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Abstract
Optimal experimental design (OED) aims to maximize the value of experiments and

the data they produce. OED ensures e�cient allocation of limited resources, especially
when numerous repeated experiments cannot be performed. This chapter presents a
fully Bayesian and decision theoretic approach to OED—accounting for uncertainties
in models, model parameters, and experimental outcomes, and allowing optimality to
be defined according to a range of possible experimental goals. We demonstrate this
approach on two illustrative problems in materials research.

The first example is a parameter inference problem. Its goal is to determine a sub-
strate property from the behavior of a film deposited thereon. We design experiments
to yield maximal information about the substrate property using only two measure-
ments. The second example is a model selection problem. We design an experiment
that optimally distinguishes between two models for helium trapping at interfaces.
In both instances, we provide model-based justifications for why the selected experi-
ments are optimal. Moreover, both examples illustrate the utility of reduced-order or
surrogate models in optimal experimental design.

1 Introduction
Experiments are essential prerequisites of all scientific research. They are the basis for
developing and refining mathematical models of physical reality. Experimental data are
used to infer model parameters, to improve the accuracy of model-based predictions,
to discriminate among competing models, to assess model validity, and to improve
design and decision-making under uncertainty. Yet experimental observations can be
di�cult, time-consuming, and expensive to acquire. Maximizing the value of exper-
imental observations—i.e., designing experiments to be optimal by some appropriate
measure—is therefore a critical task. Experimental design encompasses questions of
where and when to measure, which variables to interrogate, and what experimental
conditions to employ.

Conventional experimental design methods, such as factorial and composite de-
signs, are largely used as heuristics for exploring the relationship between input factors
and response variables. By contrast, optimal experimental design uses a concrete
hypothesis—expressed as a quantitative model—to guide the choice of experiments
for a particular purpose, such as parameter inference, prediction, or model discrimi-
nation. Optimal design has seen extensive development for linear models (where the
measured quantities depend linearly on the model parameters) endowed with Gaussian
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distributions [5]. Extensions to nonlinear models are often based on linearization and
Gaussian approximations [15, 36, 21], as analytical results are otherwise impractical
or impossible to obtain. With advances in computational power, however, optimal
experimental design for nonlinear systems can now be tackled directly using numerical
simulation [65, 84, 93, 64, 89, 48, 49, 96].

This chapter will present an overview of model-based optimal experimental design,
connecting this approach to illustrative applications in materials science—a field replete
with potential applications for optimal experimentation. We will take a fully Bayesian
and decision-theoretic approach. In this formulation, one first defines the utility of an
experiment and then, taking into account uncertainties in both the parameter values
and the observations, chooses experiments by maximizing an expected utility. We will
define these utilities according to information theoretic considerations, reflecting the
particular experimental goals at hand.

The evaluation and optimization of information theoretic design criteria, in partic-
ular those that invoke complex physics-based models, requires the synthesis of several
computational tools. These include: (1) statistical estimators of expected informa-
tion gain; (2) e�cient optimization methods for stochastic or noisy objectives (since
expected utilities are typically evaluated with Monte Carlo methods); and (3) reduced-
order or surrogate models that can accelerate the estimation of information gain. For a
simple film-substrate system, we will present an example of such a reduced-order model,
derived from physical scaling principles and an “o�ine” set of detailed/full model sim-
ulations. This is but one example; reduced-order models constructed through a variety
of techniques have practical use in a wide range of optimal experimental design appli-
cations [48].

The rest of this chapter is organized as follows. Section 2 will present the foun-
dational tools of optimal experimental design, beginning with Bayesian inference and
proceeding to discuss several information theoretic design criteria. It will also discuss
the computational challenges presented by this formulation. Section 3 will illustrate the
information-driven approach with two examples: optimal design for parameter infer-
ence, in the context of a film-substrate system; and optimal design for model selection,
in the context of heterophase interfaces in layered metal composites. Section 4 will
discuss open questions and topics of ongoing research.

2 The tools of optimal experimental design
We will formulate our experimental design criteria in a Bayesian setting. Bayesian
statistics o�ers a foundation for inference from noisy, indirect, and incomplete data;
a mechanism for incorporating multiple heterogeneous sources of information; and
a complete assessment of uncertainty in parameters, models, and predictions. The
Bayesian approach also provides natural links to decision theory, which we will exploit
below.

2.1 Bayesian inference
The essence of the Bayesian paradigm is to describe uncertainty or lack of knowledge
probabilistically. This idea applies to model parameters, to observations, and even to
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competing models. For simplicity, we first describe the case of parameter inference.
Let ◊ œ � ™ Rn represent the parameters of a given model. We describe our state

of knowledge about these parameters with a prior probability density p(◊). (For the
remainder of this article, we assume that all parameter and data probability distri-
butions have densities with respect to Lebesgue measure.) We would like to update
our knowlege about ◊ by performing an experiment at conditions ÷ œ H ™ Rd. ÷ is
therefore our vector of experimental design parameters. This experiment will yield ob-
servations y œ Y ™ Rm. The relationship between the model parameters, experimental
conditions, and observations is captured by the likelihood function p(y|◊, ÷), i.e., the
probability density of the observations given a particular choice of ◊, ÷. The likelihood
naturally incorporates a physical model of the experiment. For instance, one often has
a computational model G(◊, ÷) that predicts the quantity being measured by a pro-
posed experiment. This prediction may be imperfect, and is almost always corrupted
by some observational errors. A simple likelihood then results from the additive model
y = G(◊, ÷) + ‘, where ‘ is a random variable representing measurement and model
errors. If ‘ is Gaussian with mean zero and variance ‡

2, and independent of ◊ and ÷,
then we have the Gaussian likelihood p(y|◊, ÷) ≥ N

!
G(◊, ÷), ‡

2

"
. More complex like-

lihoods describe signal-dependent noise, or include more sophisticated representations
of model error (e.g., the discrepancy models of [53]).

