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Abstract

Densities of scaled multivariate normal vector and matrix residuals are shown to
possess simple, spherically symmetric functional forms.

1 Introduction

Quiroz and Dudley (1991) [1] develop a class of tests for multivariate normality whose prop-
erties are determined by a sample statistic defined as follows: let x;, ..., %, be a realization

of n(px 1) random vectors (rvs) X1, ...,%, with common range . Define the sample mean

n
to be x = — Z x; and the unscaled (p X p) sample covariance matrix.
n
j=1
n
S=> [x; - x|[x; - x]". (1.1)
j=!
With (p x n)X = [x,...,x,] and (p x n)X = [%,...,%],

S =[X - X|[X - X]. (1.2)
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One statistic of interest to Quiroz and Dudley is a sample standardized version of a generic

Xt
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They show that if Xy,..., %, and iid N(p, X), ¥ > 0, then the right-hand side of (1.3) is

—

S S - 5 5 B - 1 n o~ 5 5 -~
representable as QS * [(;—u]; here @y, . .., 0, areiid N(0,I),u = — g ;,U=[0,....,0,]),U=
n
J=1

= = 1

1 [U—-U]J[U - U]’ and Q is a random orthogonal matrix depending on
n—

¥ and X. Several authors [Small (1978), Quiroz and Dudley (1991)] [2, 1] call the statistic
(1.3) scaled residuals and use this statistic as a springboard for some new tests of multivari-
ate normality. On page 544 (op. cit.) they say, “By the way, we do not know whether
the distribution of {S%(x,; —X),i =1,...,n} depends on X (it clearly doesn’t depend on
p.” [The answer is: this distribution does not depend on ¥.] To our knowledge, the exact
distribution of (1.3) has not appeared in the literature.

Our aim is to derive the exact density of a standardized version of a generic x; like
(1.3) and its natural generalizations when Xi,...,X, are iid N(u, £),% > 0 so that test
statistics can be easily computed. Throughout (p x p)¥ > 0 means either X is PDS or
{X| (pxp)X>0}and I > Z > 0 means that bothI—Z > 0 and Z > 0 and X®B denotes
the Kroenecker product of ¥ and B.

The standardized versions of X; and of [X1,...,%,],2 < ¢ < n we study possess spherically

symmetric densities (Propositions 1, 2, and 3).



2 Densities

.- - - .. . 1
Proposition 1 IfX,,...,x, are iid N(p, X), X > 0 then with v = 5([)4,— 1), whenn >p+1
- o n : - ~ .
thervy, =S ? [Xl — i] has densily
n—1
I(z(n—1) bty L(n—2)
n s(n—2)—v
oLy o~ 11) (1 yy>2 (21)
lllk’iklb""p"“l)}

with support {y |y € R, y'y < 1}.
The vector § = (§y,...,8,) with squared values §; = §7,...,5, = g}fl of elements of y,
possesses density

1 2~
T sy (L= sy 4o+ sp))20 D (2.2)

with support {s | 0 < s14---+s, <1}. The density (2.2) is a p-dimensional Dirichlet distri-

wtion indered by narameter (L 11 Lo o 2 convento 1 11 Loy oy
bution indexed by parameter ( e cos(n p)). By convention D, (2, . o sn p))

9 199 9 193 9

will denote density (2.2).

If we partition Y= [y,,...,y,] into (p x ¢)Y1 = [y,,...,y,] and (p x (n — ¢))Y, =
[¥Yyi15- > ¥n), both the marginal distribution of Y, for 2 < ¢ < n and the conditional
distribution of \?1 given ?2 = Y, can be derived by the same method used to calculate
the marginal density of y;, a column of Y. Successive conditioning of the joint distribution
of yy,...,¥, vields ¢ mutually independent but not identically distributed rvs, each with a
density of the form (2.1) [Propositions 5 and 6].

Cousider the joint density of (p x n)f( written as
(27‘_>f%pn P> ‘7%77, e =T S tnE—p)(E—pm)") (2.3)
with S and X as defined at the outset. Then
1. S is Wishart with (n — 1)df,

2. x is Normal,
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3. S and X are independent.

However, S and x; —X are not independent and it is this lack of independence that makes

D[

exact computation of the density of S *[%, — X| interesting.

