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ABSTRACT

An affine disperser over 3 for sources of dimension d is a
function f : F3 — [Fsy such that for any affine space S C Fy
of dimension at least d, we have {f(s) : s € S} = F,. Affine
dispersers have been considered in the context of determin-
istic extraction of randomness from structured sources of
imperfect randomness. Previously, explicit constructions of
affine dispersers were known for every d = Q(n), due to
Barak et. al. [2] and Bourgain [10] (the latter in fact gives
stronger objects called affine extractors).

In this work we give the first explicit affine dispersers for
sublinear dimension. Specifically, our dispersers work even
when d = Q(n*/®). The main novelty in our construction lies
in the method of proof, which relies on elementary properties
of subspace polynomials. In contrast, the previous works
mentioned above relied on sum-product theorems for finite
fields.

Categories and Subject Descriptors

G.3 [Mathematics of Computing]: Probability and Statis-
tics—Random number generation

General Terms
Algorithms, Theory

1. INTRODUCTION

Roughly speaking, a one-output-bit seedless disperser (of-
ten called a deterministic disperser) for a “structured” family
F of subsets of F5, is a function Disp : F3 — Fq satisfying
the property that on any subset X € F, X C Fy the func-
tion Disp takes more than one value, i.e., {Disp(z) : = €
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X} =F,. Dispersers have been intensively studied in recent
years in the context of extracting randomness from imperfect
sources of randomness. The goal of these studies has been
to obtain dispersers computable in polynomial time, and to-
day several constructions of seedless dispersers for various
structured families of subsets are known, including for “bit-
fixing” and “samplable” sources [13, 14, 22, 17]. We refer the
reader to [2] for more information on seedless dispersers and
their connection to extractors and expanders. A particularly
interesting family of structured subsets that has been consid-
ered in this context, and is also the focus of our paper, is the
family of affine subspaces. A disperser for affine sources is a
function Disp as above that is guaranteed to be nonconstant
on every affine subspace of Fy that has sufficiently large di-
mension. Dispersers for spaces of dimension greater than
n/2 are relatively easy to construct [6]. However, for spaces
of dimension smaller than n/2 the problem becomes much
harder, and to date, only two such constructions are known
[2, 10] (A related, though incomparable, result of Gabizon
and Raz [15] constructs extractors for affine sources over
“large” finite fields, where “large” means |F| > n). Both
these works show how to construct, for any € > 0, a affine
disperser for any affine space A of dimension > en. In fact,
the construction of [10] is an extractor, i.e., the output of the
dispersing function, on a uniformly random element of A, is
close to an unbiased coin. Both constructions use recent
sum-product theorems over finite fields [12, 11]and related
results from additive combinatorics, in addition to several
other non-trivial concepts.

Results.

Our main result (Theorem 2.2) is the explicit construction
of an affine disperser that disperses spaces of dimension o(n).
Specifically, our disperser works for spaces of dimension at
least Q(n4/ 5). The structure of our main affine disperser is
as follows. The n input bits are broken into r blocks, each
with an equal number k of bits, and each block is inter-
preted as specifying an element of the finite field Fyr. The
r elements thus obtained in Fyx are now substituted into a
certain polynomial over F,x, and its output, which is an ele-
ment of Fyr, is projected onto Fo via an Fa-linear projection
(such as taking its first bit).

The techniques we use allow for a host of results with
a similar flavor. Let us informally describe a few of them.
The simplest-to-prove result is a “univariate” affine disperser
below the notorious n/2 barrier. By “univariate” we mean
that the function we use to compute the disperser is natu-
rally viewed as a univariate polynomial. For example, we



show that the function f : F3 — Fa, where f(z) is com-
puted by first interpreting z as an element of Fan, and then
outputting the first bit of z” (any nontrivial linear combi-
nation of the bits will do) is a disperser for dimension at
least 2n/5 4+ (1), as long as n is odd. (In followup work
we show that this function is in fact an affine extractor, see
the remark following Theorem 2.5.) We point out that if n
is even, then Fan has subfields of dimension n/2, and this
implies that the above construction will not disperse that
subfield. Indeed, when z is in a subfield, then z” will be
in the same subfield, and hence some linear combinations of
the bits of 7 will be 0. In the next section we comment
on the role that the oddness of n, and more generally, the
absence of subfields, plays in our proofs.

Another result that is particularly easy to describe is our
same-source affine disperser. We say that a multi-input
function f : (F3)" — F2 is a same-source affine disperser
for dimension d if for every d-dimensional space A C F5 we
have {f(x1,...,2z:) |z € A} = Fo, ie., if f is a disperser
for the set of sources that are the t-wise direct product of
a d-dimensional affine space. We show that the function
f(z1,...,2¢) which views z; as an element in Fon and out-
puts the first bit of Hle x; is a same-source affine disperser
for any A of dimension d > 1 that is not contained in a
subfield of Fan, as long as t > 2n/d. And, as we argue
in Section 2, the number of copies ¢t needed to ensure f is
indeed a disperser is nearly optimal, up to the small mul-
tiplicative constant of 2, because there exist d-dimensional
subspaces for which the product of n/d — 1 any elements
from the subspace is a field element whose first bit is 0.

On subspaces and polynomials.

Our analysis makes use of a class of polynomials called
subspace polynomials. These polynomials were first studied
by Ore in the 1930’s [19, 20]. They have numerous applica-
tions in the study of finite fields and in the theory of error
correcting codes (See Berlekamp [9, Chapter 11] and Lidl
and Niederreiter [18, Chapter 3, Section 4]). More recently,
they have been used within computational complexity to
construct short PCPs [4, 8, 5] and to study the limits of
list-decodability of the Reed-Solomon code [7].

The polynomials studied in this last line of works are what
we call the kernel-subspace' polynomial associated to a lin-
ear subspace L C Fan, which is a polynomial whose set of
roots equals L. In this work we analyze our dispersers using
elementary properties of the image-subspace polynomial of
a linear subspace L. These polynomials have the property
that their image, i.e., the set of values they take over Fan,
equals L. Our proofs begin by first reformulating the prop-
erty of being an affine disperser in terms of these polynomi-
als. We then use a simple-to-prove, yet extremely powerful,
structural lemma about these polynomials, to get our main
results.