Putting these ingredients together via Bayes’ rule, we obtain the posterior proba-
bility density p(◊|y, ÷) of the parameters:

p(◊|y, ÷) = p(y|◊, ÷)p(◊)
p(y|÷) , (1)

where we have assumed (quite reasonably) that the prior knowledge on the parameters
is independent of the experimental design. The posterior density describes the state of
knowledge about the parameters ◊ after conditioning on the result of the experiment.
The design criteria described below will formalize the intuitive idea of choosing values
of ÷ to make the posterior distribution of ◊ as “informed” as possible.

Many problems, whether in materials science or other domains, do not have pa-
rameter inference as an end goal. Rather than learning about parameters that appear
in a single fixed model of interest, one may wish to collect data that help discriminate
among competing models. For instance, di�erent hypothesized physical mechanisms
may lead to di�erent models of a phenomenon. In this context, the Bayesian approach
involves characterizing a posterior probability distribution over models. Let the model
space M consist of an enumerable number of competing models Mi, i œ {1, 2, . . .}. Let
each model Mi be endowed with parameters ◊i œ �i ™ Rni . Then Bayes’ rule writes
the posterior probability of a model Mi as:

P (Mi|y, ÷) = p(y|Mi, ÷)P (Mi)
p(y|÷) , (2)

where the marginal likelihood of each model (i.e., p(y|Mi, ÷) for the ith model) is
obtained by averaging the likelihood over the prior distribution on the model’s param-
eters:

p(y|Mi, ÷) =
⁄

�i

p(y|◊i, ÷, Mi)p(◊i|Mi)d◊i. (3)
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Each model has its own parameters ◊i and its own prior p(◊i|Mi). The marginal likeli-
hood incorporates an automatic Occam’s razor that penalizes unnecessary model com-
plexity [66, 8]. The e�ective use of the posterior distribution over models P (Mi|y, ÷)
can then depend on the goals at hand. For instance, one may wish to know which model
is best supported by the data; in this case, one simply selects the model with the high-
est posterior probability, thus performing Bayesian model selection. Alternatively, if
the end goal is to make a prediction that accounts for model uncertainty, one can per-
form Bayesian model averaging [46] by taking a linear combination of predictions from
each model, weighed according to the posterior model probabilities.

2.2 Information theoretic objectives
Following a decision theoretic approach, Lindley [63] suggests that an objective for
experimental design should have the following general form:

U(÷) =
⁄

Y

⁄

�

u(÷, y, ◊) p(◊, y|÷) d◊ dy, (4)

where u(÷, y, ◊) is a utility function and U(÷) is the expected utility. The utility function
u should be chosen to reflect the usefulness of an experiment at conditions ÷, given a
particular value of the parameters ◊ and a particular outcome y. Since we do not know
the precise value of ◊ and we cannot know the outcome of the experiment before it is
performed, we obtain U by taking the expectation of u over the joint distribution of ◊

and y; hence the name ‘expected’ utility.
The choice of utility function u reflects the purpose of the experiment. To ac-

commodate nonlinear models and avoid restrictive distributional assumptions on the
parameters or model predictions, we advocate the use of utility functions that reflect
the gain in Shannon information in quantities of interest [42]. For instance, if the
object of the experiment is parameter inference, then a useful utility function is the
relative entropy or Kullback-Leibler (KL) divergence from the posterior to the prior:

u(÷, y, ◊) = u(÷, y) = D

KL

(p(◊|y, ÷) Î p(◊))

=
⁄

◊
p(◊|y, ÷) log p(◊|y, ÷)

p(◊) d◊. (5)

Taking the expectation of this quantity over the prior predictive of the data, as in (4),
yields a U equal to the expected information gain in ◊. This quantity is equivalent to
the mutual information [26] between the data and the parameters, I(y; ◊).

Inferring parameters may not be the true object of an experiment, however. For
many experiments, the goal is to improve predictions of some quantity Q. This quan-
tity may depend strongly on some model parameters and weakly on others. Moreover,
some model parameters might simply be “knobs” without a strict physical interpreta-
tion or meaning. In this setting, we can put u(÷, y, ◊) = u(÷, y) equal to the Kullback-
Leibler divergence evaluated from the posterior predictive distribution, p(Q|y, ÷) =s

p(Q|◊)p(◊|y, ÷)d◊, to the prior predictive distribution, p(Q) =
s

p(Q|◊)p(◊)d◊. Tak-
ing the expectation of this utility function over the data yields U(÷) = I(Q; y|÷), that
is, the conditional mutual information between data and predictions. This quantity
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implicitly incorporates an information theoretic “forward” sensitivity analysis, as the
experiments that are most informative about Q will automatically constrain the direc-
tions in the parameter space that strongly influence Q.

As mentioned above, another common experimental goal is model discrimination.
From the Bayesian perspective, we wish to maximize the relative entropy between the
posterior and prior distributions over models:

u(÷, y) =
ÿ

i

P (Mi|y, ÷) log P (Mi|y, ÷)
P (Mi)

. (6)

Moving from this utility to an expected utility requires integrating over the prior pre-
dictive distribution of the data, as specified in (4). Since the utility function u here
does not depend on the parameters ◊, we simply have U(÷) =

s
Y u(÷, y)p(y|÷)dy. Be-

cause we are now considering multiple competing models, however, the prior predictive
distribution is itself a mixture of the prior predictive distribution of each model:

p(y|÷) =
ÿ

i

P (Mi)p(y|Mi, ÷) =
ÿ

i

P (Mi)
⁄

�i

p(y|◊i, ÷, Mi)p(◊i|Mi)d◊i. (7)

The resulting expected information gain in model space favors designs that are expected
to focus the posterior distribution onto fewer models [75]. In more intuitive terms, we
will be driven to test where we know the least and where we also expect to learn the
most.

