On the Complexity of Two-Player Win-Lose Games

Tim Abbott*, Daniel Kané, Paul Valiant
April 8, 2005

Abstract as therow and columnplayers respectively. The matrix

. . L is interpreted to represent the following interaction:

The efficient computation of Nash equilibria is one of the the row and column plave imultaneously pick
most formidable challenges in computational complexity row um p yers simufta (_a usly pic arow
today. The problem remains open for two-player games. and _Column feSPeC“Ve'Y of the matrix; thgse ChO'C?S

We show that the complexity of two-player Nash equi- SPecify an entry—a pair—at the intersection of this
libria is unchanged when all outcomes are restricted to berow and column, and the row and column players
0 or 1. That is, win-or-lose games are as complex as thereceive payoffs proportional respectively, to the first
general case for two-player games. and second components of the pair.

1 Game Theory In this model, astrategyfor the row or column
player consists of a probability distribution on the rows

Game theory asks the question: given a set of playerspr columns respectively, and is represented as a vector

playing a certain game, what happens? Computational, or ¢. When a strategy has all its weight on a single

game theory asks the question: given a representatiornow or column, it is called aure strategy

of a game and some fixed criteria for reasonable play, 1o motivate the definition of &lash equilibrium

how may we efficiently compute properties of the \ye define the notion of dest response Given a

possible outcomes? strategy r for the row player, we may ask which
Needless to say, there are many possible ways tOstrategies: give the column player her maximal payoff.

define a game, and many more ways to efficiently Such a strategy is said to be @est responséo the

represent these games. Since the computational comstrategyr. Game theorists model “reasonable play” in

pIEX|ty of an algorithm is defined as a function of the a bimatrix game with the fo”owing criterion:

length of its input representation, different game repre-

sentations may have significantly different algorithmic Definition 2 A pair of strategiesr, c is said to be a

consequences. Much work is being done to investigateNash equilibriumif  is a best response toand c is

how to take advantage of some of the more exotic simultaneously a best responserto

representations of games (see [PR, KM] and the ref-

erences therein). Nevertheless, for two player games2  Nash equilibria

computational game theorists almost exclusively work

with the representation known asrational bimatrix A fundamental property of Nash equilibria is thtaey
game which we define as follows. always exist It is far from obvious that this should

be the case— equilibria for constant-sum two-player
Definition 1 A rational bimatrix game is a game rep- games were first shown to exist by von Neumann. This
resentation that consists of a matrix of pairs of rational result was later generalized by Nash to general multi-
numbers (or equivalently a pair of identically sized player games using the Kakutani fixed point theorem.
rational matrices). The game has two players, known A purely combinatorial existence proof for Nash
: equilibria in two-player games was found by Lemke
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An alternate algorithm for finding Nash equilibria sider two-player games exclusively for the remainder of
for two-player games is suggested by the following ob- this paper.
servation. It turns out that if we know tiseipportof the The second question has a negative answer, as
strategies in a Nash equilibria, namely the set of rows there exist fixed-parameter tractable algorithms with
and columns that are played with positive probability, parameter the size of the strategy space available to one
we can reconstruct the set of Nash equilibria with that player of a two-player game.
support by solving a linear program. This suggests  The third question, asking whether having com-
the support enumeratioralgorithm, wherein we non-  plicated payoffs makes the Nash problem hard, is the
deterministically guess supports and check their feasi-subject of this paper. We answer this question in the
bility. This algorithm has the important consequence negative. The first results of this kind were shown in
of placing the Nash equilibria search problem in the [CS2]: determining whether there is more than one
complexity class FNP, the search problem version of Nash equilibrium is NP-complete even in {@, 1}-
NP. This linear programming formulation also has the game, and determining if there exists a Nash equi-
consequence that if the payoffs of the game are rational,librium with 0-payoff for one player is NP-complete
then every support set that has a Nash equilibrium hasfor {0, 1}-games. These results led them to raise the
a Nash equilibrium withational weights. question of whethef0, 1}-games are as hard as general

_ games.
THE DIFFICULTY OF THE NASH PROBLEM. It is

natural to ask whether the problem of finding a Nash Our CONTRIBUTION. We give a strong positive
equilibrium is in fact in P, the class of problems with answer to the above question, exhibiting a specific map-
polynomial-time algorithms. Quite recently there have ping from rational-payoff bimatrix games int®, 1}-
been significant results on the complexity of several payoff bimatrix games that preserves the Nash equi-
related problems, which have been shown to be NP- orlibria in an efficiently recoverable form. We make
#P-hard [GZ, CS1]. Specifically, counting the number this statement more precise in the next section by
of Nash equilibria is #P hard, while determining if there introducing the notion of &lash homomorphism

exist Nash equilibria with certain properties—such as

having specific payoffs or having specific strategies in 3 Ngsh homomorphisms

their support—is NP-complete. However, the original

problem of finding a single Nash equilibrium remains Our strategy here is to start with a general two-player
open and, as Christos Papidimitriou has stated, “To-game, and modify it through a sequence of essentially
gether with factoring, the complexity of finding a €quivalent games until we reach an essentially equiva-
Nash equilibrium is in my opinion the most important lent game with entries entirely if0, 1}. Specifically,
concrete open question on the boundary of P today” we relate the original game to §0,1}-game via a
[Pap]. sequence oNash homomorphismdefined as follows:

SOURCE OF COMPLEXITY FOR THE NASH PROB- Definition 3 A Nash homomorphisrs a maph, from

LEM. There are many aspects of games that might@ set of two-player games into a set of two-player
make the Nash problem hard to solve. Specifically, 9ames, such that there exists a polynomial-time func-
considering multi-player games as multi-dimensional tion f that, when given a gam& = h(A), and a
arrays of numbers, it is natural to ask which properties Nash equilibrium ofB, returns a Nash equilibrium of

of these arrays make finding Nash equilibria hard: is it A: further, the mapfp is surjectiveonto the set of Nash
equilibria of A. (Here fg is the mapf with the first
1. the number of dimensions of the array? argument fixed td3.)