To prove Proposition 1 we begin by splitting S into two pieces; one composed of (x; —

i

X)(x; — X)! and the other composed of a centered on the mean x; = 0 > _x; version
n 14
j=2

of S with x; — X deleted. The rv Xx; — X is then probabilistically independent of S| =

j=2
The factorization of S we have in mind is
n _ .
S=S;+ (x1 — X)(x1 — X) (2.4)
n—1
with
n
Si=) (x;—X1)(x; —X1)". (2.5)
j=2
To see that (2.4) obtains, add and subtract X1, in (x; —X),j = 2,...,n. The cross product
terms vanish and as
X1—X : (x1 — %)
X|—X=— X, — X),
1 L ;

(2.4) follows. Consequently, with N = n — 1, we can write the joint density of X in terms of

- 1
S, Xand u= (L)Z (x; — X) as
’ n—I1

(27‘_>f%p1\5‘Er%!\’ef%l/d}”[S_1+uuf} % (27‘_>f%p‘Er%ef%n(iﬂt}li}”(if/l.). (2.6)
In turn,
1. S, is Wishart with N — Idf,

2. u is Normal mean 0 and variance 33,



3. X is Normal mean p and variance %2,

and all three rvs are independent. The joint density of S and 1 is

(2m)" e, (N — 1)[B| 72Nzt By |3V (2.7)
and the constant
) . (1
1/ep(N = 1) = 22PN Dgare-U T T 10 <§(N - j)> : (2.8)
j=1

Withy, =S fuand S =8, +un, the Jacobian J((S.1,u) — (S,y)) of the transfor

mation from S; and u to S and y is |S|z and
S| =18 —uu'| =[] [T - yy'l. (2.9)
Consequently, S and § have joint density
(2m) P (N — 1)|B] "2 Ve 2= IS|GaN T o |L - yy! [V, (2.10)

As S and y are independent, upon integrating over S > 0,y has marginal density

1(’(N—1)

_1,C Lip—9)—
(o) Sy Ly (211)
P

with range {y [y € ® and y'y < 1}. As¢,(N—1)/¢,(N) = PEL ﬁ r (%(N —j+ 1)) /T (%(N - /)) =
=1
22T (5N) /T (3(N —p)) and [I—yy'| = (1 — y'y) we have proven (2.1).
To see that the range of ¥ is restricted to the set of y € R? such that yy* < 1 first write
y'y = u'[S; +uu!] 'y, then diagonalize S ;. Because S > 0 there is a (p X p) orthogonal Q
such that Q' AQ =S, (p x p)A > 0 and diagonal. With z = A2 Qu,y'y = 2'[I + 2z 2.
For any z € R? there is an orthogonal P(z) and a scalar a(z) such that P(z)z = («a(z), 0,

..., 0)t. Hence, y' y = ( (2) < 1 This finishes proof of Proposition 1.

1+a?(z))

J



For p < n, let V,,, be the collection of all p-tuples of (n x 1) orthonormal vectors in $7

n \Way t

QU e 1 T, TR S — 17 rat7a N | T v 0 N~ XNDTL LT

— d OUICIICI TNaI1rola. ror cacn k[) X I’L)\od (- Vp.,’n'/ WY — J.p. 1n turn, 11 kp X fL)A c o, Lne
. . 1 .

Jacobian of the transformation from X to (Q, R) such that X = RzQ" for (p x p)R > 0 is

2-?|R |27~ and

: P75 (p—n)
/ dQ" = - = vol(Vy.). (2.12)
Vo re T (G =+ 1)
ij=

1 - Iy i 1 1 . i1 P4t [ 1: it ~ o 11\ IXT ~ /0y 10N
lnese 1acts play a role 11 tne computation ol generallzations or {(£.11). vve call use (2.12) 10

check the normalizing constant for the density (2.1). As y is (p x 1) and

vol(Vi,) = e (2.13)
14
2
upon transforming from y to (q,r) with y = 7‘5q and q €V,
(1—yy"): 27y
{ylyenrr.y'y<i}
1 o (2.14)
_ 1 /(1 - r)%(nfpfl)flrépfldr L vol(Vi,) = widl (§(N —p))
2, 7T )
0

~ 1 ~ ~

Proposition 2 For 1 < g < n —p the density of (p x Q)Y =8 2[(X) = X)--- (X, — X)] is

(zm-épq%mﬁp - [T YAY |0 (2.15)
Cp
with (g X q)
1
n—gq
or
1 y J\]—* Lin 1 Len
L L (217)
cp(4
with 1
n

The range of Y is {Y[Y € R4 and I > YAY' > 0} if p < ¢ and is {Y|Y ¢
R and A" > Y'Y >0} if p>q.
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L€ scale 1actor { ) ° appearing i t
n—1 =

A

N =y — &
1 appears in A for ¢ = 1. We omit it from the definitions of (p x ¢)Y in Proposition 2. Tt

reappears when the marginal density of the first column of Y is calculated from (2.15). For

> [ 1

2 < ¢ < n—p the marginal densities (2.15) and (2.17) can be computed in the same fashion

as (2.1). Factor S into

S - R - %)+ 3 (- X (e - %)
Jj=1 k=g+1

n

- _ 1

Define x4 = ;= > x, and set
k=q-+1

S,= D (xk—X,)(x;—X,)" (2.19)
k=g+1
In terms of x4, and S,
q
S = ) (- -%) +8,

i—=1

+ (n—q)(x, - x)(x, - x)".

