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Abstract
This paper proposes a new multinomial choice model which explicitly takes into account variation
in choice sets across observations. The proposed varying choice set logit (VCL) model relaxes the
independence of irrelevant alternatives assumption by allowing the individual random utility function
to directly depend on choice set types, and can be applied to a variety of data in which some individuals can only choose from a subset of the theoretically possible responses. Both frequentist and
Bayesian simulation-based estimation procedures are developed using the Monte Carlo expectationmaximization algorithm and Markov chain Monte Carlo, respectively. The proposed model can be
used to analyze survey data in partially contested multiparty elections in which some political parties
do not run their candidates in every district. For illustration, I apply the proposed method to the 1996
Japanese general election, where none of the districts was contested by all of the six major parties.
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Introduction

This paper proposes a new multinomial choice model which explicitly takes into account variation in
choice sets across observations. The proposed model can be applied to various situations where some
individuals in the sample can only choose from subsets of the responses that are theoretically possible.
Such situations include, for example, vote choice in multiparty elections where some parties do not run
their candidates in every district, transportation mode choice for commuters who may lack access to
public transportation, and consumer choice when products may be unavailable in some local markets.
The model thus makes it possible to analyze these complex data more accurately than standard models
of discrete choice, which often implicitly assume that all choices are available to every observation.
Traditionally, multinomial responses have been analyzed using the multinomial logit model (MNL,
also called the conditional logit model), which was popularized by McFadden (1973). Since his seminal work, numerous empirical studies have been conducted using MNL to analyze various aspects of
human behavior, such as the choice of transportation mode (McFadden, 1974), consumer brand choice
(Guadagni and Little, 1983), coalition government formation (Martin and Stevenson, 2001), public opinion on policy issues (Branton and Jones, 2005), and voting (Whitten and Palmer, 1996). This approach,
however, has been criticized because of its restrictive assumption. Namely, the model implicitly makes
the independence of irrelevant alternatives (IIA) assumption, which implies that the relative probability
of choosing one alternative instead of another does not depend on whether and what other alternatives
are also available.
The IIA assumption is especially problematic when the alternative missing from an individual’s
choice set is a substitute of another alternative for this individual. For example, suppose a voter faces
a choice between two candidates: the incumbent from the government party and a challenger from the
main opposition party. Assume further that this voter equally likes the two candidates, so that she will
vote for either candidate with equal probability. Now, if another candidate — a challenger with the
same party affiliation and very similar characteristics to the existing challenger — is added to the race,
will the voter still choose between the original two candidates with equal probability? Because the two
challengers are close substitutes for this voter, it is natural to expect that the new candidate will take her
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vote from the challenger with higher probability. However, the IIA assumption implies this probability
to be equal, so that the relative chance of winning between the original two candidates is assumed to
remain unchanged. Applying the standard MNL to this situation will thus produce biased estimates of
the predicted probabilities. In general, many instances of IIA violations similar to this simple example
can occur in a wide variety of applications.
In this paper, I propose a solution to this problem which focuses on the actual variation in choice sets
that are present in data. As shown formally in Section 4.1, the proposed varying choice set logit (VCL)
model relaxes IIA by allowing regression coefficients to vary across the groups of individuals defined
by the alternatives available in their actual choice sets. This means that, even for two individuals who
are identical in terms of predictors, the predicted probabilities can still differ if they face different choice
sets.
A key difference between VCL and standard multinomial choice models is that the former explicitly
incorporates the information about varying choice sets while other models do not. As described in
Section 4.2 and in Supporting Information (SI), VCL is a generalization of the standard MNL, while it
is also a particular type of the mixed logit model (MXL; Train, McFadden and Ben-Akiva, 1987; Bhat,
1998; Train, 1998). Unlike the standard MXL, however, VCL produces a set of estimated coefficients
for each choice set type as opposed to each individual, implying efficiency gain. At the same time,
VCL will still produce consistent estimates of the predicted probabilities because various types of IIA
violation can be taken into account by VCL’s group-level parameters. Finally, VCL also differs from the
multinomial probit model (MNP; Hausman and Wise, 1978), another popular option for relaxing IIA,
in that the systematic component of the VCL model is allowed to vary across choice set types unlike
MNP. In Section 5, I propose two Monte Carlo-based methods for fitting VCL, Monte Carlo expectation
maximization (MCEM) and Markov chain Monte Carlo (MCMC) algorithms, the latter of which is
illustrated with Japanese election survey data in Section 6.
The proposed method is applicable to various multinomial response data which involve varying
choice sets. In political science, it is particularly useful for analyzing survey data in partially contested
multiparty elections. The next two sections discuss why it is substantively important to explicitly deal
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with varying choice sets generally in such elections (Section 2), and particularly in the context of the
Japanese election example (Section 3).

2

Partially Contested Multiparty Elections

Multiparty systems vary in terms of how citizens are organized into constituencies for electing representatives. In countries like the Netherlands and Israel, voters choose one freely from the entire list of
political parties. However, in many other systems where the electorate is divided into multiple districts,
parties may not run their candidates in some districts because they lack a local organizational basis or
they simply want to avoid wasting resources on impossible-to-win races. Voters in such partially contested districts are thus ex ante precluded from choosing certain parties at the ballot box regardless of
their preferences.
The standard MNL is clearly less than ideal for modeling such elections, because partially contested
districts are likely to be systematically different from fully contested districts. Moreover, difference in
the set of available parties is likely to affect the way people vote by changing local electoral contexts.
For example, consider a district where the main competitors for the office are two candidates from a
conservative government party and an equally conservative opposition party. Because the two candidates
are not clearly distinguishable in terms of their ideology, we may expect that voters in such a district will
base their decisions on how they evaluate the performance of the current government. On the other hand,
in districts where no government party candidate is available, people may instead vote based on their
ideological proximity to the candidates. Such difference will not only lead to the violation of IIA, but
also imply heterogeneity in the predictive powers of explanatory variables across different combinations
of locally available parties.
In addition, it has been suggested that people may switch among different modes of voting behavior
depending on the situation they are faced with (Iversen, 1994; Lewis and King, 1999; Claassen, 2009).
For example, people may choose to vote for their less preferred candidate because their first choice has
little chance of winning in the district (Duverger, 1954). Alternatively, people may vote for a candidate
representing more extreme ideology than their true preference, in the hope that electing such a candidate
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will tip the balance of the legislature or coalition government in their preferred direction (Kedar, 2005).
A voter mixing these different types of voting behavior may for example cast a proximity vote only when
a party sufficiently close to her own position is available in her own choice set. Clearly, such a possibility
represents an additional source of IIA violation.
The IIA assumption can be violated not only due to these micro-level mechanisms but also because
of macro-level dynamics. For example, coalition politics in multiparty systems often entails dynamism
which implies the violation of IIA. For example, parties that are coalition partners often negotiate prior to
an election and coordinate on a candidate, with one of the two parties officially endorsing the candidate
and the other providing informal support to the candidate within the district.1 In this case, supporters of
the latter party have an additional reason to prefer the first party to other running parties, compared to
the hypothetical situation where both parties in the coalition had chosen to run. Thus, the IIA assumption is violated, and ignoring the dependence of voters’ preferences on choice sets will lead to biased
predictions.
In the field of comparative electoral studies, multinomial response models have long been a standard method to analyze voters’ choice among multiple political parties. Early analyses typically used
MNL and ignored possible violation of IIA (e.g. Whitten and Palmer, 1996). More recently, however,
scholars started to pay closer attention to the possibility of IIA violation. In their well-known article,
Alvarez and Nagler (1995) used the multinomial probit model (MNP) to analyze the 1992 U.S. presidential election. Unlike MNL, MNP does not assume IIA and thus can be more useful for analyzing
substitution patterns, such as how Perot supporters would have voted had only Bush and Clinton run in
the election.2 An alternative approach has been to use MXL, which not only relaxes IIA but also allows
the systematic component of the utility function to vary across voters (Glasgow, 2001). However, as I
discuss in Section 4.2, neither MNP nor MXL is ideal for the analysis of partially contested multiparty
elections, because they do not utilize the information about how IIA is violated, which is often a quantity
1

Evidence of interparty electoral cooperation has been documented in many multiparty systems, including Chile (Rahat
and Sznajder, 1998), Estonia (Laitin, 1994), France (Schrijver, 2004), Italy (Cox and Schoppa, 2002), Japan (Christensen,
2000), and Uganda (Bogaards, 2003).
2
Because of its flexibility (and the increasing availability of needed computational power), many studies have since used
MNP to analyze multiparty elections (e.g. Schofield, Martin, Quinn and Whitford, 1998; Alvarez and Nagler, 1998, 2000;
Alvarez, Nagler and Bowler, 2000; Alvarez, Boehmke and Nagler, 2006).
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of interest, that is contained in the actual variation in choice sets.
The current paper is hardly the first to point out the problem of varying choice sets in the literature
of multiparty elections. In their seminal paper, Katz and King (1999) developed a statistical model
for aggregate election results which explicitly considers the existence of partially contested districts.
Their model was subsequently further investigated and modified by other scholars (Jackson, 2002; Tomz,
Tucker and Wittenberg, 2002; Honaker, Katz and King, 2002). In this closely related literature, the
outcome to be modeled is district party vote shares instead of individual vote choices, so that multinomial
response models are unsuitable. The current paper contributes to the study of partially contested elections
by offering a statistical model that can be applied to individual-level survey data.