2.3 Computational considerations
Evaluating expected information gain. Except in special cases (e.g., linear-
Gaussian models), the expected utilities described above cannot be evaluated in closed
form. Instead, the integrals in these expressions must be approximated numerically.
Note that, even in the simplest case of parameter inference—with utility given by (5)—
evaluating the posterior density of the parameters requires calculating the posterior
normalizing constant, which (like the posterior distribution itself) is a function of the
data y and the design parameters ÷. In this situation, it is convenient to rewrite the
expected information gain in the parameters ◊ as follows:

U(÷) =
⁄

Y

⁄

�

p(◊|y, ÷) log
3

p(◊|y, ÷)
p(◊)

4
d◊ p(y|÷) dy

=
⁄

Y

⁄

�

log
3

p(y|◊, ÷)
p(y|÷)

4
p(y|◊, ÷) p(◊) d◊ dy

=
⁄

Y

⁄

�

{log p(y|◊, ÷) ≠ log p(y|÷)} p(y|◊, ÷) p(◊) d◊ dy, (8)

where the second equality is due to the application of Bayes’ rule to the quantities
both inside and outside the logarithm. Introducing Monte Carlo approximations of the
evidence p(y|÷) and the outer integrals, we obtain the nested Monte Carlo estimator
proposed by Ryan [84]:

U(÷) ¥ ÛN,M (÷) := 1
N

Nÿ

i=1

Y
]

[log
1

p(y(i)|◊(i)
, ÷)

2
≠ log

Q

a 1
M

Mÿ

j=1

p(y(i)|◊̃(i,j)

, ÷)

R

b

Z
^

\ . (9)
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Here {◊

(i)} and {◊̃

(i,j)}, i = 1 . . . N , j = 1 . . . M , are independent samples from the
prior p(◊), and each y

(i) is an independent sample from the likelihood p(y|◊(i)
, ÷), for

i = 1 . . . N . The variance of this estimator is approximately A(÷)/N + B(÷)/(NM),
and its bias is (to leading order) C(÷)/M [84], where A, B, and C are terms that
depend only on the distributions at hand. The estimator ÛN,M is thus biased for finite
M , but asymptotically unbiased.

Analogous, though more complex, Monte Carlo estimators can be derived for the
expected information gain in some predictions Q, or for the expected information gain
in the model indicator Mi.

Optimization approaches. Regardless of the particular utility function u used
to define U , selecting an optimal experimental design requires solving an optimization
problem of the form:

max
÷œH

U(÷). (10)

Using the Monte Carlo approaches described above, only noisy estimates (e.g., ÛN,M )
of the objective function U are available. Hence, the optimal design problem becomes
a stochastic optimization problem, typically over a continuous design space H. Many
algorithms have been devised to solve continuous optimization problems with stochas-
tic objectives. While some do not require the direct evaluation of gradients (e.g.,
Nelder-Mead [76], Kiefer-Wolfowitz [54], and simultaneous perturbation stochastic ap-
proximation [90]), other algorithms can use gradient evaluations to great advantage.
Broadly, these algorithms involve either stochastic approximation (SA) [56] or sam-
ple average approximation (SAA) [87], where the latter approach must also invoke a
gradient-based deterministic optimization algorithm. SA requires an unbiased estima-
tor of the gradient of the objective, computed anew at each optimization iteration.
SAA approaches, on the other hand, “freeze” the randomness in the objective and
solve the resulting deterministic optimization problem, the solution of which yields an
estimate of the solution of (10) [6]. Hybrids of the two approaches are possible as well.
[49] presents a systematic comparison of SA and SAA approaches in the context of op-
timal experimental design, where SAA is coupled with a BFGS quasi-Newton method
for deterministic optimization.

An alternative approach to the optimization problem (10) involves constructing
and optimizing Gaussian process models of U(÷), again from noisy evaluations. As
presented in [96], this approach generalizes the EGO (e�cient global optimization)
algorithm of [51] by choosing successive evaluation points ÷ according to an expected
quantile improvement criterion [80].

Surrogate models. An e�cient optimization approach is only one part of the
computational toolbox for optimal experimental design. Evaluating estimators such as
ÛN,M (÷) (9) for even a single value of ÷ can be computationally taxing when the like-
lihood p(y|◊, ÷) contains a computationally intensive model G(◊, ÷)—a situation that
occurs very often in physical systems, including in materials science. As a result, con-
siderable e�ort has gone into the development of reduced-order or “surrogate” models,
designed to serve as computationally inexpensive replacements for G.
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Useful surrogate models can take many di�erent forms. [34] categorizes surrogates
into three di�erent classes: data-fit models, reduced-order models, and hierarchical
models. Data-fit models are typically generated using interpolation or regression of
of the input-output relationship induced by the high-fidelity model G(◊, ÷), based on
evaluations of G at selected input values (◊(i)

, ÷

(i)). This class includes polynomial
chaos expansions that are constructed non-intrusively [41, 57, 100] and, more broadly,
interpolation or pseudospectral approximation with standard basis functions on (adap-
tive) sparse grids [24, 40, 101]. Gaussian process emulators [53, 99], widely used in the
statistics community, fall into this category as well. Indeed, the systematic and e�cient
construction of data-fit surrogates, particularly for high-dimensional input spaces, has
been the focus of a vast body of work in computational mathematics and statistics
over the past decade. While many of these methods are used in forward uncertainty
propagation (e.g., the solution of PDEs with random input data), recent work [48]
has employed sparse grid polynomial surrogates specifically for the case of optimal
Bayesian experimental design.

Reduced-order models are commonly derived using a projection framework; that
is, the governing equations of the forward model are projected onto a subspace of re-
duced dimension. This reduced subspace is defined via a set of basis vectors, which,
for general nonlinear problems, can be calculated via the proper orthogonal decompo-
sition (POD) [47, 88, 81] or with reduced basis methods [77, 43]. For both approaches,
the empirical basis is pre-constructed using full forward problem simulations or “snap-
shots.” Systematic projection-based model reduction schemes for parameter-dependent
models have also seen extensive development in recent years [17, 22]. To our knowl-
edge, such reduction schemes have not yet been used for optimal experimental design,
but in principle they are directly applicable.

Hierarchical surrogate models span a range of physics-based models of lower accu-
racy and reduced computational cost. Hierarchical surrogates are derived from higher-
fidelity models using approaches such as simplifying physics assumptions, coarser grids,
alternative basis expansions, and looser residual tolerances. These approaches may not
be particularly systematic, in that their success and applicability are strongly problem-
dependent, but they can be quite powerful in certain cases. One of the examples in the
next section will use a reduced order model derived from a combination of simplifying
physics assumptions and fits to simulation data from a higher-fidelity model.

