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This paper presents a methodology for identifying important discipline couplings
in multicomponent engineering systems. Coupling among disciplines contributes
significantly to the computational cost of analyzing a system, and can become
particularly burdensome when coupled analyses are embedded within a design
or optimization loop. In many cases, disciplines may be weakly coupled, so that
some of the coupling or interaction terms can be neglected without significantly
impacting the accuracy of the system output. Typical practice derives such ap-
proximations in an ad hoc manner using expert opinion and domain experience.
This work proposes a new approach that formulates an optimization problem
to find a model that optimally balances accuracy of the model outputs with
the sparsity of the discipline couplings. An adaptive sequential Monte Carlo
sampling-based technique is used to efficiently search the combinatorial model
space of different discipline couplings. An algorithm for selecting an optimal
model is presented and illustrated in a fire detection satellite model and a tur-

bine engine cycle analysis model.
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Linear approximation of model outputs
Turbine: Net thrust

Satellite: Average solar flux

Turbine: Fan pressure ratio

Satellite: Altitude

Model objective function

Satellite: Moment of inertia

Number of disciplines

Number of particles in SMC

Satellite: Aerodynamic torque moment
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Satellite: Radiation torque moment arm
Discipline couplings in the decoupled
model

Number of input variables

Model space

Discipline couplings in the reference model
Number of state variables

Turbine: Overall pressure ratio

Number of output variables

Function to count removed couplings
Satellite: Power of attitude control system
Satellite: Power other than Pscg
Satellite: Total power

Probability of model M at step ¢
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Input state variables to discipline k&
Satellite: Eclipse period

Satellite: Orbit period

Turbine: Engine burner temperature
Turbine: Thrust-specific fuel consumption
Satellite: Satellite velocity

Turbine: Mass-flow rate
Weight of model [ at step ¢
Model input variables

Model state variables

First-order mean of state variables

Update to tempering parameter
Threshold for minimum sample diversity
Metropolis-Hastings acceptance probabil-
ity

Metropolis-Hastings transition kernel
Set of A parameters

Parameter in combinatorial optimization
Mean of input variables

Mean of linearized model output
Probability density of outputs
Probability density of inputs

Tempering parameter at step ¢
Covariance of linearized model output
Satellite: Total torque

Satellite: Deviation of moment axis
Satellite: Maximum slewing angle

Particle diversity at step t



I. Introduction

ULTIDISCIPLINARY analysis and optimization (MDAO) couples multiple computational models to
M represent complex interactions in the design of engineering systems. With the increasing number of
disciplines and improved fidelity in multidisciplinary models, the coupling among disciplines can contribute
significantly to the computational cost of analyzing these systems. This coupling may include both one-
directional (feed-forward) coupling, and bi-directional (feedback) coupling that requires iterative numerical
methods to compute model outputs. The coupled MDAO problem may be formulated in a variety of different
ways [1], and various MDAO architectures have been developed to manage discipline coupling for large-scale
problems (see Ref. [2] for an overview). Monolithic architectures solve the system using a single optimization
problem, while distributed approaches partition the model into subproblems, each involving a smaller number
of variables [3-7]. Typical practice derives these discipline couplings using expert opinion and domain
experience. Given the significant impact of couplings on the computational tractability of evaluating a model,
it is of interest to systematically identify which disciplines should be coupled in a model and where couplings
may be approximated. This paper addresses this open challenge to yield optimal approrimations to coupling

in multidisciplinary models.

The application of MDAO originated in structural optimization and aircraft wing design [8, 9]. It has since
been extended to many different engineering systems, such as the design of complete aircraft configurations
[10, 11], internal combustion engines [12], wind turbines [13], and spacecraft [14]. Multidisciplinary models
of such systems often demonstrate varying degrees of coupling. Couplings can be categorized as being
“strong" or “weak" based on the response of a discipline output to a change in a coupling variable [15]. As a
result, for certain quantities of interest (Qol) in a model, neglecting weak interactions negligibly impacts the
accuracy of the system outputs. Simultaneously, decoupling discipline interactions can reduce the number of
feedback loops and present substantial computational savings when using the model for analysis and/or design
optimization. Therefore, an important challenge in the field of MDAO has been to identify a decoupled model
that best trades off the sparsity of the discipline couplings with the accuracy of the model in representing the
engineering system’s outputs. One approach to do this uses weighted design structure matrices to decompose
the model and rearrange the disciplines to minimize feedback. This method estimates the strength of the
couplings based on the discipline connectivity [16] or the sensitivity of the model outputs to the coupling at
each iteration of a multidisciplinary optimization process [17]. However, existing methods leave open the
question of identifying which discipline couplings are most important in a model for characterizing system

outputs over a range of input variables.



In this work, we consider optimal approximations to coupling in the context of multidisciplinary models
with uncertain inputs. Using such models in optimization or uncertainty quantification (UQ) is challenging,
particularly in the nonlinear setting; both types of analysis require an accurate characterization of the
uncertainty in the model outputs. To this end, users often rely on traditional and computationally intensive
approaches such as Monte Carlo sampling [18]. As a result, identifying an approximate coupling that reduces
the dimensionality of the information exchanged between disciplines and that eliminates large feedback loops,
while minimizing information loss in the output uncertainty, presents an important source of computational
savings for MDAOQO. This paper addresses this challenge by formulating the search for a decoupled model as a
combinatorial optimization problem and leveraging recent advances in sequential Monte Carlo algorithms
[19, 20] to solve this problem. To the best of our knowledge, it is the first attempt in the literature to identify
a sequence of optimal discipline couplings that trade off the accuracy of the model output uncertainty with

the sparsity of the discipline couplings.

The remainder of this paper is organized as follows. Sections II and III introduce the mathematical formulation
and methodology to efficiently search for an optimal approximation to the coupling of a multidisciplinary
model. Section IV presents results for two engineering systems: a fire detection satellite and a turbine engine

cycle analysis model. Finally Section V concludes the paper and presents future research directions.

I1. Background and Problem Formulation

This section introduces the notation and background for multidisciplinary model analysis in Sections A and B.
The definition and the problem formulation for model coupling approximations are presented in Sections C

and D, respectively.

A. Multidisciplinary Models

We consider a numerical multidisciplinary model to be a mapping from disciplinary input variables to
disciplinary output variables, mediated by a set of internal state variables. The output variables represent

quantities of interest (Qol) that depend on the input and state variables of the model.

For a model in this work, we represent a vector of m input variables by x = [z1,...,2,,]T € X CR™, a vector

of n state variables by y = [y1,...,yn]T € Y C R", and a vector of p output variables by f = [f1,..., f,]T € RP.