2. the number of options available to each player? We note that the composition of Nash homomor-

phisms is also a Nash homomorphism. Thus if we
relate the original game to{@, 1}-game via a polyno-
mial sequence of Nash homomorphisfig}, then the
The first question remains unresolved, as the prob-reverse functiong f;} will compose into a polynomial-
lem is wide open even for two-player games. We con- time computable function. In general, these sequences

3. the complexity of the individual numbers in-
volved?
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will provide us with aone-query Cook reduction from whose Nash equilibria are identical to those of the
NASH to what we duliVASHy, 1y, the problem of  original game with the players swapped.
finding a Nash equilibrium in 40, 1}-game. The above homomorphisms, however, have the
We will end up with a sequence of homomorphisms weakness that they modify all the entries of the matrix
that has the effect of translating payoff entries into at once, and thus may not be fine-grained enough to
binary. We begin with a few fundamental examples of transform more intricate games. We note immediately,
Nash homomorphisms. however, that the scale and shift homomorphisms may
be modified to work on the row player's payoffs a
column at a time—for some reason it is much easier to
work with columns of the row player’s payoffs instead
of rows. We thus have the following:

1 The identity homomorphist(A) = Ais clearly
a Nash homomorphism, sin¢gg may be taken to
be the identity.

2 The shift homomorphism that takes a game, and
shifts the row player’'s payoffs by an arbitrary
additive constant: note that shifting these payoffs
does not change the row player’s relative pref-
erences at all; so Nash equilibria of the original
game will be Nash equilibria in the modified
game, and we may thus takg to be the identity
again.

2’ The column-shift homomorphism that takes a
game, and shifts the row player's payoffs in a
single column by an arbitrary additive constant:
we note that both the row and column players’
notions ofbest responseéemain unaffected by
this shift, so Nash equilibria are preserved under
this transformation.

3' The column-scale homomorphism that takes a
game, and scales the row player's payoffs in a
single column by an arbitrary positive constant
it turns out that if we take a Nash equilibrium of

3 The scale homomorphism that takes a game, and
scales the row player's payoffs by @ositive
multiplicative constant: as above, this does not

modify the Nash equilibria.

The player-swapping homomorphismhiswaps
the roles of the two players by taking the matrix

the original game, and scale the column player’s
strategyin this columnby 1/«, then re-scale the
column player’s strategy to have unit sum, we

will have a Nash equilibrium of the new game.

of the game, transposing it, and swapping the
J P J bPind This is proved in the appendix.

order of each pair of payoffs, then the Nash
equilibria of the modified game will just be the
Nash equilibria of the original game with the
players swapped.

We note at this point that all the homomorphisms
introduced so far are linear, and in addition have the
property that the map they induce on Nash equilibria,

We note that these homomorphisms already give us sig-/B- 1S & bijection. These properties make the above
nificant power to transform games inf0, 1}-games. homomorphlsms almost trivial to verify, but also limit
For example, suppose we have the game their usefulness.

Indeed, if all Nash homomorphisms satisfied these
properties, then our program of reducing games to
{0,1}-games would have serious impediments. Us-
ing only linear transformations, we could never use
While this does not appear similar td@, 1}-game, we  combinatorial tricks like converting integers to their
can map it into one as follows: first subtract 1 from each binary representation. Moreover, the fact thfat is
of the row player’s payoffs, making her payoffs, 1}, a bijection means that whatever game appears at the
next apply the player-swapping homomorphism; then end of our sequence of homomorphisms must have
add 2 to each of the payoffs of what is now the identical Nash equilibrium structure. We might call
row player, and divide these new payoffs by 5. This such mapdNash isomorphismsTo see why this is a
produces the following game problem, we note that games may be classified as being
either degenerate, or non-degenerate (see [Ste]), in
analogy with the corresponding definition for matrices.
The Nash equilibria set of a non-degenerate game has

1,3 | 2,-2
1-2]| 1,3

1,0(0,0
01|10\’




certain characteristic properties, for example, having Definition 4 We define thesplit-glue map as follows.
a cardinality that is finite and odd, and we could not Given a game defined by a pair of matri¢és C'), with

expect a generaNash isomorphisnthat maps non-

R, C containing the row and column players’ payoffs

degenerate games to degenerate games. The catch hemespectively, and a specific column the split-glue

is thatall (non-trivial) {0, 1}-games are degenerdte.

map on column transforms(R, C') into a new game

We therefore conclude that we must find some non- (R’, C’) with the following steps:

linear non-isometric Nash homomorphisms. Itturns out
that two are enough for our task.

4 The “split-glue” homomorphism

Our next homomorphism is motivated by the following
observation:

Since the row player’s payoffs seem much
easier to modify in units of whole columns,
if we wish to do anything really drastic to
the row player’s payoffs, we should

a. work in columns, and

b. find some way to remove the column
player’s nonzero payoffs from these
columns.