3 Examples of optimal experimental design
In this section, we present two examples of Bayesian experimental design in materials-
related applications. The first illustrates experimental design for parameter estimation
in a simple substrate-film model. This example also demonstrates the usefulness of
reduced-order models in accelerating the design process. The second example is con-
cerned with experimental design for model selection. It will illustrate this process using
competing models of impurity precipitation at heterophase interfaces.
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3.1 Film-substrate systems: design for parameter inference
A classical application of Bayesian methods to physical modeling involves inferring the
properties of the interior of an object from observations of its surface, e.g., of the mantle
or core of the Earth from observations at the Earth’s crust [16, 44]. In the context
of materials science, similar problems arise when observing the surface of a material
and trying to infer the subsurface properties. One example of such a problem involves
observing a thin film deposited on a heterogeneous substrate. The heterogeneity of the
substrate—e.g., in temperature [58], local chemistry [3], or topography [14]—induces
some corresponding heterogeneity in the film—e.g., melting [58], condensation [3], or
buckling [14]. The goal is to deduce information about the substrate from the behavior
of the film.

We have recently developed a convenient model for studying the inference of sub-
strate properties from film behavior [2]. Figure 1 shows a film deposited on a substrate.
Though the substrate is not directly observable, we would like to infer its properties
from the behavior of the film deposited above. In the present example, we will use this
simple model to demonstrate aspects of Bayesian experimental design. Our objective
will be to choose experiments that provide maximal information about a parameter of
interest for a fixed number of allowed experiments.

3.1.1 Physical background
In our model problem, the substrate is described by a non-uniform scalar field T (x, y)
on a two-dimensional spatial domain, (x, y) œ � := [0, LD] ◊ [0, LD]. In other words,
T (x, y) describes the variation of the substrate property T over a square domain.
Realizations of the substrate are random, and hence we model T (x, y) as a zero-mean
Gaussian random field with a squared exponential covariance kernel [82]. One of the
key parameters of this covariance kernel is the characteristic length scale ¸s, which
describes the scale over which spatial variations in the random field occur. When ¸s is
large, realizations of the substrate field have a relatively coarse structure, while smaller
values of ¸s produce realizations with more fine-scale variation. The film deposited on
the substrate is a two-component mixture represented by an order parameter field
c(x, y, t). The order parameter takes values in the range [≠1, 1], where c = ≠1 and
c = 1 represent single-component phases and c = 0 represents a uniformly mixed phase.

The behavior of the film is modeled by the Cahn-Hilliard equation [18]:

ˆc

ˆt

= �
3

ˆg

ˆc

≠ ‘

2�c

4
, (11)

where
g (c, T (x, y)) = c

4

4 + T (x, y)c

2

2 (12)

is a substrate-dependent energy potential function. The two components of the film
separate in regions of the substrate where T (x, y) < 0 and mix in regions where
T (x, y) > 0. Hence, the substrate field can be thought of as a di�erence from some
critical temperature, where temperatures above the critical value promote phase mix-
ing while those below the critical value promote phase separation. The parameter ‘
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Figure 1: A film deposited on top of a substrate. The substrate is not directly observable,
but some of its properties may be inferred from the behavior of the film.

in (11) governs the thickness of the interface between separated phases. Films with
larger values of ‘ have thicker interfaces between their phase-separated regions than
films with lower values of ‘.

We model the time evolution of an initially uniform film c(x, y, t = 0) = 0 de-
posited on a substrate by solving the Cahn-Hilliard equation using Eyre’s method for
time discretization [35]. We find that the order parameter field c converges to a static
configuration in the long time limit for any combination of ¸s and ‘. A detailed de-
scription of the model implementation and analysis of the time-dependence of c is given
in [2]. For the purpose of the example presented here, it su�ces to know that the con-
verged order parameter field has a characteristic length scale of its own, which we call
�Œ.

Figure 2 illustrates converged order parameter fields of films with two di�erent
values of ‘ (‘ = 0.02 and ‘ = 0.04) deposited on substrates with two di�erent values
of ¸s (¸s = 0.77 and ‘ = 0.13). For both substrates, we observe that increasing the
value of ‘ increases the value of �Œ. Yet the behavior of the film on the two substrates
is qualitatively di�erent. For the substrate with ¸s = 0.77, the thickness of interfaces
between phase-separated parts of the film is su�ciently small for fluctuations in c to be
correlated with fluctuations in T . By contrast, no direct correlation of this sort exists
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Figure 2: Substrate fields with (a) ¸s = 0.77 and (d) ¸s = 0.13. Plots (b) and (c) show
converged order parameter distributions for films deposited on the substrate in (a) with
‘ = 0.02 and ‘ = 0.04 respectively. Similarly, plots (e) and (f) show converged order
parameter distributions for films deposited on the substrate in (d) with ‘ = 0.02 and
‘ = 0.04 respectively. The converged length scale �Œ is indicated for each film.

for the substrate with ¸s = 0.13, because its characteristic length is smaller than the
thickness of interfaces between phase-separated parts of the films in Figure 2(e) and
(f). Instead, the fluctuations in c for these films reflects a local spatial average of T

over a length scale that depends on ‘.
The value of ‘ determines how �Œ changes with ¸s. For example, in films with

‘ = 0.02, reducing the value of ¸s from 0.77 to 0.13 reduces �Œ from 1.05 to 0.83.
However, the opposite e�ect is observed for ‘ = 0.04, where reducing ¸s from 0.77 to
0.13 increases �Œ from 1.35 to 2.93. These observations show that �Œ, ¸s, and ‘ are
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related, albeit in a non-trivial way.
Our goal is to infer the substrate length scale ¸s from the value of �Œ of a film of

known ‘, deposited on the substrate. In this context, �Œ is the data obtained from an
experiment, ¸s is the value to be inferred, and ‘ is a parameter of the experiment that
we control (e.g., by manipulating the chemical composition of the film). In previous
work, we showed how to perform this inference and how to improve it by performing
multiple measurements of �Œ using films with di�erent ‘ values [2]. In the experimental
design problem described here, we would like to choose optimal values of ‘ that lead
to the most e�cient inference of ¸s.

