lower | . We
now show this analytically. Recall from Section 2.2 that the asymptotic variance of

f(t; T | 1)/Tis2l n/(I +m)’. If we increase mto m+D, then we must increase | to

| (mtD)/min order to maintain a constant SAA. As a result, the asymptotic variance of

f(t; T | 1)/T becomes

2l m m
(I +m)’ m+D

which is a decreasing function of D. As a result, increasing mwhile holding the SAA

constant decreases the asymptotic variance of f(t; T | 1)/T. It also follows that

Page 80



decreasing | while holding the SAA constant increases the asymptotic variance. It is
also true (but harder to show) that the same is true of the transient variance given by

(25).

We now explore relaxation time as one metric for the rate of convergence of the
stochastic process, as described by Keilson (1979). First, consider the discrete state
Markov Process with two states denoted zero and one. Let the transitions from state
zero to state one occur with rate m and the transitions from one to zero with rate | (we
do not permit self-transitions), and let the system be in state one at time 0. This discrete
state Markov Process is then equivalent to the machine failure process that is the subject
of this chapter if we interpret the time that the process spends in state one (zero) as

machine uptime (downtime).

Given a function f defined on the Markov chain state space N, Keilson defines the

covariance function r(t) as

f(m) en (Pmn(®)- €n) f(n)

)QJO

refe) = é
miIN n

N

where e are the ergodic probabilities and p,,(t) represents the probability that the
chain is in state n at time t+t if the chain is in state m at time t. Let us define the
function fsuch that f(0) = 0 and f(1) = 1. Thus the function f serves as an indicator

function for machine uptime. In this case r,(t) reduces to

) = e (pll(T)' 91)

Furthermore, for our chain,
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and it is easily shown (Barlow and Proschan, 1965 or Gross and Harris, 1985) that

m + | e-(|+m)t.

pll(t):| TmoTem

Thus, given our definition of f, the covariance function for this process after
simplification is

I'm -0 +mt

(1 +m)’

r(t) =

The relaxation time for the process is then defined as

which is easily seen to equal 1/(1 + n) in this case. This is consistent with our empirical
observations above: the rate of convergence of expected fraction of machine uptime
appears affected equally by | and m This is also consistent with results of Baxter (1985),
who shows that for a machine starting in steady state, the autocorrelation of the
indicator function fis given by exp(—(I +n) Jt]). Furthermore, it is easy to see from the
expressions for P, (T) and P,,(T) that the rate of convergence of the so-called availability
coefficient Pr{ a(t) = 1 } is exponential with rate determined by | + m See Gnedenko et al.

(1969) for a further discussion.
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Keilson points out the familiarity of the relaxation time expression with a survival
function, and notes that the relaxation time is essentially a survival function for the
dependence of the process on its initial condition. Keilson also shows that the survival
function can be rewritten in terms of the fundamental matrix of the process and then it
is easily seen that the relaxation time derived above is in fact the largest eigenvalue of

the fundamental matrix. For another discussion of relaxation time, see Morse (1958).
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2.7 Normal approximation to the distribution of parts produced over a

fixed period of time

In this section we briefly explore the accuracy of approximating f(t; T | 1) by a Normal
distribution. Také&cs (1957a, 1957b) has proven that this distribution is asymptotically
Normal as a function of T. We will therefore approximate f(t; T | 1) by its first two
moments, as derived in Section 2.2. Those results will serve as the mean and variance in

our Normal approximation.

To facilitate numerical evaluation of the Normal approximation, we propose two
metrics. The first is the so-called Kolmogorov distance (which we denote by K ), the
largest absolute difference between the two cumulative distributions. The second is the
average absolute difference between the two cumulative distributions over [0, T) (which
we will denote by E). For a rigorous discussion of these metrics, see Kalashnikov

(1994).

In Figure 2.7 we plot f(t; T | 1) and the resulting Normal approximation for| =2, m=4,
and T =5. We see that the approximation is quite good over the full range of the
distribution (E = 0.5%, K = 2.0%). However, as T is decreased (with | and mfixed), the
approximation worsens. Figures 2.8 and 2.9 show the results for T=2 (E =1.3%, K =
3.7%)and T=1 (E = 2.8%, K =7.1%). A maximum absolute error of 7% in the
cumulative distribution suggests that the approximation should not be used for

numerical work other than first order approximation.
Intuitively, we would expect that it is not the magnitude of T that dictates the accuracy

of the approximation, but rather, the number of failure/repair cycles that occur within

the interval [0, T). Figure 2.10 confirms this, where T is held at 1 while | is increased to
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1 2 3 4 3
Figure 2.7 f(t;T | 1) and normal approximationatl =2, m=4,T=5

n.a2
n.&
0.4

n.a

0.5 1 1.5 2
Figure 2.8 f(t;T | 1) and normal approximation atl =2, m=4,T =2

n.s 0.4 0.& n.s 1

Figure 2.9 f(t;T | 1) and normal approximationatl =2, m=4,T=1
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1.5

