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Abstract

Condition numbers based on the “distance to ill-posedness” p(d) have been shown to play a
crucial role in the theoretical complexity of solving convex optimization models. In this paper
we present two algorithms and corresponding complexity analysis for computing estimates of
p(d) for a finite-dimensional convex feasibility problem P(d) in standard primal form: find «
that satisfies Az = b,z € Cx, where d = (A4,b) is the data for the problem P(d). Under one
choice of norms for the m— and n—dimensional spaces, the problem of estimating p(d) is hard
(co-NP complete even when Cx = R’}). However, when the norms are suitably chosen, the
problem becomes much easier: we can estimate p(d) to within a constant factor of its true value
with complexity bounds that are linear in In(C(d)) (where C(d) is the condition number of
the data d for P(d)), plus other quantities that arise naturally in consideration of the problem

P(d). The first algorithm is an interior-point algorithm, and the second algorithm is a variant
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of the ellipsoid algorithm. The main conclusion of this work is that when the norms are suitably
chosen, computing an estimate of the condition measures of P(d) is essentially not much harder

than computing a solution of P(d) itself.
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1 Introduction

This paper is concerned with the problem of computing estimates of condition measures of a conic

linear system in primal standard form, namely:
P(d) : find x that solves Az = b, x € Cyx, (1)

where C'x C X is a closed convex cone in the (finite) n-dimensional normed linear vector space
X (with norm ||z|| for x € X), b € Y where Y is a (finite) m-dimensional normed linear vector
space (with norm ||y| for y € Y), and A € L(X,Y) where L(X,Y) denotes the set of all linear
operators A : X — Y. The reader will recognize immediately that various formats for feasibility of
linear programming (LP), semidefinite programming (SDP), and second-order cone programming

(SOCP) are special cases of (1), either directly or by the introduction of slack variables, etc.

The problem P(d) is a very general format for studying the feasible region of a convex optimiza-
tion problem, and has been the focus of analysis using interior-point methods, see Nesterov and

Nemirovskii [9] and Renegar [14] and [15], as well as volume-reducing cutting-plane methods [6].

The concept of the “distance to ill-posedness” p(d) and a closely related condition measure C(d)
for problems such as P(d) was introduced by Renegar in [12] and also in [17] in a more specific
setting, but then generalized more fully in [13] and in [14]. Further properties of the distance to
ill-posedness were developed in [5], including implications for the geometry of the feasible region of

P(d).

In this paper we are interested in the more specific problem of actually computing estimates of
p(d) and its relatives. This problem is relevant, not only from a theoretical point of view, but also
potentially from a practical point of view. However, the efficiency of computing estimates of these
condition measures necessarily depends on the choice of norms on X and Y. For example, consider
the case where X = R" and Cx = 7}, which is linear programming feasibility. When |[|z| is the
L norm and ||y is the Lo norm, it follows from [4] that estimating p(d) to within a fixed constant

factor is co-NP complete. (This is discussed more completely in Section 4.)
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Nevertheless, the potential of efficiently estimating p(d) for other choices of norms has been already
pointed out in [5] as well as in Pena [11]. In the latter work, the author presents a method for
estimating p(d) using the developments in [14]. The proposed estimate is guaranteed to be within a
factor of v/m of p(d), when the norms on X and Y are Lo norms (or more generally, inner-product
norms). While there is no formal analysis of the complexity of the method, it nevertheless shows
excellent potential for use in practice so long as m is not unreasonably large, see the discussion in

Section 6.

In this work we start with the characterizations of p(d) for problem (1) developed in [5], where
it is shown that p(d) can be characterized as the optimal value of certain optimization problems.
As was noted in [5], under a suitable choice of norm on Y (namely the L; norm in R™), the
characterization of p(d) reduces to the solution of 2m convex optimization problems, and so might
be amenable to efficient solution. In fact, in the case of linear programming feasibility (X = R"
and Cx = R’}) and when the norm on X is the L; norm in R", the 2m optimization problems are
each a linear program, and so the problem of computing p(d) for a linear programming feasibility
problem can be solved exactly via linear programming itself. This suggests that under a suitable
choice of norms, that condition measures might in general be computable in an “efficient” way, and
so leads to the following questions: (i) what is the computational complexity, in some appropriate
model, of actually computing these condition measures to within some constant factor of their
true values?, and (ii) is it efficient to actually compute estimates of these condition measures “in
practice”? In this paper we address the first question; we show that when the norms are suitably
chosen, an estimate of p(d) within a given constant factor can be computed in not much more
computation time than is needed to decide the consistency of P(d). The second question will
hopefully be addressed in future work, although the recent work by Pena [11] indicates that the
practical computation of estimates of condition measures is in fact possible as part of an algorithm
for solving P(d), without introducing excessive additional computation time. Our overarching goal
in this respect is the eventual implementation of condition number estimation within the context

of traditional optimization algorithms, with the least possible computational overhead.
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The structure of the paper is as follows. Section 2 contains definitions of some notation used in
the text, and some technical material which is needed in the development of the results. Section 3
contains a brief summary of the concept of the distance to ill-posedness and the condition number
of a data instance, as used in this study, and provides an overview of the main results of the
paper. Section 3 also reviews a variety of useful implications of these condition measures, including
perturbation bounds for linear optimization, complexity bounds for interior-point methods for
convex optimization, numerical precision requirements for these algorithms, and other results as
well. (The purpose of the review is to motivate the reader in the sense that the use of the condition
measures proposed in this line of research is of potential practical relevance.) Section 4 presents
some of the characterizations of the distance to ill-posedness that will be used in our algorithms.
Section 5 contains our main results, namely two algorithms (one based on interior-point methods,
and one based on the ellipsoid algorithm) for estimating the distance to ill-posedness, together
with complexity analysis of these algorithms. Section 6 contains remarks concerning extensions to

arbitrary norms, and a discussion of more practical issues in estimating condition measures.

2 Notation

We work in the setup of finite-dimensional normed linear vector spaces. Both X and Y are normed
linear spaces of finite dimension n and m, respectively, endowed with norms [|z| for x € X and

lly|| for y € Y. For z € X, let B(Z,r) denote the ball centered at z with radius r, i.e.,

B(z,r)={ze X | ||z —z| <r},

and define B(y,r) analogously for g € Y.

We denote the set of real numbers by R and the set of nonnegative real numbers by R, .

We denote by d = (4, b) the data for the problem, and for d = (A,b) € L(X,Y) x Y we define the
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product norm on the cartesian product L(X,Y) x Y as

1]l = 11 (A, ) ]| = max{[L A, [|b][} (2)
where ||b]| is the norm specified for Y and ||A]| is the operator norm, namely

[A[] = max{[[ Az - |lz]} <1} 3)

For d = (A, b) we define the ball

B(d,r)={d=(A,0) € L(X,Y)x Y : |d—d|| <r}.

We associate with X and Y the dual spaces X* and Y* of linear functionals defined on X and
Y, respectively, and whose induced (dual) norms are denoted by ||ul/« for v € X* and |w]|, for
w € Y*. Let ¢ € X*. In order to maintain consistency with standard linear algebra notation in
mathematical programming, we will consider ¢ to be a column vector in the space X* and will
denote the linear function c¢(z) by ¢! z. Similarly, for A € L(X,Y) and f € Y*, we denote A(z) by

Az and f(y) by fTy. We denote the adjoint of A by AT.

n 1/p
|z, = (Z \ﬂfjlp) ,
j=1

for p > 1. The norm dual to ||z||, is ||z]|« = ||2||q where ¢ satisfies 1/p+1/q = 1, with appropriate

If X = L,(R"), the norm is given by

limits as p — 1 and p — +o00.

Because X and Y are normed linear vector spaces of finite dimension, all norms on each space are
equivalent, and one can choose a particular norm for X and a particular norm for Y if so desired.

In the majority of our analysis we will assume that

X = Ly(R") and Y = Li(R™). (4)
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This choice of norms implies that X* = Ly(R") and Y* = Lo (R™), and the resulting matrix norm
on L(X,Y) is given by

[A]} = max{[[Az[1 : [lz[ls < 1}. (5)

and satisfies

1Al < [JA]] < v/nl|All1,

where

1Al = max{[[A[1, ..., [[An[l}-

Because all norms in finite dimensional spaces are equivalent, there is not much loss of generality in
assuming (4). If other norms are more appropriate for specific problem instances and settings, one
can always convert to the norms assumed in (4) by using appropriate norm equivalence constants.