This suggests the need for a “splitting” homomorphism,
that takes a column and splits it into two columns, one
containing the row player’'s payoffs from the original
column, the other containing the corresponding payoffs
of the column player, with the remaining entries of

1. Make sure that all the payoffs iR and C' are

non-negative; otherwise, abort.

. Split the columri into columnsi’ and:”, where

columni’ in matrix R’ receives column from
matrix R and column:” in matrix C’ receives
columni from matrixC, filling the empty columns
" in matrix R’ ands’ in matrix C’ with zeros.

. Check to see whether all the entries in thé

column of matrix R’ are strictly greater than
some fixed constanrt otherwise add a constant
to all the entries in this column to make this so.

. Add a new rowk to matricesR’ and C’, and fill

it with zeros except at the intersection of this row
with the columng’ andi”.

def

. Make R}, = ¢ letCp,, = ¢ and R; ;, be

arbitrary 7strictly—positive numbers, and I’é].‘,{C o
remain 0.

these two columns set to 0. An example of such a Recalling our example from above, if we let= 3, the

splitting map would be as follows:

23|45 2314005
41|12 4110 0,2

Unfortunately, this splitting operation is not a ho-
momorphism, for the simple reason that the column
with 0 payoff for the column player—in this case
the second column—will never be played, and thus
whatever structure is in the row player’s payoffs for this
column will be effectively ignored.

split-glue map would produce the following:

-/ -1/

) i i
? T
53745 k[00] 1110
i1 13 — 2,314,005
! d 4111,0] 0,2

We claim that this map in fact preserves the struc-
ture of Nash equilibria.

Claim 5 Thesplit-gluemap is a Nash homomorphism.

We thus need to find some way to “glue” these The reverse maj may be defined as follows: given an
columns back together to give this “split” game more equilibrium of the gaméR’, C"), discard the probabil-
of the semantics of the original game. The solution ities of playing rowk or columni”, treat the weight
is to add another row to the game, specifically, a row of the remaining strategies ifR’,C’) as weights of
consisting of specially designed entries in these two the corresponding strategies ifR,C), interpreting
columns that will have the effect of “gluing” them back column-strategyi’ as representing strategy in the
together. This concept is formalized in the following original game, and then re-scale these probability

definition.

'Specifically, a{0, 1}-gameG = (R, C) will be degenerate if
any column ofR or row of C' contains more than one 1. See [Ste]
for details.

distributions to have weight 1.

The proof of this claim is somewhat technical and
we defer it to the appendix.



At first glance, the split-glue homomorphism might
not seem such a powerful tool.

We note the following crucial fact, a direct conse-

However, as hinted quence of the definition of Nash equilibria.

above, the fact that we may now isolate a column of row Claim 6 Suppose a gamé appears embedded in a

player payoffs means that we can design much morelarger gameH. Specifically
intricate homomorphisms that take advantage of the ’

fact that the column-player’s payoffs no longer interfere
in this column.
To motivate our general scheme for translating

ifH has row setR and
column setC, let the game&’ appears at the intersec-
tion of rowsr C R and columnse ¢ C. Further,
suppose the row player gets 0 payoff at the intersection
of rowsr and columng”\ ¢, and the column player gets

columns into binary, we first present a simple example payoff at the intersection of columasnd rowsR\r.

of how to use the game “rock-paper-scissors” to simu-

late fractional payoffs in a 0-1 game.

5 The subgame substitution homomorphism

We begin by noting that, in our model of games, getting
a payoff of 1 a third of the time is the same as getting
a payoff of a third. Thus if we want to give the row

player an effective payoff of a third, we need to find

a randomizer that takes one of three actions each with.

probability one third, and reward the row player in one

out of the three cases. In the game theory context the
natural choice for such a randomizer is, of course, the

other player.

The simplest example of a game like this is the
children’s game “rock—paper-scissors”, in which both
players simultaneously commit to a move of either

“rock”, “paper”, or “scissors”, and the winner is de-

termined according to the rule that paper beats rock,

rock beats scissors, and scissors beats paper.
notation, this game is represented by the following,
which conveniently happens to bg@ 1}-game.

0,0
1,0
0,1

0,1
0,0
10

1,0
0,1
0,0

As promised, this game has a Nash equilibrium
where both players play each strategy with probability

one third, and receive expected payoff one third. This
game also has the significant property that this is the

unique Nash equilibrium. Thus, any time we see

an instance of the game “rock—paper—scissors” being

played in our model, we know the exact distribution of
the three strategies for each player.
This observation leads to the following question:

How can we insert the “rock—paper—scissors”
game into a larger game so as to preserve
this predictability property?

In our

Then in any Nash equilibrium off where some row
of r and some column of are played with positive
probability, the restriction of this Nash equilibrium to
rowsr and columns: will be a scaled version of a Nash
equilibrium of G.

Further, applying the column shift homomorphism,
we find that we can relax the restriction that the row
player receive 0 payoffs at the intersection of romws
and columnsC'\c to the condition that these payoffs
instead be column-wise uniform, with a corresponding
relaxation applying to the column player's payoffs at
the intersection of columnsand rowsR\r.