3

Application: The 1996 Japanese General Election

The 1996 Japanese House of Representatives election represented a watershed in the Japanese postwar
electoral history in several respects. It was the first national election since the Liberal Democratic Party
(LDP) regained its status as a government party after the landslide loss in the 1993 election. The election
was also the first since the introduction of the new mixed-member electoral system, which replaced the
old system of single non-transferable vote (SNTV). Scholars were particularly interested in whether the
new system has made the personal vote (Cain, Ferejohn and Fiorina, 1987) less important in Japan. The
old SNTV system provided LDP politicians with incentives to cultivate a personal vote, because the system forced them to compete with other candidates belonging to their own party (Carey and Shugart, 1995;
Cox, 1997). This shifted the locus of Japanese political competition to inside of LDP and marginalized
opposition parties (Reed, 1994).
Naturally, some argue that the 1996 election were less personalistic because of the new system (Hirano, 2006). In the new single-member districts (SMDs), personal electoral organization (known as
kōenkai) alone might no longer be sufficient for candidates to pass the threshold for election, providing them with additional incentives to seek support from broader party base. At the same time, party
labels might become more meaningful in voters’ decision making since parties no longer ran multiple
candidates in a single district. Others, however, argue that the level of personal voting was largely un-
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changed even after the electoral reform because of the persistence of the institutional and cultural legacy
developed under the old system (e.g. Krauss and Pekkanen, 2004; McKean and Scheiner, 2000).
The political instability surrounding the 1996 election produced an unusually complex pattern of
party competition. Approximately a month prior to the election, 55 members of the National Diet left
the two junior coalition member parties (Social Democratic Party [SDP] and New Party Sakigake [SKG])
and formed a new party called the Democratic Party of Japan (DPJ). As a result, the election was mainly
fought among the three government parties (LDP, SDP and SKG), DPJ, and the two other opposition
parties (the New Frontier Party [NFP] and the Japan Communist Party [JCP]).
Strikingly, all of the three-hundred SMDs were only partially contested in the 1996 election. As
shown in Table 1, no party except JCP was able to run their candidates in every district. For example,
even LDP, the largest government party at the time of the election, was missing from four out of the 174
SMDs in the survey data (see Section 6.1). The main opposition party NFP failed to run their candidates
in more than 20 percent of these districts (36 out of 174). The third largest party DPJ was missing from
as many as about 48 percent of the districts (83 out of 174). As a consequence, only just above 40 percent
of the seats (71 out of 174) were contested with all these three parties participating. This is remarkable
since LDP, NFP and DPJ were widely regarded as the three main players in the election.
One possible approach to this complex data structure is to classify the six parties into the government
and opposition camps and simplify the problem into a binary outcome model.3 However, this approach
is problematic because the parties that composed each camp were quite different from one another. Both
the government and opposition were in fact ideologically split: The government coalition contained the
former long-time rivals LDP and SDP, while the opposition camp included conservatives (NFP), the
center left (DPJ), and a left-wing protest party (JCP). Moreover, the political roles they were generally
expected to play by the public and media were also remarkably different. While NFP was clearly considered the main opposition party, DPJ was widely regarded as the third alternative which could play a
pivotal role in the post-election interparty bargaining. Treating these alternatives as one category is thus
likely to produce rather misleading inferences.
3

Steel (2003) used a similar approach of treating all non-LDP parties as one category and applied the binomial probit
model.
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Choice Set Type
A
B
C
D
E
F
G
H
I
J
K
Total

LDP
X
X
X
X
X
X
X
X

NFP
X
X
X
X
X

Party
DPJ SDP
X
X
X
X

SKG

X
X
X

X
X
X

X
X
X

JCP Ndist
X
8
X
63
X
10
X
2
X
50
X
19
X
4
X
13
X
1
X
1
X
3
174

Nobs
80
630
96
26
429
157
36
107
19
11
24
1615

Table 1: Variation in the Choice Sets of Candidates in the 1996 Japanese General Election. The table
summarizes the number of single member districts in the dataset (Ndist ) and the number of survey respondents voted in those districts who are included in the analysis in Section 6 (Nobs ) for each combination
of the major parties that actually ran candidates.
A natural alternative is to use a standard multinomial response model, such as MNL, MXL or MNP.
However, as I discuss in Section 4.2, these models are less than desirable when the IIA assumption
is implausible and there exists actual variation in choice sets in the observed data. The 1996 election
clearly represents a case where IIA is problematic, as ample anecdotal evidence suggests the existence
of electoral cooperation (senkyo kyōryoku; Christensen, 2000) among the three parties comprising the
government coalition. In the next section, I propose a new multinomial response model more suitable
for the analysis of this difficult but interesting case.

4

The Proposed Model

In this section, I describe the proposed VCL model and its main properties. I also compare it with other
standard multinomial response models, including MNL, MXL and MNP.

4.1

The Varying Choice Set Logit Model

Consider a sample of N individual observations, which are randomly drawn from the population of
interest. Suppose that individual i faces a choice among a finite number of alternatives. I consider
7

the situation where there exist a total of J alternatives in the population but only a subset of these J
alternatives are actually available to each individual. Let Ri denote this choice set, and R the set of the
unique choice sets that are present in the sample. For example, if there are three voters, of whom two are
choosing between parties 1 and 2 and the other is choosing between parties 1 and 3, then N = 3, J = 3,
R1 = R2 = {1, 2}, R3 = {1, 3}, and R = {{1, 2}, {1, 3}}.4
To simplify the notation, I define the choice set type indicator m ∈ {1, ..., M } where M = |R|, such
that each integer from 1 to M corresponds to a unique element of R. Because each individual observation
belongs to a single choice set type, m can be thought of as a group indicator. I use Nm to denote the size
P
of group m, or the number of observations that has choice set type m. Clearly, N = m Nm . I will use
Sm to denote the set of alternatives that corresponds to type m and denote the number of elements in Sm
by Jm . This implies that every individual who belongs to type m can only choose from the alternatives
in choice set Sm .
Now I define a random utility model for individual choice behavior with varying choice sets. Let
∗
yijm
be the latent utility that individual i (who has choice set type m) receives when choosing al∗
ternative j. I assume that yijm
can be written as a function of P covariates including an intercept,
P −1
1
x>
ij = [1, xij , ..., xij ], and an error term εij which captures the factors that are not included in xij . That

is,

∗
>
yijm
= x>
ij α + zij βm + εij ,

(1)

where zij is a Q-dimensional vector composed of the subset of the covariates comprising xij . Equation (1) says that the utility that voter i obtains from voting for party j can be expressed as the sum of
>
the systematic component, x>
ij α + zij βm , and stochastic component, εij .

