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Abstract

The Carpenter’s Rule Theorem states that any chain linkatiesiplane can be folded continuously
between any two configurations while preserving the barttengnd without the bars crossing. However,
this theorem applies only to strictly simple configuratiowhere bars intersect only at their common
endpoints. We generalize the theorem to self-touching gordtions, where bars can touch but not
properly cross. At the heart of our proof is a new definitiorseff-touching configurations of planar
linkages, based on an annotated configuration space and tfmontouching configurations. We show
that this definition is equivalent to the previously prombsiefinition of self-touching configurations,
which is based on a combinatorial description of overlaggeatures. Using our new definition, we
prove the generalized Carpenter's Rule Theorem using ddgjgal argument. We believe that our
topological methodology provides a powerful tool for mangiing all kinds of self-touching objects,
such as 3D hinged assemblies of polygons and rigid origampatticular, we show how to apply our
methodology to extend to self-touching configurations arsel reconfigurability results for open chains
with slender polygonal adornments, and single-vertexirigigami with convex cones.
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1 Introduction

In the mathematics of geometric folding [O’R98, Dernl00, DIIDD05,/DO0Y], a common idealization is
to model the underlying real-world object—a mechanicakdige, robotic arm, protein, piece of paper, or
another object or surface—as having zero thickness. Theabars that make up a linkage become perfect
mathematical line segments of fixed length; the joints ogainthat connect them become mathematical
points; a piece of paper can be folded repeatedly ad infinitWhile these idealizations are not entirely
realistic (seellGal02]), the zero-thickness model hasdesiwealth of powerful theorems that rarely abuse
the lack of thickness and are therefore practical.
Almost all forms of folding forbid folding ob-

jects from crossing, matching a natural physical conu U \\\_//
straint, but at the same time allow folding objects to

touch. Figure[ll illustrates the distinction between gejt—crossing self-touching  nontouching
touching and crossing. For example, overlapping S
multiple layers of paper enables origamists to form noncrossing

arbitrarily complicated shapes, both in practice and
in theory [DDMOO)].

Touching is easy to model for objects with pos-
itive thickness: allow the boundaries, but not the intesjido intersect. But in the zero-thickness model,
formally distinguishing between touching and crossingificdit. In particular, when two portions of the
object overlap, the geometry alone is insufficient to detish which portion is on top of which. The
approach taken so far to resolving the ambiguity is to exptks information missed by the geometry
with additional combinatorial information. A simple exalmpgs map folding of ann x n grid of squares
[ABD T04]. In this context, the geometry of the squares is comigleletermined, independent of the fold-
ing: in any successful folding that uses all the creasegfdlie squares will end up on top of each other,
with orientations specified by a checkerboard pattern ingtitt The folding itself can be specified by a
purely combinatorial object: the permutation of the parbt describes their total order in the folding.
The challenge is to determine what constraints on this coatbiial object correspond to the paper not self-
crossing. A generalization of this approach is essentthlyone taken by [DDMO04] for defining general
origami.

There are two concerns with this type of approach.

First, how do we know that the combinatorial definition cepends to the intended meaning of self-
touching configurations? The combinatorial definitionseir@mtly lack geometric intuition, so it is hard to
“feel” that they are correct, even though we believe they are

Second, how do we manipulate these definitions to provedstieg theorems? The complexity of
the definitions makes them hard to use. While some probleme agccessfully attacked ih [CDRO02,
DDMO04], many other problems about self-touching configares remain open. An alternate, equivalent
definition would give a new way to examine and attack thesblpros.

Recently, touching has been studied for both linkages aigdmi. In the context of linkages, Connelly
et al. [CDRO0?2] show that self-touching configurations okéges could be used to prove theorems about
nearby non-self-touching perturbations. This resultrssiéy reduces proving a planar linkage to be locked
to an automatic, algorithmic procedure, whereas previaysaents that dealt solely with non-self-touching
configurations were tedious and ad-hoc. To do this, [CDRA#pduced a combinatorial definition of
touching linkages that we will describe later.

Many results in computational origami construct foldedestawith the desired properties, but do not
show that the state can be reached by a continuous foldingpmobDemaine et al. [DDMO04] showed
that this was always possible. To do this, they defined origesimg a combinatorial definition to handle
self-touching folded states and their folding motions.sl¢ombinatorial definition turned out to be tedious
to work with.

Figure 1: The different types of configurations.

Our results. In this paper, we study the self-touching analog of the Gagy&s Rule Theorem, posed at
FOCS 2000[ICDR03]. Consider a polygon or open polygonalrcirathe plane, where the edges repre-



sent rigid bars of fixed length and the vertices represemdsirthat can take arbitrary angles. Connelly et
al. [CDRO3] proved the Carpenter’s Rule Theorem: every singlage can be unfolded to a convex config-

uration while preserving connectivity, edge lengths, antthout self-crossing (see also [Str00] for a more
algorithmic approach). But it remained open whether thisilteheld when the original configuration was

self-touching (but not self-crossing). We solve this opesbfem, proving that the Carpenter’s Rule Theo-
rem extends to self-touching polygons and polygonal cha&wesry such linkage can be convexified starting
from any (possibly self-touching) configuration.

The basis for this result is a new technique for defining smithing configurations. Our approach is
based on the intuition that self-touching configuratioreslanits of non-self-touching configurations. This
intuition may seem obvious, but in its literal form, it isgal In the example of map folding, taking the
limit to zero separation still, in the end, discards all af thformation about the folding. Nonetheless, when
working with self-touching configurations, people draw figarations with overlapping layers separated
slightly for visibility, and imagine the limit as those septons go to zero.

We show how to turn this intuitive idea into a definition. Ouaimidea is toannotatethe geometry of
the configuration with additional continuous informatiddrevious combinatorial definitions could added
annotations only at places where self-touching occurs,easled to resolve ambiguity. In contrast, the
topology of our configuration space places self-touchingfigorations near nontouching configurations.
We therefore annotate all configurations, whether they @lfea@uching or not. Generally, the annotations
are made up of the output of an order function applied to eadéred pair of independently mobile parts
of the object to be modeled. For a linkage, bars are the imtkgrely mobile parts; for paper, each point of
the paper is an independently mobile part.

