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Abstract—We consider the problem of minimizing the re-

sources used for network coding while achieving the desired

throughput in a multicast scenario. Since this problem is NP
hard, we seek a method for quickly finding sufficiently good
solutions. To this end, we take evolutionary approaches basg on
a Genetic Algorithm. In this paper, we extend the evolutionay
algorithm that we previously proposed in three perspective.

First, whereas the previous algorithm can be applied to only
acyclic networks, we devise a modified evaluation method tha
works also with networks with cycles. Second, we introduce a
new set of GA components that in our experiments outperforms

the one used in the previous algorithm. Third, we present a ng
framework of the evolutionary approach, where fitness evalation

and population management are done in a decentralized manne

with a limited amount of coordination. The new framework

enables a network coding protocol where the resources used
for coding are optimized in the setup phase as the proposed

evolutionary algorithm being loaded and run at each node oftie
network. We demonstrate the effectiveness of our algorithm by
carrying out simulations on a number of different sets of netvork
topologies.

|I. INTRODUCTION

It is now well known that network throughput can b
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Fig. 1. Sample Networks for Example 1

The above example leads us to the following question: To
achieve the desired throughput, at which nodes does network
coding need to occur?

If network coding is handled at the application layer, we can
minimize the performance penalty incurred by network cgdin
by identifying the nodes where access up to the application
layer is not necessary. On the other hand, if network coding i
performed as integrated in the buffer management of routers
dt is of natural interest to reduce the number of such special

significantly increased by employing the novel technique G€Vvices deployed while satisfying the communication deinan

network coding, where the intermediate nodes are allowed to' "™ F , ) ) - )
In mosf0ding is required is NP-hard: its decision problem, which

combine data received from different links [1], [2].

of the network coding literature, it is assumed that netwo
coding is performed at all possible nodes. However, it isroft
the case that network coding is required only at a subset'df

nodes to achieve the desired throughput.
Example 1:In the canonical example of netwol® (Fig.

1(a)) [1], only node: needs to combine its two inputs while alll,

other nodes perform routing only. If we suppose that link

The problem of determining a minimal set of nodes where

fecides whether the given multicast rate is achievableowith
coding, reduces to a multiple Steiner subgraph problemghvhi

is¢ NP-hard [3]. It is shown that even approximating the
minimum number of coding nodes within any multiplicative
factor or within an additive factor ofi/|! =< is NP-hard [4].

As in the above example of network, whether coding

is necessary at a node should be considered jointly with

network B has capacity 2, which we represent by two parall&ther nodes. Thus, the problem of deciding where to perform

unit-capacity links in networkB’ (Fig. 1(b)), a multicast o
rate 2 is possible without network coding. In netw@rk(Fig.

1(c)), where node is to transmit data at rate 2 to the 3 lea

nodes, network coding is required either at nader at node
b, but not at both. O
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f network coding in general involves a selection out of expo-

nentially many possible choices.

f For this problem, Kimet al. [5] propose an evolutionary
approach, based on a Genetic Algorithm (GA), that manages a
set of candidate solutions of a suitably small size, sedgaignt
enhancing these solutions in an evolutionary manner. Refer
ence [5] demonstrates the benefit of the evolutionary agproa
over other existing approaches in terms of the performamce i
reducing the number of coding links/nodes and its appllitgbi

to a variety of generalized scenarios.

In this paper, we extend the results of [5] in three perspec-
tives. First, whereas the algorithm in [5] can be appliedrty o
acyclic networks, we devise a modified evaluation methot tha
works also with networks with cycles. Second, we introduce



a new set of GA components that in our experiments outper-At each merging node, for this verification at each of its
forms the one used in [5]. Third, we present a new framewodktgoing link, we assign a binary variable to each incoming
of the evolutionary approach, where fitness evaluation afidk, where 1 indicates that the input from the associatek li
population management are done in a decentralized manwentributes to the output, and 0 indicates that it does not.
The new framework enables a network coding protocol whekence, if we denote byl} andd},, the in-degree and the

out

the resources used for coding are optimized in the setupephast-degree of node, we have a total ofn = )y df,dy,;
as the proposed evolutionary algorithm being loaded and rbimary variables and we are to explore thedimensional
at each node of the network. binary space to find the desired minimal set of coding nodes.

The rest of the paper is organized as follows. SectionTo this end, we employ a GA-based search method that
Il presents the problem formulation with related work anderves to reduce efficiently the size of the space to be #&¢tual
Section Il describes the centralized approach, whichi@ect searched using an evolutionary mechanism.