For any given ¸s and ‘, �Œ may be obtained by solving the Cahn-Hilliard equation
for the time evolution of the film on the substrate. This calculation does not call
for extraordinary computational resources; indeed, it can be performed in roughly
100 seconds on a modern workstation. In Bayesian experimental design, however,
this calculation would have to be carried out many millions of times. The potential
computational e�ort of this approach is compounded by the stochasticity of T (x, y);
to evaluate the likelihood function for any given value of ¸s, we must account for many
possible substrate field realizations. Therefore, to make optimal experimental design
tractable, we construct a “reduced order model” (ROM) relating �Œ, ¸s, and ‘. We
use a relation of the form

�Œ =
reduced order model˙ ˝¸ ˚

f(‘, ¸s)¸ ˚˙ ˝
deterministic term

+ “(‘, ¸s)¸ ˚˙ ˝
random term

. (13)

The deterministic term captures the average response of the film/substrate system, and
the random term captures the inherent stochasticity of the film/substrate system and
any systematic error in the deterministic term. The stochasticity of the film/substrate
system is due to the random nature of the substrate field and the initial condition of
the Cahn-Hilliard equation, among other factors [2].

The proposed ROM can be simplified using the Buckingham Pi theorem [102]. Since
‘, ¸s, and �Œ all have dimensions of length, we can form two Pi groups: (�Œ/‘) and
(¸s/‘). The ROM may then be simplified to

�Œ
‘

= F

3
¸s

‘

4
+ �

3
¸s

‘

4
. (14)

To obtain the form of F (¸s/‘) and �(¸s/‘), we carried out multiple runs of the Cahn-
Hilliard model, with values of ¸s sampled over [0.1, 1] and values of ‘ sampled over
[0.01, 0.1]. Figure 3(a) plots �Œ/‘ as a function of ¸s/‘, confirming that these quantities
lie on a single curve, on average. However, there is a spread about this curve as well.
This is caused by the stochastic nature of the relation between �Œ/‘ and ¸s/‘, and
justifies the random term in the ROM. The exact forms of F (¸s/‘) and �(¸s/‘) are
then:

F

3
¸s

‘

4
= ¸s

‘

3
a + b

(¸s/‘ ≠ 1)c

4
(15)

�
3

¸s

‘

4
≥ N

3
0, ‡

2

3
¸s

‘

44
(16)
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with parameters of the mean term F obtained by least squares fitting:

a = 1.05 b = 79.51 c = 1.54.

The dependence of ‡

2 on (¸s/‘) is captured nonparametrically using Gaussian process
regression [82], as shown in Figure 3(b). Details of the derivation of the ROM can be
found in [2].
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Figure 3: (a) A plot of �Œ/‘ against ¸s/‘. (b) A plot of the non-stationary variance of the
random term �(¸s/‘).

To perform inference, we use the Cahn-Hilliard model as a proxy for a physical
experiment. We generate multiple realizations of substrates with the same value of ¸s.
Then, using each substrate as an input, we run the Cahn-Hilliard model, which also
requires ‘ as a parameter. Given one or more choices for ‘ and the values of �Œ thus
obtained, we infer the value of ¸s using the ROM. Inference may be conducted using
one or multiple (�Œ, ‘) pairs.

To infer ¸s in a Bayesian setting, we need to calculate the likelihood p(�Œ, ‘). This
can be done using the ROM as follows:

p (�Œ|¸s, ‘) = 1Ô
2fi‡(¸s/‘)

exp
A

≠ (�Œ/¸s ≠ F (¸s/‘))2

2‡

2(¸s/‘)

B
. (17)

Since runs of the Cahn-Hilliard equation are conditionally independent given ¸s and ‘,
the likelihood for multiple (�Œ, ‘) pairs can be found using the product rule

p (�Œ,1:n|¸s, ‘

1:n) =
Ÿ

i

p (�Œ,i|¸s, ‘i) . (18)
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Finally, the posterior density is calculated using Bayes’ rule

p(¸s|�Œ,1:n, ‘

1:n) = p(�Œ,1:n|¸s, ‘

1:n)p(¸s)s
p(�Œ,1:n|¸s, ‘

1:n)p(¸s)d¸s
. (19)

We use a truncated Je�reys prior [50] for ¸s

p(¸s) Ã ln(1/¸s), ¸s œ [0.1, 1]. (20)

The prior density is set to zero outside the range [0.1, 1]. This restriction is imposed
for reasons of computational convenience and may easily be relaxed.

The results of an iterative inference process that incorporates successive (�Œ, ‘)
pairs are shown in Figure 4(a). Here, the true value of the substrate length scale (i.e.,
the value used to generate the data) is ¸s = 0.4. Values of ‘ are selected by sampling
uniformly in log-space over the interval [0.01, 0.1]. The probability density marked ‘0’
(i.e., with zero data points) is the prior. The posterior probability density with one
data point (marked ‘1’) is bimodal, but the bimodality of the posterior vanishes with
two or more data points. As additional (�Œ, ‘) pairs are introduced, the peak in the
posterior moves towards the true value of ¸s = 0.4. Any number of point estimates
of ¸s may be calculated from the posterior, such as the mean, median, or mode, but
the posterior probability density itself gives a full characterization of the uncertainty
in ¸s. As an example, we have plotted in Figure 4(b) both the posterior variance (a
measure of uncertainty) and the absolute di�erence between the posterior mean and
the true value of ¸s (a measure of error) for di�erent numbers of data points. As more
data are used in the inference problem, both the posterior variance and the error in
the posterior mean decrease. Note that the ultimate convergence of the posterior mean
towards the true value of ¸s, as the number of data points approaches infinity, is a more
subtle issue; it is related to the frequentist properties of this Bayesian estimator, here
in the presence of model error. For a fuller discussion of this topic, see [2].