The coefficient vector of xij , α, represents the mean (or “fixed”) effect of each element of xij that
is invariant across observations. The coefficient of zij , βm , varies across choice set types (hence the
subscript m) and represents the deviation from the mean effect of each element of zij . For now, I as4

Note that this notation also covers the case in which some individuals can choose from the entire choice set {1, ..., J}
because a set is a subset of itself.
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sume that βm is independently and identically distributed and has the Q-dimensional multivariate normal
distribution with mean zero and the covariance matrix Σ. That is,

βm | X ∼ NQ (0, Σ),

(2)

where X is the predictor matrix. Because zij is composed of a subset of xij , zij can be viewed as the set
∗
are allowed to vary across choice set types. Because βm has its own
of covariates whose effects on yijm

probability distribution, it is conventionally called the “random” effects, and equation (1) can be called
the linear utility with random coefficients or “mixed” effects.5
An alternative approach for modeling choice set variation is to use dummy variables indicating choice
sets and their interaction terms with other covariates instead of random coefficients as in equation (2).
Such a model will produce separate estimates of both coefficients and choice probabilities for each
choice set type, and it is thus a flexible approach. A similar possible approach is to fit MNL separately
for each choice set type, as suggested by Tomz, Tucker and Wittenberg (2002). However, these simple
alternatives run into a problem for data like those in Table 1, which contains many “rare” choice set
types. Estimators based on partial pooling of information across groups (Gelman and Hill, 2007) like
VCL are likely to perform better and therefore preferable in such situations.
In random utility models, the latent utility is mapped to individual choice as follows,

 ∗
∗
0
yijm = 1 yijm
> yijm
,
0 for all j ∈ Sm \ {j}

(3)

where 1{·} denotes the indicator function and yijm ∈ {0, 1} is the choice indicator representing whether
individual i (in group m) chose alternative j. In words, equation (3) implies that voter i chooses party j
when the utility of doing so exceeds the utility she would receive from choosing any other party in the
set of parties from which she can actually choose. Note that, like other multinomial response models,
VCL can accommodate both individual-specific covariates and choice-varying covariates. In the context
5

As in many random coefficient models, the proposed model can be further extended by assuming a different distribution
for βm or modeling the coefficients with another set of covariates. In the latter case, the model becomes a multi-level model
which can be estimated with a Bayesian MCMC method (see Section 5.2).
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of multiparty elections, the former may include demographic characteristics of survey respondents (e.g.,
age, gender) and the latter may be candidate characteristics (e.g., incumbency, past office experience).

6

Now, assume that εij is independently and identically distributed with the type-I extreme value distribution. Using the result of McFadden (1973), it can be shown that this assumption implies the following
choice probability conditional on the mth choice set,
>
exp(x>
ij α + zij βm )
.
>
>
k∈Sm exp(xik α + zik βm )

Rijm = Pr(yijm = 1 | X, α, βm ) = P

(4)

In words, equation (4) shows that, once given the value of random coefficients βm , the probability that
voter i chooses party j from her choice set Sm is equal to the relative magnitude of the systematic
component of the latent utility which she receives by voting for party j.
From this, it is straightforward to derive the unconditional choice probability Pij ,

Pij = Pr(yijm = 1 | X, Z, α, Σ)
Z
>
exp(x>
ij α + zij βm )
P
=
φQ (βm | Σ)dβm ,
>
>
k∈Sm exp(xik α + zik βm )

(5)

where φQ (· | Σ) represents the density function of NQ (0, Σ). According to Equation (5), the probability
that voter i will choose party j from her actual choice set Sm is equal to the average of equation (4)
weighted by the distribution of the random coefficients βm . Thus, like MXL, VCL can be seen as a
mixture of “logits” where the mixing distribution is multivariate normal (see Section 4.2). The likelihood
function for the sample of size N can then be written as,

L(y | X, Z, α, Σ) =

M Y
Nm Y
Y

{Pij }yijm ,

(6)

m=1 i=1 j∈Sm

which explicitly contains varying choice sets unlike the common representation of the likelihood for a
standard multinomial response model.
6

To simplify the exposition, I implicitly assumed in equations (1) and (2) that the covariates do not include individualspecific covariates. All subsequent discussion in this paper will remain substantively valid even without this simplification.
See Section A of SI for full details about the notational framework for VCL.
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The primary advantage of VCL lies in the convenient property that it relaxes the IIA assumption in
a “minimal” fashion. That is, the model contains complexity just sufficient to allow for a systematic
variation of relative choice probabilities across choice sets. This can be seen by showing that under
VCL, the (local) odds ratio of choosing alternative j against k between two choice set types is a loglinear function of the random coefficients. That is,

OR(j, k, m, m0 ) ≡

Rijm /Rikm
= exp{(zij − zik )> (βm − βm0 )},
Rijm0 /Rikm0

(7)

which implies that βm can be interpreted as a parameter capturing the interactive effect between covariates and choice sets. For example, suppose zij is a binary variable indicating whether party j belongs
to the coalition government. The value of βm then represents how much larger (or smaller) the effect of
being a government party on the vote share is in districts with choice set type m than its average effect
across all choice sets, on the log odds ratio scale.
Once the mixing distribution (Σ) and the fixed coefficients in the logits (α) are estimated, one can
obtain predicted choice probabilities by simulating the outcomes based on equation (5). However, an
important advantage of VCL is that it can produce other quantities of interest which are directly related
to choice set variation. First, one may be interested in how the effects of covariates differ depending on
the available choice set. For example, it may be expected that voters’ view of government performance
plays a larger role when deciding between candidates from the government party and the main opposition
party than when the choice is between two opposition parties. The estimates of the random coefficients
(βm ) will provide an answer to this kind of empirical question. Second, under the assumption that choice
sets are exogenously determined, VCL can be used for counterfactual analyses with respect to the choice
sets. In applications to multiparty elections, one potentially interesting question is how different the
election outcome would have been if the parties had run in different districts. This type of question can
be investigated by setting m to an appropriate value for each observation.
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4.2

Comparison with Other Multinomial Response Models

Because VCL is based on a standard random utility model (i.e., equation 1), it is closely related to other
multinomial choice models. Here, I briefly discuss three such models: MNL, MXL, and MNP. I argue
that VCL is often preferable to these models when there is variation in choice sets in the actual data and
one is particularly interested in how choice probabilities depend on the choice sets. More detailed and
technical comparison can be found in Section B of SI.
MNL. MNL is a special case of VCL where two simplifying assumptions are typically made. First, the
systematic component of the utility function is assumed to be invariant across observations conditional
on the values of the covariates. Second, choice sets are also commonly assumed to be identical for
every observation, so that every individual can choose any of the J alternatives. The latter assumption,
however, can be relaxed without leaving the framework of MNL, although statistical software for fitting
MNL does not always have an option for varying choice sets (see Section B of SI).
MNL is often problematic for the analysis of varying choice sets because it relies on the strong IIA
assumption. That is, the odds ratio in equation (7) is equal to 1 for any combination of choice sets or
alternatives under MNL. This implies that, while both MNL and VCL will consistently estimate choice
probabilities when IIA holds, MNL will produce biased estimates when IIA is violated. Additionally,
MNL will underestimate statistical uncertainty if observations sharing the same choice set have common
unobserved determinants of their utility.
MXL. Instead of allowing coefficients to vary across choice set types (m), MXL lets each individual
observation (i) have its own unique coefficients. That is, the random coefficients β in equation (2) are
subscripted by i instead of m under MXL. This implies that VCL is a special case of MXL.
Given that MXL is more flexible than VCL, should we always use the former? The answer is no
for several reasons. First, the additional assumption made for VCL is inconsequential for the purpose
of analyzing how choice probabilities may depend on variation in choice sets. This is because VCL
still produces a unique estimate of the relative choice probability for each choice set type even after the
restriction. Second, if the additional assumption is correct, VCL is likely to produce estimates with less
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statistical uncertainty. VCL, therefore, can be seen as an efficient middle ground between MNL and
MXL that is flexible enough to fully capture choice-set dependence.
MNP. MNP is a popular alternative to MNL which does not assume IIA. As Alvarez and Nagler (1998)
point out, however, analyses using MNP “only relax the IIA assumption through the specification of the
stochastic (random) component of the model” (p.85), treating the IIA violation simply as nuisance even
when it may be theoretically interesting. In particular, the effects of covariates in MNP are assumed
to be fixed across individuals because the systematic component of the utility function is invariant by
assumption. In contrast, VCL allows the coefficients to vary across choice sets and thus can be used
to analyze how differently covariates affect choice probabilities depending on which alternatives are
actually available.

5

Estimation Strategies

In this section, I present two methods for estimating VCL. Because VCL can be seen as a special case of
MXL (see Section 4.2), many existing estimation procedures for the latter model (e.g. Train, 2009) can
be used for VCL with minor modifications. I first summarize the Monte Carlo expectation maximization
(MCEM) algorithm and then a Bayesian procedure based on Markov chain Monte Carlo (MCMC).
Throughout this section, I assume for the sake of simplicity that the coefficient on every covariate in the
model is allowed to vary randomly across choice sets, i.e., P = Q. This implies that the utility function
∗
= x>
(equation 1) can be written as yijm
ij ηm + εij where ηm ∼ NQ (α, Σ).