Taking limits of annotated configurations is unfortunatelyufficient to
get all self-touching configurations. Figyre 2(a) showskdge that has no
nontouching configurations. In order to get these configumaf we allow  (5) seif-touching configuration.
flexibility in the limit-taking. That is, we allow the objetd “stretch” while
the limit is being taken. In the case of linkages, stretchimgans varying
the length of the bafs Z{b). - —

We believe that uniform annotation and stretchiness carsbd to de- (b) Stretched configuration.
fine self-touching configurations for a wide range of folgabbjects. In
this paper, we use our limit-based definition to prove thétseiching Car- Figure 2:  This self-touching
penter's Rule Theorem using a primarily topological argnme\t the end configuration of a degenerate tri-
of the paper, we discuss how our topological approach mighgplied to 279/€ linkage needs some added

origami, rigid origami, and 3D hinged assemblies of plarsargls. {fjﬁlllgz égn%egfmll’t';;’,g:f non-

_ .-

Outline. In Section 2, we review 2D linkages and defirreelated configurations of linkages. Then, in
SectiorB we present an order function designed for linkagesapply it to self-touching linkage config-
urations. To increase the credibility of this definition,c8en[4 compares it with the previously existing
combinatorial definition and a variant on our definition thows vertices to be split into a pair of vertices
connected by a zero-length edge, and concludes that adl tlefnitions are equivalent. The new definition
is then used in Sectidn 5 to prove the self-touching carpsmde theorem. We generalize this universal re-
configurability result to strictly slender polygonal adarents in Sectiofl6. Finally, in Sectigh 7 we discuss
extensions of our definition methodology to objects thancaibe modeled as 2D linkages.

2 Linkage Preliminaries
This section will introduce the definitions that are impatténroughout this paper.

Definition 1 A linkageis a pair L = (G, ¢) consisting of a graplG and a function/ : E(G) — Rxg
assigning nonnegative lengths to the edges. We will refdrd@dges ofr asbars



Definition 2 A configurationC of a linkage£ = (G, ¢) in the plane is a mag' : V(£) — R? obeying the
length constraints, so {fv,w) € E(G) then|C(v) — C(w)| = £(v,w). The set of all such configurations is
called theconfiguration spac€onf(L) of L.

Definition 3 A nontouching configuratioof £ = (G, ¢) is a configuration in which no two edges intersect
except at endpoints, and two endpoints coincide if and drtlyey are connected by a path dn of zero-
length bars. LeNConf(£) C Conf(L) be the subspace of nontouching configurations.

Simple linkages includepen chainsandclosed chaindor which the underlying graph is a single path,
or a single loop, respectively.

Our definition of linkage is unusual in that it allows zerodgh bars.
Allowing zero-length bars will be necessary for some of apadiogical ar-
guments, because without them, certain configuration sp@eenot closed. o

The definition we have taken for nontouching may yield s@ipg results
with linkages having zero-length bars, as in Fiddre 3. Ofindi®n considers
pairs of vertices that are connected by a zero-length edbe tmntouching,
effectively merging the two endpoints of such edges intoglsivertex.

Figure 3: This configuration,
. ) where the bars within the dot-
2.1 e-related Configurations ted circle have zero length,

- , is nontouching, despite the
Definition 4 For e > 0, we say two linkage$G1,¢1) and (G2, (2) are e-  gpparent ,-mergect,-o,,’i,etwee,,

relatedif G; = G and the upward-pointing edge and
|t1(e) — la(e)| < eforall e € E(G). the topmost zero-length edge.

Definition 5 For ¢ > 0, ane-related configurationf a linkageL is a configuration of a linkag&’ that is
e-related toL.

The set of:-related configurations of is denoted byConf, (£). Notice Confy(£) = Conf(L£). Simi-
larly, NConf. (L) is the set of nontouching configurations of linkage®lated toL.

2.2 Real Algebraic Geometry

We will need to use some results from real algebraic geonietttyis work. In particular, all of the objects
discussed in this work will be semi-algebraic.

Definition 6 A (real) semi-algebraic sas subset ofR” that is a finite Boolean combination of sets of the
form {z : f(z) * 0} wheref is a polynomial of variables, andx is = or <. A functionf : R™ — R” is
semi-algebraidf its graph {(z, f(z)) : * € R™} C R™** is a semi-algebraic set.

In this work, we use a number of important topological prtipsrof semi-algebraic sets. For a compre-
hensive reference on the theory of semi-algebraic set§B§H98].

3 Noncrossing Configurations
3.1 The Order Function

In defining noncrossing configurations, we must allow twahar‘overlap”. When this happens, the geom-
etry of the configuration space does not have the informatémessary to determine when they cross.

We define an order functiorQrd, that determines the relative positions of two edges in rassing
configurations. Its key property is th@trd is continuous wherever the edges do not touch,(out has a
discontinuity where two edges share a common segment. Tdelifferent limits as the edges approach
each other will encode the relative position information.



Definition 7 Let e; and e; be two oriented edges in the plane. |
Using coordinates where the-axis is directed along;, define |
|
|

dy(er,e2) =len{fx €e; |Ty:y >0,(x,y) € ea}; €1

‘ﬂ_,_—ﬂ

1

|

>

d_(e1,e2) =len{fx €e; | Jy:y <0,(x,y) € ea}. :

d. can be thought of as the length of the projection of the patt of | :
abovee; onto thesegment e; (and similarly ford_). See Figur&l4.

Define theorder functionOrd(es, e2) = d. (e1,e2) — d_(e1,ez).  Figure 4: Defining the order function.

Notice that indee®rd is not continuous when the two edges are tangentObdtis defined everywhere,
so thatOrd(e;,e;) = 0.

Lemma 1 The order function has the following properties:
1. Ord is a semi-algebraic function.
2. Ord is continuous for edges that do not intersect in their irgeri
3. Consider two sequences of oriented ed¢feande;; converging to edges; ande; respectively, such
that e and e do not intersect in their interior for any. (note thate; and e; might intersect in
their interior). Then the sequenderd(e?, ey) either converges t®rd(e;, e2), or has at most two
accumulation pointsd and —d, whered is the length of the overlap betweenpande,.

Proof: We will prove thatd, is a semi-algebraic function that is continuous over edgaisdo not intersect
in their interior;d_ will have these properties by a similar argument. We usedfezence frame centered at
the first vertex ok, with the z axis directed along; . In this reference frame, edge extends from0, 0)

to (1,0).