1.25

n.7a
0.5

n.25

0.2 0.4 0.5 n.g 1
Figure 2.10 f(t;T | 1) and normal approximationatl =4, m=4,T=1

n.2 n.4 n.& n.a2 1

Figure 2.11 f(t;T | 1) and normal approximationatl =8, m=8,T=1

0.1 n.2 0.3 0.4 0.5
Figure 2.12 f(t;T | 1) and normal approximation atl =15 m=30, T =0.5
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4, and a dramatic improvement results (E = 1.1%, K =2.3%). In Figure 2.11,1 and m
are increased to 8 (with T held at 1) and the approximation improves further (E = 0.4%,

K =1.0%).
Figure 2.12 further demonstrates this principle. Decreasing T to 0.5 but increasing | to
15 and mto 30 results in an approximation which is once again reasonable over the full

range of the distribution (E = 0.7%, K = 2.4%).

To see this analytically, recall from equation (3) that

D

! 2\/_ ‘ t-m(T-t
cerin= gm0

+Uuy(T-t) e 7, OFtET.

C)% c

It can be seen that if tand T are scaled by k, and | and mby 1/k, then f(t; T | 1)/ Tis
unchanged. Therefore, the shape of the density f(t; T | 1) is determined not by T alone,

but rather, by the relative magnitude of T in relationtol and m

We have shown that in certain circumstances, the Normal approximation can be quite
good even in short time intervals. Conversely, the approximation can be quite poor
even over long time intervals. The conclusion we reach is that care must be taken

before the approximation is used.
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2.8 Distribution of time to produce multiple batches of parts

We now turn our attention to the problem of finding the distribution of time to produce
multiple batches on a single machine. The probability density function of the time to
produce n different batches is the convolution of n probability density functions of type
r(t; b). Since the Laplace transform r*(s; b) of r(t; b) is known, we can find the Laplace
transform of the density of time to produce multiple batches by simply multiplying the
transforms of the probability density function of time to produce each batch. Given the
transform of the density of time to produce multiple batches, it is then easy to obtain the
moments of the time to produce multiple batches. The remainder of this section deals
with the more difficult problem of finding the probability density function of time to

produce multiple batches.

First consider the simplest possible problem: two batches with equal failure and repair
rates; that is, b, =b, =b and m =m =m This problem is equivalent to finding the two-
fold convolution of r(t; b) which, from its Laplace transform, is easily seen to be
equivalent to a one-batch problem with failure rate 2b. The intuition behind this result
is the following. Since each process is a Compound Poisson process on the interval [0,
1] with rate b, the superposition of the two processes is a Compound Poisson process on
the interval [0, 1] with rate 2b. Itis also easily seen from the Laplace transform that this
easily generalizes to the case b, * b,, in which the problem is equivalent to a one-batch
problem with failure rate b, + b,. These results are a consequence of the fact that the
superposition of two Poisson processes with rates | , and | , is itself a Poisson process of

rate | , +1, (Ross, 1989). Furthermore, this result extends directly to n > 2 batches.

The case with different repair rates (m * m,) is much more difficult. The Laplace

transforms easily multiply but the product is not easily inverted. One reasonable guess
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is to assume that this problem is equivalent to the one-batch problem with failure rate

b, + b, and repair rate given by

Mlbl+b2 M2b1+b2.

This approximation is exact for m = m and worsens as |[m —m | grows. In fact, for

reasonable values of m, m, b, and b,, the approximation is not very good.

A two moment approximation

We instead propose the following: let us assume that the two-batch distribution can be
represented as an equivalent one-batch distribution; this is a reasonable guess since the
case m = m reduced to a one-batch distribution. Further, since we can find the
moments of the two-batch distribution, we can find the my and bg for the one-batch
distribution such that the first two moments of the one-batch distribution are the same
as the first two moments of the two-batch distribution. This equates to solving two

equations (one for each moment) in two unknowns (ny and bg):

2by, _ 2b, N 2b,

whose solution is

o - (bm, +bym)°
° byt +b,nf

_ (bm+bm) (mm)
m = byn + b,nt .
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This approximation has the desirable property that in the case m = m = mfor which the
exact result is known, the approximation produces the correct exact result b, = b, + b,

andm=m

It can be shown that the third moment of the two-batch distribution does not equal the
third moment of the one-batch distribution with ny and bg given above. From this we
can conclude that in general, there does not exist an equivalent one-batch distribution for the
multiple batch distribution. In other words, the resulting stochastic process is no longer

Compound Poisson.