3.1.2 Bayesian experimental design
Thus far, we have described a model problem wherein the characteristic length scale ¸s

of a substrate is inferred from the behavior of films with known values of ‘, deposited on
the substrate. In the preceding calculations, we chose ‘ randomly from a distribution.
Since ‘ is in fact an experimental parameter that we can control, this choice is equivalent
to performing experiments at random. Now we would like to consider a more focused
experimental campaign, choosing values of ‘ to maximize the information gained with
each experiment. In the language of Section 2, we will take our utility function u

to be the Kullback-Leibler (KL) divergence from the posterior to the prior (5). The
expected utility (4) will represent expected information gain in the parameters ¸s. To
connect the present problem to the general formulation of Section 2, note that �Œ is
the experimental data y, ¸s is the parameter ◊ to be inferred, and ‘ is the experimental
parameter ÷ over which we will optimize the expected utility.

The expected KL divergence from posterior to prior is estimated via the Monte
Carlo estimator in (9). To perform the calculation, we need to be able to sample ¸

(i)
s

and ˜̧(i,j)

s from the prior p(¸s), and �(i)
Œ from the likelihood p(�Œ|¸(i)

s , ‘). The length
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Figure 4: (a) Posterior probability densities for di�erent numbers of (�Œ, ‘) pairs. With
the inclusion of ever more data, uncertainty in the posterior on ¸s decreases steadily. (b)
Posterior variance and error in posterior mean for di�erent numbers of (�Œ, ‘) pairs. Both
error and variance decrease with increasing numbers of data points.

scales ¸s can be sampled from the truncated Je�reys prior using a standard inverse
CDF transformation [83]. The observation �Œ is Gaussian given ‘ and ¸s, and can be
sampled by evaluating (14) with distributional information given in (15)–(16).

We will use this formulation to design an optimal experiment consisting of two
measurements. In other words, two films with independently controlled values of ‘

will be deposited on substrates with the same value of ¸s, and the two values of �Œ
generated will be used for inference. The values of ‘ will be restricted to the design
range [0.01, 0.095]. As before, this restriction is not essential and is easily relaxed.
Figure 10 shows the resulting Monte Carlo estimates of expected information gain
U(‘

1

, ‘

2

).
Because the ordering of the experiments is immaterial, the map of the expected in-

formation gain is symmetric about the ‘

1

= ‘

2

line, aside from Monte Carlo estimation
error. We draw attention to three points marked by squares in Figure 10. The first is
at (‘

1

, ‘

2

) = (0.025, 0.025), where U(‘
1

, ‘

2

) = 0.49; it is near the minimum of the ex-
pected utility function. This point corresponds to the least useful pair of experiments.
The second is at (‘

1

, ‘

2

) = (0.01, 0.095), with U(‘
1

, ‘

2

) = 2.9; it is the maximum of the
expected utility map and is expected to yield the most informative experiments. The
point (‘

1

, ‘

2

) = (0.08, 0.08), where U(‘
1

, ‘

2

) = 2.0, lies midway between these extremes:
it is expected to be more informative than the first design but less informative than
the second.

To illustrate how the three (‘
1

, ‘

2

) pairs highlighted above yield di�erent expected
utilities, we carry out the corresponding inferences of ¸s following the procedure de-
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Figure 5: Map of expected information gain U(‘1, ‘2) in the substrate length scale param-
eter ¸s, as a function of experimental design parameters ‘1 and ‘2. The three experiments
discussed in the text are marked with red squares.

scribed in Section 3.1.1. To simulate each experiment, we fix ¸s and the desired
value of ‘, then generate a converged order parameter length scale �Œ by generat-
ing a realization of the substrate and simulating the Cahn-Hilliard equation. Given
the data �Œ,1 and �Œ,2 corresponding to (‘

1

, ‘

2

), we evaluate the corresponding
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posterior density and calculate the actual KL divergence from posterior to prior,
DKL (p(¸s|�Œ,1:2

, ‘

1:2

)Îp(¸s)). The results of these three experiments are summa-
rized in Figure 6(a). As expected, the second experiment, performed at (‘

1

, ‘

2

) =
(0.01, 0.095) is the most informative, and has a large information gain of DKL = 2.10
nats.1 The first experiment is the least informative, with a small information gain of
DKL = 0.99 nats. The third experiment, with DKL = 1.44 nats, lies in between. The
actual values of DKL are di�erent from their expected values because the expected
information gains are calculated by averaging over all possible prior values of ¸s and
all possible experimental outcomes, whereas the actual values are calculated only for
particular ¸s and �Œ values, given ‘. However, the values of DKL follow the same
trend as their expectations.

To better understand why these experiments produce di�erent values of the infor-
mation gain, Figure 6(b) plots �Œ = ‘F (¸s/‘) as a function of ¸s for ‘ = 0.01, 0.025,
and 0.095. We observe that �Œ is not very sensitive to variations in ¸s for ‘ = 0.025.
This explains why an experiment with (‘

1

, ‘

2

) = (0.025, 0.025) is not particularly in-
formative. On the other hand, �Œ is sensitive to variations in ¸s for ‘ = 0.095 and
‘ = 0.01. Additionally, �Œ is a decreasing function of ¸s for ‘ = 0.095, and an increas-
ing function for ‘ = 0.01. The complementarity of these trends makes the experiment
(‘

1

, ‘

2

) = (0.01, 0.095) especially useful.
We can also compare the optimal experiment to the random experiments shown in

Figure 4. The information gained in the optimal experiment (DKL = 2.10 nats), with
two values of ‘, is comparable to the information gained from the experiment with eight
randomly selected values of ‘ (DKL = 2.29 nats). Hence by using optimal Bayesian
experimental design in this example, we are able to reduce the experimental e�ort over
a random strategy by roughly a factor of four! This reduction is especially valuable
when experiments are di�cult or expensive to conduct.

3.2 Heterophase interfaces: design for model discrimination
As noted in Section 2.1, experiments often yield data that may be explained by mul-
tiple models. Additional measurements may then be required to determine which of
many possible models is best supported by the data. In such situations, it is desirable
to determine which further experiments are likely to distinguish between alternative
models most e�ciently. Naturally, this guidance is needed before the additional work
is actually carried out. Determining which experiments are most informative for dis-
tinguishing between alternative models is the goal of Bayesian experimental design for
model selection [63, 75]. This capability is especially useful when the experiments are
very resource-intensive and brute force data acquisition over a wide parameter range
is not feasible. This section will illustrate Bayesian experimental design for model se-
lection on an example taken from investigations of heterophase interfaces in layered
metal composites.