The state variables in the model are defined implicitly by the governing residual equations

Ri(xvy):()a i=1,...,n, (1)

where in most generality each function R; depends on all input and state variables, and consists of algebraic
equations, differential equations, and/or other operations. Letting R = [Ry,...,Rx]?, the coupled system
of equations, R(x,y) = 0, defines the mapping of input to state variables, R: X — ). The function

F: X x Y — RP computes the output variables explicitly as

f=F(x,y). (2)

In a multidisciplinary problem, the n residual equations in equation (1) are partitioned into disjoint groups,
each representing a particular engineering discipline or subsystem of the model. Each discipline computes a
set of internal state variables and coupling variables that are passed to other disciplines for modeling system
interactions. The coupling variables supplied by a given discipline are defined as a transformation of its
internal state variables. In this work, we will include these transformations in the set of residual equations,
R, and include both the internal and coupling variables in the vector of state variables, y. A graphical

representation of a model with two disciplines and its coupling variables (y; and y9) is given in Figure 1.
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Fig. 1 Graphical representation of a multidisciplinary model

The dependence of the residual equations on coupling variables from other disciplines defines the overall
discipline coupling in the model. This coupling can include one-directional (feed-forward) coupling, or
bi-directional (feedback) coupling between any two disciplines. For instance, the dependence of disciplines 1
and 2 on yo and y;, respectively, results in the feedback coupling loop for the model in Figure 1. Solving these

systems of feedback coupled residual equations requires using an iterative numerical method to determine



the states and corresponding output variables. Common iterative methods include fixed point iteration or

gradient-based algorithms for solving nonlinear equations, such as Newton’s method.

B. Uncertainty in Multidisciplinary Models

In many multidisciplinary models, the input variables are not known exactly. As an example, when analyzing
a rocket during launch, it is common to consider wind gusts as a source of uncertainty in the multidisciplinary
model [21]. In such cases, the input variables, x, are represented as random variables endowed with a

probability density function (PDF) my: X — Ry

With uncertain inputs, the state and output variables of the model are also random variables where the
outputs, f, have an induced joint PDF, m¢: R? — R, . Forward uncertainty quantification (UQ) propagates
the input uncertainty through the coupled model to characterize the uncertainty in the output variables,
which is defined by their distribution. For engineering applications, this typically includes determining the
mean and variance of the output variables, although sometimes other properties of the output distribution

are also of interest, including higher-order moments and the PDF itself.

For linear residual and output equations, the mean and variance in the output variables can be quantified
analytically in terms of the model equations and the mean and variance of the inputs. However, for
general nonlinear equations, forward U(Q is more challenging and is commonly performed with various
probabilistic techniques such as sampling-based methods, localized Taylor-series model expansions, functional

approximations (e.g., polynomial chaos expansions), etc [22].

One of the traditional and robust algorithms for quantifying uncertainty is based on Monte Carlo simulation.

This sampling-based method comprises three steps:

1. Draw N realizations, x\), of the input variables from 7y that define samples j =1,..., N.

2. For each sample, solve the coupled residual equations, R(x(j ), y(j)) =0, for y) and evaluate the output

fU) = ]:(X(j)’y(j)),

3. Use the output samples, f/), to estimate the mean, variance, or other attributes of the PDF, 7¢.

It is well known that the standard deviation of a Monte Carlo estimator converges at a rate of 1/v/N with an
increasing number of samples, N [22]. As a result, to accurately estimate output statistics, a large number
of samples and corresponding solves of the coupled residual equations are required with this method. For
expensive simulations under limited computational resources, this motivates the use of alternative techniques

that reduce the computational cost of solving the multidisciplinary model. One approach for efficiently



propagating uncertainty in multidisciplinary systems is a decomposition-based method that combines Monte
Carlo sampling of each discipline or domain with importance sampling to analyze the uncertainty in feed-
forward systems [23]. For multidisciplinary systems with feedback, recent methods include a likelihood-based
approach to decouple feedback loops and reduce the model to a feed-forward system [24], dimension reduction
techniques to represent certain coupling variables with spectral expansions that depend on a small number of
uncertain parameters [25-27], and the use of adaptive surrogate models for individual disciplines [28] or to

approximate the coupling variables and reduce the number of model evaluations [29].

In this work, we focus on approximate coupling as a way to reduce the computational cost of finding a
solution to the multidisciplinary model. We note that this could also be combined with existing techniques to

accelerate forward uncertainty quantification.

C. Model Coupling Approximation

In practice, many disciplines are often weakly coupled and the residual equations in each discipline are most
sensitive to only a subset of the coupling variables [15]. Our approach of approximate coupling is to trade off

the number of number of coupling variables between disciplines with the accuracy in the output Qol.

In a multidisciplinary model with K disciplines, we define Sx C {y1,...,yn} as the set of coupling variables
that are arguments to the residual functions of the k-th discipline (e.g., S1 = {y2} and Sa = {y1} for the
example in Figure 1). Collecting the coupling variables associated with each discipline, we define a model M
as M = [81,...,Sk]. In this context, the size of the model d(M) is the total number of discipline couplings it
contains, i.e., d(M) = Ele |Sk|, where |Si| denotes the cardinality of Si. Given a multidisciplinary model
M, our goal is to identify the coupling variables (i.e., components y; of y) that have a small effect on the
overall model output. Each of these variables as inputs to a certain discipline (e.g., y; € Sk) is then fixed to
a nominal value, such as its mean value, and removed from Si. The corresponding disciplines are thereby
only coupled through deterministic values for the coupling variables. By fixing these random variables, these
coupling variables are no longer unknown discipline inputs and do not require iteration to find their converged

values. We refer to this process as decoupling.

The operation of replacing the dependence of residual equation, Rs, on the coupling variable, y;, with the
fixed constant input, 77, is seen graphically in Figures 2 and 3. By decoupling variable y; from discipline 1 to
discipline 2, the original feedback coupled multidisciplinary model is converted into a feed-forward model. In

this case, instead of having to iteratively solve the coupled residual equations to find y, the state variables



can be more cheaply determined by solving the one-way coupled model.

For the remainder of this paper, we denote the set of discipline couplings in our reference multidisciplinary

model as My, and use M to represent a model that results from decoupling one or more coupling variables.
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Fig. 2 Feedback coupled two discipline model Fig. 3 One-way coupled two discipline model,
M, M

In the context of forward UQ), the error introduced by decoupling variables between disciplines is defined as
the accuracy of the PDF of the output variables of model M relative to the PDF of the output variables
of the reference model My. One widely used measure for comparing PDFs is the Kullback-Leibler (KL)
divergence. Here we consider the divergence D (ms,,, ||7s,,) between the PDF of the output variables in the
decoupled model, 7¢,,, and the PDF of the outputs in the reference model, ey, - Lhe KL divergence has
useful information theoretic interpretations [30]; in particular, it provides an indication of the information
lost when using 7¢,, to approximate the distribution of the output variables with the discipline couplings in

model M. The reader is referred to Ref. [30] for more properties of the KL divergence.

