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Abstract—We formulate a broadcast problem, where based on W Z

their quality of observations, outputs at various receives are

represented on a graph (called “degradation graph”). If reeiver X

Z is a physically degraded version of receivelt’, then nodeZ is a Y

child of node Y in this graph. This generalization of the classical

degraded broadcast channel provides a framework for variog

situations where at least some information should be availde to Wy Zy
receivers with partial (or noisier) observations. Upper ard lower

bounds are obtained on the capacity region. The upper boundsi Fig. 1. An example of degradation graph.

based on auxiliary variables, whose structure is describedly the . . . . .
mirror image of the channel's degradation graph. As a specih The users in this degradation graph and their partial olserv

case of our problem, a packet broadcast network is considede  tions could have various physical interpretations. Fongxa,
it could represent users which are physically farther from t

I. INTRODUCTION transmitter and hence receive noisier observations. Itdcou

The conventional information theory for point-to-pointge /SO represent users which only listen during a fractiorhef t
munication focuses on the decoding of a block of data pigdtire message transm_|SS|on. As discussed b(_afore, evem whe
from the observation of a block of output symbols of the chafflere is only one physical usef, the degradathn graph CO_Uld
nel. An extension of this theory, which is useful in networl® used to represent the p0§3|ble -forms. of partlgl obsenzatl
communication systems, is to consider the data transmissio ON€ Should be able to disseminate information such that
when only different forms opartial observations are available€/€"n With partial observations, a user can receive some part
at the receiver. It is natural to connect such problems tadsro of the transmitted information. Moreover, the information
cast channels, where possible forms of partial observaiien received shoulq grow as the qulallt.y of observations impsove
mapped to virtual receivers, each decoding some part of {RR exe_lmple, In image transmission, even the weaker users
data message. One difficulty of this approach is to deschiee tvould like to get a coarse image, whereas the stronger users
relation between these different partial observationsghvare Would want some additional image resolution.
not necessarily degraded versions of one another. This give 10 formalize this notion of information dissemination, we
rise to our formulation of a broadcast network. can think of the degradation graph as a sequence of multiple

A simple manner in which these partial observations couldyers. where layek denotes the set of nodes at distakeel

be related to each other is a Markov chain, which gives ridlom the root. ,OUtPUtS received at. USErs in layes 1 are
to the classical degraded broadcast channel. degraded versions of outputs received in lagerAssuming
total L layers, let the total information be split intb parts.

X-Y9-Y1—-- =Y, (1) Inour formulation, even the last layer users should get tisé fi

. o part of this information, the second last layer users shgetd
For this channel with inpufX’, amongst any two outputs;, he first as well as the second part and so on. Specifically,

andY,,, one is a degraded version of the other. To get rid ‘P&yerL — 1 should be able to decode message_;, layer
this limitation, we model the interdependence betweenetheE_Q should decodé/;, _» as well asM;,_,. In general, layer
partial observations using a “degradation tree” (see Eidur k should decod@,, M1 - -- My_,. For example in Fig. 1,
for example). This graph denotes that the network chanrgll andZ are in layer 2JV; andWs are in layer 1 and’ is in
Pyw,w,z, 2,/ x can be decomposed as follows layer 0. Hence botl¥;, Z, want messagé/,; both Wy, W,
want M; andMs; andY wants M, M; and Mo.

Previous works addressing similar concept of information
The root of this degradation tree denotes the infutvhich is  dissemination include multilevel diversity coding [2] apd-
followed by a unique output’. It is followed by its degraded ority encoded transmission [4].
versionsWW; and W5, which in turn have their own degraded We assume that messagé), M, --- My, are mutually
versionsZ; and Z,. Note that here for exampl&; need not independent. Messag#/;, (0 < k¥ < L — 1) is chosen
be a degraded version &F;. uniformly from {1,2...,2"%} where R;, denotes the rate

Pyw,w,z, 2.1x = Py x Pw,w vy Pz jwi Pz ws 2



of messagek and n denotes the block length. We want tovherelU;,_1, - - - U; are called auxiliary random variables. The

characterize the achievable rate regid@y, Rz ..., Rr—1). joint distribution of all variables above is given by
We define degradation graphs to include slightly greater
generality than the trees illustrated in Figure 1. A degtiada (Qup_ U o121 x) - (Pyyyivp_1]x)

graph could have a node in layérwhich has two parents
in layer k — 1, provided it is a deterministic function of eachwhere the second term is described by the channel as in (3).
parent. The first term denotes the joint distribution of inpit and
Wy Z auxiliary variables. It is chosen by the code designer arsd ha
a Markov structure as follows. (Throughout this paper, wig wi
X use( for distributions chosen by the code designer &htbr
channel transition probabilities.)