IV extends to a semi-decentralized version. Section V dgies

results of the numerical experiments and Section VI coregud®- Related Work

with a summary of the results. Fragouliet al. [7] show that coding is required at no more
thand — 1 nodes in acyclic networks with 2 unit-rate sources
and d sinks. This result, however, is not easily generalized
A. Problem Formulation to more than 2 sources. They also present an algorithm to

We assume that a network is given by a directed multigraghnstruct a minimal subtree graph. For target fatehey first
G = (V,E) where each link has a unit capacity and linkselect a subgraph consisting &f link-disjoint paths to each
with larger capacities are represented by multiple linkslyO of d sinks. They then construct the corresponding labeled line
integer flows are allowed, hence there is either no flow orgraph and sequentially remove the links whose removal does
unit rate of flow on each link. We consider the single multicagiot affect the achievable rate.
scenario in which a single soureec V wishes to transmit  Langberget al. [4] derive an upper bound on the number of
data at rateR to a setl’ C V of sink nodes, wher¢l'| = d. required coding nodes for both acyclic and cyclic networks.
Rate R is said to be achievable if there exists a transmissidihey give an algorithm to construct a network code that
scheme that enables dlkinks to receive all of the information achieves the bounds, where the network is first transformed
sent. We only consider linear coding, where a node’s outpsiich that each node has degree at most 3 and each of the
on an outgoing link is a linear combination of the inputs frorinks is sequentially examined and removed if the target rat
its incoming links. Linear coding is sufficient for multi¢g2]. is still achievable without it.

Given an achievable rat®, we wish to determine a minimal Both of the above approaches remove links sequentially
set of nodes where coding is required in order to achieire a greedy fashion, assuming that network coding is done
this rate. However, whether coding is necessary at a nodeatsall nodes with multiple incoming links in the remaining
determined by whether coding is necessary at at least onegodph. Note that, unless a good order of the link traversal
the node’s outgoing links. Hence, as pointed out also intfg, is found by some other method, the quality of the solution
number of coding links is, in fact, a more accurate estimatoannot be much improved even at the expense of additional
of the amount of computation incurred by coding. computational resources.

We assume hereafter that our objective is to minimize theBhattad et al. [8] give linear programming formulations
number of codindinks rather thamodes Note, however, that for the problems of optimizing over various resources used
as demonstrated in [5], it is straightforward to generaltee for network coding, based on a model allowing continuous
proposed approaches to the case of minimizing the numbeiflofvs. Their optimal formulations, however, involve a numbe
coding nodes. Furthermore, [5] shows that, with approgriabf variables and constraints that grows exponentially it
changes, the approaches can be readily applied to maranber of sinks, which makes it hard to apply the formulagion
generalized optimization scenarios. to the case of a large number of sinks, even at the price of

It is clear that no coding is required at a node with only sacrificed optimality.
single input since these nodes have nothing to combine withWe conclude this section with a brief introduction to GA.

(a formal proof appears in [6]). For a node with multiple _ )

incoming links, if the linearly coded output to a particulaf: A Brief Introduction to GA

outgoing link weights all but one incoming message by zero, GAs are stochastic search methods that mimic genetic
effectively no coding occurs on that link; even if the onlyphenomena such as gene recombination, mutation and durviva
nonzero coefficient is not identity, there is another codingf the fittest. GAs have been applied to a large number of
scheme that replaces the coefficient by identity [4]. scientific and engineering problems, including many combi-

Let us refer to a node with multiple incoming links asatorial optimization problems in networks (e.g., [9], 10
merging nodeTo determine whether coding is necessary at an GAs [11], [12] operate on a set of candidate solutions, dalle
outgoing link of a merging node, we need to verify whethea population Each solution is typically represented by a bit
we can restrict the output of the link to depend on a sing#ring, called achromosomeEach chromosome is assigned a
input without destroying the achievability of the givengat fitness valughat measures how well the chromosome solves

Il. PROBLEM FORMULATION AND RELATED WORK



the problem at hand, compared with other chromosomes in

the population. From the current population, a new popasati pre{“mi“"“y processing (C1);

is generated typically using three genetic operateetection initialize population (C2);
crossoverandmutation Chromosomes for the new population evaluate population (C3);

are selected randomly (with replacement) in such a way that while termination criterion not reached (C4)
fitter chromosomes are selected with higher probability. Fo select solutions for next population (C5);
crossover, survived chromosomes are randomly paired, and perform crossover (C6);

then two chromosomes in each pair exchange a subset of perform mutation (C7);

their bit strings to create two offspring. Chromosomes hemt cvaluate population (C3);

subject to mutation, which refers to random flips of the bits }

applied individually to each of the new chromosomes. The perform greedy sweep (C8);

process of evaluation, selection, crossover and mutationd
one generationin the execution of a GA. The above process
is iterated with the newly generated population succelsive
replacing the current one. The GA terminates when a certain