Now, replaceey with the its intersection with the regioR. = {(z,y) | vy > 0,1 > = > 0}. If
the intersection is empty (a semi-algebraic conditiongntti, = 0. Otherwise, the coordinatés:, y;)
and (z2,y2) are a semi-algebraic function of the endpoints9f R, since whethee, intersects each
boundary ofR, can be determined using line-segment intersections arsdctinu be tested with a boolean
combination of polynomial inequalities. For each poss#gtof intersections, the points of intersection can
be semi-algebraically computed from the original coortiisa

Clearly, dy = 0if I = 0. The reader can check thdt = |f(z2/l) — f(z1/1)|(, where f(z) =
max(min(z,1),0). f is a boolean combination of polynomial inequalities, angsif, is a semi-algebraic
function everywhere.

Becausel, is uniformly zero where, does not intersed® ., d. is continuous whens N R is empty.
Notice that our formula fotl, in terms of f would still be true if we had replaced, with its intersection
with the closed upper half plang instead of R,.. Sincef is continuous,d, is continuous everywhere
wheree, N H is a continuous function of the coordinatesegf Similarly, d, is continuous everywhere
wherees N R is a continuous function of the coordinatesegf Thus,d . is continuous except when both
endpoints oksN R lie along the boundary off intersect the boundary @t . This exceptional case occurs
only if e5 ande; intersect in the interior. Thud, is continuous everywhere except whenntersects; in
the interior.

Now, consider sequence$ ande} defined in the statement of P&it 3 of this lemma. By continuity
Ord(e}, ef) converges tdrd(e, e2), unless the limits; andea share a common interval. If they do,
notice thatk! andef are nontouching, and so for sufficiently lanrgeOrd (e}, e5) must be withire of either
I or —I, wherel is the length of that common interval. The result follows. O

3.2 Annotations

An annotated configuration is a configuration augmented thighvalues ofOrd on each pair of edges in
the configuration.



Definition 8 LetC' be a configuration of a linkag€ with graphG = (V, E). For e; = (u,v) € E, write
Clei) = (C(u), C(v)). _ _ _ _

TheannotationM € R¥*F is the matrix whoseé-j entry isOrd(C(e;), C(e;))ll Anannotated config-
urationis the pair(C, M¢). LetAnnot, : RIVI — RIVIxRIEIXIEl pe the function that maps a configuration
C of L to the corresponding annotated configurationZof

Fixing a configuratiorC' of £ = (G, ¢), Annot.(C') depends ot only on the grapltz (sinceC defines
the distances). Sincerelated linkages have the same graph, the notion of amtbtainfigurations extends
naturally toe-related configurations.

Definition 9 The set ofannotated nontouching configuratioissAnnot,.(NConf(L£)). Fore > 0, the set
of e-related annotated nontouching configuratiannot . (NConf.(L)).

Lemma 2 The annotation functiomnnot is injective, continuous over nontouching configuraticssg
semi-algebraic.

Proof: The annotation function is injective, since the first comgarof Annot . (C') is C. Since the annota-
tion function simply applie©rd to all pairs of edges id7, and by definition, in nontouching configurations
no two edges intersect in their interior, the remaining praps follow directly from LemmaAl 1. O

3.3 Noncrossing Configurations

We are now ready to define noncrossing configurations in tefriisits of nontouching configurations.

Definition 10 A noncrossing configuratioof £ is an element offonfy (L) x RIZEIXIEE) that is the limit
of a sequence of annotated nontouching configurations kdjesl -related to£. The space of noncrossing
configurations of_ is denotedA(L).

Equivalently,A(L) = (Confy(L£) x RIEE)*EXL)) 0 Annot . (NConf; (L)), whereX denotes the topo-
logical closure ofX.

The following characterization implies that replacihwith anye > 0 in Definition[I0 would define the
same set.

Lemma 3 A(L) = Ny, Annot(NConf, ,, (L))

Proof: Clearly,n52; Annot(NConf /,(£)) C Annotz(NConf;(£)). To see thani; Annot,(NConf, /,, (L)) C
Confo (L) x RIEEIXIEL] notice that the length of any barin the left-hand side must differ frorf{e),
the length of that bar i, by at mostl/n for all n, and thus must equdle), so that we in fact have an
annotated configuration &.

Conversely, ifr € Confy(L) is the limit of the sequence;,as,..., a; € Annotz(NConf; (L)),
then for anyn, there existsNy(n) such that for anyk > Ny(n), oy is an annotated /n-related con-

figuration of Z, i.e. o € Annot.(NConf,,,(L£)). Since that set is closed, the limitmust also be in
Annotz(NConf /,,(£)). ThusA(L) C N2 Annot,(NConf, (L)), as desired. O

1We assume that the edges have been assigned some candriuiltion.



3.4 Semi-Algebraic

Theorem 1 For ¢ > 0 the following sets are semi-algebrai€onf. (L), NConf. (L), Annot.(NConf. (L)),
A(L).

Proof: We start withConf. (L), which is defined by requiring each bar length to be withof its length in
L. For a bar between points;, y;) and(z;, y;), with a lengthl;, in £, we have the following constraints:

(i —3)? + (yi —y)* < (ks +e)2,
(mi — wj)z + (yz- — yj)z > (lk — 5)2 if I, > e.

Because these conditions are semi-algebfaiayf. (L) is semi-algebraic.

NConf. (L) is defined likeConf. (L), but with additional nontouching constraints. We reuseategy
presented in Equation (3.6) af [CDKR02], based on the folhgwidea: if two bars do not intersect, then one
of the bars lies completely on one side of the other bar,liah ends of the first bar are on the same side of
the other bar. The condition ih[CDRO02] has to be slightlyraped by making the inequalities in it strict, to
prevent self-touching in addition to self-intersection.

Unfortunately, this condition is too strong, as it prevdpaiss from touching at their endpoints when the
distance in the graph between the endpoints is zero. If ieagathv;,, ..., v;, in the graph between two
verticesv;, andv;, , then we can test that the distance between them in the gsaeina using the equation

n—1

Z(mi]’ - xij+1)2 + (ylj - yij+1)2 =0.

§=0
When this condition holds, we augment the strict nontouglziondition by explicitly allowingy;, andv;,
to touch. We allow this as long as the other vertex of each bas aot touch the other bar, or one of the
bars has zero length. All these conditions can be expressrd polynomials.