5.1

Monte Carlo Expectation Maximization Algorithm

The first procedure uses the MCEM algorithm (Wei and Tanner, 1990). In general, the EM algorithm is
suited for situations in which the actual (or “observed-data”) likelihood function is complex and difficult
to directly maximize but can be simplified by augmenting the data by some auxiliary information. The
maximum likelihood estimator (MLE) can then be obtained by first computing the expected value of the
augmented (or “complete-data”) likelihood with respect to the auxiliary data given the current value of
the parameters, maximizing this expected value with respect to the parameters to update the parameter
values, and then repeating these steps until convergence (Dempster, Laird and Rubin, 1977). In the
13

MCEM algorithm, a Monte Carlo approximation of the expected complete-data likelihood is used in
order to avoid intensive computation of the exact complete-data likelihood.
The proposed MCEM algorithm for VCL is based on the procedure developed for MXL by Train
(2008). The key idea is to treat the random coefficients, ηm , as the auxiliary information for augmentation, or “missing data,” and repeat the following two steps until convergence.
• E step: Calculate the simulated expectation of the complete-data log-likelihood using D Monte
d
Carlo draws of ηm
from NQ (αt , Σt ) as,

Q̌∗i (α, Σ | αt , Σt , X, y) =

1
D

D
X

nQ

d=1

o
d yijm
d
)
log φQ (ηm
| α, Σ)
L
(η
j∈Sm ij m
n
o
,
Q
PD
1
d0 )yijm
L
(η
d0 =1
j∈Sm ij m
D

(8)

where (αt , Σt ) denotes the current (tth) value of (α, Σ) and Lij is defined in Section C.1 of SI.
• M step: Find the value of (α, Σ) that maximizes the sum of equation (8) over N observations, and
set the result as (αt+1 , Σt+1 ).
After the convergence of the algorithm, an estimate of the random effects can be obtained as their posterior mean evaluated at the MLE of (α, Σ). More details of this algorithm are discussed in Section C.1 of
SI.

5.2

Bayesian Markov Chain Monte Carlo

The second procedure is based on MCMC, a common strategy for the Bayesian inference of multinomial
choice models (e.g. Allenby and Lenk, 1994; Allenby and Rossi, 1998). Specifically, I propose the
following adaptive Metropolis-within-Gibbs sampler, which is derived and justified in Section C.2 of SI.
1. Draw η t+1 from its conditional posterior given (αt , Σt ) using a random-walk Metropolis sampler:
M
Y

Y
Nm P
>

1
−1
k∈Sm yikm exp(xik ηm )
t
t
t >
t
t
P
f (η | Y, α , Σ , X) ∝
exp − (ηm − α ) Σ
(ηm − α )
,
>
2
k∈Sm exp(xik ηm )
m=1
i=1


where the variance of the jumping distribution is adjusted once every 50 iterations, as proposed by
Roberts and Rosenthal (2009).
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2. Draw αt+1 from its conditional posterior given (Σt , η t+1 ), which is proportional to the density of
P
t
t+1
N( M
m=1 ηm /M, Σ /M ) with an improper flat prior on α.
3. Draw Σt+1 from its conditional posterior given (αt+1 , η t+1 ), which is proportional to the density of
IW(Q + M, (QIQ + M S t+1 )/(Q + M )) when the vague conjugate prior IW(Q, QIQ ) is used on
Σ. Here, IW(a, A) denotes the inverse-Wishart distribution with a degrees of freedom and scale
A and S is defined in Section C.2 of SI.
These three steps are repeated until a likely convergence to the target joint posterior distribution is obtained. As described in Section 6.2, the proposed MCMC algorithm has been implemented in R. As it
turns out, the use of the adaptive Metropolis sampler (as opposed to a naı̈ve Metropolis or MetropolisHastings sampler) plays a key role for achieving convergence within reasonable computation time, along
with standard computational techniques such as standardizing predictors and overparameterizing the
model (Gelman et al., 2004). The R code is made publicly available on the author’s website.

6

Empirical Analysis

Now I apply the proposed method to the 1996 Japanese general election. As discussed in Section 3, this
election involved a complex pattern of variation across districts in the set of the parties that actually ran
their local candidates. VCL can be used for such a situation in order to analyze heterogeneity across
choice set types, as well as voters’ hypothetical behavior when their choice sets had been different.

6.1

Data and Model Specification

To analyze voting behavior at the individual level, I use survey data from the Japan Election Study II.
The survey covers a nationally representative sample of 181 out of the 300 SMDs in the 1996 election. I
use the total of 1862 cases from the last two waves of this seven-wave panel survey, which yields the final
study sample of 1615 respondents from 174 SMDs after excluding cases with missing information, nonvoters, and those coming from districts with unusually strong candidates from minor parties or without
party affiliation.
The outcome variable is the party membership of the candidate for whom the respondent cast his
15

or her SMD vote. There are two sets of key predictors. First, as discussed in Section 3, scholars
were interested in whether the new electoral system had changed the importance of personal voting,
and particularly to what extent incumbent legislators were advantaged because of their personal support
organizations. To answer these questions, I include past office experience and incumbency status as
candidate-varying predictors. The past experience of a candidate is likely to be strongly correlated with
the strength of personal support organizations and can be seen as a proxy for the candidate’s personal
vote (but see Section 6.2 for possible problems). Then, one may hypothesize that the predictive power of
incumbency status will vanish after conditioning on past office experience if the incumbency advantage
is predominantly due to candidates’ personal support networks. On the other hand, if Japanese incumbent legislators gain advantage from other sources, such as their higher public recognition and greater
campaign resource (Stokes and Miller, 1962; Erikson, 1971; Cox and Katz, 1996), then incumbent candidates will have higher probability of being chosen even after their past office experience is taken into
account.
Second, many scholars have been interested in the extent to which electoral campaigns affect voters’ decision making (e.g. Jacobson, 1990; Levitt, 1994; Hillygus and Jackman, 2003). In the Japanese
context, some have wondered whether the introduction of the mixed-member system changed the significance of electoral campaigns in legislative elections (e.g. Christensen, 1998; Reed, 2003). To investigate
this question, I include two candidate-varying predictors, received mail and asked to vote, which indicate
whether the respondent received a postcard from the candidate and whether she was personally asked
by others to vote for the candidate, respectively. In addition, I include interaction terms between these
two variables and incumbency status in order to examine whether campaigns are more effective for challengers than incumbents, a focus of the recent scholarly debate in the field of campaign politics (e.g.,
Jacobson, 1990; Gerber, 1998, 2004).
Along with the above two sets of predictors, I also include demographic variables for both respondents (gender, age and education) and candidates (gender and age). The summary statistics of these
variables are given in Table 2 in SI. Further description of the data can also be found in Section D of SI.
All together, the model contains 4 × (6 − 1) = 20 fixed effects for the voter characteristics (including
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intercepts) and eight for the candidate-varying covariates, along with eleven random effects and their
variances and covariances for each of these parameters.