D. Search for Optimal Coupling

We search for the maximum number of discipline inputs that can be decoupled while minimizing the information
lost from decoupling. These competing objectives are used to formulate a combinatorial optimization problem
to find an optimal model by exploring the space of possible decoupled models, which we denote by M. The

optimal decoupled model is denoted by M*(\) and is found by solving

M*(X\) = argmin Dk (7, |7, ) — AP(M). (3)
MeM

The two parts of the objective function in (3) are the KL divergence that measures the accuracy of the PDFs
for the output variables in the decoupled model relative to the reference model, and the function P: M — N

that represents the sparsity of the model couplings. In this work, P(M) = d(My) — d(M), i.e., the function



counts the number of removed discipline couplings in M with respect to the reference model My, so that
maximizing P(M) tends to favor sparse models with fewer couplings. Finally, these two parts are combined
in the objective function by using a weighting parameter, A\, that controls the relative importance given to

accuracy vs. sparsity.

We note that other metrics can also be used for the sparsity penalty, P(M), in the optimization problem. For
example, by using additional knowledge about the contribution of each discipline coupling to the total cost of
running the model, we can assign a different weight to each coupling that favors removing computationally

expensive discipline couplings.

For a model with K disciplines, the number of discipline couplings, d, can grow as d = K2 — K for the
case of a fully coupled reference model with single univariate coupling variables between all disciplines. The
decoupling problem then associates a binary variable with each discipline coupling: the coupling can remain
active or become inactive. Thus the cardinality of the model space M grows exponentially with d: |[M| = 29.
Using a binary representation for each coupling variable, a model can be equivalently expressed as a binary
vector in M = {0,1}¢, where a value of one denotes that a discipline coupling is active and a value of zero
denotes an inactive coupling. For K = 2, this space is given by the four models in Figure 4, while for K = 3
disciplines there are 26 = 64 possible models. As a result, in the case of many disciplines it is not feasible to
compare all models by enumeration. Instead, the next section discusses tractable approaches for evaluating

the objective function and exploring this high-dimensional binary space over different models.
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Fig. 4 Space of possible decoupled models, M, for K = 2 disciplines

III. Approximate Coupling via Optimization

In Section A we describe the model selection procedure for finding optimal decoupled models. Section B
introduces the use of model linearizations for estimating the KL divergence, and Section C describes a

sequential Monte Carlo algorithm to solve the combinatorial optimization posed in equation (3).



A. Model Selection Procedure

In an engineering setting, it is of interest to select the model coupling approximation based on a combination
of accuracy requirements and the availability of computational resources. To find a model that satisfies these
criteria, we suggest solving the optimization problem in equation (3) for different values of A in a set A to
identify a sequence of optimally decoupled models, M*()). An optimal model for each application is selected
from this sequence by trading-off accuracy in the output variable PDFs for a reduced number of discipline

couplings and thus reduced computational cost for each sample evaluation.

To efficiently find the optimal model for each value of A, we use a sequential Monte Carlo (SMC) algorithm
for the combinatorial optimization, as described in Section C. To approximate the KL divergence term in
equation (3), Chapter 3 of Ref. [31] presents model linearizations as an inexpensive and often sufficiently
accurate approach to characterize the model output uncertainty and it is the approach we adopt in this work.
The complete procedure for optimal model selection is summarized in Algorithm 1. The next two subsections

provide details on Line 2 and Line 3, respectively, of Algorithm 1.

Algorithm 1: Optimal Model Selection
Input: Reference model: My, Set of A parameters: A, Model sparsity function: P (M)
1 for A € A do
2 Setup objective function, h(M;A) = D (7, ||7,,) — AP(M), using model linearizations;

3 Determine M*(\) = argminpyea h(M; \) using sequential Monte Carlo algorithm;
4 end

5 Select optimal model by comparing the accuracy and sparsity of M*(\) for each A € A;
6 Return decoupled model, M*;

B. Model Linearization

Our linearization of a multidisciplinary model is given by the first order Taylor series approximation of the
model outputs in equation (2). This linearization is found by evaluating the partial derivatives of the function
F with respect to input and state variables, which are denoted by OxF and 0y F, respectively. Both of these

derivatives are evaluated at a specific linearization point for the input and state variables.

One natural linearization point is the mean of the state variables. However, finding the mean requires
characterizing the distribution for these variables a-priori. Instead, an approximation commonly used in
the literature is to linearize the models around the state variables corresponding to the mean values of the
input variables [24]. The mean value of x is denoted by pyx = E[x] where E is the expectation operator

with respect to the PDF mx. The state variables, y(ux), corresponding to uy satisfy the residual equations,

10



R(px, ¥(1x)) = 0, and these states are referred to as a first-order mean for y [32].

Using the Taylor series expansion about the first-order mean, the linearized approximation of the output

variables is given by

f=F(xy)~ Flux, y(ux)) + 8x]:|#x,y(ux) (x — pix) + 8Y‘F‘ux,y(ux) (v — y(ux))- (4)

Similarly, the linearized approximation of the coupled residual equations for the model about the same

linearization point is given by

R(%,y) = Rlpx, ¥ (1x)) + OxRl,, gy (%= 1) T ORI, oy (v = ¥(ix)), (5)

where 0xR and OyR denote the partial derivatives of the residuals with respect to the input and state
variables, respectively. Rearranging the approximation in equation (5) for the state variables, and noting that

R(px,¥(1x)) = 0, the solution for the state variables that satisfy R(x,y) = 0 is given by

y = y(lux) - (8yR‘Mx7y(,u,x))_1 alelu,x,y(#x) (X - l’LX) (6)

Here we note that the matrix of partial derivatives, (9yR)"'0xR in equation (6), contains the sensitivity
of the state variables to perturbations in the inputs. These sensitivities to the input variables are often
computed as part of an adjoint analysis for single or multiple discipline models [33, 34]. Furthermore, the
sensitivities are typically found without assembling and inverting the full matrix of partial derivatives for the
residual equations with respect to the state variables. Instead, the values in the matrix are determined by

solving a linear system using an iterative numerical method [2].