stopping criterion is reached, e.g., after a predefined ®umixs main concepts; the reader is referred to [5] for detltste
of generations. that, as can be seen in the next section, the main ideas in this
There are several aspects of our problem suggesting tbabsection will be used in the semi-decentralized approach
a GA-based method may be a promising candidate: GA hasye first construct the labeled line graghl = (V/, E’)
proven to work well if the space to be searched is large, bedrresponding taZ’ [13]. In G’, we refer to each node with
known not to be perfectly smooth or unimodal, or if the spagaultiple incoming links as @oding pointand letC' be the the
is not well understood, and if finding a global optimum iget of all coding points. For théh coding pointc; € C, we
not critical [11]. Note that the search space consistingief let y; be the set of coefficients associated with the incoming
dimensional binary vectors is not smooth or unimodal witlinks to c¢;, and lety denote the union of all suck;’s where
respect to the number of coding links and the structure of the| = . We assume that the components of vegtothe set
space consisting of the feasible vectors is not well undetst of all link coefficients, are rearranged such that the first
Given the NP-hardness of the problem, it is not critical th@bmponents of belong toy, i.e.,&; € x(1 < j < m).
the calculated solution may not be optimal. Each chromosome is am:-dimensional binary vector,
Note also that, while it is hard to characterize the strctuwhose k-th component is associated with (1 < k& < m).
of the search space, once provided with a solution we c@mce a chromosomgis given, we refer to each coding point
verify its feasibility and count the number of coding nodes; as inactive if the number of 1's in they’s components
therein efficiently in polynomial time. Thus, if the use ofassociated with the seg; is at most one (i.e., coding is not
genetic operations can suitably limit the size of the spad®t happening), andctive otherwise.
actually searched, a solution can be obtained fairly effitye For a given chromosomg, we verify its feasibility by
evaluating the system matrix for each of thesinks while
the components of associated witi0’s in y being zeroed
We first present the centralized version of the evolutionaout [5]. This feasibility test entails a bounded error, whis
approach which is applicable when the size of the networkssiown in [5] not critical since the error is one-sided, i.,
moderate and the topology of the whole network is known feasible chromosome may mistakenly be declared infeasible
the central location of computation. Also, the centralizéd but not in the opposite way, and also the probability bound of
gorithm is appropriate if a possibly long time of computato the error can be lowered as much as we desire at an additional
is acceptable, e.g., in the planning stage of the network. cost of computation. We then define the fitness valuef
Fig. 2 shows the overall structure of our centralized algghromosome, as
rithm, which is based on the simple GA [11]. In the following, B
F(y —{

Fig. 2. Structure of the Centralized Algorithm

IIl. CENTRALIZED APPROACH

subsections IlI-A and I1I-B present two different methods f number of activer;'s, if y is feasible, L
representing the object of optimization as a chromosoram(it 00, if y is infeasible

C1 in Fig. 2) and evaluating the chromosomes (ittms C3 iNgq; the evaluation of a single chromosome, computational
Fig. 2). Subsection I1I-C then describes the computatipasl complexity of O(d - (M(|E|) + R?)) is required, whereE|

of the_ aIgori.thm (remaining items in Fig. 2), which can p% the number of links in the network and(|E]) is the
comblngd with either of the two methods in the preced'%mplexity required to multiply twolE| by || matrices,
Subsections. whose best bound so far i§1(|E|) = O(|E|*37%) [14].

A. Algebraic Method B. Graph Decomposition Method

This is the representation and evaluation method presentedNote that the above algebraic method deals explicitly with
in [5]. Despite the limitation that the method can be applietthe scalar coefficients that appear in the system matrix as-
only when the given network is acyclic, here we briefly présesuming that the network operates with zero delay (and thus



the network is cycle-free). In the presence of cycles, delaj a merging node in the labeled line graph. Since a link in
must be taken into account, and the system matrix, definta labeled line graph corresponds, in the original graph, t
asM = A(D)(I — DF)~'B(D), becomes a matrix over thea pair of incoming and outgoing links connected through a
polynomial ring with coefficients beingational functionsin node, we can see a one-to-one correspondence between the
the delay variableD [13]. binary variables in the chromosomes of the two methods.

We can determine the achievability of the multicast rate by To verify the feasibility of a given chromosomeg we first
examining whether the determinant f for each connection delete all the links associated witlis in . If an outgoing
is nonzero over théield of rational functionsNote, however, auxiliary node has at most one incoming link, we refer to the
that the elements of the matrice$(D), B(D), and (I — outgoing auxiliary node asactive andactiveotherwise. Note
DF)~! are rational functions inD. Therefore, the matrix that we can replace each inactive outgoing auxiliary node,
computations are to be done by calculating the coefficient flogether with its only incoming link and outgoing link, by a
each power of the delay variahle, which in general is much single link without changing any of the max-flows; if it has no
more complex and requires more resources than the simpleoming link, we simply delete the node. Hence, the number
algebraic computations in the delay-free case. Hencectdiref inactive outgoing auxiliary nodes corresponds to the Ineim
manipulation of the transfer matrices for the feasibiligsts of non-coding links.
as in the above algebraic method may become prohibitivelyWe then compute the max-flow between the source and
inefficient for networks with cycles. each of thed sinks. If all d max-flows are at leask, the