With (g x 1)1 = (1...1)" and (p x ¢)X, = [X...X|

- - r
Xg—X = n_q(qx—~[x1+ X))
1 _ —
= =R+ (y— )
- U x o xn
- on—q I
so that
S=8,+ X, XJAX, ~ X,]" (2.20)



Equipped with (2.20), the joint density of X in terms of S ,,X and U = [X, — X,] may

be written as
(27‘_>7%pN|E‘7§N€7%tr2”[S_q+UAU"]
(2.21)
X (27) 2P| rem s BT m),

For2<qg<n—np,

1. S_q is Wishart with N — ¢ d.f.,

2. U has a Normal distribution which, when expressed in terms of the (pg x 1) vector

(f,....u,)" of columns of U, has mean 0 and variance A™' @ ¥ and
3. X is Normal mean p and variance ¥, and
4. Sq, U and X are independent.
The joint density of Sq and U is
(27) Py (N = q)[B] 290 - [AT @3 e 2P BT UAV g Ve (9 99)
With Y =S 2U and S = S, + UAU, the Jacobian J((S,, U) — (S,Y})) = [S|27 and
S,| =[S~ UAU'| =S| - |I - YAY'|
so that S and Y have joint density
(27) e, (N — )| 2V e 2" S|S PN« JAPP - T YAY! N0 (2.93)

As S and Y are independent, upon integrating over S > 0 we find that Y has marginal

density

(N —q)

(2m) 2 cp(NV)

A|2? - [T, — YAY!z(N-0-, (2.24)



By usce of the determinantal identity
I-YAY'|=|A| - |[A7" - Y'Y] (2.25)

we can write (2.24) as shown in Proposition 2, (2.17).
The joint density (2.23) possesses a nice factorization into a marginal density (2.1) for

¥, and a conditional on ¥, =y, density for Y, = [¥,.. .y, that leads to
Proposition 3 Partition (p x )Y = [y, Y12] with y,(p x 1) and

(qxq)A: I— a)pp  ap -|
as; Ay

with ay, scalar. Define ay o = ay — a12A;21a21 and

px (= DZ=[I-yianay}] Y + yia45)]. (2.26)
Then via the definition (2.16) of A,
Loane =,
2. ap Ay, = 11" with (1 x (¢ — 1)1,
3. the rvs y, and Z are independent,
4. ¥y has marginal density (2.1), and

. Z has density

[

(N — '
<27r>*%”(q‘1)% A |- ZApZ![5(¥ 007, (2.27)
D 4 -

To establish Proposition 3, begin by partitioning (p X ¢)Y = [y, Y12] with y;(p x 1) and

partitioning (¢ X ¢)

a;p a2
as Ay

with aq1(1 x 1). Then

YAY' = any y| + Ypany) +y,a1Y, + YirAn Y,

9



Complete the square in Yqy:

YAY' = [Yio +y,a10A5, ] Agy [Yio +y,a10A5, " — yiaA% any!. (2.28a)
Then,
I-YAY'=1-y a1y — [Yi2 + 121245, ] ALy [Yi2 +yia10A5) ] (2.28b)
so that
T - YAY'| = 1—y,a110y] - [T—ZAyZ'. (2.29)

. , : L . L
The Jacobian of the transformation from (y,, Yy3) to (y,,Z) is |T — y, a2yt 2 so

that the joint density of (p x 1)y, and (p x (¢ — 1))2 is proportional to

t1E(N-1)— UL (N=g)—
I — yya2y 2N D7 o I — ZARZH W97, (2.30)
X . n—g+l N A | 1 -1 o
As a1 = g ;A1 = A9 = prp— q 1;A22 = Iq 1+ n—qlq 1]‘q 1 and A22 = Iq,1
t N v alonhrs \ . n_ -1 t
nAl 1,41, , after some algebra we find that ayyy = 5 and ajpAyy = — lq -

The normalizing constant for the kernel of the density of ¥,, shown in (2.30) follows

L
)2 is exactly that used to define y in

n|=

i

directly from (2.1). The scale factor all af, , = (-2

(2.1) and the marginal density of Z is that of Y as displayed in (2.24) with ¢ — ¢ — 1 and
A— A,