Substituting the linearization for the state variables in equation (4), a linear approximation to the output

Qols in the multidisciplinary model with respect to the input parameters, x, is given by

£ B00) = Fltoe ¥ (1) + [ 06F L 1) = 05 F e y) O Rl o) ™ Rl )] (6= 1) (7)
7

= f(ﬂan(Mx)) + 0= (X - IU’X)7

sy ()

where f (x) represents the linear approximation and % denotes the matrix of total derivatives of F with

respect to the input variables. With this linear relationship in the inputs, x, the mean and variance of

11



the linearized outputs are propagated analytically from the mean and variance of the input variables. In
particular, if the input variables are normally distributed with covariance matrix, ¥, the linearized output

variables are also normally distributed with mean, p; = E[f], and covariance, ¥; = E[(f — uz)(f — p13)7],

where
tig = F(pis, ¥ (1)) (8)
d d
;= ldf DI di ] (9)
X ey (1) X ey (1)

In the case of normally distributed inputs, to compute the KL divergence for the output variables of each
decoupled model, M € M, relative to M, we compute the mean and covariance of the linearized model
outputs using (8) and (9). The mean and covariance for the linearized output variables of model M, are
denoted by Mg, and Z;MO, respectively. Similarly, the mean and covariance for the decoupled model M are
denoted by pz —and Yz ., respectively. Using the closed form expression for the KL divergence between two
Gaussian distributions, we estimate the KL divergence between the PDFs for the outputs of models My and

M with the equation

D (e, |Im60,) ~ Drcr(mg,, 7, )

_ 1 Tr 2712~ N N Tzfl N N 1 |ZFM‘ (10)
=9 ( Fur fMO) + (MfM - ,UfMO) E-M(/J‘fM - :U’fMO) —p+in | )

far

where Tr(-) denotes the matrix trace operator, and In(| - |) is the log-determinant of a matrix. We note that
the derivatives in equation (7) are typically available when computing system outputs or performing design

optimization. This leads to a small incremental cost for evaluating the KL divergence in equation (10).

For numerical stability when computing the KL divergence with equation (10), we require that the covariance
matrices of the reference and decoupled model are invertible and are well-conditioned. One necessary condition
for the covariance to be full-rank and invertible is that the dimension of the random inputs, m, is at least the
dimension of the output variables, p. For rank-deficient covariance matrices, adding Gaussian noise with
small variance to the output Qols ensures the PDF for the outputs is fully supported and the covariance
is invertible. In practice, the selected Qols should also have similar orders of magnitude for the covariance
matrix to be numerically well-conditioned and for the objective function to closely weight the Qols equally.
One recommended approach is to scale Qols to have similar orders of magnitude or to work with normalize

physical variables (e.g., normalize absolute fuelburn by gross weight for an aircraft design problem).
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Lastly, it is important to note that each decoupled model, M € M, results in a different first-order mean for
the state variables. As a result, to compute the mean and covariance of the output variables, it is necessary
to solve the nonlinear residual equations once for each model M at the mean input variables. The resulting
first-order mean of y is used as the linearization point to evaluate the partial derivatives of the residual and

output functions in the model linearization.

Nevertheless, in some cases there are efficiencies that can be exploited to avoid a system evaluation for
every possible model considered. One choice that can significantly reduce the cost of evaluating the model
linearizations and the KL divergence is the value selected for decoupled state variables, y;, that are fixed
inputs to other disciplines. In particular, if the first-order mean value for the state variable y; from Mj is
also used as the fixed input, y;, the solution of the unknown state variables in a decoupled model are still
given by the first-order mean values for the states in the reference model. In this case, it is not necessary to
re-evaluate the system’s outputs after decoupling certain connections. As a result, the linearization point for
the derivative evaluations also remains the same for a decoupled model, M, and only the dependence of the
residual equations on the state variables change. To account for this change in variable dependence, it is
sufficient to mask the effect of the decoupled inputs in the dy’R matrix and recompute the linearization for

model M using the updated matrix in equation (7).

C. Sequential Monte Carlo

To find an optimal decoupled model that best balances the accuracy and sparsity of an approximate
model coupling, we solve the combinatorial optimization problem in equation (3). Common algorithms for
combinatorial optimization over large binary spaces find approximate solutions by using local neighborhood
searches, depth-first branch and bound searches, or randomized methods such as simulated annealing and

genetic algorithms. For a comparison of these methods, the reader is referred to Ref. [35].

To effectively explore the model space, there is growing numerical evidence that global particle methods
based on sequential Monte Carlo, which track a population of possible solutions, are robust and can often
outperform heuristics and local search methods for binary optimization problems [36, 37]. This is particularly
evident in strongly multi-modal objective functions where local search methods can become trapped in
certain modes of the model space. Therefore, in this work we chose to use SMC to perform the combinatorial

optimization.

SMC is described below and summarized in Algorithm 2. More details on the algorithm’s implementation

13



can be found in the Appendix. The main steps of SMC are:

1. Generate a set of weighted particles representing possible decoupled models
2. Update the weights based on the value of the objective function

3. Propose new particles to explore the space while seeking the optimum

4

. Repeat steps 2-3

To find the optimal solution using SMC, we first define a sequence of probability distributions on the model
space, which we denote by P;: M — [0,1] for each index t € Ny. These distributions progress from a
distribution that is easy to sample from, such as the uniform weighting over the set of all possible decoupled
models (i.e., Po(M) = U(M)), to the final target distribution of interest that concentrates most mass over
the models that minimize the objective function. To smoothly move towards the target distribution, the goal
of an efficient particle method in this context is to learn the correlations and properties of the model space in

order to find the global minimizers without enumerating all models.

Particle methods approximate the distribution at each step by a finite set of L € N weighted particles
that each represent a particular model. We denote particle [ at step t of the algorithm by Mt(l) € M for
l=1,...,L. Each of these particles is also associated with a weight that we denote by w,gl) € [0,1]. The
collection of particles and weights at each step is given by (M, wy) = {Mt(l), wil)}le. The weights are set to
1/L when initializing the system at ¢ = 0. At each iteration of the algorithm, the weights are updated based

on the subsequent distributions using the ratio

1
0 _ 0P (M)
Uppg = Wy )
Py(M;)

(11)
followed by the normalization step, wt@l = ugl/ Y U§Q1 for I =1,...,L. Here we note that it is sufficient
to evaluate the models at the unnormalized versions of P, and P, given that the weights only require the
ratios of these probability mass functions. As described in a recent study by Schéfer et al. [37], one common
and successful technique to construct these distributions over the model space is to use a tempered family.

This family of distributions assigns to each decoupled model, M € M, the probability mass

Py (M) o< exp(—p(t)h(M)), (12)

where h: M — R is the value of the objective function for each model in the combinatorial optimization

problem, and p: Ny — R, is a monotonically increasing tempering parameter that depends on step t.

14



For the combinatorial optimization problem posed in equation (3), the objective function is given by
hM) = Dgp, (7T§MO||7T§M) — AP(M). Therefore, as t and p(t) increase at each iteration, the tempered family
concentrates more mass on the set of models that minimize the value for the objective function by assigning
higher weights to these models. However, by just repeatedly reweighing the initial set of particles using
equation (11), the weights will become uneven and eventually lead to particle degeneracy with a poor sample

approximation to each distribution.