This two-batch procedure can be applied iteratively to approximate the distribution of
n 3 3 batches as follows: compute the one-batch approximation to the two-batch
distribution yielding a one-batch distribution. Use this result along with the parameters
for the third batch to compute the one-batch approximation to the three-batch

distribution, and so forth.

Accuracy of two moment approximation

We would now like to evaluate the accuracy of the two moment approximation
described above. Let us first take a moment to consider the limiting behavior of the
multiple batch distribution. First note that as b, increases, the distribution of time to
produce batch 1 approaches the Normal distribution. The same is true for batch 2 as b,
increases. Therefore as b, and b, increase, the convolution of the two distributions
approaches the Normal distribution, since the convolution of two Normal distributions
is itself a Normal distribution. This result is discussed with great rigor and depth by
Feller (1971). Since the Normal distribution is completely described by its first two

moments, we can conclude that our two moment approximation is asymptotically exact.
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3 10 15 z20
Figure 2.13 Exact and approximate convolution of two densities of type r(t; b | 1)
with parametersb; =6,b,=6,m=4,m=1

n.35
n.z2
n.25
0.2
n.15
n.1
n.0s

1 2 3 4 3 & 7
Figure 2.14 Exact and approximate convolution of two densities of type r(t; b | 1)
with parametersb; =1, b, =1, m=1m=2

0.35
n.z2
n.25
n.2
n.15
0.1

n.0s

2 4 & g
Figure 2.15 Exact and approximate convolution of two densities of type r(t; b | 1)
with parameters b, =2,b,=0.1, m =4, m=04
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Accordingly, we limit our attention to modest values of b. To evaluate the accuracy of
the approximation we compute the Kolmogorov distance K , the largest absolute
difference between the exact cumulative distribution and the approximation®. Three
exact convolved densities with varied parameters and their approximations are plotted
on the previous page. In all examples we assume that the machine is initially working.
Figure 2.13 shows that the approximation is very good forb, =b,=6,m =4, m=1 (K =
0.8%). This would correspond to running two batches for three hours with MTBF = 30
minutes, and MTTR = 15 minutes for one part and 60 minutes for the other. Since the
approximation is asymptotically correct and is also exact when m = m, it is encouraging
that the approximation is quite good even with a relatively small b and with m and m
differing by a factor of 4. Figure 2.14 shows the result in the case b, = b, =1, m =1,

m = 2. We see that in this case, even with a small b, the quality of the approximation
appears reasonable (K = 3.5%). The quality of the approximation does degrade if we
continue to increase the difference between m and m while keeping b and msmall.
Figure 2.15 shows that the approximation breaks down atb, =2,b, =0.1,m =4, m =04
(K =37.2%).

An equivalent convolution

We have shown above how to approximate the distribution of time to produce multiple
batches. This subsection examines the probability that we are able produce two batches
with differing parameters in an interval of fixed length. We will show how to write this
probability as a convolution, which is important for computational purposes. Without
such a result, the evaluation of this probability would require a n-fold integral. If
numerical integration were used, the computational effort would grow exponentially in

n. Because we are able to express the probability of interest as a convolution of n

* Note that the average absolute difference between the two cumulative distributions E will be zero since
the distribution and its approximation both have infinitely long right tails.
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distributions, we can write the Laplace transform of this probability as a product of n
terms. As a result, if numerical Laplace transform inversion is used, the computational

effort grows only linearly in n.

We now wish to evaluate the probability that we are able to produce two batches of size
g, and g, in an interval of length T, where the processing speeds are p, and p,, the
failure rates are | ;, and | ,, and the repair rates are m and m. Assuming that we produce
batch one first, denote the probability that we produce at most q, parts by the
distribution function G(q, ; T, q;, p;, P, | 1, | ,, M, M), which we will abbreviate as

G(dg,; T, q,). This distribution function can be written as

G(q,; T, q,) = Pr{time to produce 1* batch>T -q,/p, } +
T 0a1P;

1/Py

Pr{ # of parts produced in 2" batch £ g, | time to produce

1" batch=y} = dens{time to produce 1" batch=y } dy

dz .

u ] )
- =21, il N9l &% . T- y— rl(}y- S |1i9 dy.

& q
CR,GT- 2
Y epz P 'po

1
rDED,>_\('D~

By the equivalence property,

ngl- ql qZ |1i9lrj +
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where [0 denotes the convolution operator, and the argument of the convolution is T -

a,/p, — 9,/p,. Not surprisingly, it is now seen that

. o ..
G, ; T, q) =1- T - 2. &2, honR ey b by Ao
e P P P12 e B P P, 2

that is, a convolution of the type that is the subject of this section. Through a similar

derivation, we can also show that

. . ..
G, ;T,q) =1- ST - B 2y APop ity b de,y B
e P P P, 2 e P P P12

Although we have derived this result for the case of two batches, the result extends by

induction to any number of batches.