Combining all these polynomial conditions, we find thfonf. (L) is semi-algebraic. It follows that
Annotz(NConf.(£)) is semi-algebraic, since it is the image of the semi-algetsatNConf. (L) under
the semi-algebraic annotation map (by Lenitha 2). Similathnot(Conf. (L)) is semi-algebraic.

Finally, A(L) is the intersection of the topological closure of the selgélbraic sef\nnot . (NConf; (L))
with the semi-algebraic sétnnot . (Confy(L)), and is thus semi-algebraic. O

S

4 Equivalent Definitions

In this section, we describe two definitions of noncrossimgfigurations that are equivalent to our definition.
Sectior 411 describes a variation on our definition whicksisful for analyzing the linkages with very short
edges.

Sectio 4P describes a translation of the combinatorithitien of [CDR0Z] into our terminology, and
proves that all three definitions are equivalent.

4.1 Extended Linkages

In this section, we introducextended linkageand extended noncrossing configuratiomsd use them to
define a natural and seemingly larger class of noncrossimfigemations. We use extended linkages as a tool
in our proof that our noncrossing configurations are the sasrthe noncrossing configurations|of [CDIR02],
which we will refer to as combinatorial noncrossing confagioms.

When defining noncrossing configurations as a limit of nocling configurations, we could allow
vertices to be split into two vertices with an edge of lengtimaste between them. In the limit as— 0,
the extra edges have length 0, and we remerge their endpsaritsat the resulting configuration is naturally
an element ofAnnot,(Conf.(£)). Linkage extensions and reductions formalize this notibspiitting
vertices into two vertices separated by a zero-length eflgample example is shown in Figute¥.1.



This formulation is useful for analyzing linkages that hassy short
edges, by understanding their self-touching limit. Thishteque is
can be used to simplify a proof that there exists a lockedogudhal
tree [CDD"07]. In particular, the orthogonal tree has horizontal adgie
length at most, but it is easiest to argue it is rigid in the limiting case- 0,
and then conclude for some smalit is locked using the equivalence between extended comfiigms and
combinatorial configurations along with results[of [CDR02]

Figure 5: Extended Linkage
version of Figur€l2

Definition 11 Given a linkageC with an edge: = (u, v) of length 0, we can constructsingle-step reduced
linkagein which e has been removed andandv have been merged into a single vertexte8luctionof a
linkage L is the result of zero or more single-step reductions stgrfiom £. Anextensiorof £ is a linkage
L’ of which £ is a reduction.

One useful way to extend a linkage is to replace each vertdx evie vertex per incident edge, all
connected together by 0-length bars.

Given an annotated configurati@n of a linkage£, a configuration of the extended linkagé can be
generated by placing the fragments of a newly split vestesherev was before, and setting the annotations
of the new zero-length edge with other edges to 0. In everfigumation of£’, the two fragments must be in
the same location, so this defines a correspondence betteest - (Conf (L)) and Annot (Conf(L’)).
However, thes-related configurations of’ are a larger class than thosesf

Definition 12 An extended noncrossing configuratioh. is the reduction taZ of a noncrossing configu-
ration of some extensiofi’ of £. The set of extended noncrossing configurations is derfot&d.

4.2 Combinatorial Characterization of a Noncrossing Configiration

So far we have defined a noncrossing configuration of a linkegye

an annotated configuration which is a limit of annotated ooching

configurations. This topological definition is markedlyfelient from

combinatorial definition given i [ICDR02]. We shall now skattthe

annotated configurations which are nontouching can be ctesiized

combinatorially as well as topologically. The combinaabiharacter- m

ization will also allow us to see that in fadi(£) = A(L), so exten-

sions are not necessary to generate all nontouching link@igiégura- (a) Combinatorial noncrossing configura-
tions. tion.

We now present a combinatorial definition of noncrossingisTh
definition is expressed as constraints on configurationis aritanno-
tation matrix (C, A) € Confo(L) x RECIXEL)  These constraints
are equivalent to the constraints placed on noncrossinfigtoations
in [CDROZ], however, we have translated combinatorial cpmfitions
into our configuration space structure to help clarify thaiejence. (b) Nearbye-related nontouching configura-
We will not detail the (fairly straightforward) correspaerte between tion: A noncrossing configuration is a limit

. . . . iy of these ag — 0.
our combinatorial formulation and theirs, though we wiltroduce
“gorridor segments”, “vertex Io<_:ations”, and “m_agnif_iecbwis” that Figure 6: Combinatorial noncrossing
directly relate to the edges, vertices, and magnified VieWE€DRO2]. configuration example.

Definition 13 For any configurationC' of a linkage£, we consider a magnified view around eaahrtex
location(i.e., each point at which at least one vertex is located).daxh vertex location, define ti@ounds
at that location as follows. There is one inbound per nonzength bar that has an endpoint co-located
with the vertex location, and two inbounds per bar that gdesugh the vertex location. Inbounds to a
vertex location are grouped inntrancesthe directions from which they are incident. We write arountd
as a pair (6, e) whered is the entrance and is the edge. Two inbounds to a vertex location directly



connectedvhen there is a zero length path ihbetween them, including when they are part of the same bar
that passes through the vertex location.

Figure[@ gives a simple example that will be helpful for vigiag the situation. The disks are the
magnified views, the directions from which lines approa&hdisks from outside are the entrances, and the
intersections between the lines and boundaries of the diskshe inbounds. Two inbounds are directly
connected if they are in the same connected component ofghbginside the disks.

We define @ombinatorial noncrossing configuratioha linkage£L to be a pair(C, A) € Confy(L) x
RE(L)*E(L) which satisfies the following constraints:

1. Macroscopically NoncrossingBarse; ande; cannot have a strict crossing (they can touch at their

endpoints or overlap over a finite length).
2. Well-Annotated:If < # j and barse;, e; overlap over a nonzero lengththen A4, ; = +I. Otherwise,
SetAiJ' = Ord(ei, ej)E

3. Well-Ordered:At each vertex locatiom, there is a total ordering- on inboundg(#, ¢;), defined by
the angle ok; out fromwv with ties broken by the annotations. Lditr(e) be +1 if edgee is directed
towardsv, and —1 otherwise. Theix is defined as follows:

0; > 0; whend; # 6;
(03 e1) = (05,€)) <= A" dir(e;) >0 whend, s o, (1)
Notice thatAij = _Aji-

4. Microscopically NoncrossingThe ordering of inbounds around a vertex location is conipativith
the direct connections between those inbounds. More migci®r inbounds; > to = t3 = ty4, if
there are direct connections both betwegmndts, and between, andt,, then all four inbounds are
directly connected.