However, these constants will affect key aspects of our main results, see the discussion in Section 6.

If C is a convex cone in X, C* will denote the dual convex cone defined by

C*={ze X*| 2Tz >0 for any z € C}
A cone C is regular if C' is a closed convex cone, has a nonempty interior, and is pointed (i.e.,
contains no line). If C is a closed convex cone, then C' is regular if and only if C* is regular.
Let C be a regular cone in X. A critical component of our analysis is the “min-width” of a regular
cone C defined as follows:
Definition 2.1 Let C be a regular cone. Let

 Blat) c}.

{ t
T =maxq —
]

Note that 7 has a natural interpretation as the least relative width of C.
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In [5] we defined the “coefficient of linearity” of a regular cone as:

6 = sup inf u”x
ue X* zeC (6)
ull« =1 flzfl =1

It follows from the duality theory of cones and norms that if 3* is the coefficient of linearity of the
cone C*, then 7 = (3*, see Proposition 2.1 of [6]. Likewise, if 3 is the coefficient of linearity of the
cone C, then § = 7%, where 7 is the min-width of the cone C*. In this paper we quote results
from [6] and [5], where some results are expressed using 3 and 3*. They will be quoted here with

the equivalent expression in terms of 7* and 7.

Let (Z,t) be such that B(z,t) C C and 7 = ﬁ We can normalize the point Z so that ||z| = 1.
This point is “central” in the cone C' with respect to the norm || - ||. In [6], we defined the “norm
approximation vector” of the cone C' as the point @ where the supremum in (6) is attained. It is
easy to see that the point Z is the norm approximation vector of the dual cone C*. Also, from (6),
it follows that @ has the property that 7*||z|| = B||z|| < @’z < ||z||, for all z € C. In what follows,

we assume that whenever the cone C' is given, the min-width and the norm approximation vector

for both C' and C* are given as well.

It is illustrative to see the width construction of two oft-used families of cones, the nonnegative
orthant R’j_ and the positive semidefinite cone S_lf_Xk. For the nonnegative orthant C' = {z € R* :
x > 0} with the Euclidean norm |z| = vVaTz, it is straightforward to show that 7 = 1/vk and

7= ——(1,...,1)T is the norm approximation vector. For the positive semidefinite cone C' = {X €

Sl-

R¥*k . X = 0} with the Frobenius norm || X|| = y/trace(X7 X), it is easy to show that the width

isT=1/ Vk and that X = ﬁ[ is the norm approximation vector.
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3 The Concept of Ill-Posedness in Optimization, Condition Mea-

sures, and the Main Results of the Paper

We now present a brief description of concepts of condition measures for P(d) related to a model of
data perturbation, as originally developed by Renegar [12], [13], and [14]. We also highlight the use
of these concepts in the context of sensitivity bounds for linear optimization, and their connections
with the complexity of algorithms. At the end of this section, we present a summary of the main

results of this present work.

Recall that d = (A,b) is the “data” for the problem P(d), that is, we regard the cone Cx as fixed
and given, and the data for the problem to be the linear operator A together with the vector b. We

denote the set of solutions of P(d) as X to emphasize the dependence on the data d, i.e.,

Xg={xe X | Az =b,x € Cx}.

We define
F={(A,b) € L(X,Y) XY | there exists x satisfying Az =b,z € Cx} . (7)

Then F corresponds to those data instances (A,b) for which P(d) is consistent, i.e., P(d) has a

solution.

We denote the complement of F by FC¢. Then F¢ consists precisely of those data instances

d = (A,b) for which P(d) is inconsistent.
The boundary of F and of F¢ is the set
B=0F =0FC = cl (F)Nl(F) (8)

where 05 denotes the boundary of a set S and cl(S) is the closure of a set S. Note that if
d = (A,b) € B, then P(d) is ill-posed in the sense that arbitrary small changes in the data

d = (A,b) will yield consistent instances of P(d) as well as inconsistent instances of P(d).
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For any d = (A,b) € L(X,Y) x Y, we define

p(d) = inf ||Ad] = inf [|[(AA, Ab)|
Ad AA,Ab 9)

st. d+AdeB st. (A+AAb+ Ab) € cl(F)Ncl(FC) .

Then p(d) is the “distance to ill-posedness” of the data d, i.e., p(d) is the distance from d to the
set B of ill-posedness instances. In addition to the work of Renegar cited earlier, further analysis
of the distance to ill-posedness has been explored in Filipowski [3], [2], Nunez and Freund[10], as
well as in [16], [17], [5], and [6]. Observe that by means of a theorem of alternative, if problem
P(d) is infeasible, its corresponding “alternative” problem is feasible and can be put into similar
conic structure, and so the format presumed herein can handle both consistency and inconsistency

questions about problems of the form P(d), see [14], also [5].

The condition number for the data instance d = (A, b) is defined to be C(d) = %, which is a scale-
invariant reciprocal of the distance to ill-posedness. This condition measure is connected to many
different properties related to the complexity and stability of the problem P(d). If d corresponds to
a consistent instance, the condition number C(d) is connected to the size of solutions of P(d) [12],
as well as the size and location of inscribed balls in the feasible region of P(d) [5]. Furthermore,
C(d) is connected to relative error bounds of P(d) [12]: if 2/ satisfies Az’ = b+ Ab,2’ € Cx for

some Ab, then there exists x feasible for P(d) whose relative distance from 2z’ is not too large,

namely:
o =/l _ o IBE0
max{1, [[='[} ~ el

The above notions can be extended directly to the setup of convex optimization. Suppose we want

to solve the optimization problem
OP(d) : max{clz : Az =b,x € Cx}.

Then this problem is well-posed if the feasibility problem itself is well-posed and if the level sets of

the objective function in O P(d) are themselves bounded, this latter property implying the feasibility
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of the dual problem OD(d), which is
OD(d) : min{b’y : ATy —ce C%,ycY*}.

We can then define a primal distance to ill-posedness, pp(d), which corresponds to the distance
to ill-posedness for problem OP(d), for the primal data dp = (A,b), and a dual distance to ill-
posedness, pp(d), which corresponds to the distance to ill-posedness for problem OD(d), for the
data for the dual feasible region dp = (A”,c). With these additional notions, we can define
p(d) = min{pp(d), pp(d)} as the distance to ill-posedness for the instance d = (A, b, ¢), and C(d) =
|ld|l/p(d) as the condition number. Renegar[13] has shown that if d and d’ are two instances of the

optimization problem with z(d) and z(d’) the corresponding optimal values, then
|2(d) = 2(d)| < C(d)?||d — d'|],

as long as ||[d — d'|| < p(d)/2. Tt is important to notice that this perturbation bound is valid even
for relatively “large” perturbations of the data, in contrast with other, more traditional, results
concerning the sensitivity analysis of optimization problems which are based on local measures near

the optimal solution (see, for instance, Mangasarian[8]).

Condition measures have also been used in connection with the complexity of certain algorithms. In
Renegar[14], an interior-point algorithm is developed that will decide consistency or inconsistency
of P(d), and when consistent will compute a feasible solution of P(d), where the upper bound on
the number of iterations depends linearly on In(C(d)). In [18], the effect of conditioning on the
numerical precision requirements of an algorithm for approximating a solution to a linear program
is considered. It is shown there that when the interior-point algorithm is executed with some of
the numerically significant operations running in finite precision arithmetic, the working precision
needed, measured in terms of the number of digits, is proportional to In(C(d)). In [6] we analyze
the complexity of the ellipsoid algorithm applied to solving the optimization problem OP(d). It
is shown that the number of main iterations needed is also proportional to In(C(d)). In [1], the
complexity of an elementary algorithm for resolving a conic linear system is studied, and this

complexity depends polynomially on C(d).
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These results serve to illustrate that the there might be some practical relevance in computing the

above-mentioned condition measures. By analogy to numerical analysis tools for solving systems
of equations, we envision the possibility of algorithms for linear programming, for example, that

not only compute the optimal solution of the problem, but that also compute, without substantial

additional effort, an estimate of the condition number of the problem instance. The complexity

results that we obtain show that this is within the realm of possibility.