The normalizing constant for [I—ZA Zt}%(N*‘f)*"” can be found by integration as follows:
treat ¢ < p+ 1 and ¢ > p -+ 1 scparately. Begin with ¢ > p+ 1 and let W = ZAé2 =
R:Q,(px p)R > 0 and p x (¢ — 1)Q € V, 1. Then J(Z —> W) = |Agp| 27, J(W —>

(R,Q)) =2 PRz 72 and J(Z — (R, Q)) = |Ag|2” - 2 ?|R[209 72 50 that

f ’I*ZAzzz ' N-1) “/dZ
Zewpla=D) (2.31)
= 277|Ap| 5 [ I—REEDR]|ZODIR X vol (Vg 1)
R>0

10



As

.
voL{

and
/ 1- RO RO R = N D (2.32)
Lo (N = q)ep(q — 1)
. v sp(g—1) .
’I o ZA22zt|%(N7q)7’)/dZ _ (27(—) 2 Cp(JV 1) ‘A22|;p (233)
, (N —q) ’
ZcRela—1)
the reciprocal of the normalizing constant shown in (2.27).
Linear combinations of columns of Y possess a density of the form (2.1). Let
Cq 0
(4% q)C = (2.31)
Co Iq,1

q
and transform from (p x ¢)Y to [mYs) = YC,m = > ¢y, = Yc. As the J(Y —
k=1

(m, Y15)) = |C|~27, 1 and Y, have joint density proportional to

I1—[m Y1)C ' A(C ) [m Y]z V97, (2.35)
Define
g1 8
G=C'A(C ) = . (2.36)
8n G

with g1; scalar and, as in the development of Proposition 3, factor (2.35) into two independent

kernels, one of which is
- mgll-?mq%(‘wfl)ﬂ =(1- mt!}nam)%(N*l)J’. (2.37)

-1
Here g11.2 = g11 — 812G o1

so we have

!]11.2)%” F(%N)
I(

The normalizing constant of (2.37) is ( —
5(N = p))

™

11



Proposition 4 A linear combination m = Yc of columns of Y possesses densily

i—

gua\sr T (AN) N,
( s ) I (LN —p)) (1~ m’g;; ,m) (2.38)

with G as defined in (2.96).

X7 4 1.1 1 1 .1 : 1 1 "/ <, 1\ 1/ <, { ETRANY 1
we established the 1ndependence ol (p X 1)y, and (p X (g—1))

as defined in (2.26), and,

NN

in addition, that the densities of ¥, and of Z are proportional to |1 —y,a;;.yi|z¥ Y= and
T — ZAQQZt}%(N“")'7 respectively. By ¢ — 2 additional successive factorings of I — ZA,,Z"
<7 Axrl 1

as I — Y' is factored in (2.28b) we generate ¢ densities of ¢ mutually independent (p x 1)

rvs which we shall call y,, wo, ..., w,. Here

1
- - n S N S 1 .
Wy == Z == ':Iq - ( > ylyt]:l |:YZ -+ ryljl (239)

n -1

and so on. The density of wy, 1 < k < ¢ — 1, the kth successively conditioned rv, is

—k O\ TNk ok L(N-k)—
n—k : (5( ) T L whwy (2.40)
n—k+1) m?D(L(N - p)) n—k+1) *

2

and that of (n:il) W, Wy, is Beta with parameter (5(N — k), 5p) and expectation E(8;) =

TP This is summarized as

(N—k—p)

Proposition 5 y, and successively conditioned rvs Wo, ..., W, are mutually independent
and W, 2 < k < q has density (1.38). In addition, the joint distribution of squares of the k
elements of Wy is Dp(,.... 3, 5,....5(n—p—k)).

Reverse the abuse of notation adopted early on and redefine y, as shown in (2.39) to

be (%1) v so that we can write the kernel of the density of y, as (1 — yﬁy)%(N‘l)“”/. This

n

kernel can be successively factored in a fashion that yields p mutually independent scalar

UN.B. N =n — 1 so m,/g11.» has density (2.1).

12
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—
=
. \—_—’

and so on. Repeating this p times, yields p mutually independent rvs ¢, Ua, 53, ..., Ty, cach
of whose square is Beta distributed: 7; is Beta with a parameter (%N, 1), 0y is Beta with

parameter (z(N — 1),1) and so on. Finally, if we relabel, we have

L
2

Proposition 6 By successive (linear) conditioning, the (p X q) 10 Y can be mapped into
(p X q)V such that

1 {0y,i=1,...,p; ) =1,...,q} are mutually independent.

2. Fach vz 158 Beta distributed.
2. Each 7% is Beta distributed

13
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