We denote the space of combinatorial noncrossing configumsbyC (L).

Theorem 2 The sets of noncrossing configurations, extended nonogssinfigurations, and combinato-
rial noncrossing configurations are identical, i.B(L) = A(L) = C(L).

There are three inclusions to prowé(L) C E(L) follows directly from the definitionsE (L) C C(L)
will be proven by showing that all the conditions in the defon are indeed met, and(£) C A(L) wil
be shown by constructing a converging sequence of nhontegatinfigurations.

Definition 14 A J-perturbation of a combinatorial self-touching configucat C' is a nontouching con-
figuration in which each vertex is withif of its location inC' and the relative positions of the bars are
preserved.

Lemma4 C(L) C A(L)

Proof: Let (C,A) € C(L£). By definition,C € Confy(L). Consequently, it suffices to shoW’, A) €
Annot,(NConf;(£)). By Theorem 3.1 of chapter 1 of Ares Ribd Mor’s The&is [Mdo}, anyC € C(L),

for anyd > 0, there is a nontouching-perturbationC; of C'. Since aj-perturbation changes bar lengths
by at most2j, Cs € Annot,(NConfys(L)). Because the relative positions of the bars are preservad in
d-perturbation, and the annotation function is continuausnbntouching configurations, thg; converge

to C asd — 0. ThusC' € Annot.(NConf;(L)) = C € A(L), as desired. O

Since the argument of [Mbr] is quite involved, we provide mgier proof thatC'(£) C E(L) to give
some intuition for this result. The basic strategy is to pdrtthe bars within each geometric location
containing bars (which we call corridor segments) so thatddrs within the corridor segment are parallel
to each other and are ordered in a consistent fashion. Wauttieetine information from the magnified views
to implement the direct connections at the vertex locatidime details follow.

Note that the annotations in combinatorial configuratiors enly meaningful for overlapping bars; we chode; =
Ord(e;, e;) for nonoverlapping bars to simplify the statement of Thedg
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Definition 15 A corridorof £ is a line containing at least one bar df. A corridor segmenis an interval
in a corridor which has a vertex location at each end and nceeotrertex locations intersecting it.

In Figure[6(d), the segments between vertex locations arediridor segments, and the two corridor
segments along the bottom combine to form a single corridor.

Since our combinatorial noncrossing configuration is vaeltotated, the annotations define a total order
on the bars within each corridor segment.

Lemma 5 In a combinatorial noncrossing configurati@r, each corridorS has a total ordering on its bars,
that when restricted to any corridor segment is the ordeedatned by the annotations on that corridor
segment.

Proof: We piece together the ordering for the corridor by procegdiown the corridor, successively merg-
ing the ordering so far with that of each corridor segmentveitex locationw, we can merge the ordering
so far with the ordering for the next corridor segment if thesie two orderings are consistent. Since each
bar exists for a contiguous interval along the corridoryffises to check that the two corridor segments of
S incident tov have consistent orderings. The claim that these orderirgsamsistent is a special case of
the microscopic noncrossing conditiomat O

Lemma6 C(L£) C E(L)

Proof: Suppos€C, A) € C(L£). We will construct a sequence of nontouching configuratmfrsn exten-
sion £’ of L, converging to an extensiqi@’, A") whose reduction t& is (C, A).

L' is constructed by splitting from each vertex6finto one vertex for each incident edge (with each
new vertex incident with its edge and a zero-length bar tdekieally first new vertex). Observe that pairs
of vertices directly connected if’ are precisely those that are directly connected inWe will call the
zero-length bars extension bars, and the others origimal Bénce both endpoints of each extension bar are
endpoints of original bars, specifying the locations of dhiginal bars defines the configuration 6f In
C’, each vertex will (necessarily) lie in the same place as énex of C that it was split from.

Let0 < ¢ < min(1/n, lyin, (sinfmin)/(2n)) be a real number, wheig;, is the minimum bar length
in £, Omin is the minimum angle between nonparallel barg@h A), andn is the number of bars ig.

Let S be a corridor withm original bars in it (we treat extension bars as not belonggnany corridor).
By Lemmal®, there is a total ordering on the bars$inompatible with the annotation orderings. Thus we
can assign distinct offsets(e) € {0, 1,...,m— 1} to the bars in5 in a way compatible with the annotation
orderings.

Arbitrarily select a unit vectoru’ normal toS. Imagine shifting each original bdw,w) contained
in S from its location inC’ by §2¢((v,w))%. Consider also the circle of radidscentered at’(v).
§2((v,w)) < 6*n < 6, sov’s shifted location is inside this circle. Becausec Iy, w’s shifted location
is outside, so the shifted bar intersectscircle exactly once. We séls(v) to be this unique intersection of
v's circle and shifted bar (and similarly for all the othertiegs inS).

We now show that’s; is nontouching for sufficiently small. Original bars never intersect extension
bars except at common vertices because the former lie lgntmeside the circles of radiug and the latter
entirely inside. Intersections between original bars iroamon corridor are impossible by construction.
Since C; converges ta”’ asd — 0, original bars that have nonzero separatiorCindo not intersect in
Cs for small enoughd. It remains to handle pairs of original bars that touchedirprecisely at a vertex
locationv. Take two such bars, with offsetsand j, and with a relative angle @f in C’. If they intersect
in Cs, it is at a distance at most + 5)6%/sin 8] < 2n6%/sin |fmin| < 6 from C’(v). Since neither bar
intersects the circle of radidsaboutv, no two original bars cross if's.

We have constructe@’s so that the orderings of vertices around the circles of sadliare compatible
with the ordering of inbounds at each vertex location. Therasicopic noncrossing condition therefore
forbids extension bars from crossing. ThHugis noncrossing.