The Main Results:
Assume from this point onward that the cone Cx is a regular cone and that the instance d of (1)

is consistent.
For a > 1, our goal is to compute an a-estimate of p(d), which is defined to be a number p such

< p(d) < p.
We will describe two

oI

that
In the following sections we will show explicit ways of computing a 2-estimate of p(d), and as a

consequence, an estimate of C(d), under the choice of norms given in (4)
algorithms. One algorithm presumes the knowledge of a self-concordant barrier function for the

cone C%, and uses an interior-point (barrier) method. The other algorithm presumes knowledge of
separation oracles for the cones C'x and C'%, and is based on the ellipsoid method. The consideration
of these two algorithms makes use of two of the main theoretical developments in recent times in the

area of convex optimization: path-following interior-point methods and volume-reducing cutting

plane methods. The performance results for the two algorithms applied to a consistent instance of

(1) with norms chosen via (4) are as follows:
e The first algorithm, EST-INT, has as input the data d, a starting point u” in the interior of

C%, and an upper bound § on ||d||. The algorithm uses an interior-point method based on a
self-concordant barrier function for C'y, whose parameter is 9. The algorithm will compute
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a 2-estimate of p(d) in

0 <mmln <ﬁ*+m+”“—°”+i+c<d>>)

dist(u®,0C%)  ||d||

iterations of Newton steps.

e The second algorithm, EST-ELL, has as input the data d and an upper bound § on ||d||. The

algorithm will compute a 2-estimate for p(d) in

O(m(m+n)21n (m—k%—i— ! +%+C’(d)>>

F
iterations of the ellipsoid algorithm. Here 7 and 7* are the min-widths of the cones C'x and

C%, respectively.

In both cases of algorithms, notice the linear dependency with respect to In(C(d)) in the com-
plexity bounds. Given that previous work by Renegar[14] for interior-point methods shows that
the complexity of finding a solution of P(d) depends linearly on In(C(d)), and [6] shows a similar
conclusion for the ellipsoid method, we are led to the conclusion that estimating the condition
measure is not much harder than solving the problem P(d) itself, at least with these algorithms.

Section 5 contains further elaboration of this theme.

The computation of an estimate within a factor of 2 might seem poor, but it is more than enough
if we consider that the effect of the condition number on several properties of the problem enters
in the form of In(C(d)). Furthermore, in Section 6 we discuss how these results can be modified to

account for an arbitrary factor oo > 1.

4 Characterization of p(d) via Convex Optimization Problems

Several characterizations of the distance to ill-posedness p(d) for the feasibility problem P(d) given
in (1) are presented in [5], based on [14]. We will concentrate on two of these characterizations for

the case when d defines a feasible instance of (1).
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Consider the following two problems:

P.(d): r(d) = minimum  maximum 6
veyY r,x,0
v <1 s.t. br — Az — v =0 (10)
x € Cx
r >0
"o+ el <1

and

Pi(d):  j(d)= minimum max{[|ATy — gll., b7y +g|}

Y. 4,9
s.t. y €Y*
q € C%

* (11)
g >0
lyll« =1

In [14] it is shown that p(d) = r(d) and in [5] it is shown that p(d) = j(d), and that problems P,.(d)

and Pj(d) are duals, with strong duality holding. We summarize these results as:

Theorem 4.1 [14], [5] If d € F, then p(d) = r(d) = j(d).

Problem P,(d) measures, in a sense, how much the right-hand side of the homogenized version of
P(d), namely

br —Ax =0,z € Cx,r > 0,

can be perturbed and still maintain consistency. In a “dual” way, problem Pj(d) measures how

close the data is to satisfying a theorem of alternative that is a certificate of infeasibility.
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We first show that under a particular choice of norms, problem P,(d) is a hard problem. Suppose
that X = R", Y = R™, and Cx = N7, and that ||z| := ||z||; for z € X and ||y|| := ||y||2 for y € Y.
In this case P,(d) is the problem of finding the largest inscribed Euclidean ball in R centered
at the origin and contained in the convex hull of the points A.1,Ao,..., A, —b. However, the
problem of simply testing if a Euclidean ball is contained in the convex hull of a given set of points
is co-NP complete, see [4]. Therefore, computing an estimate of p(d) to within any constant factor

is co-NP complete even for the C'y = "}, under this particular choice of norms.

Now let us return to the general case where Cy is any regular cone, and suppose instead that
the norms on X and Y are chosen via (4). Then problem P.(d) can be interpreted as finding
the largest L; ball in R™ centered at the origin and contained in the set Hy := {br — Az

r > 0,z € Cx,r + ||z|l2 < 1}. Then since the unit L; ball in R™ is the convex hull of its

2m extreme points eq,..., €y, —€1,..., —€n, (here the vector e; denotes the ith unit vector), we
can solve this problem by computing the largest scaling 6 of eq,...,en, —e1,...,—€,, for which
fei,...,0ey,,—0e1,...,—0e, are all in Hy. This in turn is solvable by separately solving the 2m

convex problems:

st. br—Ax+tef=0
reCx,r>0

r |zl <1,

whose dual problems are
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Fii(d):  fri(d)= min max{||ATy —qll2, o7y + g[}
Y.4,9
st. qgeCxk
g=>0
1Yl <1
Ty =1,

where the notation +i denotes the occurrence of the index i with the constraint +y; = 1 and
—y; = 1 in Fi(d), respectively, and with the vector +e; and —e; in the equations of Si;(d)

problem, respectively. Observe that both of these families of problems are convex problems.

Notice that the selection of the L; norm for the Y space is important as it makes the problem

tractable: the Lq unit ball has only 2m extreme points.

Problem F1;(d) can be further simplified by relaxing the constraint ||y||o < 1. Let:

Fyi(d):  fei(d) = min max{[|ATy — qll2,b"y}
Y,q
st. qgeCx%
+y;=1.

Note that all of these problems are convex problems and they all lead to p(d), as is shown in the

following result.

Proposition 4.1 Suppose that d is a feasible instance of (1) and that the norms on X andY are

chosen via (4). Then p(d) = f(d) = ming; f+i(d) = min; fi;(d) = s(d) = miny; s4;(d).

Proof:

The equalities

f(d) = min fi;(d) = s(d) = min s.;(d)
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are obvious. We show now that min.; f1;(d) = ming; f1;(d). Suppose that ming; f1;(d) is actually
attained at the index +ig, so that f(d) = fii,(d). Let (7,4, g) be such that f;, (d) = max{||ATy—
all, b7y + gl}, @ € C%, |19llo < 1, +yiy = 1, § > 0. Then, it is obvious that (7, q) is feasible for
Frio(d). Also,

vy <big+g < |p'i+3l
and so, max{||ATy — q||,bTy} < fii,(d). Therefore,

min frild) < frio(d)

max{||ATgy — g, " 7}

IN

IN

f+i0 (d)

= min fi;(d).

Therefore mina; fi;(d) < miny; fi;(d). Next, let i, be such that miny; f;(d) = fis,(d), and let

(7,q) be an optimal solution of F;, (d), that is, fi; (d) = max{||ATy — q||,bT7} . Let

Ty if bTg<0

QI
Il

0 if vI'g>o0.
Then
max{|| ATy — q|, [b"7 + g} = max{||ATy — ql|, "5}

Now g, = 1, and 50 [[flloc > 1. Let (7,4, §) = {02

. Then ||g|loc = 1 and §; = £1 for some j.

Therefore (7, G, g) is feasible for Fiy;(d). (Without loss of generality, assume that g; = 1.) Then

fri(d) < max{||ATg —ql, "5 + 3|}
- mﬁ;mwwA%—ﬂMﬂ@+m}
< max{[|[ATy — g, |67y + 3/}
= max{[|A7y —ql|,b"y}

= f+i1 (d)
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We conclude that

min f2i(d) < f1;(d) < fri (4) = min Fai(d),

completing the proof. |

5 On the Complexity of Computing a 2-estimate of p(d)

In this section we discuss the complexity of computing a 2-estimate of the distance to ill-posedness
p(d) for a given data instance d of P(d) under the choice of norms given in (4). This estimate of
p(d) can then be used to estimate the condition number C(d), provided that ||d|| can be estimated

as well. We now discuss this last point briefly.

We assume throughout this section that an upper bound § on ||d|| is known and given. Given the
choice of norms specified in (4), one way to conveniently obtain an upper bound on ||d|| is to simply

compute:

0= +/n max {|Adllr,.... [ Aanll, [Bll1}, (12)

if d = (A,b) is given as a real matrix and a real vector, respectively. (Here ||A.;||1 denotes the L;
norm of the j-th column of A.) In this case it is elementary to show that ﬁg < ||d|| < 6. With
these estimates of p(d) and of ||d|, the final estimate for C(d) would be C' = §/p. If we use the

above estimate for ||d]|, it is easy to prove that % < C(d) < 2C.