Wa Zo

2
Quy_ Uy _othx = Qu,_, ( H QU;C1|Uk> Qxjv, ()
By}

Fig. 2. A degradation graph which is not tree.

For example in Figure 27, has two parent$V; and Ws,
which meansZ, = f1(W1) = f2(W2) where f; and f, are
deterministic functions. This generalization of allowinmylti-
ple parents is useful for modeling packet broadcast netsvork

k

Then rate tuple§ Ry, Ry --- Ry 1) satisfying following in-
equalities are achievable,

for example. One can now think of the degradation graph as R < I(Up—1;Yr-1)
a directed acyclic graph, where an edge directed from nbde R < I(Uk; Yi|Ugya) fork € [1: L —2]
to nodeB denotes that eitheB is a noisier version oA or Ry < I(X;Y|Uh)

B is a deterministic function ofi.

The remaining paper is organized as follows. Section llet R, denote this rate region for a particular choice of
studies the classical physically degraded broadcast ehafin (@ satisfying (4) and (5). The achievable region is obtained
converse was proved for the case of two users in [1] and alggny UQeMarkovRQ) where the union is taken over all joint
[5]. We first prove the converse fdr > 2 users using a method distributionsQ with a Markov structure in (4,5) andony-)

similar to [1] for two users. This proof is also useful foryengtes the convex hull operation (arising from time-steari
the converse for a general degradation graph. As an examlalr"guments).

we consider broadcast over binary erasure channels. Asimpl 5 may wonder why is it necessary that the auxiliary

sch_eme of t|me-sh_ar|ng petween_some binary linear codes ¢APiables should have a Markov structure. The code designer
achieve the capacny rgglon of this channel. ) ., could have chosen any joint distributio®y, v, _,...v, x»

A .channel with arbnrary degradat.|0n Qfaph is studied Which need not have a Markov structure. Using similar random
Section Ill. An achievable rate region is presented and c?)ding construction as [7], one can show that rate-tuples

converse is proved which is based on mirror image of tl?)%e ing following equation are achievable with superposit
degradation graph. This converse gives the capacity region ying geq perpos

for a class of degradation graphs. As a special case of our
problem, a packet broadcast network is studied in Section 4,
where our achievable rate region calculated in closed form. "'
This example shows how various problems such as priority Fo
encoded transmission and multilevel diversity coding gag

[4]) can be analyzed using degradation graphs. We need to slightly modify the coding scheme in [7] for
achieving the rates above. Now the distribution ofthecode-

Il. CLASSICAL DEGRADED BROADCAST CHANNEL WITH  book for userY;, depends on all previous auxiliary codewords
MULTIPLE RECEIVERS (in Ugs1,Ugy2---Up_q) for usersYyi1, Yeio---Yr_1. In

[7], this only depended on auxiliaiy/;; codeword for user
Yi11. Similarly, now the distribution ofX codeword for user
Yy depends on all auxiliary codewords instead of just the
Pyovieviax = PryixPriyo - Py v s (3) auxiliary U; codeword forY;.

Let the achievable region above be denotediyy, where
@ could be any joint distribution of auxiliaries and inputn&é
mutual information can decrease or increase by conditgynin
% is unclear whether the convex hudbnv Ug RG ) over all
joint distributions@ remains unchanged whep is restricted
to have a Markov structure. Next subsection clarifies thi$ an
U,.1-Up_9--- U1 —-X-Yy—-Y1---—Y_4 (4) proves the optimality of Markov structure.

< I(Up-1;Yr-1)
< I(Uk;Yk|Uk+1Uk+2---UL_1) , kE[liL—2]
< I(X;Yo|UhUs---Ur—1)

In a physically degraded broadcast channeLtasers(Y,
Y7 ...Yr_1), the network channel can be decomposed as

Thus this channel is fully described by tieprobability tran-
sition functionsPy, | x, Py, |y, - - Py, _,|v,_, for this channel.
The following achievable region was proved in [6], [7] usin
superposition codes.