6.2

Heterogeneity of Effects across Choice Set Types

Based on the model specification described above, I fit VCL using the MCMC procedure described in
Section 5.2. To ensure approximate convergence to the stationary distribution, five Markov chains are
run in parallel in R with different starting values for each parameter. After one million iterations with
the first 500,000 discarded as burn-ins, the chains seem to be fully mixed based on standard diagnostics
(with Gelman-Rubin scores less than 1.1 for all parameters) and the visual inspection of the trace plots.
The total computation time was approximately 40 hours, with the five chains parallelized to individual
CPU cores (Intel Xeon X5670 running at 2.93GHz). All predictors are standardized to have mean 0 and
variance 1 prior to the computation in order to accelerate convergence.
The first question one might ask is how the key predictors on average affected Japanese voters’ party
choice. This question can be answered by examining the VCL estimates of the fixed effects coefficients (α). In Figure 1, these estimates are presented along with their 95% Bayesian intervals (blue solid
squares with horizontal bars). First, the coefficient on the incumbent indicator is positive and significantly different from zero. The VCL estimate of the coefficient is equal to 0.315 with the 95% interval
of [0.057, 0.573] even after the candidates’ past office experience is taken into account. In fact, the coefficient on the experience variable is statistically indistinguishable from zero (0.089, [−0.162, 0.336])
based on VCL. This may imply that under the new electoral system, Japanese incumbent candidates have
significant electoral advantage over challengers even if they do not have long political careers and thus
are only supported by weak personal organizations. An alternative interpretation, however, is that past
office experience is only a poor proxy for the strength of personal support organizations (e.g., due to the
existence of second-generation politicians who simply inherit the personal organizations of their parents)
and the incumbency variable still captures much of personal voting.
Second, the main effects of both campaign variables have positive signs and significantly different
from zero, indicating that electoral campaigns like sending postcards and employing grassroots organizations are effective in mobilizing votes for non-incumbents. The estimated values of these coefficients in
17
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Figure 1: Estimated Model Coefficients for MNL and VCL. For each predictor, the red solid circle (top) and blue solid square (bottom)
indicate the point estimates of the corresponding coefficient under MNL and VCL, respectively, along with their 95% Bayesian intervals.
The VCL estimates are obtained via the MCMC procedure discussed in Section 5.2. All variables are standardized.
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VCL are 0.481 and 0.346 with the 95% intervals of [0.250, 0.708] and [0.114, 0.583], respectively. Moreover, there is evidence that these campaign variables may interact with incumbency status, with both
interaction terms having negative coefficients (−0.158 and −0.111, [−0.405, 0.087] and [−0.357, 0.135]
for the mail and “asked” interactions, respectively). I return to this possibility shortly below.
For the sake of comparison, Figure 1 also shows the estimates based on MNL obtained via MCMCmnl
(Martin, Quinn and Park, 2011) (red solid circles with horizontal bars). The MNL estimates of the
coefficients are roughly similar to the VCL estimates in terms of posterior means. However, the two
sets of estimates are strikingly different in terms of statistical uncertainty, with MNL producing much
narrower Bayesian intervals. For example, the estimated coefficient on the experience variable (0.121) is
now statistically significant under MNL, with the 95% interval not covering zero ([0.033, 0.210]). Indeed,
the 95% intervals for MNL are on average less than half as wide as those for VCL. This difference can
be attributed to the strong assumption underlying MNL that each voter can be viewed as an independent
observation regardless of their districts or choice set types. In contrast, VCL allows for clustering at
the choice set level via the inclusion of random coefficients. Because voters who face the same set of
available parties are likely to share some unobserved characteristics of local electoral competition (see
Section 2), it is important for a statistical model to accommodate the increased uncertainty due to such
clustering.
VCL also allows for the direct estimation of effect heterogeneity across choice set types. In Figure 2,
I present the estimated coefficients on the key candidate-varying covariates for each of the eleven choice
set types (A to K, as labeled in Table 1) along with their 95% intervals (green horizontal bars). The
results show that these covariates indeed have moderately heterogeneous effects on voters’ decision
making, although the effects are estimated with rather high degree of uncertainty for some choice set
types. For example, the main effect of incumbency appears to be relatively large for the elections fought
between an LDP candidate and a candidate from one of the opposition parties (types E, F and H) and
small in races where competition occurred within either the government or opposition camp (B, C and
G). One possible interpretation is that incumbency becomes an important advantage only when voters
choose between a clear government candidate and a viable opposition candidate. Such interpretation
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squares) and random effects (green letters) for key candidate-varying covariates and interaction terms
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The MNL results are also shown for comparison (red circles).
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should only be made cautiously given the wide confidence intervals, but it is nonetheless stimulating for
further investigation.
In multinomial choice models, the coefficients themselves can be misleading because they are not
directly informative about quantities of interest such as changes in predicted choice probabilities. Translating estimated coefficients into more interpretable quantities is therefore essential (King, Tomz and
Wittenberg, 2000). In Figure 3, I illustrate one such translation by calculating the interactive effects
of receiving mail and incumbency for voters with different choice sets. The first two panels show the
estimated average effect of receiving mail from an LDP incumbent (left) and non-incumbent (center)
on the probability of voting for the candidate, assuming that there was no other incumbent and no such
mail was received from any other candidate. The overall average effect is estimated to be 18.5 and 28.4
percentage points for incumbent and non-incumbent LDP candidates with the 95% Bayesian intervals
ranging [13.2, 23.8] and [23.0, 33.7], respectively. The difference, −9.9 percentage points, is statistically
different from zero ([−17.2, −2.7]) and substantively large (right panel). Interestingly, these effects appear to vary in size depending on choice set types, with some having mostly null effects (D and G) and
others substantially large effects (B, E and F). The interaction effects, however, are estimated to be less
variable, with all choice set types (perhaps except G) showing magnitudes similar to the overall average.
Overall, the result suggests that electoral campaigns are more effective for challengers than incumbent
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politicians, similarly to the American context (Jacobson, 1990; Gerber, 2004).

6.3

Counterfactual Analysis

As discussed in Section 4, another important advantage of VCL over other models is that one can explicitly conduct counterfactual analyses with respect to choice set types. Because in VCL each choice
set type is associated with a unique set of coefficients, it is possible to analyze how choice probabilities
would have changed when voters had faced different sets of parties in their districts simply by setting the
voters’ choice set types to appropriate values and recomputing the predicted probabilities.
This type of analysis is particularly relevant for the case of the 1996 Japanese election. It is widely
believed among Japanese political observers that the leaders of DPJ originally planned to merge SDP
and SKG in their entirety into a new center-left party (e.g. Ishikawa, 2004, p.188). In reality, only 35
out of the 114 SDP legislators and 15 out of 27 SKG legislators defected from their original parties and
joined DPJ. A natural question then is what would have happened if the DPJ leaders had adhered to their
original plan and all SDP and SKG legislators had become members of DPJ. Namely, how could the
choices of the Japanese voters have been affected by such change in choice sets?
Figure 4 presents the result of a counterfactual analysis. For each choice set group which included
either SDP or SKG, I first calculated the predicted vote shares for all the parties that ran their candidates
in the actual 1996 election. These estimates are represented by the black square on the left side of each
column in the seven panels of Figure 4 with the 95% intervals (vertical bars). Next, I estimated the
predicted vote shares in the counterfactual 1996 election, in which the same SDP and SKG candidates
ran except that they changed their party affiliations to DPJ, thereby also changing the choice set type.
This can be achieved by setting the random coefficients to the values corresponding to the new choice
set type while using the original covariate values, assuming that these same candidates still ran the same
electoral campaigns. These estimates are shown as red solid circles, again with the 95% intervals.
The results indicate interesting heterogeneity across choice set types. The top left panel of Figure 4
shows the average effect of the hypothetical SDP–SKG merger across all voters facing choice including
these two parties. On average, DPJ would have gained roughly the same number of votes as SDP and
SKG combined; the predicted DPJ vote share jumps by about 17 percentage points, which is approxi22
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Figure 4: What If SDP and SKG Had Been Merged into DPJ? In each panel, predicted vote shares
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confidence intervals. The top left panel presents the average predicted vote shares for all voters whose
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results for each of the relevant choice set types.
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mately equal to the sum of the actual SDP and SKG vote shares.
However, it would be hasty to conclude that the SDP and SKG supporters would simply have migrated to DPJ. The other six panels in Figure 4 suggest that there is substantial difference between the
SDP supporters and SKG supporters. For all choice set types involving an SDP candidate (A, C, G and
J), DPJ would have gained at least as many votes as implied by the actual SDP vote shares. On the
contrary, there is evidence that the actual SKG supporters would not have simply migrated to DPJ and
instead a significant fraction of them are likely to have voted for LDP or NFP rather than DPJ (D). One
possible explanation for this difference is that SKG candidates are on average ideologically closer to
LDP and NFP candidates than DPJ candidates on many policy dimensions.
The above result must be interpreted with caution, since it rests on the strong assumption that the
choice set types are conditionally exogenous after controlling for the covariates in the model. The violation of this assumption is a serious concern in this context because parties may have chosen districts in
which they ran their own candidates strategically based on some information we do not observe. With
this caveat in mind, it is still reasonable to conclude that VCL produces interesting insights on how
changes in choice set types might affect choice behavior.