The choice of algorithm and the complexity analysis of the algorithm for computing an estimate of
p(d) will depend on how the cone Cx is described. If C'x is described as the closure of the domain
of a self-concordant barrier function, then we will compute an estimate of p(d) using a suitably
constructed interior-point algorithm. Our algorithm and its analysis in this case is presented in
subsection 5.1. If, on the other hand, C'x is described via a separation oracle, then we will compute
an estimate of p(d) using the ellipsoid algorithm, the analysis of which is presented in subsection

9.2.
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5.1 Estimation of p(d) using a self-concordant barrier function, via an interior-

point algorithm

In this subsection we develop an interior-point algorithm called algorithm INT-EST, to compute a
2-estimate of p(d). The algorithm works by using an interior-point algorithm to approximately solve
the 2m convex optimization problems F.;(d) to obtain an upper bound on p(d), see Proposition 4.1.
Our approach is based on the barrier method for solving a convex optimization problem using a self-
concordant barrier function, as articulated in Renegar [14], based on the theory of self-concordant
functions of Nesterov and Nemirovskii [9]. The barrier method is designed to approximately solve
a problem of the form

P: z=min{c’z : z €8},

where S C R is a compact convex set, and ¢ € R". The method requires the existence of a self-
concordant barrier function ¢(x) for the relative interior of the set S, see [14] and [9] for details,

and proceeds by approximately solving a sequence of problems of the form
P,: min{c"z + pé(z) : z € relintS},

for a decreasing sequence of values of the barrier parameter u. Here relintS denotes the relative
interior of the set .S. We base our complexity analysis on the general convergence results for the
barrier method presented in Renegar [14], which are similar to (but are more accessible for our
purposes than) related results found in [9]. The barrier method starts at a given point z° € relintS.
The method performs two stages. In stage I, the method starts from z° and computes iterates based
on Newton’s method, ending when it has computed a point & that is an approximate solution of
Py for some penalty parameter fi that is generated internally in stage I. In stage II, the barrier
method computes a sequence of approximate solutions z* of P,,, again using Newton’s method,
for a decreasing sequence of penalty parameters py converging to zero. One of the key properties

of the iterates in stage II is that they satisfy:

ek — 20 < 2 < ok, (13)
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and so the barrier method provides lower and upper bounds on Z at each iteration of stage II. Here
9 is the complexity parameter associated with ¢(-). We mention that the constant “2” above can be
replaced by any other suitable absolute constant a > 1, depending on the specific implementation

of the algorithm.

One description of the complexity of the barrier method is as follows:

e Stage I requires

o) (\/51n <ﬂ+ m»

iterations, and Stage II requires
o) (\/1_9111 <19 + R))
€

iterations in order to compute an e-optimal solution of P, which is a feasible solution x of P

for which Ter<i+e.

T

In these expressions, R is the range of the objective function ¢' x over the set S, that is,

R=max{c'z : 2 € S} —min{c’z : z € S},

and sym(z) is a measure of the “symmetry” of the point z with respect to the set S, and is defined
as

sym(z) =max{t:yeS=z—tly—z) € S}

This term in the complexity of the barrier method arises since the closer the starting point is to
the boundary, the larger is the value of the barrier function at this point, and so more effort is

generally required to proceed from such a point.

We now return to our problem. Because the analysis of the complexity of the barrier method relies
heavily on the feasible region S being a bounded set, rather than applying the barrier method
directly to solve problem Fl;(d) (whose feasible region is unbounded), we will instead work with

the following modification of problem F.;(d) whose feasible region is bounded:
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Fii(d) : fii(d) = min ~

Y, d,7
st. ATy —ql2 <~ (14)
by <~ (15)

VuTy < 2vm (16)

v < 75 (17)

qeCx (18)

dy; = 1. (19)

The introduction of the quadratic bound on y is convenient for the barrier function we will use in
our interior-point algorithm. However, any general bound on the norm of y will also work with a
corresponding effect in the complexity estimates. Also, the specific numbers used in the right-hand
side of this problem are defined technically to allow easy estimates of the symmetry of an initial

point.
We now show that fi;(d) can still be used to compute p(d):

Proposition 5.1

njltiin fi(d) = H:ltlzn fri(d) = p(d).

Proof:

Without loss of generality, let igp be an index such that fy,(d) = min; fi;(d), and let (7,7,7) be
a point where the optimum is attained. Then, ||[ATg — s < 7, b5 < 7, ||7ll2 < 2v/m, 7 < 76,
+%is = 1. Then, (7,q) is obviously feasible for F,;,(d). Notice that ¥ = max{||ATy — g2, 6" 7},

which implies that fi;,(d) <7, from which it follows that miny; f1;(d) < ming; fii(d).

Next, also without loss of generality, let i1 be an index such that fi;, (d) = miny; f+;(d) = p(d)
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and let (7, @) be an optimal solution of Fy;, (d), and let ¥ = fi;, (d). Note that ||7]|cc > 1, and let

6:8.9) = ()
il Tl Tall=

Therefore ||7|lcoc = 1 and assume without loss of generality that §; = 1 for some index j.

We next argue that (§,q,7) is feasible for Fy;(d). To see this, note first that §; = 1, /7§ <
V|7l = vVm < 2¢/m. Also, since (%, @) is optimal for Fy;, (d), then
7 = max{||A"7 - qll2,b" 5}
< max{[ATg]2,0"5}
< [lall1Flloo,
and so § = =1— < ||d|| < § < 75. Therefore (§,q,7) is feasible for F;(d). Tt follows that
fri(d) < max{]| AT - qll2,b" 5}
< max{]|A"g - gl b" 7}
= 7= f+il (d)

We conclude that ming; fi;(d) < fi;(d) < fii,(d) < ming; fi;(d), completing the proof. |

We now specify the barrier function of the feasible region of problem Fﬂ(d), and we analyze its
complexity parameter. Let B*(-) denote the self-concordant barrier function of the cone C%, and
let 9, denote the complexity parameter for B*(-). The barrier function for Fii;(d) is constructed

by simply adding the appropriate barrier functions for each of the constraints of Fii(d). Define:
#(y,4,7) = B*(q) = (76 — ) —In(4m — y"y) — In(y = b"y) — In(y* — [ ATy — q|3).

The complexity parameter of each of the first three logarithm terms is 1, and the complexity
parameter of the last logarithm term is 2. Therefore, from the barrier calculus of self-concordant

functions, the complexity parameter for ¢(y,q,7) is at most
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We next specify the starting point that will be used by the barrier method to approximately solve

F.i(d). Let u® be a point in the interior of C% and define

_ o 26 _
W = (y7Qa7) = (ieia mu0745> .

Let us also define

: 0 *
uO,OC}}) _ dist (u”,0C%)

n = dist < (20)

[u®]l2 [[u®]l2

as the ratio of the distance from u° to the boundary of the cone C% to the norm of ul.

Let D.; denote the feasible region of ﬁii(d). We will show later in this subsection that w4; is, in

fact, in the relative interior of the feasible region D,.

We now formally state the algorithm EST-INT for computing a 2-estimate of p(d) using an interior-

point algorithm.

Algorithm EST-INT(A, b, 5, u’)

e For +i=1,...,m do

— Step 1: Apply Stage I of the barrier method to problem Fi;(d), using the starting point
w:l:i = (§7 QJ ’7) = (:l:e’ia Hfﬁuoa 45) .
— Step 2: Apply Stage II of the barrier algorithm to problem Fii(d), generating the

sequence {wiz = (yip qimii)}j. Stop at iteration j if

A9 < vy (21)
Let @ = (§+4, G+i,Y+:) denote the final iterate.
e Let p = miny;{j+;}.

The next theorem establishes the validity of algorithm EST-INT (in part (7)) and provides a

complexity bound for the algorithm (in part (i7)).
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Theorem 5.1 Suppose that d is a feasible instance of (1) and that the norms on X and Y are

chosen via (4). Then:

(i) The value p produced by algorithm EST-INT will satisfy:

N

< p(d) < p.

(7i) Algorithm EST-INT will terminate in
[l 0
O(myidiln|dy+m+ ——F—+—+C(d)

dista(u?,0C%)  ||d||

iterations of Newton steps.

Notice that Theorem 5.1 states that the complexity of computing a 2-estimate of p(d) is linear in
In(C(d)). It has been shown in [14] that computing a feasible solution of P(d) using the barrier
method requires
O (Vidn 0+ﬂ+0(d)
diSt(:CO, 0Cx)

iterations, where the “¥” in this expression is the complexity parameter for a self-concordant

0 is a starting point for the barrier method that

barrier function for the cone Cx, and where x
satisfies z° € intCx. Notice that both complexity bounds have the same sort of dependence on the

complexity parameter for the respective barriers, and in fact from the theory of self-concordance

we know that we can substitute ¥, for 9 in the above expressions.