As a result, the main ingredient that differentiates sequential Monte Carlo samplers from vanilla importance
sampling is the series of alternating reweighting and proposal steps that resample and move the particles in
order to explore the space outside of the current set of models. At each iteration, the algorithm measures a
series of metrics including the effective sample size (ESS) to measure the uniformity of the weights w; (i.e.,
relative optimality of the models at iteration ¢), and the particle diversity to measure the number of unique
models in M;. The ESS and particle diversity are denoted by ESS(w;) and ((M;), respectively, and defined
in equation (13). Based on the ESS, SMC resamples the particles from its current empirical distribution and
moves them by using an adapted proposal distribution that samples new particles in the model space. This

combination of steps ensures there is a smooth transition between all distributions, P;.

1

ESS(w;) = —————,
S (w2

M) = THMO e, L) (13)

The resample and move steps are repeated until the sample diversity drops below a threshold § > 0, indicating
that most of the mass in P; is concentrated on a few decoupled models. At the end, the algorithm returns
the maximizer of the final distribution within this small set of particles as the optimal decoupled model. A
summary of the algorithm to find the optimal model coupling using SMC is presented in Algorithm 2. More
details on the proposal mechanism, the resample and move steps and how to update p(t) (i.e., Lines 7-10 of
the algorithm) can be found in the Appendix. The reader is also referred to Ref. [37] for specific details and

limitations on each function in the SMC algorithm for solving combinatorial optimization problems.

In practice, the number of particles at each iteration of the SMC algorithm, L, and the minimum particle
diversity, d, are chosen relative to the cardinality of the model space. While the number of particles should
be small enough to ensure that the model selection is computationally feasible, it should also be large enough
to approximately represent the distributions, P;. In our numerical examples, we chose a minimum particle
diversity of § = 0.1L to terminate the algorithm and indicate that most probability mass is concentrated on a

small number of unique particles.
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Finally, as empirically demonstrated in Ref. [37], this algorithm can successfully perform optimization on
binary spaces of 250 dimensions—which, in the present context, corresponds to multidisciplinary models
with up to 250 coupling variables. We note that for models that have more coupling, the algorithm can be
first applied to groups of coupling variables to find a coarse approximation to the optimal decoupled model,

followed by refining the retained coupling in each group.

Algorithm 2: SMC for Optimal Model Coupling
Input: Model Objective Function: h(M), Minimum Particle Diversity: , Number of Particles: L

1 Initialize counter: t = 0;
) wd

Sample models: Mt(l
Initialize weights: wgl) =1/Lforl=1,...,L;

N

UM) forl=1,...,L;

3

4 Compute particle diversity: ¢, = ((M,);

5 while ¢; > 0 do

6 Update counter: ¢+t + 1;

7 Fit proposal: q; - Fit_Proposal(M;, w;);

8 Resample: M; < Re_sample(M;, w;);

9 Move models: M; < Move(g:, My, wy);

10 Update p(t) to maintain ESS(w);

11 Update weights: w; <— Importance_Weights(h(M), p(t), My, wy);

12 Compute particle diversity: ¢; = ¢((IMy);
13 end
14 Return M* = argmin, cpg, h(M), h(M*)

IV. Numerical Results

In this section, we present results for applying the proposed model selection algorithm to two aerospace
engineering examples. These are a three-discipline model of a satellite used to detect forest fires in Section A
that was presented in an uncertainty quantification context by Sankararaman et al., [24] and a model for
turbine engine cycle analysis in Section B that was developed by Hearn et al. [38]. We conclude in Section C

by referencing a publicly available implementation of the model selection algorithm for future analyses.

A. Fire Detection Satellite Model

We begin by studying the satellite model with a nominal set of parameters for the input uncertainty distribution

in Section 1. The effect of different input uncertainty on the optimal models is analyzed in Section 2.
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1. Nomanal Input Uncertainty

To analyze the performance of a fire detection satellite under uncertain operating conditions, we consider
a model that comprises three disciplines: orbit analysis, attitude control, and power analysis. As seen in
Figure 5, the model features both feed-forward and feedback coupling variables to exchange information

between the disciplines.
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To represent the uncertain conditions, the model includes nine Gaussian random variables that are described
by their mean and standard deviation parameters in Table 1. After propagating the input uncertainty through
the disciplines, the seven state variables connecting the disciplines are also uncertain and are distributed
with potentially non-Gaussian probability distributions. These state variables are: the orbit period (Atyrpit),
eclipse period (Ateeipse), satellite velocity (v), maximum slewing angle (0sc.), the power of the attitude
control system (Pacs), and the moments of inertia (1,4, and I,y ). In addition, the orbit period is an input
to two disciplines (orbit analysis and attitude control) resulting in a total of d = 8 coupling variables for this
satellite model as seen in Figure 5. These coupling variables with the discipline residual equations in Ref. [24]
are used to compute the three output Qols: total torque (740¢), total power (P ), and the area of the solar

array (Asq). The joint PDF of these output variables, m¢, is displayed in Figure 6.

By defining the model displayed in Figure 5 as the reference model, My, our algorithm for optimal model
selection considers possible decoupled models, M, that have a smaller number of discipline couplings by fixing
a subset of the coupling variables of each discipline to their first-order mean value from M. In order to
empirically validate the use of model linearizations to estimate the KL divergence of the decoupled models,

we compare the Gaussian distribution for the linearized outputs of the reference model to the uncertainty in
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Table 1 Random variable parameters in the satellite model from Ref. [24]

Random Variable Symbol Mean ‘ Standard Deviation ‘
Altitude H 18.0 x 10 m 1.0 x 106 m
Power other than attitude control Poiher 1.0x 103 W 50.0 W
Average solar flux Fs 1.4 x 103 W/m® 20.0 W /m?
Deviation of moment axis 0 15.0° 1.0°

moment arm for radiation torque Ly 2.0 m 0.4 m
Reflectance factor q 0.5 1.0

Residual dipole of spacecraft Rp 5.0 Am? 1.0 Am?
Moment arm for aerodynamic torque L, 2.0 m 0.4 m

Drag coefficient Cyq 1.0 0.3

the output variables of the nonlinear coupled system based on 10* Monte Carlo samples. As seen in Figure 7,
the joint empirical PDF for the output variables, ¢, is closely approximated by the multivariate Gaussian

distribution resulting from the linearization in equation (7).
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Fig. 7 Comparison of Gaussian approximation and Monte Carlo samples

Using these linearizations for the output variables, the SMC algorithm explores the model space using L = 100
particles to determine the optimal decoupled model, M*(\), that solves the combinatorial optimization
problem posed in equation (3). For each value of A, the algorithm identifies a subset of discipline couplings that
best trade off the accuracy of the output PDFs, that is estimated from the KL divergence, DKL(W;MO ||7r;M* ),

and the added sparsity in the discipline couplings, as measured by P(M™*).