Pseudorandomness from the absence of subfields.
Recently, starting with the work of Barak, Impagliazzo
and Wigderson [1], there have been a number of works [23,
16, 3] that utilize results from additive combinatorics in the
explicit construction of extractors and dispersers. A com-
mon themes of these works is the use of results such as the

'The terms “kernel-” and “image-subspace polynomials”
were suggested by Prahladh Harsha and we thank him for
introducing this nomenclature.

sum-product theorem of Bourgain, Katz and Tao [12] and
the related multilinear exponential sum estimates of Bour-
gain, Glibichuk and Konyagin [11]. Such sum-product theo-
rems enable the extreme pseudorandom properties of finite
fields without large subfields to be systematically exploited.

In our work, we offer a different algebraic incarnation of
this phenomenon. Specifically, we show that the absence of
large subfields directly affects the structure of the image-
subspace polynomials of the field. Image-subspace polyno-
mials are linearized, which means that they are of the form

?;01 a:X?. Roughly speaking, our main structural lemma
(Lemma 4.7) says that a subspace polynomial whose image
is a subspace A of dimension d cannot have d consecutive
coefficients a; that are all zero. Moreover, and this is the cru-
cial part, if A is not contained in a subfield of Fan, then the
polynomial cannot have even d — 1 consecutive coefficients
that are all zero. This lemma has a short proof (appearing in
Section 4.2), yet is extremely powerful. Surprisingly, reduc-
ing the maximal length of a sequence of zero-coefficients by 1
(from d to d—1) for spaces that are not contained in subfields
allows us to improve upon state-of-the-art constructions of
affine dispersers using arguably simpler techniques.

1.1 Proof Strategy

We now give a brief description of the basic proof strategy
that we use to prove that a function is an affine disperser.
We demonstrate the steps involved in the special case of the
function f : Forn — Fa, f(z) = Tr(z") (where Tr : Fon — Fy
is the Trace map). We will show in Theorem 2.5 that if n
is prime (so that Fan has no proper subfields), then for any
affine space A C Fan of dimension > 2n/5 + (1), we have
f|.4 is nonconstant.

Part I — Reduce to showing that a certain polyno-
mial h is not a constant polynomial: We first parametrize
the affine space A using subspace polynomials. Let Q(X)
be the image-subspace of A, so that A = {Q(z) : © € Fan }.
In terms of the polynomial Q(X), we want to show that
the composed map f o @ : Fan — 2 is non-constant. Let
h(X) be the polynomial Tr(Q(X)") mod (X?" —X), so that
h(z) = f(Q(z)) for each x € Fan (by Proposition 3.1). Thus
to show that h is a nonconstant map, it suffices to show that
h(X) is a nonconstant polynomial. We do this in the next
two steps of our proof strategy, by finding a monomial of
positive degree that appears in ~A(X) with a nonzero coeffi-
cient.

Part II — Express the coefficients of h in terms of
the coefficients of the subspace polynomials: To show
that A has a monomial of positive degree with a nonzero
coefficient, it will be convenient to get an explicit expression
for the coefficients themselves. Such an explicit expression
can be obtained by direct substitution. In all the cases we
consider, there is a good deal of structure in the resulting for-
mulae. For example, for the polynomial we obtained while
studying f(x) = Tr(z"), we have the following lemma.

LEMMA L1 Let Q(X) = 7 aiX? and let h(X) =
Tr(Q(X)") mod (X?" — X). Then for distinct j,k,1, the
coefficient of X?’ +2h42t g, h(X) is given by the expression:

o7
Aj—r Ak —r aj—r
2 2 2
aifrfl aic—r—l aa—r—l ) (1)
Aj—p—2 Qp_p_2 Q_r_2

n—1
E Perm
r=0

where Perm s the matrix permanent.



Part II1 — Argue combinatorially that some coeffi-
cient of h must be nonzero: Finally, we show that some
positive degree monomial of h has a nonzero coefficient. Us-
ing the regular form of the coefficients of the polynomial
h, for example as given in Lemma 1.1, and the structural
results about the coefficients of subspace polynomials, this
part of the argument reduces to the combinatorics of cyclic
shifts on Z,,. More to the point, we use our main structural
lemma (Lemma 4.7) to prove that the matrix appearing in
the first summand (corresponding to r = 0) in equation (1) is
lower triangular with nonzero entries on its diagonal, hence
its permanent is nonzero, whereas the matrices appearing
in all other summands in equation (1) (corresponding to
r=1,...,n— 1) contain a zero column, hence have a zero
permanent.

2. MAIN RESULTS

We begin by describing the function f : Fp* — F, which
we will prove is a good affine disperser over F,, and before
doing so we formally define a disperser. Throughout this
paper, for f : X — Y a function and S C X a set, let

f(8) ={f(s)|s €S}

DEFINITION 2.1  (F,-AFFINE DISPERSER). LetTF, denote
the finite field of prime size p. A function f : F' — Fp is
satd to be a Fp-affine disperser for dimension d if for all
affine spaces A C Fp' of dimension dim(A) > d, we have
[F(A) > 1.

The standard definition of a disperser, as appearing in,
say, [21], requires that f(.A) = F,. Notice that for the case
of p = 2 the two definitions match. All our constructions
give F,-dispersers according to Definition 2.1 so to simplify
notation we simply refer to them as affine dispersers. We
now get back to describing our main disperser.

The integers n, r and ¢ are parameters of the construction
to be specified later. As in [10], we partition the m-bit input
z into 7 blocks (z1,...,z,) of n bits each (we assume n di-
vides m by discarding a few bits of the source, if necessary).
We will pick n to be prime, so that F,» has no nontrivial
subfields. Each block z; is interpreted as an element of Fyn
by using a linear isomorphism from Fy to IF,,». We raise each
element z; to a distinct suitable power and let y; denote the
result of this powering. Next, we take the t"® symmetric
polynomial of y1, ..., yr, where this polynomial is defined as

Yo=Y [

IC[r],|I|=t i€l

Symi(Yl, ‘e

Finally, we view z = Symf(y1,...,y-) € Fpn as a vector in
[, by using a linear isomorphism from Fy» to F}; and output
the first element of this vector. In fact, any fixed nontrivial
Fp-linear combination of the elements of this vector will do.
A particularly convenient way to get such a linear combina-
tion is to take the trace function Tr(Z) = 7' ZP'. We
now formally state our main result.

THEOREM 2.2  (EXPLICIT AFFINE DISPERSERS). Given
integer m fix parameters n,r,t as follows. Let n be the
smallest prime bigger than 2 - m®/°. Let r = [m/n] and
let t = [\/r]. (We have n =~ m>/®,r ~ m?/® and t ~ m*/®.)
Embedding F," in (Fpn)" using a Fp-linear injective map-
ping, the function f :F;* — F, defined by

— t [ 1+p 1+p+p? 1+p+p2+...4+p"
f(xl,...,xr)—Tr<Symr(z1 , To U o

) . ) ) 5 .
is a affine disperser for dimension > 6m*°, i.e., for all

affine A C F* with dim(A) > 6m*/® we have |f(A)| > 1.