In the discussion above we have not described how to handle known initial (and
possibly ending) machine states. Suppose for example that we know that the machine

is initially working but is failed T time units later. Then

- . ..
G(a,;Toa 110)=1-rer- D By Slpnper. b By S|4
e bk P Pr| o e P P [ 2

In general, the density for the first part should be conditioned on the initial state of the
machine. The distribution for the last part should be conditioned on 11 or 10 depending
if the ending machine state is working or failed (respectively). The distribution for each

intermediate part should be conditioned on the machine initially working, since the
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machine must have been working at the end of the previous batch (a failed machine can

not complete a batch).

To prevent misunderstanding, we wish to highlight the fact that G is not a convolution of
two F distributions. Such a convolution would correspond to the probability that we
produce at most q parts given two production opportunities, one of length T, and the
other of length T,. Although such a convolution may have important practical uses, we
do not need it for our work and do not consider it here. We mention only that the
convolution of two F distributions is itself a distribution of type F if and only if the

failure and repair rates for the two distributions are identical.
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Appendix: Algorithms for numerical Laplace transform inversion

Since the Laplace transforms derived earlier in this chapter must be inverted
numerically, identifying effective inversion algorithms is important for implementation
of our results. The classic paper by Davies and Martin (1979) compares a variety of
different Laplace transform inversion methods and measures their applicability to a
variety of different types of inversion problems. Their broad conclusion is that
Laguerre polynomial methods are the most effective, although no one method is
optimal in all circumstances. We are not aware of a more recent survey that has
followed the improvements in algorithms for numerical Laplace transform inversion
over the last 15 years. In this section we present a small study of our own, briefly
describing our experience using two relatively new algorithms for Laplace transform
inversion that have appeared in the literature: an implementation of Talbot’s Method (a
contour integration method) and an implementation of Weeks’ Method (a Laguerre

polynomial method).

Talbot’s Method

Murli and Rizzardi (1990) have developed an implementation of Talbot’s (1979) method
for numerically inverting Laplace transforms via contour integration. The method

requires that the Laplace transform f*(s) satisfy the following criteria:

(1) The locations of the singularities s;, s,, ... of f*(s) must be known,; let
Jo © max Re(sj)
J

(2) 1)1 ® Ouniformlyas | s| ® ¥ inRe(s) <g,

Q) 1Im(s) I <K " j, and Kis known.

Further, Murli and Rizzardi’s algorithm performs best when the following additional

conditions are satisfied:
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(4) IRe(s)I£0" |

(5) No singularities exist at zero.

Our tests were performed with the function

R'(s b|1) = 1 expgfb+ p—1©

s e s+ Mg
Based on the behavior of this function in the complex plane (Copson, 1935), we can
conclude that this function is ideally suited for use with Murli and Rizzardi’s algorithm.
The two singularities are a simple pole at zero and an essential singularity at -m and
thus g, = 0. Condition (2) is satisfied since the exponential part of R*(s) approaches
exp(-b) as | s | ® ¥, and therefore R*(s) ® 0. Condition (3) is satisfied for any small
positive g and fortunately (4) is satisfied as well, although (5) is not. The authors report
that their method is influenced near singularities, so that the singularity in R*(s) at zero

can affect the results for large t.

The results of three experiments are shown in Tables 2.1 - 2.3. Table 2.1 represents the
base case with b = 2, m= 4, and the argument t varying from 0.001 to 100. This case is
intended to be representative of the typical inputs one might expect, e.g., mean time
between failures = 30 minutes, g = 100 parts, p = 100 parts/hour, mean time to repair =
15 minutes. The other two cases are intended to stress the inversion code. In Table 2.2
we set b =20, m=0.4 and in Table 2.3 we set b = 0.2, m=40. For each case, the range of

the argument t was selected so that the extremes of the tails of R(t; T | 1) were reached.
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In these experiments, the exact values reported were obtained via numerical integration
of the density r(t; T | 1) using Mathematica (Wolfram, 1988) to 14 decimal digits of
precision, as reported in tables. In all of the runs, 13 decimal digits of precision were
requested of the inversion code. The code used was identical to that used by Murli and
Rizzardi in their experiments, except for adjustment of machine dependent parameters,
and modifications that we made to utilize double-precision real and complex

arithmetic.