In this subsection, we show that, with an appropriate graghromosome is declared feasible, and otherwise infeasible
decomposition, the evaluation can be done by calculatieg t8ince we are to minimize the number of coding links, we
max-flows between the source and each of the sinks. Note tHafine the fithess valug of the given chromosomg as
the claim that the minimum of those max-flows equals the ) -
maximum achievable multicast rate holds regardless whethe number of active
the network is acyclic or not [1]. F(y) = outgoing auxiliary nodes if y is feasible,

We first note that, unlike the algebraic approach, this 00, if y is infeasible
modified method operates on the actual graph of the given -

network rather than on the corresponding labeled line graFmethod does not use randomly generated codes for feasibilit

:jn the first stﬁge of_the aldqonmnl (item (t:l n L:'g' f)il WSest and thus it incurs no error. However, code construction
eéompgse all merging ngees.th "’:l. ari r210 - a SInk asll Ok OWReeds to be done separately after determining the codiks; lin
onsider a merging hode wi in(2 .) incoming inks The max-flow-based evaluation of a single chromosome
andd,; outgom_g links (see_ Fig. 3). We |r_1t_rodud@n nodes requiresO(d - |E’|2\/W) [15], where|E'| and [V"| are the
ULy oo Udins which we call_mcom_mg _auxmary nodesand number of links and nodes, respectively, in the decomposed
redirect thei-th (1 < i < d;,) incoming link of nodev to node oy Note thay £’| and |V’| can be much larger than

i S|m|larly, we _c.reateiout nodesuw, w0 Wours Wh'Ch e the corresponding parameters in the original network if the
call outgoing auxiliary nodesand let thej-th (1 < j < dyut) network is highly connected

outgoing link of nodev be the only outgoing link of node;.
We then insert a linKu;, w;) between each pair of nodes C. Computational Part of GA
andw; (1 <i <d, 1 <j < dou). Hence, for each merging 1) Block-Wise Operationstn [5], a chromosome of length
node with in-degreel;,, and out-degred,.;, the number of 1, is allowed to take any oR™ possible strings of length
nodes increases biyli, + dou: — 1) and the number of links 1. Let us consider a particular subset of the chromosome
by diy - dou: after the decomposition. consisting ofk bits that correspond to an outgoing link fed by
k incoming links, which we refer to aslock of lengthk. Note
that whether coding is done for the outgoing link depends on
whether the number of 1's in the block is at least two or not.
Once the block has at least two 1's, replacing all the remgini
0's with 1's has no effect on whether coding is done. Morepver
substituting 0 with 1, as opposed to substituting 1 with Gdo
not hurt the feasibility. Therefore, in terms of our objeetof
the optimization, any block with two or more 1's can be trelate
the same as the block with all 1's.
Let us now introduce a new structure for representing
Fig. 3. Decomposition of a node wit, = 3 and dout = 2. chromosomes, which we refer to &$ock structure where
each block of lengthk can only take one of the following
With each of the newly introduced links between the auxil% + 2) strings: [000...0], [100...0], [010...0], [001...0],,...
iary nodes, we associate a binary variable in the chromosorf@0...1], [111...1]. Note that the size of the space forackl
Recall that in the algebraic method, a binary variable ©f lengthk, which is exponential without the block structure,
assigned to each coefficient associated with an incomitkg libecomes linear.

Note that, unlike the algebraic method, this evaluation

(a) Before decomposition (b) After decomposition



When initializing the population (item C2 in Fig. 2), eacmumber of coding links is the same as the number of coding
block is randomly generated. Then, an all-one vector is inodes) and the bounds also apply Zzowhich leads to the
serted to the population, whose role as a feasible startirg p following lemma:
is critical to the performance of the algorithm, as discddse = Lemma 1: The number of coding links associated witlis
[5]. upper bounded by 1Rr3d? in acyclic networks and 2)2B +

To preserve the block structure throughout genetic operg23d? in cyclic networks, where3 is the minimum number
tions, we also need to devise a new set of genetic operataslinks that must be removed from the network in order to
In [5], parameterized uniform crossover [11] and simpleabyn eliminate cycles.
mutation [11] are used; in parameterized uniform crossover Hence, our algorithm performs no worse than the algorithm
two chromosomes selected for crossover exchange eachibi], though in most cases our algorithm outperforms the on
independently with a given probability, and in simple binarin [4] even without greedy sweep. Greedy sweep turns out to
mutation, each bit of a chromosome is flipped independentig useful when, e.g., the parameters of GA may not be adjusted
with a given probability. Note that both of operators arproperly. This phenomenon is demonstrated in Section V.
applied to eachbit of the chromosome, hence we refer to 3) Other Components of GAThe iteration is terminated
these operators dst-wise operators. if the generation number reaches the predefined limit (item

We now define thélock-wiseoperators. For block-wise uni- C4 in Fig. 2). For selection mechanism (item C5 in Fig. 2),
form crossover, we let two chromosomes subject to crossoves employtournament selectiofiL1]: we repeat the random
now exchange each block, rather than bit, independentiyatch where the best chromosome out of the predefined
Block-wise mutation, however, needs a more radical changamber of randomly selected chromosomes is selected with
since each block has more than just binary choices: eack bleeplacement for the next generation. Our experimentas test
takes another allowed string uniformly at random. show that tournament selection, compared with the rank¢bas