Remark All statements in this section hold even when
the trace function Tr is replaced by any other nontrivial ho-
momorphism ¢ : Fpn — F,. This is equivalent to saying
that any nontrivial linear combination of the “bits” of out-
put of the polynomial of which we take trace, will also lead
to a disperser. Yet another way of stating this is that the
polynomial inside the trace has the property that on every
space A of sufficient dimension, its output is not contained
in any nontrivial subspace of Fy,.

Notice f can be computed in polynomial time in p and m
because Sym’ can be computed efficiently in the said time
via interpolation. In particular, our construction is more
computationally efficient than that of [10] (where the run-

. . . . . 90(1/e)
ning time for spaces of dimension en is n ).

We prove Theorem 2.2 in Section 6. The main technical
lemma that underlies this construction is stated in Section 5
and proved in Section 7.

The method by which we prove Theorem 2.2 is quite gen-
eral, and in the next two subsections we show that a few
natural variations of this function can also be shown to be
good affine dispersers in various settings.

2.1 Independent affine source dispersers

Informally, we say a function f : (Fp)" — F, is a dis-
perser for independent affine sources if on every set of affine
spaces Ai,..., Ay C F of “sufficiently large” accumulated
dimension, we have |f([T'_, A:)| > 1, where [['_, A; =
{(z1,...,2¢) | s € As}. We describe dispersers for two fam-
ilies of independent affine sources. The first family is that
of “same-source” sets, i.e., when Ay, ..., A; are all the same
subspace A. Our function is particularly easy to describe.
Given t samples z1,...,x: € Fpn, we take (say) the first bit
of their product.

Notice that our disperser will fail to disperse from A that
is contained in a proper subfield of Fp». Thus, throughout
this paper we say that a subspace A C Fpn is contained
in an affine shift of a proper subfield if A C b -F,x +c =
{a’b+c|a’ €F,} where k < n divides n and b,c € Fpn.
Notice that every one-dimensional affine space is (contained
in) an affine shift of a proper subfield, namely, Fp.

THEOREM 2.3  (SAME-SOURCE AFFINE DISPERSER). Let
J:Fbn — Fp be given by

flzr,...,x¢) =T (Hmz> .

Then for any Fp-affine space A C Fpn which is not contained
in an affine shift of a proper subfield of Fpn, with dim(A) >
2n we have |f(AY)] > 1.

T

The previous theorem can be interpreted (using the re-
mark following Theorem 2.2) as a kind of sum-product state-
ment. One way to state sum-product theorems, such as
those of [12, 11] is to say that if a set A C F does not ex-
pand significantly under addition, i.e., if [ A+ A+...+ A| =
|A|, then the set A must expand under multiplication, i.e.
[AXx Ax...x Al > |A]. Theorem 2.3 says that if A does
not expand at all under addition, then its product (taken
sufficiently many times) must span F. What seems remark-
able is that the dimension of A can be as small as 2 and



the only cases for which our construction fails to disperse
is when A is itself contained in an affine shift of a proper
nontrivial subfield of F. Notice also that we need to take
at least n/ dim(.A) products to disperse. To see this take «
to generate a standard basis for Fyn, i.e., let a°,... o™ *
span Fpn over F,. Taking A = span(a’,a') we notice
that A" "2 = span(a®,...,a" ?) is contained in a n — 1-
dimensional subspace of Fpn.

The following construction reduces the number of copies of
A that we need from 2n/ dim(.A) to n/ dim(A) and also deals
with arbitrary, and not necessarily identical, subspaces. In
fact, the affine disperser of Theorem 2.2 is analyzed by view-
ing it as the gluing together of many overlapping copies of
(cousins of) the independent affine disperser below. The
proof of the following theorem appears in Section 5. The
proof of the previous Theorem 2.3 follows along the same
lines and hence omitted from this extended abstract.

THEOREM 2.4 (INDEPENDENT AFFINE DISPERSER). Let
f: ]F;n — Fp, be given by

flxa,...,2e) =Tr (H %Hp) .

Let Ay, ..., Ay C Fpn be Fp-affine spaces of dimensionsdu, . ..
respectively, where each A; is not contained in a affine shift
of a proper subfield of Fyn. If 35 _(di —2) > n, then
|f(TT; Ad)| > 1.

2.2 Univariate Affine Dispersers

Our final set of results is a description of two constructions
of affine dispersers based on univariate polynomials. Here
we treat our input x € Fj as a single element of the field
Fypn. We raise it to a suitable power and take (say) the first
bit of this power.

THEOREM 2.5  (UNIVARIATE AFFINE DISPERSER I). Let
f:Fpn — Ty be given by

F(z) = Te(z" P77,

Then for any Fyp-affine space A C Fpn with dim(A) > 22 +
10 that is not contained in a affine shift of a proper subfield
of Fpn, we have |f(A)| > 1.

Remark In recent work we show that the function f(x)
described in the previous theorem is in fact an affine extrac-
tor for dimension greater than 2?" +10. By this we mean that
there exists € > 0 such that for any Fp-affine space A C Fy,n
with dim(A) > 22 + 10 + d we have |Ezcaw’ @) < (p/d)e
where w is any complex primitive root of unity of order p.

THEOREM 2.6  (UNIVARIATE AFFINE DISPERSER II). Let
f:Fpn — Ty be given by

fz) = Tr($1+p+p2+p3).

Then for any Fp,-affine space A C Fpn , with dim(A) > 410
that is not contained in a affine shift of a proper subfield of
Fpn, we have |f(A)| > 1.

The proofs of these statements are quite similar. The
proofs are omitted from this extended abstract.

3. PRELIMINARIES

Let F4 denote the finite field of size q. If ¢ = p™ for prime
p then F, is a degree n extension of Fp,. A set A C Fyn is said
to be a Fy-linear subspace if aa + b € A for all a,b € A
and o, € Fp,. A Fp-affine subspace is a set of the form
c+A={c+a|ac A} for A a F,-linear subspace. When
the ambient subfield is clear from context we will simply
speak of linear and affine subspaces of Fpn.

Throughout this paper capital letters such as X; are used
for formal variables whereas x; denotes a field-element. For
a polynomial h(X1,...,X,) € Fpn[X1,...,X,], abusing no-
tation we define

h(X1,.. ., X)) mod (XP" = X;)iem)

to be the polynomial obtained by starting with h(X1, ..., X;),
and for each ¢ € [r], replacing the current polynomial by its
reduction mod X7 - X;. Equivalently, b’ is the polyno-
mial obtained by starting with h and repeatedly replacing,
for each 14, every occurrence of X7 " by X;. The following
proposition, stated without proof, will be used repeatedly in
our arguments.