We see from Table 2.1 that the algorithm performs extremely well over the entire range
of t. Observe that at t=10, the CDF has reached unity to within 12 decimal digits of
precision, and at t=1E-14, the inverse transform is exp(-b) to precision within the last
reported decimal digit. Further, for each value of t, only 25 evaluations of the function
R*(s) were required; this metric is sometimes used as an indication of the efficiency of

an inversion code.

Table 2.2 shows the results of increasing b to 20 and decreasing mto 0.4. We see that for
this case, the algorithm performs extremely well for small t, but begins to produce
significant errors as t grows large (>50). This is likely due to the singularity in R*(s) at
zero. Talbot suggests a simple solution: increase the parameter A in the algorithm. A is
a geometric parameter that in part determines the shape of the contour; increasing A
will shift the contour of integration away from the singularity. Increasing A carelessly
can, according to Murli and Rizzardi, result in a significant increase in computation

time.

As an example of this method, we increased A to 2A for t = 100. The resulting
approximation was then 0.99638150355243, for a relative error of -3.58E-6. Increasing A
to 3\ resulted in an approximation of 0.99638508385793, for a relative error of 1.90E-13.
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Approximation

Exact

Rel. error

Pct. error

1E-14
1E-13
1E-12
1E-11
1E-10
1E-09
1E-08
1E-07
1E-06
1E-05
1E-04
1E-03
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

©cooo000000
OoO~NOODADNMWNLE

OQOVWONOUNWNEC

=

0.13533528323662
0.13533528323672
0.13533528323769
0.13533528324744
0.13533528334488
0.13533528431929
0.13533529406343
0.13533539150484
0.13533636591888
0.13534611005927
0.13544355146224
0.13641796454108
0.14616115308902
0.15698138198830
0.16779053519637
0.17858339797306
0.18935497016687
0.20010046086437
0.21081528310081
0.22149504863448
0.23213556278690
0.24273281935103
0.34556977358660
0.44088974695003
0.52708093194976
0.60350096061199
0.67017687350024
0.72757277323626
0.77641534042106
0.81756690473868
0.85193635694241
0.98527653589128
0.99888038022251
0.99992806460700
0.99999589578403
0.99999978591957
0.99999998959658
0.99999999952322
0.99999999997913
0.99999999999912

0.13533528323662
0.13533528323672
0.13533528323770
0.13533528324744
0.13533528334488
0.13533528431929
0.13533529406344
0.13533539150484
0.13533636591888
0.13534611005927
0.13544355146224
0.13641796454108
0.14616115308902
0.15698138198830
0.16779053519637
0.17858339797306
0.18935497016688
0.20010046086437
0.21081528310081
0.22149504863448
0.23213556278691
0.24273281935103
0.34556977358660
0.44088974695003
0.52708093194976
0.60350096061199
0.67017687350024
0.72757277323626
0.77641534042106
0.81756690473868
0.85193635694241
0.98527653589128
0.99888038022242
0.99992806460307
0.99999589578587
0.99999978591942
0.99999998959718
0.99999999952291
0.99999999997915
0.99999999999913