7

Conclusion

Multinomial response models are widely used across scientific disciplines for the purpose of modeling
choice behavior involving more than two alternatives. Standard models, however, typically neglect the
fact that individual choices must often be made between a subset of the alternatives that are theoretically
available. This is especially problematic if the IIA assumption is violated, because the relative probability
of choosing an alternative will be different depending on which particular choice set the alternative is
being selected from. Such a situation happens when an alternative represents a substitute of another
alternative for some individuals in the analysis.
In this paper, I develop a new multinomial response model which explicitly takes into account the
variation in choice sets actually observed in data. The proposed VCL model relaxes the IIA assumption
by allowing parameters in the individual random utility function to vary across choice set types, thereby
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generalizing MNL in the way specifically tailored for the analysis of choice set dependence. To show
the advantages of the proposed model, I apply it to a partially contested multiparty election in which
parties did not run their candidates in every district and voters thus had to choose only from subsets
of the nationally contesting parties. Through the empirical analysis of this Japanese general election,
I show that VCL is useful for analyzing the extent to which the predictors included in the model had
heterogeneous effects on voting behavior across choice set types. The analysis also indicates that the
counterfactual behavior of the supporters of the two junior coalition member parties would have been
different depending on choice sets.
Several improvements and extensions are left for future research. First, alternative specifications
of the random coefficients, including nonparametric distributions, may be desirable in some situations
where the normality assumption in equation (2) is insufficient. Second, the conditional exogeneity of
choice set types is a strong assumption and relaxing this assumption (by, for example, explicitly modeling the selection process) will be a key extension. Finally, the current model can be naturally extended
to a hierarchical model incorporating characteristics of choice set types. These extensions are especially
important for the analysis of multiparty elections, as choice sets themselves are often strategically determined by parties and multi-level data sources are becoming increasingly available. The existence
of these diverse future possibilities makes the study of varying choice set models an exciting field for
political methodologists.
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Supporting Information
A

Details of the VCL Notational Framework

The exposition of the VCL model in Section 4.1 is made simple by the assumption that the model only
contains choice-varying covariates. Here, I provide a more general representation of the VCL model.
First, suppose that the predictors of the model are composed of K individual characteristics and L
choice-varying covariates. Because I estimate separate coefficients on individual characteristics for each
alternative j, the fixed-effect coefficients for the K individual characteristics are actually represented by
jK
j1
j>
J>
1>
>
] for every j ∈ {1, ..., J}.
... αw
= [αw
] where αw
... αw
= [αw
a vector of length J × K, i.e., αw

On the other hand, the vector of coefficients on the choice-varying covariates are of the same length as
the number of the covariates L, such that αv> = [αv1 ... αvL ]. Combining these with the vector of choicespecific intercepts α0> ≡ [α01 ... α0J ], the vector of the fixed-effect effect coefficients has J × (K + 1) + L
> >
αv ].
elements and can generally be defined as α> = [α0> αw

Next, consider the linear latent utility function for individual i who belongs to the choice set type m.
Because this individual can choose only from a subset Sm of the entire set of J theoretically available
alternatives, only a subvector αm of the coefficient vector α enters into this individual’s utility function.
>
>
This subvector can be written as αm = [α0m
αwm
αv> ], where α0m and αwm contain the elements of α0

and αw which correspond to the alternatives in Sm only and thus have the length of Jm and Jm × K,
respectively. This implies that αm is now of length Jm × (K + 1) + L. The vector of the random-effect
coefficients βm for this individual can be defined similarly, except that it only contains the coefficients
corresponding to the predictors included in zij . Denoting the numbers of these predictors K ∗ and L∗
>
for the individual characteristics and choice-varying covariates, respectively, βm can be written as βm
=
>
>
[β0m
βwm
βv> ] and is of length Jm × (K ∗ + 1) + L∗ . Using these, the latent utility of choosing alternative

j for individual i who belongs to choice set type m can be written as

>
∗
yijm
= x>
ij αm + zij βm + εij ,

>
>
>
where x>
ij = [0 ... 1 ... 0 0 ... wi ... 0 vij ] so that only the elements of αm corresponding to alternative
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j will enter the utility function. The other predictor vector zij is defined likewise. This represents the
general version of equation (1) in Section 4.1.
The specification of the distribution of βm must also be modified to reflect the fact that the length of
βm now varies across m. First, define the full random-effect coefficients vector β in the same manner
as α, i.e., β > = [β0> βw> βv> ] where β0> = [β01 ... β0J ] and βw> = [βw1> ... βwJ> ] = [βw11 ... βwjk ... βwJK ].
Then, VCL assumes that β is independently and identically distributed multivariate normal with mean
zero and variance Σ even after conditioning on the predictors, i.e., β | X, Z ∼ NQ∗ (0, Σ) where
Q∗ is equal to the length of β, J × (K ∗ + 1) + L∗ . Because a marginal distribution of a multivariate
normal random variable is also multivariate normal with the mean and variance simply equal to the
corresponding elements of the original mean vector and variance matrix, the distribution of βm can be
written as,

βm | X, Z ∼ NQ∗m (0, Σm ),
where Q∗m = Jm × (K ∗ + 1) + L∗ and Σm is the Q∗m × Q∗m submatrix of Σ which is composed of the
rows and columns corresponding to Sm . This expression is the general version of equation (2).
Finally, the vector of latent utilities for individual i can be written in a stacked form as

∗
yim
= Xim αm + Zim βm + εim ,

where

Xim

wi>

0
 1

..
= 
.


0
1

0
..

0

.

>
vi1

..
.
wi> vij>m








∗
∗
∗
yim
= [yi1m
... yiJ
], ε∗im = [ε∗i1 ... ε∗iJm ], and Zim is defined similarly to Xim . This can be further
mm

stacked with respect to individuals for each choice set type m and written in the following simple ex-
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pression,

∗
ym
= X m α m + Z m βm + εm ,

∗>
∗>
∗>
>
>
>
>
>
>
where ym
= [y1m
... yN
], Xm
= [X1m
... XN>m m ], Zm
= [Z1m
... ZN>m m ], and ε>
m = [ε1m ...εNm m ].
mm

These simplified forms are convenient for implementation in computer software.

B

Comparison with Other Multinomial Response Models

In this section, I compare the proposed VCL model to the three multinomial response models commonly
used in the literature (MNL, MXL and MNP). A condensed version of this discussion appears in the
main paper as Section 4.2.
MNL. MNL is the simplest of the four alternative multinomial response models considered in this
paper. Compared to VCL, the “textbook” version of MNL can be characterized by two simplifying
assumptions. First, the systematic component of the individual utility function is invariant across observations after the values of the covariates are taken into account. This implies Σ = 0 so that the random
coefficients have a degenerate distribution which has all its probability mass on βm = 0. Second, choice
sets are also identical for every observation, so that everyone can choose any of the J alternatives. This
can be written as Ri = {1, ..., J} for all i.
Under these two assumptions, the individual utility function (equation 1) now becomes

∗
yijm
= x>
ij α + εij ,

(9)

where j ∈ {1, ...J}, and the textbook MNL model can be defined by the following choice probability,

Pij = Pr(yijm = 1 | X, Z, α, Σ)
exp(x>
ij α)
.
= PJ
>
k=1 exp(xik α)

(10)

This expression can be found in many standard references (e.g. Wooldridge, 2002, Ch.15). This basic
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model, however, cannot be used if the data contain any observation for which some alternatives are
unavailable, because the summation in the denominator is undefined for such observations. Ignoring this
problem and applying a preprogrammed function in standard statistical software (e.g., mlogit in Stata)
will result in either dropped observations or biased estimates.7
However, the assumption of invariant choice sets can be relaxed even within the framework of MNL.
In fact, the original MNL (or conditional logit) model proposed by McFadden (1973) allows for varying
choice sets and is defined by the following choice probability,

Pij = P

exp(x>
ij α)
,
>
k∈Sm exp(xik α)

(11)

which differs from equation (10) only in the range of the summation operator. It is, however, important to
keep in mind that this model still relies on the IIA assumption. To see this, note that as can be seen from
equation (9) the utility individual i obtains from choosing alternative j is distributed independently of her
utility about any other alternative. In fact, the relative choice probability between any two alternatives
stays constant regardless of choice set types, i.e., OR(j, k, m, m0 ) = 1 for all m, m0 ∈ {1, ..., M } and
j, k ∈ Sm × Sm0 under the choice model defined by equations (9) and (11).
In sum, both the textbook and original versions of MNL are special cases of VCL and rely on the
strong IIA assumption. This implies that, while both MNL and VCL will consistently estimate choice
probabilities and lead to substantively identical conclusions when the IIA assumption holds, the former
will produce biased predictions when IIA is violated.
MXL. VCL can be seen as a special case of MXL. To see this, suppose that each observation, instead
of each choice set group, has its own unique coefficient on zij . Then, individual utility function can be
written as

∗
>
yijm
= x>
ij α + zij γi + εij ,
7

(12)