PROPOSITION 3.1. Let h(X1,...,X;) € Fpn[X1,..., X,].
Let
W(X1,. ., X0) = h(X1,...,X,;) mod (X7 = Xi)icp)-
Then for any x € Fpn we have h(z) = h'(z).

Consequently, |h(Fpn)| > 1 if and only if h'(X1,...,X,)

s a polynomial of degree greater than 0.

For a nonnegative integer i, let wt, (i) denote the sum of
the digits of 7 in the base-p representation. If m(Xy,...,X;) €
Fpn[X1,...,X¢] is the monomial []!_, XP we define the
Fp-degree of m in the variable X; to be wt,(3;). We define
the total Fp-degree of the monomial m to be the sum of the
F,-degrees of m in each variable X;. We then define the
Fp-degree of a polynomial to be the maximum F,, degree of
any of its monomials. The following facts about Fj,-degree
can be readily verified.

PROPOSITION 3.2. Let P(X1,...,X:),Q(X1,..
nomials in Fpn [ X1, ..., X¢] with Fy-degrees d1, d2 respectively,
with di,ds <n.

e The Fy-degree of P(X1,...
most dy - da.

7)(,5) . Q(Xl,...,Xz) s at

e ThelF,-degree of P(X1, ...
equals dj.

. X)P" mod (X2 —X)ier)

4. PROPERTIES OF SUBSPACE POLYNO-
MIALS

We start this section by reviewing elementary properties
of linearized and subspace polynomials. We follow this in
Subsections 4.2, 4.3 by proving some key structural results
about subspace polynomials. These results, though rela-
tively easy to obtain, will play a pivotal role in our analysis
of affine dispersers.

4.1 A Brief Introduction to the Theory of Sub-
space Polynomials

The information in this subsection was first described in
the work of [19, 20]. We state the minimal set of definitions

., Xt) be poly-



and claims that will be needed to analyze our constructions
and we refer the reader interested in a more thorough intro-
duction to the subject to [18, Chapter 4] and to [9, Chapter
11].

A polynomial P € F,»[X] is said to be linearized if and
only if

n—1 i
P =S 07 00 e By
i=0

which is equivalent to saying that P(8b 4+ vc) = BP(b) +
~P(c) for all b, c € Fpn and 83,7 € Fp. By extension, a poly-
nomial is said to be affine linearized if P(X) = P(X) + a
where P is linearized and @ € Fpn. Thus, the affine lin-
earized polynomials in X over F,» are precisely the polyno-
mials of F,-degree at most 1. Often, when there is no risk of
confusion, we shall abuse notation and speak of “affine poly-
nomials” by which we mean “affine linearized polynomials”.

LEMMA 4.1. Let ¢ : Fy — Fpn be a linear bijection.
There is a one-to-one correspondence between affine trans-
formations from Fp to Fy and affine linearized polynomi-
als in Fpn[X], ie., for every affine ¢ : Fy — Ty there
erists a unique affine linearized polynomial Py satisfying

Py (4(b)) = p(¢(b)) for all b € Fy.

We shall take particular interest in a special class of poly-
nomials that split completely in Fp» to a set of roots that
forms a Fp-affine subspace of Fyn.

DEFINITION 4.2  (KERNEL-SUBSPACE POLYNOMIAL). Let
L C Fpn be a affine subspace of dimension d. Define Pr(X) €
Fpn[X], the kernel-subspace polynomial of L, to be the poly-
nomial:

Pu(X)= ] (X —a).

acl

LEMMA 4.3
Fpr is a affine subspace of dimension d then Pr(X) is a
monic affine linearized polynomial of degree p®. Further-
more, Pr, is linearized iff L is a linear space.

Every kernel-subspace polynomial P corresponds to a
affine transformation whose kernel is L, so by linearity P(Fpn)
is a affine subspace of Fn of dimension n—dim(L). Surpris-
ingly, the images of all d-dimensional subspace polynomials
are precisely all the n — d dimensional subspaces of Fpn.
These image-subspace polynomials will be the starting point
of our analysis of affine dispersers.

LEMMA 4.4 (IMAGE-SUBSPACE POLYNOMIALS). If L C
Fpr is a affine subspace of dimension d then there exists a
monic affine linearized polynomial Qr(X) with deg(Qr) =

p"~?, called the image-subspace polynomial of L, such that

L=Qr(Fpm) = {QL(c) | c € Fpn}.
Moreover, if Pr(X) is the subspace polynomial of L then
PL(Qr(X)) = Qu(PL(X)) = X" — X. 2)

Thus the kernel of Qr : Fpyn — Fpn equals the image of
Pr :Fpn — Fpn. In particular Qr(X) has p™~* roots in Fyn,
and is thus also the subspace polynomial of some subspace.

(SUBSPACE POLYNOMIALS ARE AFFINE). IfL C

4.2 Structure of the coefficients of subspace
polynomials
The following claims will be needed to prove our main

structural lemma. In what follows, let F, denote the alge-
braic closure of Fp,.

CrAM 4.5. Let k > 1, and suppose a,c € Fpn are such
that gpk —ca =0. Then, letting b be any (p* — 1)-th root of
cin Fp, we have a € b-F k.

PROOF. If @ = 0 then the claim is trivial. Otherwise, we
have a?" = ca, and hence a?* ! = ¢. Thus (a/b)plt1 =1,
which implies that a/b € F,r. O

CLAIM 4.6. For linearized polynomial Q(X) = 3"~ anijr

=0
a € Fpn[X] and integer t, we have

|
-

QX)) (mod X" ~X) =

J

t J pt
(a(G—1) moa )" X7 +a" .
0

PROOF. The transformation Z — ZP' is a F,-linear op-

. g ((r+t) d n)
erator thlCh sends X?" to XP' met
]Fpn toa? . [

and sends a €

We now state and prove our main structural lemma about
the zero/nonzero pattern of consecutive coefficients of sub-
space polynomials.

LEMMA 4.7 (MAIN STRUCTURAL LEMMA). Let L be a d

dimensional linear subspace inFpn. Let Qr(X) = Z?:_()l aj x¥ +
a be the image-subspace polynomial of L.

1. For any integer r and set J = {(r +j) mod n|j =
0,...,d — 1} of d consecutive indices in Zn, there is
some j € J with a; # 0. In particular, ao and an—q
are monzero.