Having shown tha€ is noncrossing and converges@basé goes to 0, all that remains is to show that
As, the corresponding annotations, convergd'toBecaus€C, A) is well annotated, Lemnfd 1 implies each
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annotation inA; for pairs of bars not sharing a corridor segment convergésetoorresponding annotation
in A’”. By Lemmdl(B), the bard; for pairs of bars sharing a corridor segment have accuroulg@iints at
+ the corresponding annotationsArl. But the offsets for bars in the corridors were chosen pefciso the
signs of the annotations in; matched the signs of annotations4n Thus, the annotations converge4t
Taking any sequence 68 that converges to zero, we conclude thar) C E(L). O

Lemma?7 E(L) C C(L).

Proof: Take any extended noncrossing configuratiar:) € E(L); we need to prove that, a) is macro-
scopically noncrossing, well-annotated, well-orderetj eicroscopically noncrossing. Léty,ax) be a
sequence of nontouching configurations of some exten8iasf £ that converges to an extensio, a’)

of (¢,a). The macroscopic noncrossing condition is easily met tsdioe configurations in which bars
have a strict crossing form an open set, so that a limit of aumtting configurations cannot have a strict
crossing. The well-annotated condition follows immediafeom Lemmalll(B) and the continuity drd
over non-interior-intersecting edges.

To prove the well-ordered and microscopically noncrossiogditions, we draw small circles around
each vertex location. Takesmall enough that, ief, the circle of radiustd drawn around a vertex location
does not contain any other vertex locations, and does rexsigxit any edges that are not inbounds to the
vertex location. For somiy and allk > kg, each vertex is less thanaway from its final location, so each
bar with nonzero length in’ crosses the circles corresponding to its endpoints, artl lecwith length
0 in ¢ is contained within the circle that is common to both its emdfs. Furthermore, for son¥e and
all & > k;, annotations im;, that have nonzero limits have strictly the same sign as.itHenceforth, we
assume that > ko, k1.

Suppose; is an edge connecting vertex locatighto vertex location. LetC, be the circle centered at
v with radius2éd. Thene; intersects”,, somewhere between vertexandv’. We define the angle; ;, to be
the angle from a reference direction to this intersectiamvbene; andC,. Without loss of generality, we
may assume the reference direction is o, c; ;. for any bar entering any vertex location4h Then
because fok sufficiently largee; ande; , there existg, such that iflimy, . o; > limy_.o a; 1, then for
all k > ko, o ), > o ;.. Henceforth, we assume thiat> ;.

We now define the necessary well-ordering. We s8ayt(E,e;) = Ent(E,e;) if for all sufficiently
largek, a; j, > o . This is a well-ordering on inbounds affor k£ > k;. Setf; = limj_. o ;. Inbound
edgese; ande; share the same entrangeat v if and only if 6; = 6;.

If 0; > 0;, then sincdimy, .o o; ), = 0; > 0; = limy_. o 1, for all sufficiently largek, a; 1, > a; k.,
and thus the well-ordering condition is satisfied in thisecas

If inbound edges; ande; share a common entrance, thertithey overlap. The annotations now give
the relationship betweer} ande; in ¢;. Assumee; is oriented fromw towardsy’, andOrd(e;, e;) > 0in
¢ (the other cases are symmetric). Then for sufficiently large c;, Ord(e;, e;) > 0. Since inc, e; and
e; are nontouching, it follows from the fact that ;, — «; , goes to zero a8 — oo thato;, > o for
sufficiently largek. This completes the proof of the well-ordering condition.

Consider now the portion of the linkage in configuratignwhich is contained insid€’,. This portion
of the linkage must be a planar graph, simgas noncrossing. Two intersection points of bars withare
connected by this graph if and only if the corresponding umtats are directly connected. Given that the
order of the intersection points aroutity matches the order of the inboundsutahe fact that the graph is
planar is precisely the microscopic noncrossing condition

ThusE(L) C C(L). O

Theorenf? now follows immediately from Lemnids 4 &hd 7 anddlethatl is a (trivial) extension of
L.

5 The Generalized Carpenter’'s Rule Theorem

The Carpenter’'s Rule Theorem says that any nontouchinggroafion of an open or closed chain linkage
can be convexified through a continuous motion [CODRD3[[@trtn this section, we use our definition of
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a noncrossing linkage to extend the Carpenter’s Rule Thetwell noncrossing linkages. That is, we shall
show that wherC is an open chain linkage4(£) is connected.

One might hope to showA(L) is connected for closed chains. Such a result is not truege dine
configuration space for a closed chain may have two connematponents, one that turns clockwise,
and one that turns counter-clockwise. We instead generaljzshowing that any connected component
of the noncrossing configuration space contains a conneciagponent of the corresponding nontouching
configuration space. To express this concept, we use ttuavialy definition:

Definition 16 We say that a semi-algebraic sdtpath-expands semi-algebraic subsé® if every con-
nected component of contains a connected componentif

We will implicity use in the following discussion that corsted components of semi-algebraic sets are
path-connected and semi-algebraic [BCR98, Propositisri3].

Lemma8 If £ is a chain linkage andNConfy(£) # 0, ande > 0, then NConf. (L) path-expands
NConf(L)

Proof: Each configuratior of a chain linkage has a corresponding canonical configuratror an open
chain, it is the straight configuration; for a closed chaiiis the configuration where the vertices are con-
cyclic, turning in the same direction a5

For anyC' € NConf. (L), C'is connected to its canonical configuration by the nontmgiBarpenter’s
Rule Theorem. Thus, if we can sh@Ws canonical configuration is connected to an elemeN@énf(L),
it will follow that NConf, (L) path-expand®Confy(L).

Fix a vertex location and an edge direction from that vertexfdctor out translations and rotations).
Then there is a unique map sending each configura&tiehNConf.(£) to a corresponding canonical con-
figurationC’ € NConfy(L£) turning in the same direction. By linearly interpolatinguseen the canonical
configuration forC' andC’, we obtain a path between the twoGlnf.(L£). Since at the endpoints of the
path, each vertex is in convex position, the vertices renratonvex position along the path, so that the
path is contained entirely iNConf.(£). Thus the canonical configuration foris in the same connected
component ag’ € NConf( (L), as desired. O

Lemma 9 Suppose a linkagg€ is connected, and there exist$ a> 0 such that for alle < §, NConf.(£)
path-expand®NConf,(L). ThenA(L) path-expandsinnot,(NConfy(L)).