Consider a Markov chain



A. Converse for Degraded Broadcast Channels

Now let us prove optimality of this achievable region VRO >

similar lines of Gallager's proof for the two-user chda].

This proof is helpful when proving the converse for general +

degradation graphs.

First we define the following function over non-zero vectors

A= (A, Az, Ap21) >0,
C(\) = sup
k=1
where the last term in the summatiol(/;_1; Yz, —1|UL), is

a shorthand forl(Uj,_1;Y7—1). The supremum is over all

Markov chainsUy_y — Up_o---U; — X. Similar to [1], it

L—-1
<I(X;Y0|U1) + Z )\kI(Uk§Yk|Uk+1)> (6)
Qe&Markov

Proof of Theorem 2: If (11) holds, then by Lemma 1,

> ne+ I(Mo; Yo" [MiMs - My 1) (13)
L—2
> NI(My; Vi [Myyr Mo - - My 1) (14)
k=1

+ I(ML—MYLlTl) (15)

But each mutual information above can be bounded as:
I(M; Y5 | My sr Mpyo - - Mp_y)
> H(M|Myy1Myyo - Mp_1) — H(Mg|Y™)
= nRyp — H(Mg|Y;:™)
> nR;—(1 -l—pkan)

can be shown that the supremum above is unchanged even if

we restrict the cardinality of eadh; to that of X.

We will show that an achievable rate-tuple must satisfy

L—1
R(\) =Ro+ Y MRk <C(N)
k=1

YA>0 @)

where the first inequality follows since conditioning redac
entropy, the second equality is due to independence of mes-
sages and the last step is due to Fano’s inequality. Reamngang
this and substituting back (13) yields (12). QED.

B. Binary Erasure Channels

More specifically, we show that if a rate-tuple disobeys the Consider this simple achievable schemeZdsinary erasure
bound above for any > 0, then vanishing error probability channels with erasure probabilities, e; ---e;. The block
cannot be achieved for all users. By convex programming, théngth » is divided into L separate blocks, where blodk
is the same as showing that any point outside the achievahigs lengthnay,. Receiverk's message ofR;, information
region conv(Ugemarkoy R ) IS NOt achievable, which provesbits is converted tauy, coded bits. This can be done with a

the optimality of the achievable region in [7]. The proof migi

follows from the following lemma.

linear operationr = Ab, whereb denotes a vector of theRy,
information bits,r is the vector ofnay, coded bits andd is a

Lemma 1: Let Y;'" denote a shorthand for all outputs atieu, x nRy generator matrix.

userY}, from time 1 to n.

nC(\) > I(My; Yy ™| M My---Mp_1) (8)
L-2

+ Y NI (M V5" | My s Mycy - - My 1) (9)
k=1

+ I(Mpy;Y7") (10)

We can choose each entry dfindependently with uniform
binary distribution. As block length grows large, essdiytia
any nR; rows of this matrix will be linearly independent
with high probability. Thus with high probability, receng
any nR; elements ofr is sufficient to decodé. Now note
that essentially(1 — e;)nay coded bits will reach unerased
at receiverk. Hence if ax(1 — ex) > Ry, then with high
probability, receiverk can decode its message ofz; bits.

Choice of auxiliaries: The proof of the lemma is omitted butAny receiver with smaller erasure probability will also dde
its main component is our substitution of auxiliary randorthis message. Since sum @f’s is at most unity,

variableU;, at timej. It is defined as the set of
1) Past symbols (up to timg¢ — 1) observed at usey;

as well as the past symbols observed at its physically

degraded users (i.€Ygy1, Yii2, - Y1) and

2) the messages for layer and all further layers, i.e.

MMy My 1.

L L
ZRk/(l—ek) < Zak <1
k=1 k=1

This indeed is the capacity region for this broadcast chlanne

' Thus a simple scheme of dividing the block-length amongst

random linear codes achieves the capacity region here.

This method for choice of auxiliaries is also used in proving

our converse for general degradation graphs.

Theorem 2: For some\ > 0, € > 0, if a rate-tuple satisfies

R(N) > e+C(N) (11)
then error probability cannot vanish for all users, becauiser
probabilities(pg, p1 - - - pr.—1) of the L receivers satisfy

L—-1

(1 +ponRo) + Z /\k(l +pkan) > ne
k=1

(12)

1it should be mentioned that we could not extend the conversef n [5]
for more than two users.