2. Suppose that L is not contained in any constant multi-
ple of a proper subfield of Fpn, i.e. L Z B-F i for any
B € Fpn and any F,x C Fpn. Then for any integer r #
n—d+1 and set J = {(r +j) mod n|j=0,...,d -2}
of d—1 consecutive indices in Z,, there is some j € J
with a; # 0.

ProOF. For the first part, suppose a; = 0 for all j € J.
Note that by Lemma 4.4, Qr has p"~¢ distinct roots in

Fpr. Let Q'(X) = Qu(X)*" "™ mod X?" — X. Then,

by Claim 4.6 we conclude Q'(X) = Z;:Ol a?irj_j_d;Xp].
Now for any j € [n — d,n — 1], we have ajqrra—n = 0 by
assumption, and thus Q'(X) is of degree at most p"~ 471,
In addition, by Proposition 3.1, Q'(a) = QL(a)p"i(TM) =0
for every a € Fyn for which Qr(a) = 0, and hence Q' has
at least p"~¢ roots. This is a contradiction.

In particular, since by definition an—gd+1,...,a,—1 forms
a sequence of d — 1 consecutive coefficients that are all zero,
we conclude both a,_4 and ag must be nonzero.

For the second part, suppose a; = 0 for all j € J. Again,
by Lemma 4.4, Qr, has p"~% distinct roots in Fpn. Let k =
n—(r+d)+1 # 0. Then as above the polynomial Q' (X) :=

QL(X)pk mod XP" — X is nonzero of degree at most p™~

In addition, Q’(a) = QL(oz)pk = 0 for every a € Fpn for
which Qr(a) = 0. As Q" and Q. are of the same degree



p" ™%, there is a constant ¢ € Fyn such that Q'(X) —cQr(X)
is of degree at most p"~¢~! and vanishes on the p"~? roots of
Qr(X). Thus the polynomial Q'(X)—cQr(X) is identically
zero. Recalling the definition of Q'(X), we have just showed
that QL(X)P)C —¢Qr(X) =0 mod X?" — X. Thus for each
o € Fpn, we have Qr ()" — ¢Qr(e) = 0. Now, since the
image of Qr, is L, by Claim 4.5 we conclude that L C b-F,k
(where b € F,, is a p* — 1-th root of ¢). This almost gives the
desired contradiction, but for the possibility that b € Fyn,
and that F,x may not be a subfield of Fyn.

Let 8 € L\{0}. For any a € L, we have /3 € (b-F )/ (b-
F,.), and hence o/ € For. Thus 87! - L C Fu NFpn =
F,.ny, where (k,n) = ged(k,n). Thus L C 8- F x.m,
contradicting the hypothesis on L. []

4.3 Structure of products of subspace polyno-
mials

In our subsequent arguments, we will need time and again
to prove that a polynomial P that is the trace of products of
linearized polynomials, is not a constant. In this subsection
we describe a lemma that will allow us to argue such state-
ments by showing that a well-chosen monomial of P has a
nonzero coefficient. We start with a definition.

DEFINITION 4.8  (ASSOCIATED MATRIX). For Q(X) =

Z?:_Ol a: X" a linearized polynomial over Fpn, we define its
associated matrix Mg € Fpn {0on= 10 n=1} by gotping
the (i, j)-entry of Mg to be (aj—i)*", where both rows and
columns are indexed by {0,1,...,n — 1} and index arith-
metic, as well as powers of p are computed modulo n. Ex-
plicitly, Mg is the following matrix

(@1l (@) (@) ()
(an—2)"  (an-1)"  (ao)” (an—3)"
(@) " ()" (@) . (a)” ]

The utility of the above definition lies in the following
claim that follows immediately from Claim 4.6 (we omit the
proof).

Cram 4.9. The (i,j)-entry of Mq is the coefficient of
X?" in the linearized polynomial (Q(X))?" mod X" —X.

To state the main lemma of this subsection we need the

following notation. For A, B nonempty subsets of {0, ...,n — 1}
let M[A, B] be the minor corresponding to rows A and columns

B. For integer r let A+r={s+r modn|se A}

LEMMA 4.10. Let Ay,..., A, B1,...,B: €{0,...,n—1}
satisfy |Ail = [Bi| >0 fori=1,...,t. Leta; =3 4. P, Bi
> keB; pF. Let Qi1(X1),...,Q+(X¢) be linearized polynomi-
als with associated matrices M, ..., M respectively. Then
the coefficient ¢, of the monomial m = H§:1 Xf‘ n

t

R(X1,...,X¢)=Tr (H (Qi(Xi))o") mod ((XP" =X )iep)-

i=1

is given by the expression

Cm = i (H Perm (M;[A; + 7, Bl])> .

r=0 \i=1

The proof of this lemma is by direct expansion, and is omit-
ted from this extended abstract.

S. ANALYSIS OF INDEPENDENT SOURCE
AFFINE DISPERSER

We are ready to prove our main results described in Sec-
tion 2. In this section we prove Theorem 2.4, restated below.
We point out that although the analysis is simpler than that
involved in the proof of our main disperser (Theorem 2.2),
it is at the heart of the more complicated construction.

THEOREM 2.4 (INDEPENDENT SOURCE AFFINE DISPERSER,
RESTATED) Let f : Fbn — F, be given by

flze,...,z) =Tr (forp) .

Let Ay, ..., Ay C Fpn be Fp-affine spaces of dimensionsdu, . ..
respectively, where each A; is not contained in an affine
shift of a proper subfield of Fpn. If Zﬁzl(di —2) > n, then
IF(IT; Al > 1.

PRrOOF. We follow the steps outlined in our strategy (Sec-
tion 1.1). First, we notice that

(AL A = F(Q1(Fpn ), -, Qe(Fpn )

where @Q;(X;) is the image-subspace polynomial of A;. By
Proposition 3.1, in order to show |f(A1,...,.A:)| > 1 it suf-
fices to show that

t

R(X1,..., X)) <y <H (Q (XQ)””) mod ((X?

=1

n

*Xi)ie[t]>

has a monomial of degree > 0 that has a nonzero coeffi-
cient. We use Lemma 4.10 to understand what the coef-
ficients of certain monomials look like. Finally, we use the
structural properties of image-subspace polynomials given in
Lemma 4.7 to find a nonzero monomial of R and complete
the proof.

The key step in our proof is given by the following theo-
rem. We state a somewhat more general form than needed
for the proof of Theorem 2.4. The added generality will be
useful in the proof of Theorem 2.2. (The general form we
refer to deals with large powers «; whereas for Theorem 2.4
setting all a;; to 1 + p would be sufficient.)