Proof: Let (z,y) be a Nash equilibrium of gam#.
Thusz is a best response 9 andy is a best response
to x. Specifically, every row of played with positive
probability is a best response o Since the row
player’s payoffs in rows are potentially nonzero only
in columnsc, we further note that every row of in
r that is played is a best response to the restriction of
y to c. By symmetry, the complementary statement
holds, that every column of in ¢ ever played is
a best response to the restriction ofto . Since
these two restrictions are nonzero by hypothesis, we
can scale them to have total weight 1, and have thus
reconstructed the condition that the restriction of such
a Nash equilibrium(z, y) to rowsr and columns: is a
re-scaling of a Nash equilibrium @f.

Applying a combination of the column-shift ho-
momorphism and the player-swapping homomaorphism
proves the second part of the theorerh.

This theorem suggests the following transforma-
tion: if we have &0, 1}-gameS such as “rock—paper—
scissors” that has a unique equilibrium with payoffs
(o, B), we can take a game that contains an entry
(«, B), and replace this entry with the subgaseThis
is formalized as the following homomorphism:

Definition 7 Suppose that for some fixéd, 3), there
is an m x n gamesS that has an equilibrium with



payoffs(a, 3), and furthermore, that this equilibrium
is unique. Then define the “subgame substitution” map
as follows: for games: that have payoff$a, 3) at the
intersection of some specified ravand columr:, map

G to gameG’ by replacing row- with m copies of itself,
replacing columre with n. copies of itself, and placing
the subgamé' at the intersection of these rows and

n columns.

We claim that this map is in fact a homomorphism.

Claim 8 The subgame substitution map is a homomor-
phism.

Proof: Denoting them copies ofr as rowsr’, and
the n copies ofc as columns’, we note that since the
matrix is row-wise uniform on the intersection of rows
R’\r" with columns¢/, and column-wise uniform on
the intersection of columns”\¢’ with rows’, the new
game(’ satisfies all the requirements of Claim 6.

Thus, in every Nash equilibrium @’ where some
row of " and some column of are each sometimes
played, the weights of the rows itiand the columns in
¢ must be proportional to those of the Nash equilibrium
of S. Further, if the total weight in the rows is 5§, and
the total weight in the columns is ¢;, then the payoffs
to the row and column players from the subgashill
be exactlyr{.ct, (o, B) respectively, which is exactly the
payoff in gameG of playing rowr with probability 74,
and column: with probability c%;.

We now observe that a similar thing happens to all
the other entries in rows and columng’. Specifically,
consider the intersection of the rows$ with some
columnj € C’\¢. Since all the row player payoffs in

{0,1}-subgames. Aside from the question of how to
find {0, 1}-games with arbitrary rational payoffs, this
approach also has the drawback that whenever we “fix”
one bad entry by replacing it with an x n subgame,
we multiply the number of other “bad” entries in this
element’s row and column by andn respectively:
such a process would never end. We avoid this problem
by instead fixingall the entries of a columat once To

do this, we need the added structure of the split-glue
homomorphism.

6 Combining homomorphisms

Recall that the split-glue homomorphism did not strictly
separate out the row player component of a column
from the column player component—the column we
denoted byi’ is not devoid of column player payoffs,
but in fact contains a single positive entry in the added
row k. However, to quote an oft-used idiont’s not

a bug ... it's a feature.The insight here is that since
the columni’ contains asingleprofitable payoff for the
column player, if this column is ever played it must be
because the row player chooses to play fawThus
every time we have to worry about colunin we can
offset our lack of knowledge of this column with a
guarantee about the behavior of réw

It turns out that this property makes the enfeyd)
at the intersection of rowt and columni’ an ideal
candidate for the subgame substitution map.

We note that one of the weaknesses of the subgame
substitution map is the uniformity requirement for those
payoffs in the same rows or columns as the substituted
game. This weakness in fact originates from the
corresponding weakness in Claim 6—namely that we

this intersection are id_entical, and all the column player proved that in any Nash equilibrium of the modified
payoffs are also identical, the total payoffs representedgameG/, the weights of the rows and columrisand¢’

by this intersection are exactly the product of the
summed weight§, with the weight in this column,
with the row and column payoffs respectively at the
intersection of row- and columry in the original game
G.

A straightforward application of the definition of

will be proportional to those of a Nash equilibrium of
S provided that either both’ and ¢’ contain nonzero
weights, or neither does Thus it might occur in a
Nash equilibrium ofG’ that, while the weights of’
are uniformly 0, the weights on columns it are
arbitrary, and not in the ratio specified by the unique

Nash equilibria reveals that we may thus map Nash Nash equilibrium of the gams.

equilibria of G’ onto Nash equilibria of7 by merging
the weights of rows i’ and columns inc¢ into
their sumsry, and ¢, respectively. Thus the subgame

substitution map is indeed a Nash homomorphisln.

We show how the split-glue homomorphism reme-
dies this weakness. Recall from above that the split-
glue homomorphism has the property that whenever the
weight in column:’ is nonzero, the weight in rovi

The naive approach from here is to take a game Must also be strictly positive. Thus, if we apply the

G and try replacing all of its rational entries with

6

subgame substitution homomorphism to the element at



the intersection of row: and columni’, we find that equilibrium. Thus, since the Nash equilibria 6f’
any time there are nonzero weights in the substitutedgive strictly positive payoff to the column player, she
columns ¢/, there must be nonzero weights in the will always have an option to play on a column with
substituted rows’. Thus we may apply Claim 6 to positive payoff, and will thus always take such an
conclude that the weights orf must be in the ratio  option. Specifically, some column it must give the
prescribed by the Nash equilibrium 8f These results  column player positive payoff.
are summarized in the following lemma: Since the only positive payoffs for the column
player in these columns lie in rows, the row player
Lemma 9 Suppose we have a gartéwhose payoffs  must play in one of these rows with positive probability.
are all at least 0, and which additionally has the Thus some row of’ and some column af are played
property that every row af contains a strictly positive  ith positive probability.
payoff for the column player. For somg apply the We now invoke Claim 6 to conclude that the weights

split-glue_ homomorphism to columnto produce & o columnsc’ are proportional to those of the Nash
game(’, having payoffs(e,d) at the intersection of  oqyilibrium of S, as desired.