Proof: This lemma is trivially true if for some > 0, NConf.(L£) is empty, in which casel(L) is also
empty. In the rest of this proof, we assume that this is nottse.

Supposen > 1/§ (so thatd < 1/n < §). Since the annotation function is continuous on nontouch-
ing configurations, andNConf,,,(£) path-expandsNConfo(£), Annot.(NConf,,, (L)) path-expands
Annot,(NConfy(L£)). Itfollows that the topological closuténnot . (NConf, /, (£)) of Annot(NConf, ,,(L))
path-expandg\nnot . (NConf( (L)), since the closure of a connected set is connected.

LetY;,...,Y, be the connected componentsfainot . (NConfy(L£)) (semi-algebraic sets always have
finitely many connected components). Sidcenot(NConf, /,(£)) path-expandg\nnot . (NConfq (L)),

each connected componentfinot,(NConf, ,(£)) contains one of th&;. Thus, we can write

Annotz(NConf /,, (L)) = U Xin
j=1

whereX; ,, is the connected component&finot . (NConf, /,(£)) containingY;. For a givem, two differ-

entX; ,, are either disjoint or equal. Further, sinkenot,(NConf /;,4.1)(£)) C Annot(NConf, /, (L)),
Xjn+1 C Xjn. By LemmeB,

AL) = ﬂ Annot,(NConf, /,, (L)) = m U Xjn = U ﬂ Xin

n=1 n=1j =1 j=1ln=1
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where we can commute the intersection and union becausadbrjethe X ,, are a descending sequence.
Now, N 2, X, containsy;, since eactX; ,, does. Thus to prove our lemma, it suffices to sfiQifi_ ; X; ,,
is connected.

Notice that theX; ,, C Annot.(NConf,/, £) are nonempty sets invariant under translation. By fac-
toring out the translations via the choice of a point to platthe origin, we can writé; , = R? x K ,,
whereKj ,, is nonempty, closed, and connected. Further, sihe®connected, and our bars have bounded
length, K ,, is bounded irR" for N = |V| + |E|* — 2. It follows thatK; ,, is compact. Thu§)>® | K ,,
is the intersection of a descending sequence of nonemptypact, connected sets, and thus is a nonempty
compact, connected set. Thus

[e.e] [e.e] [ee]
() Xjm= (VR x Kjn=R*>x [ Kjn
n=1 n=1 n=1

is the product of connected sets, and hence connected. AL = J;_, N,2; X;» is @ union of

connected sets, each containing a connected componeniaft(NConfy (L)), so A(L) path-expands
Annot,(NConfy(L)), as desired. O

We are now ready for our main theorem.

Theorem 3 (Generalized Carpenter’s Rule Theorem)For any open chain linkag€, A(L) is connected.
For any closed chain linkag€, A(L) has at most two connected components.

Proof: Supposé&NConfy(L) # (. By the Carpenter’s Rule TheoredNConf( (L) has one connected com-
ponent if £ is an open chain, and at most twadfis a closed chains. Applying Lemmis 8, dihd 9, we see
that A(£) also has this property.

If NConfy(L£) = 0, thenL must be a closed chain. If for some> 0, NConf. (L) is empty, then
A(L) C NConf.(L£) is empty, and so there are no connected components. Theniagaase is that
has no nontouching configurations, but for any 0, there ares-related linkages t& with nontouching
configurations. This happens precisely wikis a closed chain where one edge is equal in length to the sum
of all the others, as in Figufé 2. Su¢hhave at most two noncrossing configurations (related byatédte),
and thus at most two connected components. O

6 Strictly Slender Polygonal Adornments

In [CDD™04], it is shown that chains witelender adornmentsatisfy an
analogue of the Carpenter’'s Rule Theorem: every such op&in can be
straightened and every such closed chain can be convexifiluis section,
we show that strictly slender polygonal adornments of opeins satisfy a
version of the self-touching Carpenter’s Rule Theorem.

Definition 17 A polygonal adornmenf? is a compact, simply connecteéjtic‘?:IUIre d7: " A pqt%/gor;a_l%
polygonal region, together with BaseB, which is a distinguished line seg2d0Med chain  With strictly
. . . . . slender adornments.

ment connecting two of its boundary points and containel.in

Aninward normabf a polygonal adornment is a ra¥ perpendicular to the boundary of the adornment
starting from a pointz € R\ B such thatR contains a neighborhood afin X.

A polygonal adornment istrictly slenderif every inward normal intersects the relative interior ¢f i
base.

A polygonally adorned chaiis set of polygonal adornments the bases of which form a chain

See Figur&l7 for an example.
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We can model a polygonally adorned linkages a linkageZ’ by replacing each polygonal adornment
with a linkage triangulating it. This modeling is faithfukbause (1) any triangulation is rigid and (2)
if two regions were to move from a nonoverlapping configomatio an overlapping one, the bars in the
corresponding linkage defined by their boundaries woule awross. We can thus reuse the topological
machinery of Lemm@l9 while replacing Lemida 8 with an analoigudinkages obtained by triangulating
an open chain adorned by strictly slender polygonal adontsne

Lemma 10 SupposeL is a linkage obtained by triangulating an open chain adoridstrictly slender
polygonal adornments. Then there exists séme 0 such that for alle < §, any linkages-related to. is
strictly slender.

Proof: The property of being strictly slender is an open conditiarttee edge lengths af, and thus there
exists a neighborhood df that is contained in the set of strictly slender linkages. O

Lemma 11 SupposeL is a linkage obtained by triangulating an open chain adortgdstrictly slender
polygonal adornments. Then for some- 0, NConf. (L) path-expand®NConf (L) for all £ < 6.

Proof: Our argument follows the paradigm of Lemfda 8. The canonioafigurations are those in which
the chain is straight (if the chain hasadornments, there are potentialy such canonical configurations,
determined by the choices of reflection for each adornmeriius, each configuration af has a corre-
sponding canonical configuration.

Supposes < 4, for thed defined in Lemm&30. Then for ay € NConf. (L), C is connected to its
canonical configuration by Theorem 8 bf [CDDE]. Thus, if we can show's canonical configuration is
connected to an element NiConf, £, it will follow that NConf, (L) path-expand®Conf,(L).