The latter case would occur if unavailable alternatives were treated as if they had been available but not chosen by those
individuals. Analysts must be careful so that their software is not automatically doing this.
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and the choice probability is
Z
Pij =

>
exp(x>
ij α + zij γi )
fQ (γi | θ)dγi ,
>
>
k∈Sm exp(xik α + zik γi )

P

(13)

where fQ (· | θ) is the Q-dimensional density function which is fully specified by parameters θ. This is
the mixed logit model (see e.g., Train, 2009, Ch.6),8 and further assumptions are typically made about
the form of fQ (· | θ) (for example, fQ (· | θ) = φQ (· | Σ)). Now, suppose that one is willing to make an
additional assumption that choice probabilities are equal as long as individuals choose from an identical
choice set, i.e., γi = γi0 if Ri = Ri0 . This means that there are as many unique values of γi as the
number of choice set groups, which allows us to write βm = γi if Sm = Ri , m = 1, ...M . Equation (13)
then becomes identical to equation (4) by further assuming these Q group-level random coefficients are
jointly normally distributed with covariance Σ.
MXL is therefore a more general model than VCL. Does that mean that we should always use MXL
instead of VCL? The answer is no for several reasons. First, the additional assumption made for VCL
is inconsequential for the purpose of analyzing how choice probabilities may depend on the choice sets
that are actually available. This is because VCL still produces a unique estimate of the relative choice
probability, Rijm /Rikm , for each choice set type m. Second, if the additional assumption is correct,
VCL is more efficient than MXL and will produce more accurate estimates of choice set dependence.
Typically, when MXL is used, researchers do not attempt to estimate individual values of γi because there
is not enough information in data.9 They instead only report the estimate of θ. In contrast, βm in VCL
can be more precisely estimated because the number of choice set groups (M ) is usually much smaller
than sample size (N ) and each group often contains enough observations to produce useful estimates of
βm . As I illustrate in Section 6 using the Japanese election data, these estimates can then be directly used
to examine how the effects of the covariates vary depending on choice set types.
8

Note, however, that typical representations of MXL assume the choice sets to be invariant like the textbook version of
MNL. In that case, the summation in the denominator of equation (13) becomes over k = 1, ..., J.
9
An exception is when the data contain repeated observations for each i. In such a case, there may be sufficient information
within individual to obtain a meaningful estimate of γi .

5

MNP. MNP is an alternative multinomial model which does not assume IIA. MNP is based on the
same utility function as MNL (i.e., equation 9) except that the error term εij is allowed to be correlated
across alternatives within each observation and that the Jm -dimensional vector of individual error terms
has the multivariate normal distribution, i.e., εim ∼ NJm (0, Ω) where Ω is a Jm -dimensional symmetric
positive-definite matrix representing the covariances.10 Unlike MNL, MNP does not rest on the IIA
assumption and thus, for each individual, relative choice probability for any pair of alternatives depends
on the utilities of all the alternatives in her choice set (unless Ω is assumed to be the identity matrix; see
Hausman and Wise, 1978). This means that the predicted choice probabilities estimated by MNP may
accurately reflect their dependence on choice sets and the estimates of α will not be biased because of
IIA violation.
This may appear to imply that MNP can be used in place of VCL even when there is variation
in choice sets in the actual data. However, MNP has a major limitation when the pattern of choice
set dependence itself is of interest. As Alvarez and Nagler (1998) correctly point out, analyses using
MNP “only relax the IIA assumption through the specification of the stochastic (random) component of
the model” (p.85). That is, MNP treats the violation of IIA as nuisance even when it is theoretically
interesting. The drawback of this in particular is that the effects of covariates are assumed to be fixed
across individuals, because the systematic component of the utility function is invariant by assumption.
In contrast, VCL allows the coefficients to vary across choice sets because of the inclusion of the random
effects (βm ) and thus can be used to analyze how the effects of covariates may differ depending on which
alternatives are actually available.

C
C.1

Description of the Proposed Estimation Procedures
Monte Carlo Expectation Maximization Algorithm

The following procedure is based on the MCEM algorithm originally developed for MXL by Train
(2008). The key idea here is to view the random coefficients as the auxiliary information for augmenta10

Again, most treatments of MNP additionally assume the choice set to be invariant across observations. This can be easily
relaxed by setting the interval of integration from negative infinity to positive infinity (instead of greater than the utility for
the chosen alternative) for the missing alternatives in the expression for choice probability.
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tion, or “missing data.” That is, the complete-data likelihood at iteration t is constructed by augmenting
the observed-data likelihood by the vector of random coefficients, ηm , which by assumption follows
NQ (αt , Σt ). Thus, for each observation i, the expectation of the augmented log likelihood with respect
to ηm conditional on the current parameter values is
t

Z

t

log f (yim , ηm | α, Σ, Xim )dF (ηm | αt , Σt , yim )

Qi (α, Σ | α , Σ , X, y) =
Z

{log f (yim | ηm , Xim ) + log φQ (ηm | α, Σ)} dF (ηm | αt , Σt , yim ).

=

However, because the distribution of yim does not directly depend on either α or Σ, maximizing this
function with respect to (α, Σ) is equivalent to maximizing the following simplified function,

Q∗i (α, Σ

t

Z

t

| α , Σ , X, y) =

log φQ (ηm | α, Σ)dF (ηm | αt , Σt , yim )

f (yim | ηm , αt , Σt )f (ηm | αt , Σt )
dηm
log φQ (ηm | α, Σ)
f (yim | αt , Σt )
o
n
yijm
Z Q
log φQ (ηm | α, Σ)
j∈Sm Lij (ηm )
o
=
dF (ηm | αt , Σt ), (14)
R nQ
0 yijm dF (η 0 | αt , Σt )
m
j∈Sm Lij (ηm )
Z

=

where Lij (ηm ) = exp(x>
ij ηm )

P

k∈Sm

exp(x>
ik ηm ). Calculating this expectation exactly would be com-

putationally difficult because of the Q-dimensional integrals which do not have a closed form. However,
we can instead use the following simulated expectation,

Q̌∗i (α, Σ

1
| α , Σ , X, y) =
D
t

t

D
X

nQ

d=1

o

d
log φQ (ηm
| α, Σ)
n
o
,
PD
Q
1
d0 )yijm
L
(η
0
ij
m
d =1
j∈Sm
D

j∈Sm

d yijm
Lij (ηm
)

(15)

d
where ηm
is the dth of D Monte Carlo draws from NQ (αt , Σt ). Note that these draws can be obtained at

each iteration using the same draws from the standard multivariate normal, NQ (0, IQ ), and transforming
them with the current values of the mean and variance parameters, (αt , Σt ).
The proposed algorithm then proceeds by finding the values of (α, Σ) that maximize the sum of
P
t+1
∗
equation (15) over N observations, i.e., Q̌∗ = N
, Σt+1 ). How
i=1 Q̌i , and setting these values as (α

7

can we find this maximum? As can be seen from the form of equation (15), Q̌∗ is identical to the log
likelihood of a weighted random sample of size N D from N (α, Σ) with the weight for each observation
o
o. P
nQ
nQ
D
1
d0 yijm
d yijm
t
. Thus, Q̌∗ takes its maximum
)
L
(η
)
≡
L
(η
equal to wid
0
j∈Sm ij m
d =1
j∈Sm ij m
D
value when

α

t+1

t+1

Σ

M
D
1 XX t
d
=
w Nm ηm
,
N D m=1 d=1 id

(16)

M
D
1 XX t 2 d
d
=
w N (η − αt+1 )(ηm
− αt+1 )> .
N D m=1 d=1 id m m

(17)

The MCEM procedure consists of repeating the above steps until the updated values of (αt , Σt )
converge. The resulting values of these parameters, (α̂, Σ̂), are consistent estimates of the true parameter
values. Note that D must be sufficiently large compared to sample size N because it can be shown that
√
the estimator has a limiting distribution only when D goes to infinity faster than N (Train, 2009).
Finally, once the algorithm converges the estimate of the random effects can be obtained as their
posterior mean evaluated at (α̂, Σ̂). That is,
Z
η̂m =

ηm f (ηm | ym , α̂, Σ̂)dηm ,

(18)

where ym is the stacked vector of choice indicators for all observations with choice set m. Applying
Bayes’ rule, the posterior distribution can be expressed as,
nQ Q
Nm
i=1

f (ηm | ym , α̂, Σ̂) = R nQ Q
Nm
i=1

j∈Sm

Lij (ηm )

yijm

o

φQ (ηm | α̂, Σ̂)

o

,

(19)

0 yijm φ (η 0 | α̂, Σ̂)dη 0
Q m
j∈Sm Lij (ηm )

which can be simulated using the draws in the last iteration of the algorithm. The estimate of ηm in
equation (18) can thus be obtained via simulation and written as

η̂ ∗

D
1 X
=
D d=1

nQ Q
o
Nm
d
d yijm
ηm
L
(η
)
i=1
j∈Sm ij m
nQ Q
o,
P
D
Nm
1
d0 )yijm
L
(η
d0 =1
i=1
j∈Sm ij m
D
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(20)

d
where ηm
here is the dth draw in the last iteration.