I1l. ACHIEVABILITY AND CONVERSE FOR GENERAL
DEGRADATION GRAPHS

Consider an arbitrary degradation graph (such as Figure 1
or Figure 2). Recall that layer denotes all nodes at distance
k + 1 from the root node of inpui. All nodes in layerk of
this degradation graph are interestedMf,, My - -- My _1,
where L is the depth of the graph from the root node. The
rate of messag@/; is denoted byR;.

We can use similar random coding construction as [7],
which is based on superposition. Using standard typicality
arguments, we can prove the following achievable rate regio



For concreteness and clarity, we will state our the resulttfe Next section provides a converse for the rate-region, which
particular degradation graph in Figure 1. Similar rateéerg verifies the conjecture for a class of degradation graphe:-Ho
can be written down for any degradation graph. ever, it does not prove the conjecture for a general degradat

As the degradation graph in Figure 1 has= 3 layers, we graph. Note that our problem formulation ensures that a node
choosel — 1 = 2 auxiliary random variable&;, U, such that (say A) in layerk can decode all the messages for any node
joint distribution of all auxiliaries, inpuX and all outputs has in further layers (say B). This holds true even if B is not
the following Markov structure. a degraded version of A. For examplé; is not a degraded

e 7 versionW; in Fig. 1, buti¥; can decode what; can decode.

We believe this property (called as degraded message sets in
[8]) could be used to prove Conjecture 5 using ideas from [8].

Us Uy X Y
A. Mirror Image Converse
Wo Za Using the same guideline for thehoice of auxiliaries as
discussed in Section Il, we can obtain the following upper
bound on the achievable rate region.

We consider the degradation graph in Figure 2 for con-
creteness and converse for a general degradation graptecan b
expressed similarly. Furthermore, for better claritys ledpnvert
where the second term is determined by the network chan degradation graph in Figure 2 to a directed graph’ where
as in (2). The first term is chosen by the code designer agddirected edge from node A to node B denotes that B is
satisfies the Markov structure in above figure. degraded version of A. For example, an edge directed from

Theorem 3: For every choice ofQu,u, x consistent with y to W, represents thatV; is a degraded version df. If
the Markov structure above, rate-tuples obeying following1u|tip|e edges are directed towards a node (&9, then it

Fig. 3. Markov structure for achievability

Thus the joint distribution of all variables is given by

Quoty x Pywy w2, 25| x

conditions are achievable: is a deterministic function of all its parents (el§; and ).
. With this setup up we are ready to state the converse. Given
Ry, < 1(Us; Z1),1(Us; Z - . ) . .
2 = m?n( (Uz; 21), 1(Us; 22)) the degradation graph, create its mirror image and attach it
Ry < min (I(Uy; W1|Uz), I(Uy; W2|Uz)) behind the root nod& as follows:
Ry < I(X;Y|Uh) X R
A W Wi A

(U1, Uz, X). Then any rate-tuple iconJgemarkov R@) IS
achievable where) denotes all distribution satisfying the
Markov structure in Figure 3.

Similar to Section Il, one may wonder why restrict to a

I
I
Let Rg denote this region wher€ is joint distribution of :
I
I

Markov chain for auxiliaries. We can indeed chodge, v, x Z> Wo Wo Zs
which is not a Markov chainlU; — U; — X. By similar
arguments as in Section Il, we get the following achievaate r Fig. 4. Upper bound with mirror image structure of auxikei
region, called ak},, for every distribution on (U, Uy, X). The auxiliary variables (21, Z}, Wh WQ) thus have
Ry < min(I(Us: Z1),1(Us; Zs)) the same degradation graph as the channel outputs

. _ _ (Zl, Zg,Wl,I/I{g). For exampIeZl is a degraded vgrsion of
min (I(Uy; Wi |Us), I(Ur; W2|Uz)) W1, whereasZ, is a deterministic function of bothi’; and
I(X;Y|U0U2) W». For a distribution@ on auxiliaries satisfying the above
mirror structure, letR denote the following rate-region.

Ry
Ro

IN A

That is, mutual information betwed#, and an output in layer
k is conditioned onUy iUy ---Ur_1 instead of just on R, < min (I(Zl;Zl),I(ZQ;ZQ))
Uk41 as in the case of a Markov chain.