For a lengthk block, if mutation rate isa, the average selection used in [5], offers better solution quality, adlae
number of flipped bits by mutation isx for bit-wise mutation, faster running time due to not having to sort the chromosomes
and on the other han k+f’“2k+2 o for block-wise mutation,
as can be easily verified. While the difference becomes more
apparent wherk is large since the latter is upper bounded The size of the population often serves as an important
by 4c, those values are still different fdr = 2, where the factor for the ability of a GA to find a good solution [16]. If
block structure makes no difference in the space size. Tihoufe population is too small, it is not likely that the GA would
block-wise mutation may lead to much smaller number @five a good solution. Increasing the population size gdlyera
flipped bits, it is more likely to cause a sudden change @&nhances the quality of the solution a GA produces, but it may
a chromosome, which may negatively affect GA's ability t@ost an excessively large amount of computational ressurce
improve the solution through fine random changes. Though it is not an easy task to predict the accurate populati

Hence, though the block-wise operations greatly reduce thige required for a specific problem, it is always desirable t
size of the space to be searched, their overall effect on thevise an evaluation method with a low complexity, which
performance of GA is not easy to predict theoretically. Thallows for a flexibility in adopting a large-sized populatio
effect will be evaluated later by empirical tests. when required.

2) Greedy SweepAfter the iteration terminates, we further Note that for the centralized approach in the previous
inspect the best chromosome produced to switch each of geetion, the computational complexity required for thel-eva
remaining 1's to 0 if it can be done without violating fealitipi uation of a chromosome depends on the size of the whole
(item C8 in Fig. 2). Let us refer to this proceduregreedy network with exponents larger than 2, i.€)(|E|*376) or
sweep This procedure may only improve the solution, an®(|E’|?,/|V’|). As the size of the network grows, this com-
sometimes the improvement can be substantial, as will pkexity issue may prevent the population size from scaling
shown in Section V. appropriately.

If we refer to the chromosome obtained after greedy sweepln this section, we present a modified framework for the
asz, z is minimal in the sense that any chromosome formezlolutionary approach, in which the feasibility test is don
from z by switching 1 to O is infeasible. Recall that, in thdocally at each sink, while the intermediate nodes simply
evaluation method in Section IlI-B, a 0 in the chromosomeompute random linear combinations of inputs. With a lim-
means that the associated link in the decomposed graph vtéd amount of feedback information from the sinks and the
be deleted. Hence, the decomposed graph associated vgith merging nodes, the evaluation can be done with a significantl
minimal with respect to link removal. One can easily verifyower complexity.
that there is a one-to-one correspondence between the linkEurthermore, the population can be managed in a distributed
between auxiliary nodes in our decomposed graph (see Riganner such that each merging node locally manages a
3) and the paths within the gadgEt (see Fig. 1 in [4]). subset of the population. Note that each binary variable in a
Therefore, fromz, we can construct the corresponding simplehromosome determines the local operation at an individual
instance, as defined in [4]. Note that a simple instance givesde (see Fig. 4). Hence, whether coding is done can be
the upper bounds on the number of coding links [4] (in [4], thehecked locally at each merging node. Also, as the detalls wi

IV. SEMI-DECENTRALIZED APPROACH



be discussed later, all genetic operations can be dondylocdl < j < N) coding vector determines whether the input from
at individual merging nodes. Thus, we refer to this approathe i-th incoming link contributes to thg¢-th randomly coded

as semi-decentralized output; i.e., it corresponds to the link coefficient betwdiesm
i-th incoming link and thej-th outgoing link.
Chromosome length For the feedback of the feasibility and the number of
nl"‘. L coding links, each node transmits a vector consistingVof
Each —>:| 1 |: 0 | 1 | 1 | | 0 | 0 | 1 | components, which is referred to fithess vectarEach of the

hromosom !
chromosome

g ol ]
| T

,| 0 |:1 | ; | 0 | | ; | 0 | ; | components must be at legdbdg(|E|+2)] bits long; for each
' | | | | Population size chromosome, the number of coding links can be from zero to
AR N |E| and an additional symbol (infinity) is needed to signify

- E : S infeasibility.

T ; C Since the population is to be managed at the merging nodes,
—’:\| 1o | 0 | 1 | | 0 | 1 | 0 | | the genetic operations are also to be done at the mergingnode

T’ vy individually, but with some coordination. The source ctdtes

Each bit position determines and sends &oordination vectorconsisting of the following

the local operations at a node

information: the indices of the selected chromosomes, the

random pairings of the selected chromosomes, and whether

Fig. 4. Structure of the Population

or not each pair is subject to crossover.