the new rowk and new column’. Then, assuming _ _ _
we have a gamé that has a unique Nash equilibrium ~ We now introduce our final homomorphism, a sur-
homomorphism to this eleme(at §) expanding column ~ With the above homomorphisms will enable us to trans-

gameG”. Then: rational games intq0, 1}-games.
In/ any Nas_h equilibrium of thg new game 7 Translating to {0, 1}
G”, the weights on columns will be pro-
portional to those in the Nash equilibrium We observe that if we have a garfeand two columns
of S. c1,co such that forevery Nash equilibrium ofG the

weights on these columns are in some fixed ratid,
then we can replace a row player payofpgfin column

c1 with the payoffp; in columnc; and carry all the
Nash equilibria into the new game. More generally, we
have the following:

Further, this property will be preserved even if we
change the entries of the row player's payoff in any
rows other than those in.

We have already outlined this proof in the above text. It

appears below more formally. Claim 10 Suppose we have a ganie and a set of

columnsc with the property that in any Nash equilib-
Proof:  We first note that the property that every row rium of @, the columns in: are played with weights
of G contains a Strictly pOSitive payOff for the column proportiona| to some Vecto-‘;_ For some rov\a', denote
player is preserved through the above application of thepy ., . the payoffs for the row player at the intersection

split-glue and subgame substitution homomorphisms— of row j and columns:. We claim that if we modify the
provided of course that the subgarfiepossesses this entriesp; . to any vectop/, , such that

property. Further, we note that this property implies

that any Nash equilibrium of the gand&’ has strictly Pyt = p;',CWTa

positive payoff for the column player, since no matter

what strategy the row player picks, there will be a then all the Nash equilibria ofy will also be Nash

column with positive payoff for the column player. equilibria of the new game. We call such a mapaar
We note here that if the weights in columesare reexpressiomap.

uniformly 0O, then they are trivially proportional to those

of the Nash equilibrium ofS and there is nothing to  Proof: Take any Nash equilibrium af and consider

prove. Otherwise, there is a columndthat is played it in the context of the modified game. By definition,

with positive probability. the probabilities of playing the columnswill be in
From the definition of a Nash equilibrium, the proportion to the vectot, and thus the transformation

column player will only playbest responseis a Nash from p; . to p;-7c does not change the value of any row



to the row player. Further, no entries of the column As illustrated below, we now apply the split-glue
player’s payoffs were changed, so the columns havehomomorphism to the second column, withd) =

the same value as they did in the Nash equilibrium (%, %), and then apply the subgame substitution homo-
of G. Thus, from the definition obest responseif morphism to replace this entry with the game “rock—
the row and column player strategies were mutual bestpaper—scissors”. We now note that the rational entries
responses iz, they must remain so in the modified % in the third game may be replaced by the equiva-

game. Thus this Nash equilibria 6f remains a Nash  lent {0, 1}-vector (1,1,0), since the inner product of

equilibria under the modification ! (21, 1,0) with S's Nash equilibrium(3, 3, 1) is exactly
We note, however, that the above mapdg neces- 3" o ) )

sarily a Nash homomorphism, since the modified game  EXPlicitly, this sequence of homomorphisms pro-

could introduce equilibria of its own. However, under 9UCes: ool 11io

the conditions of Lemma 9 tHimear reexpressiomap 23] 35| S r¥irosi

is in fact a homomorphism. 41112 ) 9T 10 (o2

Lemma 11 Suppose we have a ganmitand a set of 00]00[01] 10] 1,0 00]00[01]10] 1,0

columnsc with the property that in any Nash equilib- 00[10700)01]10 00[(10]00]01f10

rium of @, the columns in: are played with weights 00401} 10100} 10/~/00]01]10] 00} 1,0

proportional to some vectoy even when the row player ii ig ig ig 8:2 ii 1:8 i:g (1):8 8:2

payoffs in some row j are changed. Then, if we modify

the payoffg; . at the intersection of row and columns Our general strategy now becomes clear.

c to some other payoffs; . such that

OUR STRATEGY:

T / T

Py =P . . -
e e 1. Find a{0, 1}-subgamesS with a sufficiently ex-
then the Nash equilibria of the resulting game will be pressive equilibrium strategy for the column

identicalwith those of. player. This corresponds to a generalization of

“rock—paper—scissors” from the example above.