With increasing values for A, the objective in the optimization problem adds a greater penalty to models

with less sparsity in the discipline couplings. This results in a set of increasingly sparser models that
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remove additional couplings at the expense of accuracy in the output PDF. These decoupled models and the
corresponding output joint PDFs for four different values of A in A = {107%,1072,0.1,1} are presented in
Figures 8 to 15. The decoupled connections between each set of disciplines are indicated by the dashed lines

in these figures.

For the fire detection satellite model, the algorithm identifies that the feedback coupling variables between
the attitude control and power disciplines for the moment of inertia (1,4, and I, ) could be fixed to their
mean values (Figure 8). This decoupling has a small effect on the accuracy of the joint output PDF, as seen
in Figure 9. With increasing values for A, the slewing angle, the satellite velocity, and the orbit period are
also found to weakly contribute to the uncertainty in the total torque and the overall power requirement
for the attitude control subsystem, as seen in Figures 10 and 11. The subsequent sparser model for A = 0.1
fixes these discipline coupling variables along with the state inputs to the power discipline for the orbit and
eclipse period. Finally, we note that for A = 1, the optimal model decouples all disciplines and as a result
only propagates the first-order mean values for all coupling variables. In this case, the model outputs are
computed independently for each discipline and one can take advantage of parallel computation to do so.

The joint PDF for the output variables of the model for A = 1 is given in Figure 15.
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In Table 2 we present the values for the KL divergence between the Gaussian distribution for the linearized
outputs of the reference model, M, and the optimally decoupled models, M*, that we denote as the linearized
KL divergence. The number of active coupling variables, representing the increasing sparsity of each decoupled

model with larger values of A, is also presented in the table below.

From the table and figures above, we observe that the optimal models identified by the model selection
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Table 2 Linearized KL divergence for decoupled satellite models with nominal inputs

| a=10* | A=10"0 | a=01 [ A=1 |
Linearized KL Divergence | 7.30 x 10716 | 7.43 x 107% | 4.20 x 102 | 1.33 x 10~*
Active Coupling Variables 4/8 3/8 1/8 0/8

algorithm corresponding to A = 104,103, 0.1 result in similar distributions for the model outputs as the
reference model based on the linearized KL divergence. Furthermore, while the final optimal model for
A = 1 approximately captures the marginal uncertainty in the outputs, this fully decoupled model does
not represent, as accurately, the correlations between the output variables, as seen in the joint marginal
PDF for P,,; and 7, in Figure 15. Nevertheless, given that all decoupled models feature only feed-forward

connections, these models with approximate coupling can be used to cheaply propagate the uncertainty in
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the multidisciplinary model without having to iteratively solve for the outputs that correspond to each set of
input variables. This results in a substantial computational savings for performing forward UQ. In particular,
if an accuracy of about 107! in KL is sufficient in the output uncertainty, the disciplines can be analyzed

independently using the model corresponding to A = 1.

Finally, we analyze the pointwise errors of the three model outputs in each decoupled model, M*, relative to
the reference model, My. The pointwise error is given by the difference in the values of the output variables in
the decoupled and reference models for the same input sample. The errors for 10* input samples are displayed
in Figures 16 to 19. With an increase in A, the sparser models result in progressively greater pointwise
errors, which are seen in the greater spread of the output values between both models. Although the set of
discipline couplings corresponding to A = 0.1 and 1 have relatively accurate joint PDFs for the model output
uncertainty, their larger pointwise errors makes them less adequate for computations that require accurate
pointwise approximations, such as multidisciplinary optimization. Nevertheless, the models associated with
A =10"* and 1072 (Figures 8 and 10) have accurate PDFs for the output variables and low pointwise errors

relative to the reference model, M.

2. Sensitivity to Input Uncertainty Assumptions

In comparison to methods that partition and reorder disciplines to reduce feedback loops based only on the
graphical structure of the model [39], the algorithm presented in this work accounts for the system’s physics
to identify an optimal approximation of the system coupling. In particular, this coupling is dependent on the

sensitivities of the outputs to each input variable and the scaling by the input uncertainty (i.e., the covariance
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matrix, Yy, for normally distributed input variables). Therefore, when changing the parameters describing

the uncertainty in the input variables, the optimal decoupled model should be reassessed to minimize the
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discrepancy in the estimates for the output uncertainty.

For the satellite model, we consider the impact of different input parameters by introducing uncertainty in
the satellite’s slewing time period (Atgeq ), which was held constant in the above analysis. This variable is
an input to the attitude control discipline and together with the coupling variable, 04,,, affects the slewing
torque and the resulting total torque on the satellite. We note that with a constant value for the Atgey,
input, the effect of slew on the total torque calculation can be accurately represented with only the mean
value for the slew angle, 0c.,. This allows for decoupling the 6., variable in the optimal models identified

above in Section 1.

By describing the slewing time-period as a normal random variable with a shifted mean, At g, ~ N(5,0.52),
the joint PDF for the output variables based on 10* Monte Carlo samples is displayed in Figure 20. Using
the model linearization approach, the optimal decoupled models identified by the model selection algorithm
and the joint PDFs of the outputs for A = 10~* and 1072 are presented in Figures 21-24. These models
differ from the optimal models identified in Section 1 due to the necessity of maintaining the 6., coupling
variable in this case to accurately compute the total satellite torque. The models for A = 0.1 and 1 match the
earlier optimal models in Figures 12 and 14, respectively. This is due to the greater weight on having sparse

discipline couplings in the objective function with these larger values for the A parameter.
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Table 3 presents the values for the linearized KL divergence between the Gaussian distribution for the outputs
of the reference model, My, and these optimally decoupled models, M*. Furthermore, Table 4 evaluates the
linearized KL divergence when using the optimal decoupled models from Figures 8-14 to estimate the outputs
with the different input condition for At.,,. The discrepancy, particularly for A = 10~4, demonstrates that
models determined with the nominal input uncertainty conditions in Section 1 are suboptimal when using
different inputs. This emphasizes the importance of accounting for the inputs when identifying optimal

decoupled models that accurately propagate the uncertainty to the model’s outputs.