THEOREM 5.1. (INDEPENDENT SOURCE DISPERSER:
ALGEBRAIC VERSION) Let Aq,..., A: C Fpn be affine sub-
spaces of dimensions di,...,d; > 1, none of which are con-
tained in an affine shift of a proper subfield of Fpn. Let
Qi(Xi) € Fpn[X;] be the image-subspace polynomial of A;.
Let e1,...,e; satisfy 1 <e; <d; —1 and let a; = Z;‘:Opj.
Let

R(Xy,..., X)%Tr <H (Q: (Xi))o‘i> mod ((X”" = X;)iern)

3)
If S (di — (ei+1)) > n—maxd; + 1, then R(X1,...,X¢)
has a monomial [['_, Xiﬁi with wtp(8;) = e; + 1, which has
a nonzero coefficient. In particular, R : ]F;n — Fp is a
nonconstant function.

Before giving the proof of Theorem 5.1, let us first show
how to use it to complete the proof of Theorem 2.4. We



may assume without loss of generality that d; > 2 by fix-
ing nonzero elements of those spaces that have dimension
2. Next, we set in Theorem 5.1 values e; = ... = ¢, =1
which gives a1 = ... = a4 = 1 4 p and notice using Propo-
sition 3.1 that R(Fpn') defined in (3) is exactly the set we
are interested in, namely f(Ai,...,.A:). Since > (di —2) =
> (di — (es + 1)) > n so we conclude from Theorem 5.1 that

|f(Ai,..., A)| > 1 and this completes the proof of Theo-
rem 2.4. [
5.1 Proof of Theorem 5.1

PROOF OF THEOREM 5.1. Let A; =H0,.
4.10, if Bi,...,B: C {0,. —1},|Bil = e; +1 and §; =
2 ke, p’, then the coefﬁcient of m=T[['_, X% in R, which
is denoted henceforth by c,,, equals

5 ([T perm o

r=0 \i=1

Mi[A; +7"BD) (4)

We will find suitable powers 3; with wt,(8;) = e; + 1 such
that ¢, # 0. We define 5; by specifying B; with |B;| = e;+1
and setting 3; = ZkeB "

Assume wlog di = maxdi. To define B; let ¢1 = 0
and for 1 < ¢ < tlet 4; = 41 +d; — (e; +1) mod n.
In other words, £; = >, _;(di — (e; + 1)) (mod n) where
6 = 0. Let Qi(Xi) = Y07 ai;X” + a;. Our defini-
tion of B; splits into two cases, depending on whether a; ¢,
is nonzero or zero. In the first case we set B; to be the
set {li,n—di+1,n—d;i+2,...,n—d;+e}. In the sec-
ond case let j; be the smallest index greater than ¢; such
that a;j, is nonzero. Similarly, let j; be the largest index
smaller than ¢; such that a; ; is nonzero. Let ¢; = ji —j; —1

be the number of zero valued indices between j; and j;. Let
s; = min{q;, e;}. We set B; to be the set

{ayulsi+1,...

The last set might be empty in case s; = e;.

Our proof follows from the following two claims. We point
out that the noncontainment of A; in a proper subfield is
crucially used via the structural Lemma 4.7 in the proof of
Claim 5.3.

it sifu{n —di+si+1,...

CLAM 5.2. Perm(M;[A;, B;]) #0 fori=1,...,t
CLAIM 5.3. For all r € {1,...,n— 1} there exists i €
{1,...,t} such that Perm(M;[A; + r, B;]) = 0.

By Claim 5.2 the first summand of (4), corresponding to
r = 0, is nonzero. By Claim 5.3 all other summands are
zero. This completes the proof of Theorem 5.1. []

6. THE AFFINE DISPERSER

In this section we prove Theorem 2.2. We start by ex-
amining what happens to A C F," when it is partitioned
into r blocks of size n. Then we prove the main theorem,
by essentially reducing it to the case of independent affine
sources described in Theorem 5.1.

6.1 Preparatory lemmas

Our first lemma, already used by Bourgain [10] in his con-
struction of affine extractors, gives a certain kind of direct
sum decomposition of F,-affine subspaces of Fpn.

..,€}. By Lemma

7n_dl+el}

LEMMA 6.1  ([10]). Let A C (Fp)" be an Fy-affine sub-
space. Lety € A. Then there exist linear spaces Y1,...,Y, C
Fy and linear maps o:5 : Y; — Fy such that:

A={(z1,...,zr) | Jys €Y; such that z; = ’YH—yH—Z aii(y;)}
i<i

and dimA =3},

The next lemma should be thought of as a complement
to Theorem 5.1. It expands the class of sources on which
the function R given in that theorem is nonconstant. This
expanded class is what we will use in the proof of our main
theorem. The proof is omitted.

[+] dimY;.

LEMMA 6.2. For each i € [r], let P;y(X;) € Fpn[X;] be a
linearized polynomial. For each j < i, let P;j(X;) € Fpn[X}]
be a linearized polynomial. Let v € Fyn. Let Io C [r] with
Ip = {i1 <2 < ... < it}. Letei,...,e;, > 1 be integers
and let o; = Yy p', fori € Iy. Let g(X1,...,X;) €
Fpn[X1,...,X:] be the polynomial

{1 v
i€l j<i

Let ¢'(X1,...,Xr) € Fpn[X4,...

Tr (H Pi(X

i€l

+’Yz) > mod <X;17Xi>i€[ ]
, Xr| be the polynomial
)ai> mod <qu — Xi)ie[r]-

Then for any (Bi,...,0B:) where wty(B;,) = es, + 1, the
coefficients of the monomial Hielo XZB’ in g and in ¢ are
equal.

6.2 Proof of Theorem 2.2

We can now analyze our main affine disperser construc-
tion. Theorem 2.2 will follow by setting the proper param-
eters into the following theorem.

THEOREM 6.3. (AFFINE DISPERSER — NON-PARAMETERIZED

VERSION) Let t < r be integers. Let n be prime with n >
r(r+1)/t. For each i € [r], let e, = r+1 — 14 and let
i =Y p*. Let f:Fpu — Fp be given by

>, I=

IC[r],|1|=t i€l

Let A C Fpn be any Fp-affine space with dim(A) > 2F +
nt+r(r+1). Then |f(A)] > 1.

flx1,...,zr) =Tr

Before proving this theorem let us show how it implies
Theorem 2.2.