Theorem4: An  achievable region is given by Ry
confUy Ry, ), where the union is over all joint distributions
of auxiliaries and inputX .

However, we believe that similar to the classical degradétere each mutual information between a channel output and
broadcast channel in Section I, Markov chain of auxiligrieits mirror image auxiliary variable is conditioned on aleth
is optimal for superposition coding and achieves the entiotildren of the mirror auxiliary variable in the mirror stture.
capacity region. Theorem 6: Every achievable rate-tuple is in the convex

Conjecture 5: We conjecture that superposition coding withhull con\(UQeMarkovﬁQ), where the union is over all dis-

a Markov chain of auxiliary variables is optimal. That istributions of auxiliaries which satisfy the mirror struotu
achievable region in Theorem 3, i.eonUgecmarkov RQ) Note that converse for the classical degraded broadcast
equals the capacity region. channel in Section Il is a special case of this converse

IN

min (I(Wl; W1|2122), I(WQ; W2|ZQ))
Ry < I(X;Y[W1Wa)



because mirror image of a straight line is a straight linds Thsituations seem patrticularly relevant for distributedat [3].
incidentally proved optimality of the achievable rates #,[ In a distributed storage system withstorage locations, each
where a Markov chain of auxiliaries is used for superpositiacuser may have access to a subset of these locations. Moyeover
coding. now the effect of errors in stored data can also be analyzed
Moreover, using this converse and a simple property aking degradation graphs.
mutual information, we can prove Conjecture 5 for a class of Now let us calculate the achievable region for Fig. 6 from
degradation graphs. This class of graphs is where all cutpliheorem 3. We show that this achievable rate-region is given
in layer k are children of every node in previous layer (seby R2 + R1/2+ Ro/3 < 1, whereRy, is the rate of message
Figure 5). In this case, edges between two adjacent laydis for layer k. From Theorem 3,

form a complete bi-partite graph. Nonetheless, for an iyt < I(Us; X1), Re <I(Us;Xa) & Ro < I(Us; X3) (16)
degradation graph, our converse may not match our achkevaﬁ? - T ~ ’ - '

region because mutual information could either decrease or Ry < I(U; X12|U2) 17)
increase by conditioning. Ry < I(Uy; Xa3|U2) (18)
Wi Z Ry < I(Uy; X23|Uz) (19)
Ry < I(Xi23; X123|U1) = H(X123|U1) (20)
X Y Adding inequalities in(16) x 2+ (17) + (18) + (19) + (20) x 2
implies6Rs + 3Ry + 2Ry is not greater than
Wo Za [

Fig. 5. A degradation graph for which Conjecture 5 is true.

3 3

221{()@] — 2D H(X|Us) = Y H(Xy5|Us)
i=1 | =1 i

IV. PACKET BROADCAST NETWORKS M

As an application of the degradation graph framework, we +  |2H(X123|U1) — ZH(XZ-J-|U1)
consider a situation where transmitter emits a fixed nuniber i£j

of n-bit packets. Each of these packets can be either perfegtlys; pracket above is at most, second bracket equals

received or be erased completely. A user can receive anyaofttg_ I(X:; X,|Us) and hence non-negative. Third bracket
L ; i iy j|U2 g - (

2+ —1 possible subsets of thedepackets. We want to ensureaquals —I(Xs; X:|Xo, Uy) — I(Xa; X13|U1), which is non-

that any user who gets number of packets can decode th%ositive. ThusiRs + 3Ry + 2R, < 6, proving our achievable

k messages My, M k41, -- Mr—1). Earlier problems region. This inequality can be achieved with equalityXif's

of multilevel diversity coding [2], [3] and priority encode gre independent conditioned 6 and pairwise independent
transmission [4] can be modeled this way. Degradation grapkynditioned onlJs.

provide a common framework to address them. In addition, For any K number of packets, similar analysis can be
this framework can be also used to model errors in packetgone to prove that achievable region in Theorem 3 equals
Let us assumé = 3 packets are transmitted for simplicity,s~X 1 p, /(K — i) < 1. In fact, this was shown to be the
1= — ’

although similar analysis can be performed for ayThe entire capacity region in [2], [4]. Thus our conjecture is
degradation graph in this situation is shown below. Thgarified in this problem.

actual transmission is denoted &%, X5, X3) where each

X, represents a bit from packet Various receivers receive ACKNOWLEDGEN_'ENTS
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