Finally, we note that by further decreasing the mean and variance of the time period to Atge,, ~ N(1,0.012),
the importance of the 0, coupling variable becomes more pronounced. In particular, the optimal decoupled

models for A = 1074,1073,1072 and A = 1 with this input uncertainty are displayed in Figures 25 and 26,
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Table 3 Linearized KL divergence with optimal decoupled satellite models found based on

an uncertain Atg., input

[a=10""[ A=10" | A=102 | A=1 |
Linearized KL Divergence 0 2.80 x 107* | 1.04 x 1072 | 7.75 x 1072
Active Coupling Variables 5/8 4/8 1/8 0/8

Table 4 Linearized KL divergence with decoupled satellite models found based on the inputs

in Section 1

[ A=10"* | x=107 | A=102 [ A=1 |
Linearized KL Divergence | 68.5 x 107™* | 68.5 x 1074 | 1.04 x 1072 | 7.75 x 1072
Active Coupling Variables 5/8 4/8 1/8 0/8

respectively. Even for larger values of A, these optimal models retain both the 6., and PACS coupling
variables for accurate output estimation, as compared to the increasingly decoupled models that are found

based on the nominal inputs in Section 1.
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B. Turbine Engine Model

We use here the model for turbine engine cycle analysis that was presented in Ref. [38] and recently used
in a coupled propulsive-aerodynamic model to study boundary layer ingestion [40]. The reference model
for the system, My, is displayed in Figure 27 and consists of 13 disciplines for 12 engine components and a
performance function, which are connected by 22 coupling variables. These disciplines model the engine with
a core air-stream passing through a fan, compressor, burner and turbine as well as a second stream of air

that bypasses the engine core. For each set of inputs that include the fan pressure ratio (FPR), compressor
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pressure ratio (C'PR), bypass ratio (BPR), and mass-flow rate (W), the model computes 4 output quantities
of interest: thrust-specific fuel consumption (T'SFC), net thrust (F,), overall pressure ratio (OPR), and

engine burner temperature (7}).
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Fig. 27 Turbine engine cycle model from Ref. [38]

To analyze various operating conditions, the model inputs are represented with Gaussian distributed random

variables whose parameters are listed in Table 5.

Table 5 Random variable parameters in the turbine engine cycle model

Random Variable ‘ Symbol ‘ Mean Standard Deviation
Fan pressure ratio FPR 1.5 0.01
Compressor pressure ratio | CPR 15.0 0.10
Bypass ratio BPR 2.0 0.10
Mass-flow rate w 1000.0 1bm/s v/10.0 Ibm/s

By propagating 102 Monte Carlo samples of these inputs through the nonlinear system, the non-Gaussian
PDF of the output variables, m¢, is empirically characterized for the selected Qols in Figure 28. In the optimal
model selection algorithm, we use the linearizations of these output variables with respect to the inputs when
fixing different subsets of the discipline couplings to their estimated mean values. We then compare the
resulting multivariate Gaussian distribution for the output of each linearized decoupled model, g, » to the

output PDF of the linearized reference model, 7 .
0

Applying the model selection procedure described above with L = 1000 particles, the SMC algorithm identifies
decoupled models in the space of size |M| = 222 for four different values of A in A = {0.1,1,10,103}. These
models are presented in Figures 29 to 32 with the decoupled connections indicated by dashed lines. Similarly
to the satellite model, we observe that with an increase in A, the optimal solutions to the combinatorial

optimization problem have greater sparsity in the number of discipline couplings. This results in a set
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of models that sequentially remove weak connections to increase the sparsity of couplings in exchange for
accuracy in the output PDFs. For this turbine engine case study with A = 0.1, and A = 1, this results in
neglecting the effect of the feedback from the low-pressure turbine on the fan and the variability of inlet ram

drag on system performance.
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Fig. 29 Optimal model coupling for A = 0.1

With a further increase in A and a greater penalty on low sparsity models, the effect of the bypass line and
the feedback from the high-pressure turbine are also neglected in the optimal models. The accuracy of the
system outputs corresponding to the decoupled model for each value of A is displayed in the joint PDF of the
output Qols in Figures 33 to 36. We observe that while the distribution for the output T'SF'C variable is
closely captured with the decoupled models for A = 0.1, and 1, the correlations of this variable are not as

accurately represented when decoupling connections from the bypass line and feedback from the high-pressure
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turbine. This effect on the correlation is expected given the tight balance between the bypass flow and the

core flow through the high pressure turbine, that together produce most of the engine’s thrust.

Furthermore, while the first three models accurately capture the net thrust, F,,, the uncertainty in this

28



[}
[V}

QO O
0 N
S &
x10” x10°
= 18 = 18
= = i i
s 16 j s 16 j
- 23 - 23
- @ - Q
QS 9 S 2
g 4 =@ 4
El&l() 51840
0.071 0.072 1.6 1.8 522 23 1840 1850 0.071 0.072 1.6 1.8 522 23 1840 1850
TSFC ;4] F, [bf]*' OPR T, [°R] TSFC [;4] F, [1bf]*'" OPR T, [°R]
Fig. 33 Joint PDF for A =0.1 Fig. 34 Joint PDF for A =1
O )
fL VAN
0 @0
= S
_><10° ~><100
= 18 1634
E 1.6 EI.GSQ
- 23 23
= &)
22

© | 7

&

5
@ / 1850
= 180

271850 g
o .
£J 1840

0.071 0.072 1.6 1.8 522 23 1840 1850 0.07 0.08 1.6321.634 522 23 1840 1850
TSFC (%] F, [Ibf]**" OPR T, [°R) TSFC ;4] F,[Ibf]**" OPR T, [°R)
Fig. 35 Joint PDF for A\ =10 Fig. 36 Joint PDF for \ = 103

variable is poorly represented with the last model when neglecting the contribution of the nozzle. Finally,
all four models accurately represent the uncertainty in the overall pressure ratio, OPR, and engine burner
temperature, T;. As a result, depending on the application and available computational resources, users
may select an appropriate set of discipline couplings for the turbine engine to model the uncertainty in the

system’s output variables.

To quantitatively compare the decoupled models, we also present the linearized KL divergence between the
approximating Gaussian distributions for the reference and optimally decoupled models of the turbine engine
in Table 6. These results are presented along with the number of active coupling variables in each model

which demonstrate the increasing sparsity in the decoupled models for larger values of .

To further compare the models, the pointwise errors of the three outputs from the performance discipline
(TSFC, F,,, and OPR) for the decoupled models corresponding to A = 0.1, 1,10 are plotted in Figures 37 to

39. These figures demonstrate the increasing errors in the outputs of the decoupled models relative to the
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Table 6 Linearized KL divergence for decoupled turbine engine models

| A=01 | A=1 [ x=10 | x=10° |
Linearized KL Divergence | 6.95 x 10719 | 1.15 x 10° | 1.25 x 10 | 3.73 x 10?
Active Coupling Variables 19/22 16/22 14/22 7/22

reference model at the same inputs for 10® samples with the reduction in the number of discipline couplings.