Proof: We apply Claim 10 to show that every Nash

equilibrium of G is a Nash equilibrium of the new game 2. Then for each column in a gam@, do the

G’, and then apply Claim 10 t6” to show that every following:
Nash equilibrium ofG’ is also a Nash equilibrium of (a) Scale and shift the row player’s payoffs in
G 1 this column so that

This lemma has the following amazing consequence: i. each payoff is strictly greater than

the column player’s payoff in the equi-
librium of S, and

ii. each shifted payoff is expressible as
the inner product ofy with a {0,1}-

Corollary 12 Given a game, apply the split-glue
homomorphism on some columfollowed by the sub-
game substitution homomorphism on the correspond-
ing columni’, for some appropriate subgantewith a

unique Nash equilibrium. If the equilibrium strategy for vector.

the column player has weights then for any rational (b) Apply the split-glue homomorphism to this
payoff in column:’ that is expressible as the inner column, with(e, §) set to the payoffs in the
product of a{0, 1}-vector with~y, we can replace this games.

payoff inG’ with this {0, 1}-vector, without changing (c) Then substitute the ganginto this entry.

the Nash equilibria. (d) Finally, for each vector at the intersection

We give an example of the application of this corol- of a row with the columns af, reexpress it
lary. Suppose we start with the—admittedly simple— with the corresponding0, 1}-vector guar-
game anteed to exist by step 2(a)ii.

23] 35
4,1] 1,2




3. Flip the players in this game, and apply the above
procedure to what were the column player’s pay-
offs.

If we can find such ai$, then this sequence of homo-
morphisms will reduce any game td @, 1}-game.

8 Sufficiently versatile subgames

We now derive a class of gamésthat may be used
in the above reduction. Recall that we wish to find
a gameS, with a unique Nash equilibrium, such that
the column player’s strategy is expressivein the
following sense:

We can represent a wide variety of num-
bers as the inner product gfwvith a{0, 1}-
vector.

The natural scheme that satisfies this property is,

of course, binary representation. If we make elements

We use this to prove our main result.

Theorem 14 There is a polynomial-time Nash homo-
morphism from the set @f x n rational payoff games
that are expressible using total bits in binary repre-
sentation into the set of0, 1}-games of size at most
Bk +1)(m+n) x (3k + 1)(m +n).

Proof: Given a gameG in this set, we follow the
strategy outlined above. The first step is to choose
the appropriateS;. Sincek is the total number of
binary digits needed to express, we conservatively
take;j = k, so that we might usg bits to expresgach
entry ofG.

Then, for each column containing nonfo, 1}
payoffs, we run step 2 of the above procedure. For
the sake of convenience, we denote the constant of
proportionality —2— by « in the following.

3(2F—1)
We note that, modulo the factax, the payoffs

of - consecutive powers of two, then we can represent expressible wittb), are those integers expressible as the

numbers as{0,1}-vectors by just reading off their
binary digits.

We note two things: first, that sinegis a probabil-
ity distribution, its elements must sum to 1; but second,

that this restriction does not matter since we are free to
scale the columns of our game to match whatever scale

S induces.

Thus, we are done if we can find compact games
S with unique equilibria such that the column player’s
strategyy contains weights proportional to consecutive
powers of 2.

In the appendix, we show the following theorem.

Theorem 13 There exists an efficiently constructible
class of games’; with the following properties:

1. S;is asize3j x 35 {0,1}-game,

2. Every row of5; contains a nonzero payoff for the
column player (see Lemma 9),

. §; has a unique Nash equilibrium,

The column player’'s strategy in this equilib-
rium consists of weights proportional to three
copies of(1,2,4,...,27~1) with a constant of
proportionality of —1— to make these weights

3(27—1)
sumto 1,

. The row player’s payoff in this equilibrium, which
we have been denoting asis ~—=-

327 -1)"

sum of integers in the multiset
{1,1,1,2,2,2,4,4,4, ...,2k"1 k=1 ok=11

namely any integer between 0 aB@* — 1).

Note that if we place the row player’s payoffs in
columns under a common denominator and scale them
to be integers, then each of them will be expressible
with at mostk binary bits. In order to apply the split-
glue homomorphism, we additionally must shift these
payoffs to be greater thanthe column player’s payoff
in the Nash equilibrium of}.

From Theorem 138, is justa2®, from which we
conclude that we may scale and shift the elements of
this column so as to make them all integers between
2k + 1 and?2 - 2%, after which we may then apply the
split-glue homomorphism to this column.

Next, following step 2c of our procedure, we apply
the subgame substitution homomorphism to the entry
(e,0) created by the split-glue homomorphism. Then,
from Corollary 12, we may apply thénear reexpres-
sionhomomorphism to express each entry g9 al }-
vector.

We have thus transforme@ by replacing column
7 with 3k + 1 columns and addingk rows in such a
way that all the row player’s payoffs in thegé + 1
columns are now inf0,1}, the payoffs in the added
rows are all in{0, 1}, none of the row player’s payoffs
outside of these columns have been modified, and none



of the column player’s payoffs fro& have been mod-

ified. Furthermore, since this map is a composition of

homomorphisms, all the equilibria ¢f are preserved
in the new game.

Repeating this procedure for every column trans-

forms G by way of a Nash homomorphism to a game
whereeverypayoff of the row player is i{0,1}.

We now apply the player-swapping homomorphism,

and repeat the above procedure for the (at most)
columns containing nok#, 1} payoffs. The new game
will be entirely {0, 1}.

[KM] D. Koller and N. Megiddo. Finding mixed strate-
gies with small supports in extensive gamks.
ternational Journal of Game Theqr§995.

[LH] C. E. Lemke and J. T. Howson Jr. Equilibrium
points of bimatrix gamesJournal of SIAM 12,
pages 413-423, 1964.

[Pap] C. H. Papadimitriou. Algorithms, Games, and
the InternetSTOC2001.