However, notice that the complexity bound for computing an estimate of p(d) involves extra terms
involving m and Inm. We now partially explain where these two terms come from, and why we do
not think that these terms can be eliminated through a different or more careful analysis. Recall
from the discussion in Section 4 that problem P, (d) can be interpreted as finding the largest L; ball
in R centered at the origin and contained in the set Hg := {br—Ax : r > 0,2 € Cx,r+|z|2 < 1},
and so the computation of p(d) is accomplished by checking how large the 2m extreme points of
the unit L; ball can be scaled and still lie in H,;. We do not think that the “m” part of the

extra operation count in Theorem 5.1 can be eliminated, as it arises precisely from the necessity of
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checking the 2m extreme points of the L; ball. The “Inm” part of the extra operation count arises
in the estimate of the symmetry of the starting point w in the feasible region of F:ti(d), which
in turn arises from the constraint (16). The use of the term “y/m” in the right-hand side of (16)
arises from converting between the Lo, norm and the Ls norm for Y. This conversion would be
unnecessary if we replaced constraint (16) with the constraint “||y||oc < 27, but then the complexity

parameter ¢ would increase by the factor m.

Observe also that the complexity bound in Theorem 5.1 is affected by the quality of the starting

point u° chosen in the interior of the cone C%. This is important as, in fact, for some specific

0
cones we know particular points for which the quantity n~! = % is nicely bounded from
’ X

below. Using the definition of the "width” and norm approximation vector of a cone, from section

2, it is strightforward to show that if X = R" with Euclidean norm ||z| = ||z||2 = VaTz, and
Cx = C% =R" = {z € R" | z > 0}, then by setting u® = e = (1,...,1)” we obtain a value of

n~! = /n. In the case of the positive semi-definite cone of real k x k symmetric matrices with

Frobenius norm ||z|| := \/trace(zTz), it is easy to show by setting u® = I that n~! = V/k.

Notice that the assertions of Theorem 5.1 are valid in the case when d is an ill-posed feasible
instance, i.e., when d € F but p(d) = 0. In this case, the optimal value of one of the problems
Fii(d) will be equal to zero, and while the sequence of iterates generated by the algorithm will
converge to the optimal value of zero, the stopping criteria might never be satisfied and so the
algorithm might not terminate. However, even in this case, the complexity bound is vacuously
valid since C(d) = oo, although it will not be possible to provide a guaranteed estimate of the

distance to ill-posedness in this case. This is, of course, the very primary effect of being ill-posed.

We now proceed to prove Theorem 5.1. We start with the following proposition, which shows that

the proposed starting point of the barrier method is in the relative interior of D4;.

Proposition 5.2

W4; € relintD;.
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Proof:
Notice that +y; = 1 and ¢ € intC%. This means that (18) and (19) are satisfied. We now verify

that the other constraints of the problem are satisfied.

For (14) we have:

1ATG — gl < [[AT ]2 + |14l

< 0+20
= 36
< 46 =7,

where recall that 0 is the estimate for the norm of d, see the discussion regarding inequality (12).
To verify (15) we have:

blg=4ble; <6 <45 =7.
For (17) just observe that 4 = 46 < 74. Finally, for (16) we have that /47y = 1 < 2v/m, which

completes the proof. |

The next lemma establishes that when the stopping criterion of algorithm EST-INT is satisfied in

Step 2, an appropriate approximation to fii(d) is obtained.

j
Lemma 5.1 Let j be the iteration index when the stopping criterion is satisfied. Then %i <

Fri(d) < 4L

Proof:
Suppose that the stopping criterion in Step 2 is satisfied. Then 'yii > fii(d) > 'yii — 2p;09 >
yii — %’yjﬂ = %’yﬂm Here the first inequality follows by definition of fii(d), the third inequality

follows from the stopping criterion, while the second inequality follows from (13). |
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Proof of part (i) of Theorem 5.1:

This follows immediately from Lemma 5.1, since p = miny; y4; and p(d) = miny; fii(d). |

The next result establishes the objective function tolerance needed to satisfy the stopping criterion

in Step 2 of algorithm EST-INT.

Proposition 5.3 Let e = p(d)/2. Let J be the number of iterations of the barrier method needed to
achieve a guaranteed e-optimal solution of Fii(d), i.e., a solution for which vl — (vl —2u0) <e.

Then the stopping criterion in Step 2 of algorithm EST-INT is satisfied on or before iteration J.

Proof:
We have that 259 < € = p(d)/2 < fxi(d)/2 < vL;/2. We conclude that the stopping criterion is

satisfied at iteration J or earlier. |

We next demonstrate a lower bound on the symmetry of the starting point w.,.

Proposition 5.4

_ n
8 ) > .
sym(@si) 2 775
Proof:
Let (y,q,7) be such that

(yv C.77 ’7) + (ya q, 7) € Dii-

By construction, +y; = 0. In order to prove the proposition, we must show that for all values of ¢
satisfying

Ui
0<t< ——+—
- T 11+ 2ym’

that

(g) q ’7) - t(ya q, '}/) € D:ti- (22)
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The proof proceeds as follows: for each constraint defining D;, we determine an appropriate upper
bound on ¢ for which (22) is satisfied. The smallest of these upper bounds provides a lower bound

on sym(w). First note that 4+« < 78 implies that

v <76 -7 =306. (23)

i) For constraint (14), let t; = 5. Notice that [|ATg — g2 < ||d|| + 20 < 35. Therefore

ATy —qlls = [ ATg— g+ ATy —q— (AT5 - D)2
T/~ _ T- -
< JA@HY) - @+l + 1Ay —qll2
< y+v+36
< 100.

Now, let t satisfy 0 <t < t;. We have:

IAT(G—ty) — (@—ta)lo— (F—t7) < |ATg—qlo+t|ATy —qllz — 7 +ty

< 36+ 10t6 — 46 + 3t6
< §(13t—1)
< 0,
and hence ||AT (g —ty) — (G —t7)]2 <7 — tv.
ii) For the constraint (15), let ¢t = 4+23\/E' We have that b7 (g +y) <7+~ . Also,
[Ylle = Nly+7 -l
< Ny + lloo + [9lloo
< 2vym+1,

where the last inequality follows from the fact that y + g is feasible and so ||y + ¥||oo < ||y + 7ll2 <

2y/m. Now let ¢ satisfy 0 < ¢ < t5. We have:

VG —ty) = (Y —ty) = b=y +t(=bTy+7)
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< 5 —46 +t(0(2v/m + 1) + 30)

= =36 +t5(2ym +1+3)

IN

0,

and hence b7 (7 — ty) < 7 — tr.

iii) For the constraint (16), let ¢35 = g\/\ﬁ_% We have that ||y|l2 = [y + 7 —gll2 < [ly +gll2+ |7]]2 <

2y/m+ 1. Let t satisfy 0 < ¢ < t3. Then,

A

17 —tylla < [l +tllyll2
< 1+t2vVm+1)

1+ 2vm —1=2ym,

IN

and hence [|g — tyll2 < 2¢/m.

iv) For the constraint (17), let t4 = 2. We have ¥ + v > [|AT(5 + y) — (7 + ¢)[|2 > 0, and so
v > —5 = —40. Let t satisfy 0 < t < t4. We have that 7 — ty = 46 — ty < 40 + 4t0 < 46 + 30 = 70,

and so satisfies constraint (17).

v) For the constraint (18), let t5 = 3777 We have that ¢ +¢q € C%. Now,

9+2/m’
lale = |—AT@+y)+ @+ +ATG+y) —dl2
< |AT@+y) — @+ )+ I1AT @+ v)ll2 + llal2
< A+7+0)7+ Yl +20
< 76 +2y/md + 20

= (9+2ym)é.
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Now we have:

g - g
=50 = 97975 /m?
26 (0 dist (W,ac;;))

[[u]l2

5(9 +2y/m)

But
dist 0 * dist 0 *
18 (u 780X>q _ HQHg ist (u”, 0C%) < dist (uo,aC}),
0(9 + 2¢/m) ) 5(9 + 2¢/m)
ist (u? X
and hence 10 — %q € C%. We conclude that § — t5q € C, and so ¢ — tq € Cx for any ¢

satisfying 0 <t < ts.