0
0
-1.00E-14
0
0
0]
-1.00E-14

OO0 O0OO0OO0OO0OO0O OO

-1.00E-14

-1.00E-14

OO0OO0OO0O0 000000

9.00E-14
3.93E-12
-1.84E-12
1.50E-13
-6.00E-13
3.10E-13
-2.00E-14
-1.00E-14

o
o
-7.38E-12
o
o
0]
-7.38E-12

OO0 O0OO0O0OO0O0 OO0

-5.28E-12

-4.30E-12

OO0 000000000

9.01E-12
3.93E-10
-1.84E-10
1.50E-11
-6.00E-11
3.10E-11
-2.00E-12
-9.99E-13

Table 2.1 Results of Murli and Rizzardi’s algorithm for b =2, m=4

Page 99




t Approximation Exact Rel. error Pct. error
1E-15| 2.0611536224386E-9| 2.0611536224386E-9 0 0]
1E-14| 2.0611536224387E-9| 2.0611536224387E-9 0 0]
1E-13| 2.0611536224402E-9| 2.0611536224402E-9 0 0]
1E-12| 2.0611536224550E-9| 2.0611536224550E-9 0 0]
1E-11| 2.0611536226034E-9| 2.0611536226035E-9| -1.00E-22| -4.86E-12
1E-10| 2.0611536240875E-9| 2.0611536240875E-9 0 0]
1E-09| 2.0611536389278E-9| 2.0611536389278E-9 0 0]
1E-08| 2.0611537873308E-9| 2.0611537873309E-9 -1.00E-22 -4.86E-12
1E-07| 2.0611552713617E-9| 2.0611552713618E-9 -1.00E-22 -4.86E-12
1E-06| 2.0611701116972E-9| 2.0611701116972E-9 o (0]
1E-05| 2.0613185176964E-9| 2.0613185176964E-9 0 0]
1E-04| 2.0628028421636E-9| 2.0628028421636E-9 0 0]
1E-03| 2.0776725529970E-9| 2.0776725529970E-9 o (0]
0.01| 2.2290350045993E-9| 2.2290350045993E-9 0 0]
0.1| 4.0285688996247E-9| 4.0285688996247E-9 0 0]
1| 7.7718249473702E-8| 7.7718249473702E-8 0 (0]
2| 4.8418621380097E-7| 4.8418621380097E-7 0 0
3] 1.8638678233342E-6| 1.8638678233342E-6 0 0
4 5.5448015001308E-6| 5.5448015001308E-6 0 0
5| 1.3951529953470E-5| 1.3951529953470E-5 0 0]
6] 3.1128461416655E-5| 3.1128461416655E-5 0 0
7] 6.3366983528633E-5| 6.3366983528633E-5 0 0
8] 1.1991655923654E-4| 1.1991655923654E-4 0 0
9| 2.1374957527165E-4| 2.1374957527165E-4 0] 0
10| 3.6234082052527E-4| 3.6234082052527E-4 0] 0
20| 1.3027549946722E-2| 1.3027549946739E-2 -1.70E-14 -1.30E-10
30| 9.0853144998461E-2| 9.0853144737580E-2 2.61E-10 2.87E-07
40 0.27969010773392 0.27969010486059 2.87E-09 1.03E-06
50 0.53163935704165 0.53163913993762 2.17E-07 4.08E-05
60 0.75157619547114 0.75157367485922 2.52E-06 3.35E-04
70 0.89095222433758 0.89095380605233| -1.58E-06| -1.78E-04
80 0.95957587129784 0.95957851871227| -2.65E-06| -2.76E-04
90 0.98709474700440 0.98709153853762 3.21E-06 3.25E-04
100 0.99638377411774 0.99638508385774| -1.31E-06| -1.31E-04
110 0.99909886512638 0.99909869355890 1.72E-07 1.72E-05
120 0.99979760432365 0.99979733975725 2.65E-07 2.65E-05
130 0.99995828713949 0.99995845751716| -1.70E-07| -1.70E-05
140 0.99999217241571 0.99999216508717 7.33E-09 7.33E-07
150 0.99999864556966 0.99999862976019 1.58E-08 1.58E-06
160 0.99999977440395 0.99999977628191| -1.88E-09| -1.88E-07
170 0.99999996487716 0.99999996570170| -8.25E-10| -8.25E-08
180 0.99999999504371 0.99999999503739 6.32E-12 6.32E-10
190 0.99999999934825 0.99999999931933 2.89E-11 2.89E-09
200 0.99999999991661 0.99999999991796| -1.35E-12| -1.35E-10
210 0.99999999998919 0.99999999998893 2.60E-13 2.60E-11
220 0.99999999999867 0.99999999999821 4.60E-13 4.60E-11
230 0.99999999999984 0.99999999999986| -2.00E-14| -2.00E-12
240 0.99999999999999 1.00000000000000| -9.99E-15| -9.99E-13
250 1.00000000000000 1.00000000000000 0 0

Table 2.2 Results of Murli and Rizzardi’s algorithm for b = 20, m= 0.4
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Furthermore, recomputing the results of all the entries in Table 2.2 resulted in absolute

errors smaller than 1.24E-12 for all t reported.

Although we are encouraged by the success of increasing A to 3\, we should heed the
warning of Murli and Rizzardi and first investigate the impact of such a change on the
speed of the algorithm. Timing tests were conducted on a Power Macintosh 7100/80 in
emulation mode with SANE-based math instructions. The parameters used were the
same as for the results of Table 2.2. For the base case (A unadjusted), 1000 inversions
required approximately 26 seconds, or 0.26 seconds per inversion. Increasing A to 3\
resulted in no measurable increase in computation time. Lastly, an unrelated test was
conducted to determine the impact of decreasing the requested accuracy from 13
significant decimal digits to 6. The result was a two-fold performance improvement,

decreasing the time per inversion to approximately 0.13 seconds.

The results of the third experiment are reported in Table 2.3. Here we see that for b =
0.2, m= 40, A unadjusted, the algorithm once again performs extremely well. Att = 1E-
15, the inverse transform is equal to exp(-b) and at t = 0.9 the inverse transform equals

unity, to accuracy within the last decimal digit reported.