1
A nat is a unit of information, analogous to a bit, but with a natural logarithm rather than a base two

logarithm in (5).
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Figure 6: (a) Experiments corresponding to the three (‘1, ‘2) pairs indicated in Figure
5. The posterior densities from the three experiments are marked #1, #2, and #3. (b)
�Œ = ‘F (¸s/‘) versus ¸s for ‘ = 0.01, 0.025, 0.095.

3.2.1 Physical background
Figure 7 shows a multilayer composite of two transition metals—copper (Cu) and nio-
bium (Nb)—created by physical vapor deposition (PVD) [74]. In this synthesis tech-
nique, atoms impinge upon a flat substrate, adhere to it, and aggregate into crystalline
layers. By alternating the elements being deposited—e.g., first Cu, then Nb, then Cu
again, and so on—layered composites such as the one in Figure 7 may be made. The
thickness of each layer may be controlled by changing the total deposition time for
each element. Many multilayer compositions besides Cu/Nb have been synthesized
this way, including Cu/V (V: vanadium) [37, 105], Cu/Mo (Mo: molybdenum) [62],
Ag/V (Ag: Silver) [98, 97], Al/Nb (Al: Aluminum) [37, 61, 62], Fe/W (Fe: Iron, W:
Tungsten) [60], and others [11, 12, 86].

Layered composites are ideal for studying the properties of heterophase interfaces.
In Figure 7, each pair of adjacent Cu and Nb layers forms one Cu-Nb interface. The
total amount of interface area per unit volume of the material may be changed by
adjusting the thickness of the layers. For composites where all the individual layers
have identical thickness l, the volume of material corresponding to interface area A is
V = A ◊ l. Thus, the interface area per unit volume is A/V = 1/l: as the layers are
made thinner, A/V rises and the influence of interfaces on the physical properties of the
composite as a whole increases. For l in the nanometer range, i.e., l . 10 nm, interfaces
dominate the behavior of the multilayer composite, leading to enhanced strength [73],
resistance to radiation [72], and increased fatigue life [95]. In multilayer composites, all
of these desirable properties are due to the influence of interfaces. Thus, considerable
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e�ort continues to be invested into elucidating the structure and properties of individual
interfaces [71, 19, 10].

The present example will consider the relationship between the structure of metal-
metal heterophase interfaces and trapping of helium (He) impurities. Implanted He is a
major concern for the performance of materials in nuclear energy applications [92, 106].
Trapping and stable storage of these impurities at interfaces is one way of mitigating
the deleterious e�ects of implanted He [78, 32]. The influence of interfaces on He
may be clearly seen in multilayer composites. Experiments carried out on Cu-Nb [29],
Cu-Mo [62], and Cu-V [38] multilayers synthesized by PVD show that implanted He
is preferentially trapped at the interfaces. Moreover, not all interfaces are equally
e�ective at trapping He: the maximum concentration c of interfacial He—expressed as
the number of He atoms per unit interface area—that may be trapped at an interface
before detectable He precipitates form di�ers from interface to interface [32].

Figure 8 plots c for Cu-Nb, Cu-Mo, and Cu-V interfaces as a function of one pa-
rameter: the interface “misfit” m. Cu, Nb, Mo, and V all have cubic crystal structures:
Cu is face-centered cubic (fcc) while Nb, Mo, and V are body-centered cubic (bcc).
Thus, all three composites used in Figure 8 are made up of alternating fcc (Cu) and
bcc (Nb, Mo, or V) layers. The edge length of a single cubic unit cell in fcc or bcc
crystals is the lattice parameter, a

fcc

or a

bcc

. The misfit m is defined as m = a

bcc

/a

fcc

.
Intuitively, m measures the mismatch in inter-atomic spacing in the adjacent crystals
that make up an interface.

According to Figure 8, the ability of interfaces to trap He, as measured by c, depends
on the misfit: c = c(m). A simple model that may be proposed based on this data is
that the relationship between c and m is linear: c = –

0

+ –

1

m. Indeed, a linear fit
represents the available data reasonably well. Its most apparent drawback is that it
predicts negative c values for m . 0.83. Thus, a better model might be c = –|m≠m

0

|.
This model predicts that c drops to zero as m decreases to m

0

and begins to rise
again as m is further reduced below m

0

. Physically, this model may be rationalized by
stating that at some special value of misfit, m

0

, the atomic matching between adjacent
layers is especially good, leading to few sites at the interface where He impurities may
be trapped. As m departs from m

0

in either direction, the atomic matching becomes
worse, giving rise to more He trapping sites and therefore higher c.

The structure of fcc/bcc interfaces—including the degree of atomic matching—
may be investigated in detail by constructing atomic-level models [33, 30]. Figure
9 shows such a model of the terminal atomic planes of Cu and Nb found at PVD
Cu-Nb interfaces. The pattern of overlapping atoms from the two planes contains
sites where a Cu atom is nearly on top of a Nb atom. Such sites are thought to be
preferential locations for trapping of He impurities [52]. They arise from the geometrical
interference of the overlapping atomic arrangements in the adjacent crystalline layers
and, in that sense, may be viewed as analogous to features in a Moiré pattern.

The density and distribution of He trapping sites of the type shown in Figure 9
may be computed directly for any given fcc/bcc interface as a function of the geometry
of the interface using the well-known O-lattice theory [13]. In PVD Cu/Nb, Cu/Mo,
and Cu/V composites, the relative orientation of the adjacent crystals is identical.
Thus, di�erences in the geometry Cu-Nb, Cu-Mo, and Cu-V interfaces arise solely
from di�erences in the lattice parameters of the adjacent crystals, as described by the
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misfit parameter, m. The areal density of He trapping sites for these interfaces is
therefore only a function of m and may be written as

f(m) =
--(4m ≠ 3)(

Ô
3m ≠ Ô

2)
--

3a

2

Cu

m

2

. (21)

Using this expression, we propose a second model for the dependence of c on m, namely:
c = —f(m). Here, the proportionality constant — determines the number of He atoms
that may be trapped at a single site of the type illustrated in Figure 9. The best
fit for this second model is plotted in Figure 8. Both this model and the previously
described linear model fit the available experimental data reasonably well. Moreover,
both predict c values of zero for m ¥ 0.82–0.83. However, unlike the linear model,
c = —f(m) predicts that c is also zero at m ¥ 0.75.