With the exception of the T'SFC output variable in the final model (Figure 39), the trends for the output

variables are closely captured by the decoupled models associated with A = 0.1 and 1. Nevertheless, users

with different requirements may still trade off model sparsity and accuracy for performing computations,

such as multidisciplinary optimization, with these two decoupled models. While the optimal model for A =1

eliminates one feedback loop from the low pressure turbine leading to lower computational costs than the

model for A = 0.1, there is a trade off with accuracy, as seen with the larger spread in the pointwise errors of

the TSFC variable.

Furthermore, these results for the pointwise error highlight the importance of the bypass line to accurately

estimate the T'SFC when computing the turbine’s performance. We note that this coupling is included in

the models corresponding to A = 0.1 and 1.
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Finally, in addition to producing a sequence of sparsely coupled models with a reduced number of discipline
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couplings relative to My, the model selection algorithm efficiently found all of the optimally decoupled models
by visiting less than 5.7% of the model space. This is contrasted with the otherwise intractable process of
enumerating all possible models to find the optimum of the combinatorial optimization problem posed in

equation (3).

C. Numerical Implementation

A publicly available MATLAB implementation of Algorithm 1 to find the optimal approximate couplings for
a multidisciplinary model can be found at www.github.com/baptistar/coupling. The application of the

algorithm to the fire detection satellite model presented in Section A is publicly available for reference.

V. Conclusion

This paper proposed a method to identify important discipline couplings in multidisciplinary models under
uncertainty. Using a combination of model linearizations and sequential Monte Carlo we developed an
algorithm to efficiently explore the combinatorial model space of decoupled models and return a model that
optimally trades off reduced couplings with accuracy in the characterizations of specified quantities of interest.
This algorithm was applied and validated with two engineering problems: a fire detection satellite model and

a turbine engine cycle analysis model.

There are two main conclusions that we can draw from this work. First, to identify an approximation to
the model coupling with our approach, it is necessary to solve a combinatorial optimization problem. To do
so, we presented an algorithm based on sequential Monte Carlo in Section C for solving the optimization
problem that is scalable to an increasing number of discipline couplings. This algorithm can be combined

with model linearizations to capture a coarse approximation to the output uncertainty, that is often sufficient
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for performing model selection in engineering problems without perfectly estimating a high-dimensional

distribution, which is not the goal of this work.

Second, from the numerical results we conclude that using a reduced number of discipline couplings can often
provide a close approximation to the model outputs while yielding a reduction in the computational cost for
each model evaluation. This cost reduction is most evident when neglecting feedback couplings. Nevertheless,
the optimal coupling found in all problems is dependent on the input uncertainty, as observed when changing
the random inputs to the fire-detection satellite model. Therefore, we recommend reassessing the accuracy of
the decoupled model when changing the input variable uncertainty. If necessary, a user should reprocess the

optimal model coupling by rerunning the optimization algorithm to identify these model changes.

In addition to the continued application of the algorithm to reveal the natural structure of complex engineering
systems under different input uncertainties, future research will address improvements to the measure of
model sparsity, P(M). For example, it may be useful to employ a metric that accounts for the computational
cost of each coupling, and that favors feed-forward models and/or parallelism across different disciplines.
Lastly, we will explore the use of decoupled models as physically motivated preconditioners to accelerate the
iterative solution of reference multidisciplinary models. In particular, connections between decoupling and

recent research in nonlinear preconditioning [41, 42] constitute a promising area of future work.

Appendix: Details of SMC Algorithm

In this section, we describe in more detail the Sequential Monte Carlo steps in Algorithm 2. These include

fitting the proposal distribution, the resample and move steps, and updating the tempering parameter.

Fitting the Proposal Distribution

To move the models at each iteration, we construct a parametric proposal, ¢gg : M — [0, 1], that approximates
the correlation structure of each distribution, P;. To easily sample new models (i.e., sequentially sample each
component of a binary vector z € {0,1}¢ = M), we consider a proposal distribution that factors as

d

g8(2) = g8(21) [ [ 8(zil21:-1), (14)

=2

where the conditional distribution for each entry, z;, is represented by a logistic regression model given by

equation (15) where £(p) = log(p) — log(1 — p) and B € R¥*? is a lower triangular matrix that collects all
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parameters in the proposal distribution.

i—1
Uge(zi = 1|z14-1)) = Bii + > Byjz;. (15)

j=1

To determine the unknown parameters, B, we maximize the log-likelihood function for the models and weights
at each iteration, £L(M;, wy) := Zlel log(q(z = Mt(l)))7 by solving the first-order condition % =0.
In practice, this requires finding a numerical solution with an iterative Newton’s method by evaluating the
first and second order derivatives of the log-likelihood with respect to the parameters in B. We refer the

reader to Ref. [19] for methods on accelerating the convergence of this optimization problem, including how

to choose the starting point for the optimization.

Resample and Move Steps

After fitting the proposal, we resample and move the models at each iteration. Following the study in
Ref. [37], we use systematic resampling to draw L models from the weighted empirical distribution given by
P(M) ~ ZLL:1 wﬁ“aMt(,) (M) and replace it by a set of unweighted models. When resampling, models that
are closer to the optimum and have larger weights are generated multiple times, while those with smaller

weights typically vanish.

To avoid particle degeneracy from repeated weighting and resampling steps, we move the particles at iteration
t according to a Markov transition kernel, x;. This kernel is chosen to have invariant measure P; so that by
drawing samples J\th(l) ~ E('|Mt(l)), the new set of models are still approximately distributed according to P;.

Furthermore, after a sufficient number of move steps, these models are independent of the initial models.

For the sampled models to have invariant measure, P;, we use a Metropolis-Hastings kernel for x;. We sample
from this kernel by proposing a new model ]\th(l) ~ ¢qg(z) and accepting it with the probability 'y(Mt(l), Mt(l))
in equation (16) or otherwise returning to Mt(l). As empirically demonstrated in Ref. [37], this kernel with
adapted parameters is rapidly mixing and results in high average acceptance rates for new models and
fast exploration of the model space M. The move step is repeated until the particle diversity defined in

equation (13) is above a certain threshold (chosen in practice to be ¢ = 0.95) or it is no longer changing.

10 O]

R P (M. M

’Y(Mt(l)aMt(l)) = min (17 al t(l))QB( At(z))> (16)
Py(M;”)qB (M)
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Updating the Tempering Parameter

Lastly, with the weights at each step depending continuously on the parameter p(t) and this having a direct
influence on the ESS, we monitor the ESS to schedule p(t) at each iteration. In particular, the tempering
parameter is updated to be p(t + 1) = p(t) + o where a; € R is chosen such that ESS(wiy1) = 0.9ESS(wy)
in accordance with Ref. [37]. By limiting the decrease in effective sample size with respect to the current
distribution, this encourages consecutive distributions to be close and ensures there is a smooth transition

between P, at each iteration.
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