PrROOF OF THEOREM 2.2. For our selection of parame-
ters n,t,r we notice the assumptions of Theorem 6.3 hold.
Indeed, by Bertrand’s postulate we can bound n from above
by 4m®/®, hence m*®/2 > r > m?*/® /4. Notice that for our
setting of parameters r(r + 1)/t < /r(r +1) < m*® < n
and if d > 6m*/® then we have

im4/5+i 4/5+1m4/5+0(m4/5) <d

V2 V2 4

Thus, the function f in Theorem 6.3 has the property that
for any A with dim(A) > 6m*®, we have |f(A)| > 1. Fi-
nally notice f as defined in Theorem 6.3 is identical to f
defined in Theorem 2.2, up to renaming of the variables x;.
This completes the proof. [

% +nt+r(r+1) <



PrOOF OF THEOREM 6.3. Our proof strategy is again as
outlined in the Introduction. Our first goal is to find a poly-
nomial mapping H : Fpn — Fpn such that H(Fp») = A.
We will then show that the composed function f o H is a
non-constant map, by showing that in its representation as
a polynomial, there is a positive degree monomial with a
nonzero coefficient.

To define the mapping H, we first decompose the affine
space A using Lemma 6.1. Let v € A. Then by that lemma,
we may find a collection of [Fp-linear subspaces Y1,...,Y, C
Fpn and linear maps oy, : Fpn — Fpn for ¢,5 € [r] with i < j
such that:

A={(z1,...

j<i

and dim A = 27,6 ("] dimY;.

Let Qi(X) € Fpn[X] be the image-subspace polynomial
of Y;. Let Q;;(X) be the linearized polynomial (guaranteed
to exist by Lemma 4.4) such that Qi;(z) = 04;(Q:i(z)) for
each z € Fy. Let Ri(X1,...,X;) € Fpn[X1,...,X,] be
the polynomial Qi(X:) + >, _; Qi;(X;) +7i. Then by the
above comments, the image of the function H mapping x =
(x1,...,2r) € Fpn to (Ri(x),..., Rr(x)) is precisely A.

Now let h(X1,...,X,) € Fpr[X1,...,X;] be the polyno-

mial representing f o H, namely h(X1,...,X,) equals

f(Rl(Xl, e ,)(,,»)7 ey P{,-(}(l7 P ,X,,»)) mod <Xf - Xz)ze[r]

= Z Tr (HR Xi,..., X)) ) mod (X{ — Xi)ic)
r], | I|=t i€l

()

By Proposition 3.1, we have h(F,») = f(A).

Therefore, to show that |f(A)| > 1, it suffices to show that
|h(Fpn)| > 1. We do this by showing that h(Xi,...,X,) has
a monomial of positive degree with a nonzero coefficient and
invoking Proposition 3.1.

To find this monomial, we consider the representation (5)
of the polynomial h(Xi,...,X,). We will first find a set
Iy C [r], with |Io| = t, of “blocks with high entropy”. Then
via Theorem 5.1, we will argue that the summand in (5)
corresponding to Ip is a nonzero polynomial, with certain
monomial M having a nonzero coefficient. We will then
show that no other summand in the sum (5) can have the
monomial M with a nonzero coefficient, thus establishing
that M appears in h with a nonzero coefficient, as desired.

We proceed with implementing this plan. Let d; = dim(Y;)
and let d = dim(A) > % +-nt+r(r+1). We have }, d; = d.
Let S ={i e [r] | di >r+1}. Then we get

e |S| >t (since each d; <n and > d; > nt +r(r +1)).
[ ZieS dl Z Zie[r](di_r—l) =d—

Thus there exists Ip C S (and hence each i € Iy has d; >
r+ 1) with |Io| = ¢ such that

D (di=(

i€l

r(r+1) > nr/t+nt.

i€S

(6)

where the last inequality used the hypothesis that n > r(r+

1)/t.

,Zr) | Jys € Y; such that z; = 'y¢+y¢+z 04 (y;)}

(r+1)) <Z d; ) —(r41)t > n4nt? /r—(r+1)t > n,

Let us focus on the term

g(X1,...,XT)—Tr<H Ri(X1,...

i€ly

in the representation (5) of the polynomial h(X1, ..., X;).

Putting ¢'(X1,..., X,) = Tr <Hi€10 Ql(XZ)%) mod (X]7—
Xi)ie[r) and noting that each e; +1 < r + 1, Equation (6)
and Theorem 5.1 imply that there is a monomial M =
[Lics, X% with wt,(8;) = wty(a;) = e; + 1, which has a
nonzero coefficient in g’. Lemma 6.2 now implies that the
coefficient of M in g is exactly the same as the coefficient of
M in ¢’, and hence nonzero.

We now show that in the representation (5) of the poly-
nomial A(X1,...,X,), no summand other than g can have
a nonzero coefficient for the monomial M. First notice that
each R;(X1,...,X,) is a polynomial only in the variables

X1, Xo2,...,X;, and is a sum of monomials of the form aX,fb
plus possibly a constant term (i.e., monomials of total F,-
degree at most 1).

Let J C [r] with |J| = ¢, and consider the expression
Tr([],e, Bi(X1,..., X,)%) mod ((XP" — Xi)ier)). By def-
inition, it equals:

Tr (H ﬂRj(Xl, ce

l n
,Xj)’J> mod (X} — Xi)ier)-
JjeEJ 1=0

Suppose the monomial M appeared in the above polynomial
with a nonzero coefficient. Then, opening up the Tr, there
is some w € [n — 1] such that M appears in

HﬁRj(le---ij)”Hw

jeJ1=0

mod ((XP" = Xi)icpn)

I+w
with a nonzero coefficient. Letting Rj = R? , we may

rewrite the last polynomial as

r—j+1
II II Ru(X1....X5)  mod ((XP" = Xi)iep),
jeJ 1=0

where each Rj; is a sum of monomials of total F,-degree at
most 1. Each monomial M’ that appears in this product is
obtained by choosing, for each j € J and l € [0,7 —j+ 1], a
monomial from Rj;;(Xi,...,X;), and multiplying all these
monomials out. Since we know that M appears in this
product, let us focus on the choices made in order for M
to appear. We set A;(1) = i if for (j,1) we chose a monomial
from Rj;(X1,...,X;) whose variable is indexed by i (i.e., we
chose some aX}). Observe that the Fp-degree in X; of M is
at most the number of (j,1) pairs for which \;(I) = ¢ (which
may be compactly written as > _; |/\;1(z)|) However, we
know that for any ¢ € Iy, the F-degree of M in the variable
X; is e; + 1 (which equals r + 2 — ). The following com-
binatorial claim (whose proof is omitted) now shows that J
must be equal to I.