Further experiments were conducted and showed that an increase in A was helpful to

improve accuracy whenever b was several (e.g., 3) orders of magnitude larger than m

Experiments were also performed at b = 20, m= 40, and the results were identical to
those obtained at b = 20, m= 0.4, except with t 100 times smaller. Similarly, the results
for b = 0.2, m= 0.4 were identical to those obtained for b = 0.2, m= 40, except with t 100

times larger.
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Weeks’ Method

Garbow et al. (1988) have developed an implementation of Weeks’ method, which
approximates a function from its Laplace transform by expansion in a Laguerre
polynomial. The method requires that the function has continuous derivatives of all

orders.

The algorithm consists of two distinct stages. The first stage computes the coefficients
of the Laguerre polynomial to achieve a desired accuracy level. Once the coefficients
are determined, the inversion for any particular value of the function is accomplished
simply by evaluating the Laguerre polynomial. This two stage approach means that the
algorithm of Garbow et al. will be particularly efficient when the same function needs to

be evaluated for many different values of t.

Timing experiments were performed on the same hardware as before, on the problem
of Table 2.1. Like many numerical inversion algorithms, geometric parameters can be
specified which can influence the accuracy of the result. In our experiments we set s, to
one and allowed the algorithm to set s and b; see Lyness and Giunta (1986) for
theoretical details. The first stage of the algorithm computed a Laguerre polynomial
with 128 coefficients in 0.14 seconds. The algorithm also determined that accuracy
could not be improved further (i.e., by computing more coefficients). Using this
polynomial, 1000 inversions were performed in 8 seconds, which is about 0.008 seconds

per inversion.

For this particular function and choice of | and m we see that the algorithm of Garbow
et al. is faster than that of Murli and Rizzardi even if only one function value is required.
This need not always be true. We have found that some Laguerre polynomial

expansions require a much larger number of coefficients to achieve a high degree of
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t Approximation Exact Rel. error Pct. error
1E-15 0.81873075307798 0.81873075307799 -1E-14 -1E-12
1E-14 0.81873075307804 0.81873075307805 -1E-14 -1E-12
1E-13 0.81873075307863 0.81873075307864 -1E-14 -1E-12
1E-12 0.81873075308453 0.81873075308453 0 o
1E-11 0.81873075314348 0.81873075314348 0 o
1E-10 0.81873075373296 0.81873075373297 -1E-14 -1E-12
1E-09 0.81873075962782 0.81873075962783 -1E-14 -1E-12
1E-08 0.81873081857643 0.81873081857643 0 o
1E-07 0.81873140806140 0.81873140806141 -1E-14 -1E-12
1E-06 0.81873730280611 0.81873730280611 0 o
1E-05 0.81879623974991 0.81879623974991 0 o
1E-04 0.81938456011584 0.81938456011585 -1E-14 -1E-12
1E-03 0.82516409833765 0.82516409833766 -1E-14 -1E-12
0.01 0.87373116093797 0.87373116093798 -1E-14 -1E-12
0.02 0.91208423778107 0.91208423778107 0 o
0.03 0.93881527657833 0.93881527657834 -1E-14 -1E-12
0.04 0.95743704762819 0.95743704762819 0 o
0.05 0.97040356552837 0.97040356552838 -1E-14 -1E-12
0.06 0.97942821305528 0.97942821305529 -1E-14 -1E-12
0.07 0.98570660604161 0.98570660604161 0 o
0.08 0.99007261462709 0.99007261462710 -1E-14 -1E-12
0.09 0.99310751643234 0.99310751643235 -1E-14 -1E-12
0.1 0.99521631196769 0.99521631196769 0 o
0.2 0.99987807193596 0.99987807193596 0 o
0.3 0.99999697260719 0.99999697260720 -1E-14 -1E-12
04 0.99999992636591 0.99999992636588 3E-14 3E-12
0.5 0.99999999823878 0.99999999823881 -3E-14 -3E-12
0.6 0.99999999995846 0.99999999995846 0 o
0.7 0.99999999999903 0.99999999999903 0 o
0.8 0.99999999999997 0.99999999999998 -1E-14 -1E-12
0.9 1.00000000000000 1.00000000000000 o (0]

Table 2.3 Results of Murli and Rizzardi’s algorithm for b = 0.2, m=40

accuracy, and in these cases the first stage of the algorithm can take many times longer
than in the present case. Of course, if a sufficiently large number of function values is

desired, then the algorithm of Garbow et al. will always be faster.

A naive attempt to implement the algorithm of Garbow et al. for the problem of Table
2.2 (b =20, m= 0.4) produces unacceptable results. The algorithm performed extremely
well for small to moderate values of t, but for t 3 40 the algorithm did not output

meaningful answers. The problem is easily corrected by scaling the problem. In
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particular, we multiplied mby b and the argument t by 1/b. This resulted in less
accuracy for small t but uniformly good results over the entire range of t. The results
are summarized in Table 2.4. To achieve even better results, one could employ a
combination of a scaled and unscaled usage of the algorithm depending on parameter

and argument values.

