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e Exercise 2.2: Steiner’s Theorem

Show that I’ = I + M R? where I is the moment of inertia through the center of mass, I’ is a
moment parallel to the axis of I, M is the total mass, and R is the distance between the two

parallel axes:

Consider the mass shown below:

I' = Za ma(R + 504)2

I'=%,ma&2 + X0 maR?+ 3, 2maéaR

I'=1+MR?>+2RY, o,

The last term is identically 0, as it is the formula for center of mass, which is 0 at the center

of mass.

Thus, I’ = I + M R2.

e 2.3: Moments of Inertia

a) Solid sphere of uniform density

_ M
p_%ﬂR3

[ = [f 2 7 p(rsin ¢)?r2 sin ¢ dpdfdr
I =37mpR®> = 2MR?

b) Spherical shell of uniform density

_ M
P= irr?

I = [ [T p(rsin ¢)*r?sin ¢ dodl|,—r
I = %ﬂ'pR4 = %]\4}%2




e 2.4: Jupiter

a) With the mass concentrated at the center, the average perpendicular distance each mass

element is shorter than if the mass were uniformly distributed.

b) p(r) = 4otz
I = fOR 02” Jo p(r)(rsin ¢)?r? sin ¢ dodOdr
I=(1-2%5%)2MR?
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e 2.5: A constraint on the moments of inertia
Yama(e+C)  —Xamaballa = XaMaala
I=| —Yamaleéa  Yamaléd+G)  —Xamallala
—YaMaballa  — LaMalalla  YaMal&l +17)

Thus the moments of inertia are Y, ma (N2 + C2), X0 Ma(E2 + ), X0 ma(E2 +12)

Selecting an arbitrary moment, we find that:
Y Malle +C2) < Xamal€a +C2) + Xamal&l +112) = Eamalig + 6 +287)

Since (£,7m,() are in an arbitrary orthonormal coordinate system, we can extend this to all

moments of inertia.

e 2.6: Principle moments of inertia

a) Consider the tetrahedron centered at the origin with vertices at (1,1,1), (=1, —1,1),(1, -1, —1),and

(—1,1,—1) each of mass m:

Yama(ma+C2)  —XaMaballa  —XaMabala
I=| —Y.malaéa Tamalll+CQ)  —XaMalala
L Tamalalle — LaMalalla Yo MalE +12)
[ 8m 0 0
I=| 0 8n 0
0 0 8m

Since the matrix is diagonal, the principle moments of inertia are: A = B = C = 8m

The principle axes are: z, 9, 2

b) For a solid cube of side length I and mass M centered about the origin:

M
P=71



Y2 2l
A=B=C=/ /52 7/52 7/132 p(z? + y?)dzedydz

15 MI?

The principle axes are: z,7, 2 (from symmetry of the system)

c¢) The rigid system of 5 point masses of mass m at coordinates:
(—1,0,0),(1,0,0),(1,1,0),(0,0,0),(0,0,1)

The center of mass is at (3,1, 1).

32, 16
5m sm 0
— | 16 84
I= 521 5 0
0 0 8m
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Diagonalizing the matrix, we find that the principle moments of inertia are:
A =1.0989, B =3.36,C = 3.5411

The principle axes are:
= —0.9622% + 0.2723y

2
¢ = 2.723% + 0.9622¢