The overall structure of our semi-decentralized algorithm

Note that, in addition to the ability to deal with a largeis shown in Fig. 2 with the locations specified where each
sized population, this semi-decentralized approach has @dcedure is to be performed.

important benefit that the minimal set of coding links/nodes
can be obtained on the fly while a communication network is
operational. Hence, the following optimization protocahde
readily developed. All nodes participating in the transiuos

are loaded with the proposed semi-decentralized algorifsm

the source node sends a "start” signal, all the nodes go into
the optimization mode starting to run the algorithm. Theawd
where coding is not required are identified as the algorithm
progresses, and when the source node sends a "stop” signal,
the network starts to transmit data with the identified cgdin
and non-coding nodes.

We need to take different approaches depending on whether
the network has cycles or not. In the following, we begin
to describe the details of the semi-decentralized approach
assuming that the network is acyclic. Later in this sectioa,
extend the approach to the networks with cycles, highlighti
the changes to be made.

A. Notations and Preliminaries

[all nodes] preliminary processing (D1);
{
[merging nodes] initialize population (D2);
[all nodes] run transmission phase (D3);
[all nodes] run feedback phase (D4);
[source] calculate fitness (DS5);
[source] while termination criterion not reached (D6)
{
[source] calculate coordination vector (D7);
[all nodes] run transmission phase (D3);
[merging nodes] perform selection, crossover
and mutation (D8);
[all nodes] run feedback phase (D4);
[source] calculate fitness (D5);

¥
}

Fig. 5. Structure of the Semi-Decentralized Algorithm

Note that the semi-decentralized algorithm does not employ
We assume that the following parameters are determing@ greedy sweep procedure as it needs a global coordination
and shared before the algorithm starts: the target multicagfowever, as the semi-decentralized algorithm offers §iigni
rate R, the population sizeV, the field sizeq, the crossover cantly lower complexity than the centralized algorithmsha
probability, and the mutation rate. previous section, we have much more freedom to choose a
Let us define several data structures to be used in t‘a@ger-sized popu|ati0n to improve the solution qua“ty

algorithm. For the feasibility test of a chromosome, eactieno

communicates a vector consisting®fcomponents, which we B. Initialization

refer to agpilot vector Each of the components is frofy and Each merging node with in-degrég, (> 2) and out-degree
the i-th component represents the coefficient to multiply with,,,, generatesV - d;,, - d...; coding vectors randomly (item D2
the i-th source process. We assume that each node transhitig. 5). As in the centralized algorithm, an all-one vedt

a set of N pilot vectors at a time so that the feasibility test ofnserted, which is done by setting the first component of each
the whole population is done all together. coding vector to 1.

Let us consider a merging node with, (> 2) incoming

links. For each of its outgoing links, the node managag C- Fitness Evaluation
binary vectors of lengthi;,,, each of which we refer to as For fithess evaluation (items D3 and D4 in Fig. 5), each
coding vector The i-th (1 < ¢ < d;,) component ofj-th intermediate node operates in a burst-oriented modejfae.,



the transmission (feedback) phase, each node starts ngdatiii) The source node, after receiving an updated vector
its output only after an updated input has been received from from all incident links, calculates its fitness vector by
all incoming (outgoing) links. performing component-wise sum of all the received
1) Transmission Phaséfhe source node transmits on each vectors.
of its outgoing links a set oV random pilot vectors. Each non-Note that, since the network is assumed to be acyclic, each
merging node simply forwards th& pilot vectors received coding link of a chromosome contributes exactly once to the
from its incoming link to all its outgoing links. corresponding component of the source node’s fitness vector
A merging node transmits on each of its outgoing linkand thus the above update procedure provides the source with
the random linear combination of the received pilot veGtorghe correct total number of coding links.
computed based on the node’s coding vectors as follows. LeB) Fitness Calculation:Based on the fitness vector, the
us consider a particular outgoing link of a merging node witource node calculates the fitness valuesVoéhromosomes
in-degreed;,, and denote the associatelgl, coding vectors (item D5 in Fig. 5) such that the fitness value of tih
by v1, va, ..., va,,. For thei-th (1 < i < N) output pilot chromosome is simply thieth component of the fitness vector;
vectoru;, we denote thé-th input pilot vectors received form if an infinity is generated by any of the sinks, it is delivered
the incoming links byws, ws, ..., wg,,. Define the set/ of unchanged to the source node. Note that it is the correcsitne
indices as value for an infeasible chromosome (cf. (1)).