C.2

Bayesian Markov Chain Monte Carlo

The second procedure differs from the MCEM algorithm in that it is a Bayesian approach and all parameters (α, Σ, η) are regarded as random quantities. The basic idea here is that the evaluation of high
dimensional integrals, which constitute a major problem for likelihood-based procedures, can be avoided
in the Bayesian analysis by successively drawing from the conditional distribution of each parameter
given all other parameters and data. MCMC has been widely used for the Bayesian inference of multinomial choice models. For example, Allenby and Lenk (1994) applied an MCMC algorithm for a panel
logistic-normal regression model; Allenby and Rossi (1998) used a similar procedure for the random
coefficients MNP. Here, I develop a simple algorithm for VCL.
First, using the conditional independences implied by the model, the joint distribution of the parameters and responses can be decomposed as follows,

f (Y, α, η, Σ | X) = f (Y | X, η)f (η | α, Σ)f (α)f (Σ).

(21)

Based on this relationship, the proposed MCMC procedure can now be derived. Denote the starting
values of the parameters at iteration t by (αt , Σt , η t ). Then, the stationary distribution generated by the
following three-step adaptive Metropolis-within-Gibbs sampling algorithm is the target joint distribution.
1. Generate η t+1 conditional on (αt , Σt ). The conditional distribution of η can be expressed as,

f (η | Y, αt , Σt , X) ∝

M
Y

f (ηm | αt , Σt )f (Ym | X, ηm )

m=1
M
Y

Y

Nm P
>

1
k∈Sm yikm exp(xik ηm )
t >
t −1
t
P
(ηm − α )
,
∝
exp − (ηm − α ) Σ
>
2
exp(x
η
)
m
ik
k∈S
m
m=1
i=1
where the first line follows from equation (21) and the second line holds because ηm ∼ NQ (α, Σ),
Q mQ
f (Ym | X, ηm ) = N
i=1
j∈Sm Pr(yijm = 1 | X, ηm ), and equation (4). Since this posterior does
not correspond to any common distribution, an alternative sampling technique, such as the Metropolis-
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Hastings algorithm, must be employed. I use the adaptive Metropolis sampler, as proposed by Roberts
and Rosenthal (2009), where I adjust the variance of the jumping distribution at every 50th iteration so
that the acceptance rate becomes closer to the theoretically optimal value of 0.23 (Gelman, Roberts and
Gilks, 1996).
2. Generate αt+1 conditional on (Σt , η t+1 ). The next step is to generate draws of the fixed effects,
αt+1 . The conditional distribution is

f (α | Y, η t+1 , Σt , X) ∝ f (α)f (η t+1 | α, Σt ),

(22)

which follows from equation (21). Since the distribution of ηm given α and Σ is Q-dimensional multivariate normal, we can use either a conjugate normal prior or an improper flat prior for α so that the
posterior distribution of α is also normal. In the application, I use a flat prior f (α) ∝ 1 and draw from
P
t
t+1
the resulting multivariate normal distribution, which is N ( M
m=1 ηm /M, Σ /M ).
3. Generate Σt+1 conditional on (αt+1 , η t+1 ). Finally we generate draws of the covariance matrix of
the mixing distribution. The conditional posterior is

f (Σ | Y, αt+1 , η t+1 , X) ∝ f (Σ)f (η t+1 | αt+1 , Σ),

(23)

which follows directly from equation (21). Since the distribution of ηm given α and Σ is Q-dimensional
multivariate normal, the conjugate prior for Σ is inverse-Wishart with a Q × Q scale matrix. In the
application, I use Σ ∼ IW(Q, QIQ ), a diffuse prior suggested by Train in a working paper for a closelyrelated MCMC algorithm for MXL (Train, 2009). This prior implies that equation (23) is IW(Q +
P
t+1
t+1
t+1
M, (QIQ + M S t+1 )/(Q + M )), where S t+1 = M
)(ηm
− αt+1 )> .
m=1 (ηm − α

D

The Japanese Election Survey Data

All variables used in the empirical analysis in Section 6 are taken from the last two waves of the Japan
Election Study II (JES II) panel survey data and auxiliary candidate information contained in the same
dataset. The JES II study was originally conducted and made publicly available by Ikuo Kabashima, Joji
10

Voter Characteristics
Female
Age
Education
0.450
0.248

LDP
NFP
DPJ
SDP
JCP
SKG

Female
0.019
0.018
0.032
0.031
0.084
0.077
0.130
0.114
0.207
0.165
0.000
0.000

55.4
18.2

Candidate-Varying Covariates
Age
Incumbent Experience
54.8
0.549
2.77
14.2
0.248
9.48
49.0
0.480
1.56
12.3
0.250
5.83
46.8
0.318
1.06
13.8
0.217
3.23
55.3
0.498
2.09
11.4
0.251
7.07
50.0
0.015
0.18
14.4
0.015
0.96
57.0
1.000
2.50
4.1
0.000
0.00

2.12
0.922

Mail
0.429
0.245
0.341
0.225
0.201
0.161
0.166
0.139
0.062
0.058
0.360
0.235

Asked
0.192
0.155
0.275
0.199
0.103
0.092
0.054
0.051
0.062
0.058
0.160
0.137

Outcome
Overall
Available
0.466
0.482
0.249
0.250
0.255
0.313
0.190
0.215
0.129
0.236
0.113
0.180
0.023
0.166
0.022
0.139
0.116
0.116
0.102
0.102
0.011
0.360
0.011
0.235

Table 2: Summary Statistics. The table shows summary statistics for the variable used in the empirical
analysis in Section 6. In each cell, the sample mean (top) and variance (bottom, italic) are shown for each
variable. For the outcome variable, the statistics are computed both for the entire sample (i.e., ignoring
unavailability; left) and excluding voters for whom the choice was not available in their local districts
(right). See text (Section D) for how these variables are constructed from the original survey data.
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Watanuki, Ichiro Miyake, Yoshiaki Kobayashi, and Ken’ichi Ikeda. It is a comprehensive panel election
study conducted over the period of 1993–1996 and based on two-stage stratified sampling.
Female is a binary indicator variable and equal to one when the respondent is female and zero if
male. Age is the age of the respondent. Education is a four-point scale variable, where 1 = less than
high school education, 2 = high school graduate, 3 = some college, and 4 = bachelor degree or above.
As for the candidate-varying covariates, f emale is an indicator variable which equals to one if the
candidate is female. Age is the candidate’s age; because this variable was only recorded in five intervals
(between 25 and 39, 40s, 50s, 60s, and older than 69), I used the midpoints for the first four intervals
and 75 for the oldest category. Incumbency is an indicator variable which equals to one for incumbent
candidates. Experience indicates how many times the candidate was elected to the national legislature
in the past; this variable is also measured in intervals (0, 1, 2 to 3, 4 to 5, 6 to 9, and more than 9) and
thus I use midpoints for the first four categories and the value of 10 for the last category. Finally, mail
and asked are indicator variables representing whether the respondent was targeted by the candidate’s
electoral campaign of these types. The summary statistics (mean and variance) of these variables are
given in Table 2 along with the statistics for the outcome variable.
As mentioned in Section 6.1, the final analysis sample further excludes seven districts for various
reasons. The districts included Tochigi 1 (with Hajime Funada being the strong non-major party candidate), Saitama 13 (Shinako Tsuchiya), Tokyo 4 (Shokei Arai), Shizuoka 4 (Yoshio Mochidsuki), Osaka
11 (Hirofumi Hirano), and Tottori 1 (Shigeru Ishiba). Five of these six candidates joined LDP not long
after the election; the remaining candidate joined DPJ. The Kanagawa 14 district also dropped out of the
study sample because of non-voting and missing covariates.
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