CrLAam 6.4. Let Iy C [r] with |Io| = t. Suppose J C [r]
with |J| = t, and that there exist functions \j : {0,1,...,7+

1—3} —A{1,...,5} forj € J, with the property that for each
i € o,

Z|/\ @) >r+2—1.

Jj€J
Then J = Ij.



Therefore, we have shown that there is precisely one sum-
mand, namely the one corresponding to o, in the represen-
tation (5) of h(X1,...,X,) that has a nonzero coeflicient
for the monomial M. Thus M appears in h with a nonzero
coefficient, and thus |h(Fp»)| > 1, as desired. O

7. PROOFS OF CLAIMS

PRrROOF OF CLAIM 5.2. Notice that, by definition, M;[A;, B;]
isa (e;+1) X (e;+1) matrix constructed by taking the minor
corresponding to the first e; + 1 rows of M; and the columns
indexed by B;. We claim this matrix is in fact lower triangu-
lar with nonzero entries on its diagonal, which immediately
proves our claim. To see that M; [Ai, Bi] is such a matrix,
consider B;. To simplify notation in this proof, let a; = as,;
be the coefficient of X7 in Q(X;). There are two cases.
ag, #0: Wehave B; = {{;,n—d; +1,...,n—d; + e;}. Con-
sider the indices j of the coefficients a; residing in the var-
ious entries of M;[A;, B;]. (The exact power p° to which
each coefficient a; is raised is not important for our proof.)
By assumption e; < d; so the entries above the diagonal of
M;[A;, B;] have indices belonging to

{n—-di+1,....n—di+e} C{n—-di+1,...,n—1}

and this proves M;[A;, B;] is lower triangular. Regarding
the diagonal, at the topmost left entry we have ay, # 0 and
at all subsequent positions we have a,_q4; raised to various
powers. By Lemma 4.7 a,—q; 7 0 and this completes the
proof of this case.

a, = 0: In this case we have B; = {;j; }U{ji + 1,...
{n—di+si+1,...,n—d; +e;} where

,Ji +sijU

ji=min{j > ;| a;; # 0} and j; = max {j < £; | a;; # 0}.

The uppermost left (s;41) X (s;+1) submatrix of M;[A;, B;]
in this case is

aj; @541 @ji+si
P P
@j;—1 an aj§+si*1
p®i pi poi
Bimsi OGn-si 0 Y

which is lower triangular because the Qjrgts. ooy Gyl g, AT€
all zero, and the diagonal of this submatrix is nonzero be-
cause aj;,a;; are nONZero. The last e; — s; columns of the
matrix (if they exist) are identical to the same last columns
of the previous case and this shows that M;[A;, B;] is lower
triangular with nonzero diagonal. This completes the proof
of Claim 5.2. []

ProOF OF CLAIM 5.3. In what follows we denote for ¢ <
d by [c,d] the set of integers in the interval [c,d] and by
[c,d] mod n the set {i mod n|i € [¢,d]}. We start by ob-
serving that

r

(ai,kf'r)p

r+1
(@i k—(r+1))

M;i[Ai + 7, {k}] =

’ rte;
(@ih—(rte)”

More to the point, the set of coefficient-indices of QQ; appear-
ing in the k-column of M;[A; +r,{0,...,n — 1}] is precisely

[k —(r+e;),<k—r] modn. So the structural Lemma 4.7
implies that for k € B; and r that satisfy

[k—(r+e)k—rjmodnCln—di+1,n—1] (7)

the matrix M;[A; +r, B;] contains a zero column. So we get
the following proposition.

ProroSITION 7.1. Whenever k € B; and
relk+1,k+di —(e;+ 1) modn

then M;[A; + 7, B;] contains an all-zero column.

Thus, to prove the claim it suffices to show

t
[1,n—1]§UUkGBi[k—&—l,k—i—(di—ei)—l]. (8)
i=1
(Notice that Claim 5.2 implies the containment in the pre-
vious equation is in fact an equality.)
Indeed, since ¢1 = 0 we have By = {0} U[n—d; +1,n —
d1+e1], which implies by Proposition 7.1 that Mi[A1+7r, B1]
contains a zero column for r belonging to

[1, d17(61+1)}U[’rL7d1+2, nfl] = [£1+1, Ez]U[n7d1+2, TL*H.

9)
Let t' be the minimal 7 such that >, (dir — (es +1)) >

n — di + 1, noticing such t' exists by assumption. In this
case we have ) ., .,/ (dy — (ey +1)) < n and so Ly, =
Zi/gt/ (dir — (e +1)).

We claim that for 1 < i < t' we have

U Fk+1Ek+d— (e + 1] 2 [ +1,Liga].
kEB;

(10)

which, together with (9), proves (8) and complete the proof
of our claim. There are two cases to consider when proving
(10).

aj¢, #0: In this case ¢; € B; so the claim follows from
Proposition 7.1 by recalling £;11 — 1 =4¢; +d; — (e; + 1).

aj ¢, = 0: There are two subcases to consider.

Case 1: ¢; < e;. In this case
Bi = {ji} Ui+ 1L,ji + @] Un—di +qi + 1,n — di +ei].

Substituting ji + (g; + 1) for j; and reordering elements of
B; we get

Bi=[ji+1,ji=ji+ ¢ +1U[n—di + ¢+ 1,n—di +ei.
We conclude ¢; € B; so by Proposition 7.1 our proof is com-

plete, as in the case of a; ¢, 7# 0 above.

Case 2: ¢; > e;. In this case we have
Bi = {ji} U ji + 1,4i + eil.
Substituting j; = j; + q; + 1 we get
Bi=[ji+1,ji+e]U{ji+a+1}

Now we use the fact that A; is not contained in an affine
shift of a proper subfield. We notice that since i < t' we
have by maximality of d; that

jl<ti<n—di<n—d;



which implies (using the maximality of di again) that j; +
1#n—d; +1. As A; is not contained in an affine shift of
a proper subfield and j; + 1 # n — d; + 1, our Structural
Lemma 4.7 implies that j; — j; < d; — 1, or, equivalently,
Ji < .]z/ +d; — 1.

Taking all but the last element of B; in the previous equa-
tion notice

U +Lk+di— (e + )] 2 [+ 2,5 +di — 1],
KE[L+1,5]+e5]

which contains j;. Now, since j; < ¢; < j; when we reinsert
ji into B; we conclude

Uken; [k +1,k+di — (e +1)] D [j1 +2,7s +di — (es + 1))

2
2 [+ 1, L]

This completes the last case and with it the proof of Claim
5.3 is complete. [
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