Timing experiments were also conducted for the problem of Table 2.4. The first stage of
the algorithm computed a Laguerre polynomial with 256 coefficients in 0.24 seconds,
and determined that accuracy could not be improved further by computing more
coefficients. Using this polynomial, 1000 inversions were performed in 15 seconds,

which is about 0.015 seconds per inversion.
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t Approximation Exact Rel. error Pct. error
1E-15| 2.0611536183944E-9| 2.0611536224386E-9 -4E-18 -2E-07
1E-14| 2.0611536197266E-9| 2.0611536224387E-9 -3E-18 -1E-07
1E-13| 2.0611536188208E-9| 2.0611536224402E-9 -4E-18 -2E-07
1E-12| 2.0611536186600E-9| 2.0611536224550E-9 -4E-18 -2E-07
1E-11| 2.0611536184981E-9| 2.0611536226035E-9 -4E-18 -2E-07
1E-10| 2.0611536208407E-9| 2.0611536240875E-9 -3E-18 -2E-07
1E-09| 2.0611536347846E-9| 2.0611536389278E-9 -4E-18 -2E-07
1E-08| 2.0611537845659E-9| 2.0611537873309E-9 -3E-18 -1E-07
1E-07| 2.0611552677738E-9| 2.0611552713618E-9 -4E-18 -2E-07
1E-06| 2.0611701080297E-9| 2.0611701116972E-9 -4E-18 -2E-07
1E-05| 2.0613185140643E-9| 2.0613185176964E-9 -4E-18 -2E-07
1E-04| 2.0628028388098E-9| 2.0628028421636E-9 -3E-18 -2E-07
1E-03| 2.0776725493649E-9| 2.0776725529970E-9 -4E-18 -2E-07
0.01| 2.2290350018216E-9| 2.2290350045993E-9 -3E-18 -1E-07
0.1|] 4.0285688983664E-9| 4.0285688996247E-9 -1E-18 -3E-08
1| 7.7718249472495E-8| 7.7718249473702E-8 -1E-18 -2E-09
2| 4.8418621379980E-7| 4.8418621380097E-7 -1E-18 -2E-10
3| 1.8638678233330E-6| 1.8638678233342E-6 -1E-18 -6E-11
4] 5.5448015001291E-6| 5.5448015001308E-6 -2E-18 -3E-11
5 1.3951529953469E-5| 1.3951529953470E-5 -1E-18 -7E-12
6| 3.1128461416655E-5| 3.1128461416655E-5 0 o
7| 6.3366983528632E-5| 6.3366983528633E-5 -1E-18 -2E-12
8| 1.1991655923653E-4| 1.1991655923654E-4 -1E-17 -8E-12
9| 2.1374957527165E-4| 2.1374957527165E-4 0 o
10| 3.6234082052526E-4| 3.6234082052527E-4 -1E-17 -3E-12
20| 1.3027549946739E-2| 1.3027549946739E-2 0 o
30| 9.0853144737558E-2| 9.0853144737580E-2 -2E-14 -2E-11
40 0.27969010486059 0.27969010486059 0 o
50 0.53163913993762 0.53163913993762 0 o
60 0.75157367485920 0.75157367485922 -2E-14 -3E-12
70 0.89095380605233 0.89095380605233 0 o
80 0.95957851871226 0.95957851871227 -1E-14 -1E-12
90 0.98709153853762 0.98709153853762 0 o
100 0.99638508385774 0.99638508385774 0 o
110 0.99909869355937 0.99909869355890 5E-13 5E-11
120 0.99979733975724 0.99979733975725 -1E-14 -1E-12
130 0.99995845751714 0.99995845751716 -2E-14 -2E-12
140 0.99999216508717 0.99999216508717 0 o
150 0.99999862976019 0.99999862976019 0 o
160 0.99999977628198 0.99999977628191 7E-14 7E-12
170 0.99999996570231 0.99999996570170 6E-13 6E-11
180 0.99999999503693 0.99999999503739 -5E-13 -5E-11
190 0.99999999931367 0.99999999931933 -6E-12 -6E-10
200 0.99999999990377 0.99999999991796 -1E-11 -1E-09
210 1.00000000000000 0.99999999998893 1E-11 1E-09
220 0.99999999999743 0.99999999999821 -8E-13 -8E-11
230 0.99999999998623 0.99999999999986 -1E-11 -1E-09
240 0.99999999955673 1.00000000000000 -4E-10 -4E-08
250 0.99999999932218 1.00000000000000 -7E-10 -7E-08

Table 2.4 Results of the algorithm of Garbow et al. for b =20,m=0.4
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