As a consequence of all cases, we see that sym(w4;) > min{ty, ta,t3,t4,t5} > ﬁ, proving the

result. |

The next result, which is evident, will also be used in the proof of the main theorem.

Lemma 5.2 Ifa,b>1 then

(Ina+1Inbd) <Iln(a+b) <In2+ (lna +1nb).

DN |

Proof of part (ii) of Theorem 5.1:

From the discussion of the barrier method, the total number of iterations will be bounded by

2m {0 (@m <q9+ m» +0 <\/51n (19+ ?))} :

where the “2m” comes from the fact that the algorithm approximately solves the 2m problems

Fii(d), i =1,...,m. Now, ¥ = 9, +5 = O(9,). Also R, which is the range of the objective
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function of Fl;(d) satisfies R < 78, since 0 < v < 74 for all feasible solutions of Fi;(d). Also,
from Proposition 5.3, we can bound € from below by p(d)/2. Finally, from Proposition 5.4, we can

bound sym(w4;) from below by m We then obtain a total iteration bound of

n+2ym 75
O(m\/ﬁ*ln (19*+ ; + %p(d)))

which is

0(m¢ﬂm<m+wH-”wh+é§+cm0>

dist(u%,0C%) ]
where we made use of Lemma 5.2, the definition of 1 in (20), and the fact that In\/m = O(lnm)

to obtain the final expression. |

5.2 Estimation of p(d) using a Separation Oracle, via the Ellipsoid Algorithm

In this subsection we develop a version of the ellipsoid algorithm, called algorithm EST-ELL, to
compute a 2-estimate of p(d). As in the development of the interior-point algorithm in the previous
subsection, we develop and analyze the algorithm in this subsection under the choice of norms given
in (4). The algorithm works by using the ellipsoid algorithm to approximately solve the 2m convex
optimization problems F4;(d) to obtain an upper bound p on p(d). However, unlike an interior-
point algorithm, the ellipsoid algorithm does not furnish lower bounds on objective function values
that have desirable convergence or complexity properties. Therefore, in order to generate a lower
bound on p(d), algorithm EST-ELL also uses the ellipsoid algorithm to approximately solve the

2m convex optimization problems S.;(d) to obtain a lower bound p on p(d).

Our approach is based on the optimization version of the ellipsoid algorithm, originally developed
by Yudin and Nemirovskii [19]. We refer the reader to Grotschel et al. [7] for an expository

presentation. The ellipsoid algorithm is designed to approximately solve a problem of the form

(P) =" =min{f(x) : v 5},
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where S is a convex set in a k-dimensional space X, and f(z) is a quasi-convex function on
S. The algorithm requires a separation oracle for the set S in order to detect infeasibility and
to perform feasibility cuts. The algorithm also requires a support oracle for the (lower) level
sets Ly of f(-) (where L, = {z € S : f(z) < a}), in order to perform optimality cuts. Let
Se:={x e S : f(zr) <z"+ €} denote the set of e-optimal solutions of (P), and suppose that
we are interested in using the ellipsoid algorithm to compute an e-optimal solution of (P), i.e., to

compute a point x € S.. In order to start the algorithm, we require a known ellipsoid
Egopr={reX : (z— 2NTQ(z — 2%) < R%)

with the property that Eg 0 p N Se # (). We point out that the information inputs needed to start
the ellipsoid algorithm are the triplet (z°, @, R). One description of the complexity of the ellipsoid

algorithm is as follows:

e Suppose that there exists & and r > 0 with the property

EQ@J C (EQ,Q:O,R N SE) ,

that us, there exists a scaled and translated version of Eg ;0 p that is contained in Eg zo p and
that it is also contained in the set of e-optimal solutions. Then the ellipsoid algorithm will

compute a point x € S in at most

ofen(®)

iterations. FEach iteration must perform either a feasibility cut or an optimality cut. In
addition, each iteration also requires O(k?) operations to update the iterate representation of

the ellipsoid.

We point out that the above complexity bound is by no means the most general result for the ellip-
soid algorithm, but it is sufficient for our purposes. For further results on the ellipsoid algorithm,

we recommend Grotschel et al. [7].
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In order to compute upper and lower bounds p and p on p(d), we will use the ellipsoid algorithm
to approximately solve both Fl;(d) and S4;(d), respectively, for i = 1,...,m. However, it will

be more convenient for our purposes to instead solve the following modified version of F;(d):

Fui(d): fei(d) = min h(y,q) := max{||ATy — g2, 0"y}

Y. 4

st. qeCx%
+y; =1
[Ylloo <1
lgll2 <0,

where we recall that 6 is a known upper bound on ||d||. The following result can be proved easily.
Proposition 5.5 fi;(d) = fii(d), and so
p(d) = min f1;(d) = min fy(d).

In order to apply the ellipsoid algorithm to approximately solve F.;(d) and Si(d), we need to

specify starting ellipsoids for each problem. For problem Fﬂ(d) we will start the ellipsoid algorithm

using
BT ={(y.q) : £y = L [l(y.0) — (£e:,0)]" < V2},
where for notational convenience we define the norm |[v||" = ||(y, ¢)|" to be:
T T
= 2 1
ol =Gy Dl ===+ 5

Note that E32 is an ellipsoid in the affine space {(y,q) : +y; = 1}.

For problem S4,(d), we will start the ellipsoid algorithm using
Bt — L(r,2,0) : br — Ax £ e;0 =0, ||(r,z,0)|” <2},

where again for notational convenience, we define the norm |Jwl||” = ||(r, z, 8)||” to be

)

[STUIS

|w|” = ||(r,z,0)|" = \/r2 + 2Ty + (
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Note that E5% is an ellipsoid in the subspace {(r,z,0) : br — Az + ;0 = 0}.

We now formally state the algorithm EST-ELL for computing an a-estimate of p(d) using the
ellipsoid algorithm. Recall the notation h(y,q) := max{||[ATy — ql|2,b"y}, which is the objective

function of problem Fl;(d).

Algorithm EST-ELL(A, b, §)

e For £i=1,...,m do

start
)

Initiate the ellipsoid algorithm for problem Fii(d) with the ellipsoid EAf in the affine
space {(y,q) = *y; = 1}.
— Initiate the ellipsoid algorithm for problem Si;(d) with the ellipsoid E?'* in the sub-

space {(r,z,0) : br — Ax £ ;60 = 0}.

Set j =1
— Iteration j
+ (Step 1) Compute the next iterate of the ellipsoid algorithm for Fi;(d). Let
(yil-, q]ﬂ) denote the center-point of the new ellipsoid.
* (Step 2) Compute the next iterate of the ellipsoid algorithm for Si;(d). Let
(Tii, xfbi, HZH) denote the center-point of the new ellipsoid.
* (Step 3) If both (yzu,qfu) and (rii,xii, Gjm) are feasible for their respective prob-
lems, then stop if
207 > h(ys, @h)- (25)
Otherwise, set j < j + 1 and go to Step 1.
— Let (944, G+i) and (744, T4y, éi,) denote the final iteration values of Fii(d) and Sy;(d),

respectively.

e Set p= minii{h@ii, Qiz)}
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The next theorem establishes the validity of algorithm EST-ELL (in part (¢)) and provides a

complexity bound for the algorithm (in part (i¢)) under the choice of norms specified in (4).

Theorem 5.2 Suppose that d is a feasible instance of (1) and that the norms on X and Y are

chosen via (4). Then:

(¢) The value p produced by algorithm EST-ELL will satisfy:

< p(d) < p.

N>

(#i) Algorithm EST-ELL will terminate in

O (m(m+n)21n <m+71_+:*+‘é||+0(d)>>

iterations of the ellipsoid algorithm, where T and T are the width parameters of the cones Cx and

C%, respectively.

Note that just like Theorem 5.1, the complexity bound in Theorem 5.2 for computing a 2-estimate
of p(d) is linear in In(C(d)). It has been shown in [6] that computing a feasible solution of P(d)

using the ellipsoid algorithm requires

0 <(n ~m)2In G + C(d))>

iterations. Again we see that, with respect to the dependency on C(d), the two complexity bounds

are in accord.