J = {1 <j <d;,]| thei-th component ob; is 1}. (2) D. Genetic Operations

Once the fitness values are calculated, a coordinationwvecto
Then, . T
can be calculated at the source (item D7 in Fig. 5). The co-
u; = ij -randF,), (3) ordination vector, which is to be renewed for each genematio
jeJ as the pilot vectors, is transmitted with the pilot vectorstie

transmission phase. Thus, there is no extra broadcast schem
. : dtob required to share the coordination vector. Assuming that th
J Is empty,u; IS assumed to be zero. coordination vector is received, the population for thetnex

2) Feedback Phaseln order for the source node 10 cal-generation can be constructed independently at each of the
culate the fitness values of a chromosome, two kinds merging nodes as follows (item D8 in Fig. 5):

information need to be gathered: 1) the achievability of rat
at each of the sink nodes and 2) the number of coding links.
Since this information is needed only at the end of a germrati
for selection, the feedback of the information is done omce i
a generation after the transmission éfpilot vectors.
Each sink determines whether the target rfate achievable
for each of theN chromosomes by inspecting the received
pilot vectors; i.e., if the rank of the collection of theh (1 <
i < N) pilot vectors isR, rate R is achievable for the sink.
Regarding the number of coding links, each merging node
can count its number of coding links by inspecting the
coding vectors used in the transmission phase. Note that the
information to be reported to the source node is the sum of
those numbers, not the specific number of coding links at ea&h Complexity

merging node. This feedback is done as follows. Each merging node computes random linear combinations
i) After the feasibility tests of theV chromosomes are of inputs, which requireg)(dy, - d%,, - R). The feasibility

n out
done, each sink generates a fitness vector wheretine test at each sink is done by calculating the rank of an
(1 <4 < N) component is zero if théth chromosome h, x R matrix, whereh; is the number of incoming links
is feasible at the sink, and infinity otherwise. Each sinéf ¢+ and we assumé; > R, hence it requiresO(h?R).
then initiates the update phase by transmitting its fitnegs the feedback phase, the update of a fitness vector takes
vector to all of its parents. O(dy, +dv,,) per chromosome. Therefore, the evaluation of a

out

i) Based on the received vectors, each node calculatesgiigle chromosome requires the computational compleXity o
own fltness_vector such that thie_th (1_ < i < N) O(ZUEV d? - diy; - R) +O(ZteT hZR).
component is the number of coding links of the node )
for the i-th chromosome plus the sum of all thgh F Networks with Cycles
components of the received vectors. Each node thenCycles can be dealt with in two different ways as in other
transmits the calculated fitness vectorotdy oneof its network coding problems. First, we can select a subgragh tha
parents, and to the other parent nodes sends an all-zéoes not contain a directed cycle, based on which we proceed
fitness vector. to code construction and decoding in essentially the same

where randF,) denotes a random element frdfy. If the set

e For selection, each merging node stores the coding
vectors used for the current generation, out of which
each merging node can simply pick the components that
correspond to the indices of the selected chromosomes.

¢ In block-wise uniform crossover, whether each block is
exchanged between a pair of chromosomes is determined
independently with other blocks. Since no block is
shared by multiple merging nodes, crossover operations
can be done independently at each merging node.

e Block-wise mutation neither requires any coordination
between different bit blocks, which leads to independent
mutation operations at each emerging node.



manner as in the acyclic case [17], [18]. Alternatively, vaa c V. EXPERIMENTAL RESULTS

directly apply coding over cycles by combining information por the simulations in this section, the population sizeeis s
from possibly different time periods at intermediate noded 15 100 and the iteration is terminated after 1000 generstion
deploying memory at the receivers for decoding [13], [19%he size of the selection tournaments is 90. The rate of
[20], where the network code can be considered essentially@ssover is fixed at 0.8 and the mutation rates that yield the
convolutional code. best performance at empirical tests are 0.003 and 0.006 for
The former of the above two scenarios allows for simplgiock-wise and bit-wise mutations, respectively.
coding and decoding, but it may necessitate coding at the ) )
links/nodes where coding is not necessary if some link coft: Effects of Block-Wise Operations and Greedy Sweep
nections were not removed in the earlier stage [5]. On theTo test the effect of the block-wise operations introduced
other hand, the latter scenario may allow us to explore tire Section I1I-C, we employ the topologies generated by the
full-fledged tradeoff between coding and capacity, but bottigorithm in [22], which constructs connected acyclic diesl
specifying and decoding the code are more complex thangraphs uniformly at random. We artificially create bottleke
the former case. by greedily removing some portion of redundant links, ilee,
Recall, however, that the important feature of this seminks whose removal does not affect the multicast rate. Two
decentralized approach is that it can be carried out as a pgtworks with parameters (50 nodes, 87 links, 10 sinks, rate
of the setup protocol within the framework of the network) and (75 nodes, 156 links, 15 sinks, rate 7) are used.
coding scheme used. If the original coding scheme is dedigne We use the centralized version of our algorithm with the
to operate on the acyclic subgraph selected beforehan, th@aph decomposition method, using the block-wise operatio
is no reason to employ more complex network codes basedajifl the bit-wise operations. To compare the performance of
the original graph with cycles to minimize coding resourcegur algorithm with other approaches, we perform numerical
In the following, we describe how our semi-decentralizel@sts using the two previously mentioned minimal approsche
approach can be incorporated in the former of the above tRy Fragouliet al. [7] ("Minimal 1”) and Langberget al. [4]
scenarios. Note, however, that a similar approach can le regMinimal 27), in both of which link removal is done in a
ily applied to the convolutional network coding scenaridhwi random order. Table | shows the best and the average values
an appropriate cycle-avoding mechanism for the transorissiobtained in 20 random trials.
of the control messages such as the feedback information.