Since we have an open chain, there is a path linearly intatipgl between the canonical configuration
for C' and the corresponding canonical configuratiomNilonf,(£). This path is contained entirely in
NConf. (L), since two different slender adornments with bases ingitaionfiguration never touch except
at the endpoints of the bases, and within each triangulatedhenent, for sufficiently smadl there will be no
crossings. Thus the canonical configurationdbis in the same connected componen€és NConfy(L),
as desired. O

Theorem 4 SupposeL is a linkage obtained by triangulating an open chain adortgdstrictly slender
polygonal adornments. Then any configuratiordifC) can straighten its base.

Proof: The result follows from Lemmdd 9 aidl11, since any conneatetponent ofNConf( (L) contains
a configuration in which its base is straight by [CDOE]. d

TheorenT# may be somewhat unsatisfying in that it has a nuwstrictions on its applicability:
“strictly slender”, “polygonal”, and “open chain”, in patlar. Closed chains are more complex be-
cause |[CDD 0€] leaves open whether all convex configurations of clos#atreed chains are reachable
from each other. One should be able to handle arbitrantlgtslender adornments via a limit of polygonal
adornment approximations.

The strictly slender restriction, however, seems funddedém our argument, because Lemima 10 is false
if one replaces “strictly slender” with “slender”. For expl®, consider a linkagé obtained by triangulating
a slender adornment which has 3 colinear vertices on itsssohwll. The for any > 0, there are linkages
e-related toL that are not slender (one needs only shift the middle of theli@ear vertices inwards a bit

while keeping the other vertices in place).

7 Extensions of the Definition Methodology

In this section, we outline how our methodology for definietf-souching configurations could be extended
to other types of objects. The definitions suggested in #6san are preliminary.
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7.1 Polygonal Assemblies and Rigid Origami

A polygonal assemblis a set of polygons in 3-space and a relation indicating wpiglygonal edges are
attached together. Polygonal assemblies arise in the sfudyid origami, where the edges correspond to
creases.

Polygonal assemblies are a natural generalization of Aagjes to 3D. Edges are replaced by polygons,
and vertices are replaced by edges. We can d€fink P, P») as the area of the projection &% onto P,
signed by which side of?; P, is on, in direct analogy with the linkage definition. With ghilefinition
of Ord, we can extend universal reconfigurability results for Engertex rigid origami[ISWQ5] to self-
touching configurations (i.e., those in which two sheetdalded flat against each other). As in the case of
Slender Adornments, we can only prove universal reconfimlitsafor self-touching configurations that are
in an open subset of all configurations, in this case thosediavex cones.

7.2 3D Linkages

It does not seem possible to model 3D linkages with our metlogy. The difficulty is that the codimension
of object elements is 2 for 3D linkages (compared with 1 forl2Rages and polygonal assemblies). Con-
sequently, there is a continuum of ways in which two bars cesmlap (each relative direction is possible),
and thus it seems no function has the necessary continaipepies to define the annotations.

7.3 Paper

Paper is a much more interesting challenge for our definiti@thodology than linkages or polygonal as-
semblies. Indeed, paper has an infinite-dimensional cawafligm space, so we have to worry about the right
topology to use. Moreover, with paper, the individually rable pieces are infinitesimally small, so an order
function that is zero when it is not directly above or belowiecp would be zero everywhere.

We work with a unit-sizex-dimensional closed sheet of pape(iry1)-dimensional space. A (possibly
self-crossing) configuration of orderof a sheet of paper is represented by a mapyifigm [0, 1] to R+,
The orderk of the configuration indicates the regularity of the mappifignust be piecewis€* except
along a finite set o€* hyper-surfaces of finite hyper-area. To avoid stretchimgpifper,f must also be an
isomorphism, i.e., wherever it is defined, its Jacobian rhasin orthogonal projection of ramk

A nontouching configuration is simply a configuration for aHif is injective. We now consider an
example order function; this is preliminary work.

7.3.1 “Distance with Obstacles” Order Function

First we consider the following order function that maps fwaints on the paper to a real number:
Ord(a,b) = dy(a4,b) — dy(a—,b),

whered, (a4, b) is the infinum of the lengths of the paths that start from thsitp@ side of the paper at
and end ab without crossing the paper. This function is nice becauisecibntinuous when the configuration
is varied in a nontouching way, and when the two poingdb converge towards each other in a sequence
of nontouching configurations, the order function convergea limit that depends on the side of the paper
from which b converges ta.. The annotation function is produced by applying the ordeiction to each
pair of points on the paper. This defines a set of annotatetbnoming configurations.

Before we can define noncrossing configurations, we neecttifg@a distance function that will define
the topology we are using when taking limits. We define thigtogy over all functions likef, except that
we do not impose the isomorphism constraint. The distantvedss f andg is defined by:

d(f,9) = max(sup |f(z) — g(z)[, sup|Df(x) = Dyg(x)ll, sup|Ord(f(z),f(y)) —Ord(g(x),9(y))[)

wherez andy are in[0, 1] andD(x) is the Jacobian of aroundz divided by the norm of the second order
derivative off aroundz. Essentiallyd is the supremum norm applied to the functions, their devigatand
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their annotations, except that the derivatives are scaledfactor inversely proportional to the second order
derivative of each function around that point (multiplied Zero at crease points). Without this scaling,
points that should converge near creases would cause geneer problents.

We can now define a noncrossing configuration as a limit of &@d noncrossing configurations for
which the isometry constraint has been dropped. We drogstiraetry constraint to ensure that we do not
miss any self-touching configurations.

The order function we have chosen is somewhat tedious to withkbecause of its global nature. It
would be nice to find a definition of the order function thatyodepends ory in a neighborhood of the
points to which it is being applied. This is a difficult taskchese the paper can have very small features, so
there is no canonical neighborhood size to take. One ptigsitmight be to pick the largest neighborhood
over whichf behaves “nicely”. This is all left for future work.

7.4 Conclusion

In this paper, we have introduced a new topological defimitibself-touching 2D linkages. It is equivalent
to the previously proposed definition, but is easier to woithwWe showed how to use it to extend the
carpenter’s rule theorem to self-touching linkages.

This result demonstrates the advantages of our topolodédadition over the previously proposed com-
binatorial definition. The underlying topological methdatyy can be used to define the self-touching config-
urations of other classes of codimension 1 self-touchirjgaté such as Origami and polygonal assemblies
in terms of their nontouching configurations. Objects wittbdimension of 2 or more seem more difficult
to characterize.
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