The work per iteration of algorithm EST-ELL can easily be estimated. For problem Fﬂ-(d), updat-
ing the representations of the ellipsoids takes O((n + m)?) operations, since the dimension of the
problem is k = n+m — 1. Feasibility cuts require O(m + n + K*) operations, where m arises from
checking ||y||oo < 1, n arises from checking ||g||2 < §, and K* is the number of operations required by
the separation oracle for C'%. Optimality cuts require O(mn) operations, since the vector ATy must

be computed. For problem S.i;(d), updating the representations of the ellipsoids takes O((n —m)?)
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operations (since the algorithm is executed in the space {(r,z,0) € RxR" xR : br—Ax+te;0 = 0},
whose dimension is n —m+ 2. Feasibility cuts require O(n+ K) operations, where K is the number
of operations required by the separation oracle for C'x. Notice that separation oracles for both Cx

and C% are needed.

Proof of Theorem 5.2, part (i):
From Proposition 5.5 and from the stopping criterion (25), we have the following chain of inequal-

ities:

>
Il

1 . .
3 Hj:lgl{h(y:th%ti)}

N~

< rriiin{é:ti}

< min{ssi(d)}

= p(d)

= min{faid)}

< niiln{h(ﬁii, 4+i)}

= P>

proving the result. |
Towards proving part (ii) of Theorem 5.2, we proceed as follows. Denote the feasible region of
Fyi(d) by

Vii ={(y,0) : £y =1yl <1, € Cx, [lall2 < 6},

and denote the set of e-optimal solutions of Fl;(d) by

V5 = {(y,0) € Vi = h(y,q) < fei(d) + €}

The following lemma will be used in the proof of part (ii) of Theorem 5.2. We defer the proof to

the end of this subsection.
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Lemma 5.3 For +i=1,...,m, there exists (J+i,q+;) and T with the property that the ellipsoid
ELP ={(v,0) £y =1L [(y,0) = (Fasr G0) | < 7}
satisfies
1. EP C Byt
0, E5OP YD/,

= * lldll
J. T2 2OC(Td)\/ﬁ_S_'

Now denote the feasible region of Sy;(d) by

Iy =A{(r,z,0) :br — Ax +e;6 =0,r >0,z € Cx, |r| + ||z]2 < 1},

and denote the set of e-optimal solutions of Si,(d) by

Ci={(r2,0) € Tay : 02 524(d) — €.

We also have the following lemma, which will be used in the proof of part (ii) of Theorem 5.2.

Again, we defer the proof to the end of this subsection.

Lemma 5.4 For+i=1,...,m, there exits (T +;, T4, éil) and r' with the property that the ellipsoid
EX® = {(r,x,0) : br — Az +e;0 =0, ||(r,2,0) — (Fii, xi, 021)||” <7’}

satisfies

1. EP C petart
2. BYoP c 77D/,

/ T
3T2W
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Proof of Theorem 5.2, part (ii):

With € = p(d)/4, the ellipsoid algorithm will generate an e-optimal solution (fji, G+;) of Fii(d) in

0] ((n +m)?1n (20\/§C(d)\/ﬁg>>

*||d|
iterations, according to Lemma 5.3 and the complexity bound (24) for the ellipsoid algorithm.
Similarly, with ¢ = p(d)/4 and using Lemma 5.4, the ellipsoid algorithm will generate an e-optimal

solution (fii,i’ii,éii) of S1;(d) in

o ((n eI (2 X 880(d)2>>

O((n+m)21n <m+%+%+0(d)+%)>

iterations. Therefore, after

sequential iterations of the ellipsoid algorithm for Fl;(d) and Sii(d), algorithm EST-ELL will
produce iterates (g4, G+;) and (fii,ﬁfii,éii) for Fii(d) and S4;(d) that satisfy

0+ Y > i) = frid) = Fua(@) 2 hisinsn) — 2,

(where the first equality follows from strong duality between Si;(d) and Fi;(d)), and so
Osi = Wiy i) — p(d)/2 = M(air Gi) — Fai(d)/2 = PGy Ges) — PGy G0) /2 = (i, i) /2.

Therefore the stopping criterion (25) will be satisfied. Since the algorithm is applied to 2m problems,

the total iteration bound is

O (m(n+m)21n <m+71_+:*+0(d)+||§”>>

iterations. |

Proof of Lemma 5.3:
Let u € C% be the norm approximation vector of the cone Cx, as defined in section 2. Let
v=1(y,q) = (iei, %5@) and define the ellipsoid

*

&= {vz(y,q) Dy =1y, 9) — (7.9 < 2T }

A

3
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We first show that & C Vi;. Let v = (y,q) € €. Hence,

/ *

)~ )l = |0 = Geda = gd0)| < 57—
from which it follows that
¢ (v — o)y — (o) _ 7 6)
m 2y/m
and
Hq - %Sa ) < 27\;%‘ (27)

From (26) and the fact that £y; = 1, it follows that ||y|lcc < 1. Furthermore,

1- 1-
= |lg— =bu+ =du
lal = |la- gda+ 50|

1-
< oz
< Lg_i_lg
= 2ym 2
< 4,

1-
+3
5 2

where in the third line above we used (27). Therefore ||g||2 < 6. It remains to prove that ¢ € C%.

To prove this, let x € Cx, with ||z||2 = 1. Then,

Ty = ( —l5a+15a)Tx
q = (a-3 5
1-\7* 1-
= (q - 55@) T+ §5UT$

1-\T 1 ,-
> (q—25u) x+§7'*6,

because @/ x > 7*. Next, notice that

< 15)T = H 157 Iollz = o
—=éu) xz>—|q— =du|| ||z —
173 =TT, = o
and hence,
T 6 )
> — >0
€T = 2y/m * 2 — 7

which implies that ¢ € C%. This implies that (y,q) € V4, as we wanted to prove.
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Next, let v* = (y*,¢*) be an optimal solution of Fi;(d), and let 1/ = Sum Define the following

(ellipsoidal) ball:

B, y) ={v=(y,q) : 2yi =1 |(y,0) — /', ) <~}

for any v' = (y/,¢’) satisfying +y, = 1. With v = (7, q), we have B'(v,r") C V4, and B'(v*,0) C

V4. Therefore, for A € [0,1], we have:
B' (A0 + (1 = X\v*, M) C V.

It is also easy to see that

h(v) <

vo| &,
—
[\
o
~—

We now show that for any v = (y,q) € B'(Av + (1 — X\)v*, \r’) we have:

In order to prove this inequality, observe that

v = (A(iei) + (1 =Ny +w, A (g) a+ (1—-Nq" —i—s) ,

where ||(w, s)||" < Ar’. From this it follows that ||w||z < A7*/2, and ||s||2 < 6AT*/(2y/m). We have:

|aTy—df, = H)\ (AT(j:ei) - %(M) (1= NATY —¢*) + ATw — s

2

IN

1_
(1= VAT = gl + A AT (es) - 360

+ [|ATw — 5|2
2

IN

(1= Nh(v") + A(D) + 6]lwll2 + [|s]l2

. . 3. AT M6
h(U )—/\h(v )+)\§(5+T+m
5

IA

5
2
— h(r") 4 A (ga - p(d)) ,

IN

h(v*) — Ap(d) + A
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where in the fourth line we used (28). We also have:

bly = Ml (xe) + (1 —Nbply* +bTw

A+ (1= Mh(v*) + EA;

h(v*) + A (§5 - p(d))

IN

IA

2
h(v®) + A (ga - p(d)> .

IN

Combining both relations, we obtain (29).

Now let

;. pld)
106 —4p(d)’

We see immediately from (29) that if v € B'(No + (1 — X)v*, \'r’) we have:

h(v) < h(v*) + Y. (30)

p(d)

Finally, consider the set V{; with e = &%, Let 7 = A'v" and © = N'o 4+ (1 — X)v*. From (29) and

=

(30) we conclude that

EYP = B'(3,7) c VR,

This shows the second part of the lemma. To prove the third part of the lemma, observe that

s p(d)/2 T
= = (5 m) ()
pd)T*
200y/m
I

20C(d)y/m &

Finally, the first part of the lemma follows from the inclusions:

Fast d)/4 Sstart
Ej:fpcvi(i )/ C Vi C B
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Proof of Lemma 5.4:

We begin by observing that if ||(r, z,0)|” < 1 then,
Pl <1, llzll2 <1, |6] < 6 and |r| + ||zl < V2. (31)
Now, for w’ = (', 2, 6") that satisfies br’ — Az’ +€;60/ =0, let
B'(w',y) :={w=(r,z,0) :br — Az £ ¢;0 =0, ||w — w'|" <~}

be the (ellipsoidal) ball in the || - ||” norm centered at w’ with radius ~, relative to the linear space

defined by the constraint br — Az + e;6 = 0.