; ) . (50,87,10,5) [ (75,156,15,7)

To set up an acyclic set of connections on a given network, Best | Avg. | Best | Avg.
we use the distributed algorithm presented in [18], where a Bgfk"_/v'se g g-gg g ‘51-32

; ; ; ; sl P : it-wise . .
bln_ary _varlable is aSS|gned_ to each p(d;rl ) pf |nIC|_dent links Ninimal T 3150010 T 2120
indicating that the connection from linkto link I’ is allowed Minimal 2 3 [ 435 9 | 140
or not, if the variable is 1 or O, respectively. The value aflea Block-wise (w/o greedy sweep) 2 | 250 | 3 | 4.40
binary variable is determined such that the transmissiongal Bit-wise (wfo greedy sweep) | 2 | 450 | 24 | 30.05
a directed cycle is prohibited. TABLE |

It is interesting to note that the binary variables used for CoMPARISON OFNUMBERS OFREQUIRED CODING LINKS
subgraph selection are actually assigned to the link ciesfis

as in our method. Hence, our method works in two stages as
follows: In our experiments, our algorithm with the block-wise
i) Use the algorithm in [18] to select the set of "nkoutperforms the one with the bit-wise operations. One. can
coefficients to be used for transmission. Each node tthserve in the table that the performance of our algorithm,
ith either of the genetic operations, is everywhere attleas

ﬁzc:;gggzge binary variables assigned to its links WI(YaYi good and often far better than that of both Minimal 1 and

i) We then apply the evolutionary method as describe'}qInlmal 2 both in the best a_nd in the average values.
in sections from IV-A to IV-D using only those link To demonstrate the eﬁectlveqess of the greedy sweep pro-
coefficients selected in the first stage. cedure, we also show the soI_ut|ons by our algorithm without
greedy sweep. One can notice that, without greedy sweep,
Alternatively, if minimizing the link cost is the primary gur algorithm with the bit-wise operations may perform veors
concern, one may need to first select a subgraph that achiaygs the minimal approaches. Such poor performance may be
the desired throughput with the minimum cost using a dgye to that some parameters, such as population size, are not
centralized algorithm in [21]. Such a subgraph would neitably chosen. Even with such misadjusted parameters, ou

contain a directed cycle if the network is assumed to haygyorithm, if combined with greedy sweep, performs much
no links with zero or negative costs. Hence, another tW@gtter than the minimal approaches.

stage method is possible where the minimum-cost subgraph ) )

selection is followed by the evolutionary method with th&- Performance of Semi-Decentralized Approach

changes as above. The performance of this two-stage metho8ince the centralized and the semi-decentralized appesach
is demonstrated in the next section. share the same computational part of GA, they show the same



average performance in terms of the quality of the solutiothe one used in [5]. Third, we presented a semi-decentdalize
One can observe, however, a significant gain in terms fwamework of the evolutionary approach that enables a mitwo
complexity with the semi-decentralized approach (cf. ®est coding protocol, where the resources used for coding are
lI-A, 1lI-B, and IV-E). optimized in the setup phase as the proposed evolutionary
We generate a set of highly connected topologies sualgorithm being loaded and run at each node of the network.
that there exists a link between each pair of nodemnd We then demonstrated the effectiveness of our algorithms by
j (@ < j), where the source is node 1 and the sinks aoarrying out simulations on a number of different sets of
the last 10 nodes, and compare the running times of thetwork topologies.
two approaches. This test is pessimistic in the sense tkat th
decentralized algorithm is run on a single machine with each
node’s function emulated by a separate thread, thus it doéld R. Ahiswede, N. Cai, S.-¥. R. Li, and R. W. Yeung, “Netwarkorma-
not benefit from the posssible multi-processing gain wheitea gggglow, IEEE Trans. Inform. Theoryol. 46, no. 4, pp. 1204-1216,
suffers from additional burdens incurred by the managemient [2] S.-Y. R. Li, R. W. Yeung, and N. Cai, “Linear network codi IEEE
a large number of threads. Table Il shows the elapsed time (in &fags-é?éﬁ;m-;zegwg- F"‘:r:kf;?- 20 r?pﬁqjlzill—jf‘;éiﬁggiuw b
seconds) per generanon for the two approaches. We obse lems.” Netwgrks vol. 16, no. 4, pp. 423_43£ 1986. ®
that the semi-decentralized approach nevertheless affiers [4] M. Langberg, A. Sprintson, and J. Bruck, “The encodingngtexity of

advantage in running time as the size of the network grows,  network coding,” inProc. IEEE ISIT '05 S
[5] M. Kim, C. W. Ahn, M. Médard, and M. Effros, “On minimizn
network coding resources: An evolutionary approachPinc. NetCod
2006.
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three perspectives. First, we devised a modified evaluation
method that works also with networks with cycles. Second,
we introduced a new set of GA components that outperforms