[PR] C. H. Papadimitriou and T. Roughgarden. Com-
puting Equilibria in Multi-Player Games. 2004,
unpublished.

groups of3k whenever one of the original + m rows
or columns contained nofB, 1} payoffs. Thus the size
of the final game will be at mogBk + 1)(m + n) by
(3k + 1)(m + n), as desired. |

9 Conclusion

We have exhibited a polynomial-time Nash homomor-
phism from two-player rational-payoff games/obits

to {0, 1}-games of size polynomial ih. Thus the com-
plexity of finding Nash equilibria of these two classes

of games is polynomially related. It may be hoped that

{0, 1}-games could offer algorithmic insights into the
general Nash problem.

Many Steps for Finding a Nash Equilibrium in
a Bimatrix Game. In: Proc. 45th Annual IEEE
Symposium on Foundations of Computer Science
(FOCS 2004), 258-267.

[Ste] B. von StengelComputing equilibria for two-
person gamedn Handbook of Game Theory, Vol.
3, eds. R. J. Aumann and S. Hart, pages 1723
1759, 2002.

APPENDIX
We provide here those proofs omitted in the text.

Lemma 15 The map that re-scales by some positive con-
stanta the row player’s payoffs in a specific column is a

We also pose as an open problem whether or notNash homomorphism.

our results may be extended to apply to the multi-player

case.
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Proof: Suppose we have a gant@ = (R,C), where
the ith column of R is scaled as above to create a game
G' = (R/,C). Consider a Nash equilibriutr’, ¢’) of G'.
Construct a new strategyfor the column player as follows:
start withc’, scale théth weight by factor, and then rescale

¢ so that it has sum 1. We claim thét’,c) is a Nash
equilibrium of G.

The proof is a straightforward application of the defin-
ition of Nash equilibria. Since thé&h column of R is «
times theith column of R, the incentivevectors Re and
R'c'T will be equal; thus the fact that is a best response to
¢ in G’ means that it is also a best response i G.

To show that is a best response t6in G, we note that
the fact that’ is a best response t6in G’ means thagévery
column in the support of is a best response. Thus we can
change the relative ratios of elements:0édnd maintain this
best response property. Thuis a best response tdin G,
and, sincegs andG’ have the same payoff matrX for the
column playerg is a best response t6in G.

Thus this scaling map has an associated reversefmap
that maps Nash equilibria ¢¥’ to equilibria ofG.

Because this column scaling map is the inverse of the
column scaling map that scales colutinby % this reverse



map f is a bijection, and hence surjective. Thus the column-
scaling map is a homomorphism, as desirdd.

Proof of Claim 5: Let G be a game that is mapped to
G’ by an applying the split-glue map on column As in
the definition of the split-glue map, denote Byandi” the
two columns inGG’ produced by this split, and létindex the
new row added td7’. Let (¢, d) be the element i’ at the
intersection of rowt and column’.

We first show that any Nash equilibriuw’, ¢’) of G’
is mapped to a Nash equilibrium 6f under the map’ of
Claim 5. Recall thaf maps(r’, ¢') to (r, ¢) by throwing out
the weights of theéith element ofr and thei”’th element of
¢ and re-scaling weights andc to have sum 1, interpreting
thei'th element ot’ as corresponding to thih element of
C.

We note thatf is well-defined provided this re-scaling

player payoffs of7 are a subset of those 6f, and removing
the strategyk from G’ cannot make zero payoffs positive,
the column player’s incentives i@ must be 0 when the row
player playsr. Thusany strategyc is a best response, as
desired.

This leaves the case where tHeh component of’ is
positive and the column player receives positive payoff in
the Nash equilibrium(+/;¢’). We note that since théth
column ofG’ is played with positive probability, the column
player must be receiving positive payoff for playing in this
column. Since théth entry of this column has the only
positive payoff for the column player, we conclude that row
k must be played im’ with strictly positive probability.

We now prove that in this case colunithis played with
positive probability. Suppose for the sake of contradittio
that i were never played. Thus the only incentive for
the row player to play rows comes from the product of
with the probability of the column player playing colunin

does not attempt to re-scale a 0 vector. We prove this is neverHowever, by the hypothesis of the split-glue homomorphism,

the case. Suppose that the only element in the suppofitof
row k. In this case, the column player would only ever play
in columni’, as this contains the only nonzero payoff for her
in row k. But if the column player only ever plays in column
1/, then the row player would certainly never play réw
since, by the hypothesis of the split-glue homomorphism,
row k contains the smallest row player payoffin this column.
This contradicts the fact that the row player always plays in
row k.

We further note that if columil’ were the only column
in the support of/, then the row player would only ever play
in row k, since rowk contains the only nonzero row player
payoffin this column, leading to another contradictionu$h
r’ contains a nonzero weight outside réwandc’ contains
a nonzero weight outside colunify, and the may’ is well-
defined.

We now prove that is abest responst ¢ in G, half the
necessary condition for a Nash equilibrium. Siice¢’) is
a Nash equilibrium o', ' must be a best responsectan
G’. We note that since the colunifi that we threw out has
nonzero payoff for the row player only in roky and we are
throwing out rowk too, the removal of columii’ from the
strategyc’ does not affect the best response of a row player
that does not have row as an option. Thus will be a best
response te in G.

We now show that i’ is a best response t6in G’ then
c is a best response toin G. We note that if we remove
columns’ from G, the column player’s payoffs will be
identical to those irt7, since the added row (with column
7' removed) contains only O payoffs for the column player.
Thus if thei’th component o’ is 0, thenc will be a best
response te in G, as desired.