From Theorem 5.3 of [5], there exists & such that Az = b, & € Cx, and scalars 7 and R such that

B(#,7) € Cx, ||&|ls + 7 < R, and

ST
(VAN AV
W

Q

8/ —~

IN

ﬁ>| :,U>
S
Q
—
QU
~—

Let

- 1 z
w:(r,x,e):( - , - ,0).
2([1zll2 + 1) " 2([|%[l2 + 1)
Notice that w is feasible for Si,(d). Let

min{1, 7}

t=——
2v2(||2]|2 + 1)

and also note that

A~

1 1 T
t< - , t < , and t< —r——. (33)
2([|2[|2 + 1) 22 2([|12[]2 + 1)

Now define E := B"(w,t). We will now show that

FE CTy,. (34)
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To see why this is true, let (r,z,6) € E. Then, (r,2,0) = (F+v,Z + 2,0 + p), with ||(v, z,p)||” < t.

From (31), we have

Wl <t, ||lzl2 <t, |p| <td, and |v|+ ||z]l2 < tV2 .

Therefore
1
r=rFtv>i—|v|>——  —t>0
2([lzfl2 + 1)
by (33). Furthermore,
rl+lzlls = 7otz + 2] <74 [o] + l2ll2 + (122

1
< 3+ tV/2 <1,
by (33). Also,

r = T+=z

1
= (#42(|#]s +1)2) € Cx,
ST @ + 20l + 1)

since
12(12[l2 + D)zl = 2(]|2[l2 + D2[l2 < 2([|2]2 + 1)t < 7,

which proves (34).

Next, let w* = (r*,2*,0") be an optimal solution of Si,(d). Then it follows immediately that if
A € [0,1], then

B"(\w + (1 — Nw*, M) C Ty.
We now show that if w = (r,z,0) € B"(Aw + (1 — \)w*, At), then

0> 0" —\5(1+1t). (35)

To see this, observe that § = A0 + (1 — \)@* + v, where |y| < Atd. Hence,
0 — 0 — A0+~
> 0 — A5 — MS

= 0* (1 41),
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which proves (35).

Next, let

, pld)
A = TaLo

Then it follows from (35) that for all w = (r,z,0) € B'(Nw + (1 — N)w*, N't) we have

020"~ Lo(d) (36)

It also follows that if w = Nw + (1 — N)w* and ' = N't, we have that

Estop B//( ) Ip(d)/ .

This shows the second part of the lemma. To prove the third part of the lemma, observe that

Aldli(1+1) o
pd)t |d|

— 4C(d) (1+ 1)

ﬁ\')—t

)
Tal
4C’(d)) E

- (10+5%)

_ qu+«xiﬁyﬂﬁﬁv_g

d
(4C(d) +12C(d) (40 )) %

88C(d)> &
Tl

IN

IN

where in the fifth line we have used the lower bounds from (32). Finally, the first part of the lemma
follows from the inclusions:

EYP Ii(id)/ C Iy; C BT,

This completes the proof of the lemma. |
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6 Extensions, Relaxing the Assumptions, and Practical Consider-

ations

6.1 Complexity of Computing an Arbitrary a-estimate of p(d).

Under the choice of norms given in (4), Theorems 5.1 and 5.2 present bounds on the complexity of
computing an o = 2-estimate of p(d). By suitably modifying the stopping criteria in the algorithms
EST-INT and EST-ELL, one can instead compute an a-estimate for any a > 1. It is straightforward
to show that the complexity bounds would then be the same as given in Theorems 5.1 and 5.2
except for an additional term < inside the In(-) term. In this way, the complexity of computing
an « = (1 + €)-estimate has an iteration bound whose dependency on € is O (m\/ﬁ_* In (%)) for
e small for algorithm EST-INT, for example, which grows only logarithmically in 1/e. Note that
this complexity bound is consistent with standard notions of efficiency of computation in convex

optimization.

6.2 Complexity under Different Choices of Norms

The complexity results obtained herein depended very much on the choice of norms on X and Y
given in (4). And as was pointed out in Section 4, the computation of an a-estimate of p(d) is

co-NP complete even when Cx = R}, under a particular choice of norms.

Consider an arbitrary norm ||-||X for the space X and an arbitrary norm |[|-||*" for the space Y. Then

because all norms are equivalent in finite-dimensional spaces, there exist constants ¢y, co, 3, ¢4 (that

typically depend monotonically on the dimensions m and n) such that ci||v|lz < |Jv]|*X < cao|jv|2

for all v € X and es|jv|1 < ||[v||¥ < cal|v||s for all v € Y. Then it is obvious that the complexity

results we have demonstrated in Theorem 5.1 and Theorem 5.2 would still follow if the goal was to

2cacy _
cic3

compute a estimate rather than a 2-estimate of p(d). This is satisfactory if we know the norm

equivalence constants ¢y, ..., c4 (quite typical in practice) and we are satisfied with the degree of
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2cocy

v However, because of the typical dependence of these constants on m and

the approximation

n, the resulting approximation value might be disappointing for large m and/or n.

Alternatively, let us now consider letting the norm | - ||¥ for the space X be arbitrary, and let the
norm || - ||¥ for the space Y be the convex hull of 2] explicitly given extreme points +y', ..., 4.
Let us further presume that we have a self-concordant barrier for the interior of the cone K X =
Then the methodology developed in Sections

{(z,t) : ||z||X <t} whose complexity value is ﬁKIHIX'

4 and 5 can be modified to yield an algorithm that will compute a 2-estimate of p(d) in

O(l,/9.+ 9k X+lln Uy + UK X—i—l—i——, +—+C(d)
. . i
( \/ Il ( Il d st(uo,f)C}}) lld|

iterations of Newton steps. When || - ||X = || - ||2, then ¥k, = 2 and other simplifications become

lI-1%

possible as well.

6.3 Different Formats for P(d)

Theorem 5.1 and Theorem 5.2 are predicated on the standard primal format of P(d) given in (1).
There are usually two other “standard” formats for P(d), namely (i) b — Az € Cy,x € X where
Cy is a regular cone, and (ii) b — Az € Cy,x € Cx where Cx and Cy are each a regular cone.
Notice in both of these formats that Cy is a regular cone. Then under the choice of norms given

in (4), problem (11) can be split into the 2m problems:

Fui(d) : fri(d) = min max{[|ATy — g2, 0"y}
Y, q
st. yeCy
qgeCx
Ty, =1.

By Proposition 4.1, p(d) = miny; f1;(d), and an analysis similar to the one we did for f(d) will

yield similar complexity results.
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6.4 Infeasible Instances of P(d)

In this case, it is very relevant to know the distance to ill-posedness, since the distance to ill-
posedness is also the distance to feasibility. From basic duality theory, it follows that problem P(d)

is feasible, or the alternative problem:
D(d) : find y # 0 that solves ATy € C%, bTy <0, (37)

has a solution. Notice that D(d) has a format similar to that of P(d) and so is amenable to analysis
using the algorithms developed herein. Since knowledge of whether or not P(d) has a solution is
usually not given, one can consider an algorithm to estimate the distance to ill-posedness that will
process P(d) and D(d) “in parallel” until the corresponding lower bounds on the estimates allow
the user to correctly claim one of P(d) and D(d) to be feasible. The value of the corresponding

estimate will provide an approximation to the distance to ill-posedness of P(d).

6.5 Practical Considerations

Given the potential importance of condition numbers in understanding the behavior of convex
optimization, it is consequently important to address both the theoretical complexity of accurately
computing condition measures as well as the practical issue of computing condition measures for
real problems. In this paper we have addressed the theoretical complexity, obtaining complexity
bounds for computing a 2-estimate of p(d) under a suitable choice of norms. Because our algorithms
must solve 2m convex optimization problems of the same difficulty as the original problem, we
would only expect our algorithms to be useful in practice when m is relatively small and/or when
there are relatively fast practical algorithms for solving the original problem (such as for linear
programming). In contrast, the cited work of Pena [11] is very promising from a practical point of
view. [11] presents a method for computing a \/m-estimate of p(d) (or C(d)) by solving a single
convex optimization problem that is an analytic center problem (which is typically fairly easy to

solve in practice), under a particular choice of norms (namely the Ly norms for X and V). In a
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sense, the method in [11] sacrifices some guaranteed accuracy but gains in computability: when
m is not too large, such an estimate may be quite sufficient for all practical purposes. This work
suggests that it is in fact possible to attain the goal of computing good estimates of the condition
measure of a conic system within the context of traditional optimization algorithms, without too

much additional computational overhead.
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