We now consider the case where tlita component of
¢’ is positive. We note that if the column player’s payoff in
the Nash equilibriungr’, ¢’) of G’ is 0, then every column of
G’ has 0 incentive for the column player. Since the column
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all the other row player payoffs of columi are strictly
greater thare. In this case, rowk is never part of any
best response td, a contradiction. Thus”’ is played with
positive probability.

We now note that since columifi is sometimes played,
it must be a best responserto Since the column player's
payoffsin column’ of G’ are identical to those in column
of G, the columni of G must be a best response to strategy
r. Furthermore, since every other column(éhas identical
column player payoff to the corresponding columrf all
the columns in the support efwill also be best responses to
r. Thusc is a best response to This proves thaf maps
Nash equilibria ofz’ to Nash equilibria of7.

We now show that this map is surjective, i.e. that given a
Nash equilibrium(r, ¢) of G we can find a preimagg’, ¢)
of itunderf.

As a first case, note that if columins not in the support
of ¢, then the strategie@”, ¢’) defined byr;, = ¢, = 0,
. = randcl,;,, = c clearly constitute a Nash equilibrium
of G’ that maps tqr, ¢) underf.

Otherwise ifc; # 0, construct(r’, ¢’) as follows. Let
r, = randcy,, = c. Then setr; so that the incentive
of the column player to play colum# equals her payoff in
the equilibrium(r, ¢) of G. Note that this is always possible
since this payoff will be nonnegative, and the column player
payoffs in column’ are positive only in this rovi.. Next set
ci,» so that the row player’s incentive to play rowequals
her payoff in the Nash equilibriurfr, ¢) of G. Again, note
that this is possible since each row player payoff in ioig
at least as small as any other payoff in tbalumn with the
exception ofi”’th payoff, which is strictly greater; thus by
adjusting the probability of playing columf we can make
these payoffs equal.

In the above paragraph, we have ignored the restriction
thatr’ and¢’ must sum to 1. We re-scale them now. Note
that we have produced a pair of strategig/sc’) such that



every row or column that was a best respons€'iis now a
best response i6”’, and in addition, both rovk and column
1" are best responses. Since the support & contained in
the union of the support efwith the set{k}, and the support
of ¢/ is contained in the union of the supportoWith {i"},
the strategieér’, ¢’) will be mutual best responsesdH.

Thus every Nash equilibrium @ is the preimage under
f of some Nash equilibrium a&’. This concludes the proof
that the split-glue map is a homomorphism.

Proof of Theorem 13: We construct the generator games
S; as follows. Define matriced, B as

100 1
A= o0 1 0], B=|o0
00 1 1

O = =

0
1
1

Fork = 3j define thek x k matrix S} to have the following
j x j block form:

A A A B
A A B 0
53': o o
A B 0 O
B 0 0 O

Explicitly, S has blockB3 on the minor diagonal, block
above, and 0 below. Further, define the gathes the pair
of matrices(S}, 1 — 57).

Consider the potentidilill-supportNash equilibrigr, ¢)
of S;. Note that since andc are mutual best responses, each
of their componenpure strategiesnust be a best response
to the other player’s strategy. For all the column player’s
choices to be best responses,itieentives-(1—.57) must all
be optimal, and hence equal. Correspondingly, all theestri
of S;—CT must be equal. Together with the constraints that
andc must each have total weight 1, we ha&/eequations
and2k unknowns.

We show by induction that these equations have a unique
solution where both andc equal

1

— (297,207 23T 44,4
3(27 — 1)

2,2,2,1,1,1

3 ) 3 ) 3 )

v = ).
Suppose as our induction hypothesis that the Sirgtntries
of c are in the proportions of this vector. Consider thelst
block row from the bottom of’. These three rows consist
of i blocks of A followed by one blockB, followed by

incentive on these three rows. Thus since the total incentiv
on these rows is equal, the incentives from Bwblock must
also the same. Writing out this constraint, we have:

C3i4+1 + C3i+2 = C3i+1 + C3i4+3 = C3i+2 + €343,

which impliescs; 11 = ¢3i42 = c3i43- Thusthe + 1st block
of cis also uniform.

To show the ratio o : 1 between adjacent blocks, we
compare the incentives of these rows to the incentives of the
subsequent block of rows, which must be the same. These
two block rows differ byA — B in theith column block, and
by B in thei + 1st column block yielding a difference of
incentives of(1 — 2)cs; + 2¢3,43. Since this difference must
be 0, we conclude that the ratio of the weigbgsandcs; 13
must indeed bé : 1, as desired.

By symmetry, the same argument appliesrto Thus
since bothe andy must sum to 1x = y = v is the only
Nash equilibrium with full support.

We now note that the gamgs}, 1 — 57) is in fact a
constant-sum game, so its Nash equilibria are the solutions
a linear program. This implies that the set of Nash equdibri
is convex.

If we suppose for the sake of contradiction that there is
another Nash equilibrium in addition to the one= y =
v, then all linear combinations of these two equilibria must
also be equilibria, and hence by standard topology argusnent
there are a continuum of full support equilibria, which waul
contradict the uniqueness argument from above.

Thusz = y = v is theuniqueequilibrium for the game
(85,1=85%).

Examining the last row ob”, we verify that the payoff
for the row player is indeeg(Q—, as desired. |

J
27 —1

zeros. As noted above, these three rows must all have equal

incentives for the row player.

Consider the contribution to this incentive provided by
the i blocks of A. By the induction hypothesis, the first
37 components ot are arranged in uniform triples, which
implies that each of these copies df produces identical
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