We wish to determine what additional experimental data will help distinguish be-
tween the two models described above. However, since measuring even a single value
of c requires considerable resources, our goal is to limit the additional data to just one
(c, m) pair. In an experiment, we may select m by choosing to synthesize a fcc/bcc
multilayer composite of specific composition. In other words, we control m. However,
we do not know c in advance. In this context, our goal is to determine what one value
of m is most likely to distinguish between the two models, regardless of the c value
actually found in the subsequent experiment. In the following section, we will apply
Bayesian experimental design to address this challenge. In addition to the two models
described above, we will also consider a third model encapsulating the hypothesis that
c does not depend on m at all: c = “ = constant.

Figure 7: A Cu-Nb multilayer composite synthesized by PVD [31].
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Figure 8: Maximum interfacial He impurity concentration, c, plotted as a function of misfit,
m.

3.2.2 Bayesian experimental design for model selection
As described in Section 2, the goal of experimental design is to maximize the expec-
tation of some measure of information. In the present example, we will maximize the
expected KL divergence, as applied to model discrimination, described in (6) and (7).
In this context, m is the experimental parameter ÷ that we control; c is the observed
data y; M

1

, M

2

, and M

3

are the competing models; (–, m

0

) are the parameters ◊

1

of
model M

1

; — is the parameter ◊

2

of model M

2

; and “ is the parameter ◊

3

of model M

3

.
The expected KL divergence can be computed by combining (6) and (7); this re-

quires knowing both the prior p(Mi) and the posterior p(Mi|c, m) for each model. We
we use a flat or “indi�erence” prior over models, p(Mi) = 1/3. The posterior model
probabilities are calculated from Bayes rule as given in (2). Evaluating Bayes’ rule
in this setting requires that we calculate the marginal likelihood for each model and
proposed experiment, p(c|Mi, m), as shown in (3). We now detail this procedure.

The previous section identified three models connecting c and m. They are:

M

1

: c = –|m ≠ m

0

| + ‘

1

(22)
M

2

: c = —f(m) + ‘

2

(23)
M

3

: c = “ + ‘

3

(24)

where ‘i ≥ N(0, ‡

2

‘ ). In addition to specifying the functional form of each model,
each expression above also contains an additive noise term ‘i. This term is a random
variable that describes uncertainty in the measured c, i.e., due to the observational
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Figure 9: Left: a Cu-Nb bilayer. Right: the terminal Cu and Nb planes that meet at the
Cu-Nb interface. He trapping occurs at sites where a Cu atom is nearly on top of a Nb
atom. One such site is shown with the dashed circle.

process itself. For simplicity, we assume the observational error variance ‡

2

‘ to be
known. The model parameters –, m

0

, —, and “ are endowed with priors that reflect
our state of knowledge after performing the three experiments shown in Figure 8,
before beginning the current experimental design problem. These priors are taken to
be Gaussian. In other words, we suppose that they are the result of Bayesian linear
regression with Gaussian priors or improper uniform priors; the posterior following
the three previous experiments becomes the prior for the current experimental design
problem. We denote the current prior means by –̄, m̄

0

, —̄, and “̄, and the current prior
standard deviations as ‡–, ‡m0 , ‡— , and ‡“ .

Given these assumptions, we can express the probability density of the observation
c for each parameterized model as:

p(c|m, –, m

0

, M

1

) = 1Ô
2fi‡‘

exp
3

≠ (c ≠ –|m ≠ m

0

|)2

2‡

2

‘

4
(25)

p(c|m, —, M

2

) = 1Ô
2fi‡‘

exp
3

≠ (c ≠ —f(m))2

2‡

2

‘

4
(26)

p(c|m, “, M

3

) = 1Ô
2fi‡‘

exp
3

≠ (c ≠ “)2

2‡

2

‘

4
. (27)

Each of these densities is normal with mean given by the model and variance ‡

2

‘ .
For fixed m and c, these densities can be viewed as the likelihood functions for the
corresponding model parameters, i.e., – and m

0

for model 1, — for model 2, and “

for model 3. To obtain the marginal likelihoods p(c|m, Mi), we marginalize out these
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parametric dependencies as follows:

p(c|m, M

1

) =
⁄ Œ

≠Œ
p(c|m, –, m

0

, M

1

)p(–)p(m
0

) d– dm

0

(28)

p(c|m, M

2

) =
⁄ Œ

≠Œ
p(c|m, —, M

2

)p(—) d— (29)

p(c|m, M

3

) =
⁄ Œ

≠Œ
p(c|m, “, M

1

)p(“) d“ (30)

Here, p(–), p(m
0

), p(—), and p(“) denote the Gaussian prior probability densities
described above, e.g.,

p(–) = 1Ô
2fi‡–

exp
3

≠ (– ≠ –̄)2

2‡

2

–

4
, etc. (31)

In the expressions for p(c|m, Mi), integration over –, —, and “ can be performed ana-
lytically, e.g.,

p(c|m, M

2

) = 1

‡—‡‘

Ú
2fi
‡2

—
+ 2fif(m)

2

‡2
‘

exp
A

≠ (c ≠ —̄f(m))2

2(f(m)2

‡

2

— + ‡

2

‘ )

B
. (32)

The integral over m

0

in the expression for p(c|m, M

1

) must be found numerically, how-
ever. In the present example, this integral is easily computed using standard numerical
quadrature. If the integral had been too high dimensional, however, then a Monte
Carlo scheme might be used instead [83]. We carry out these calculations using prior
parameters listed in Table 1. The experimental uncertainty was set to ‡‘ = 2.5/nm2,
following [29].

To calculate the expected information gain U in the model indicator, as a function
of the m value for a single additional experiment, we first substitute the prior and
posterior model probabilities calculated above into (6). Then we take the expectation
of this utility over the prior predictive distribution, as in (7), by integrating over the
data c. More explicitly, we calculate:

U(m) =
⁄

u(m, c)p(c|m) dc, (33)

where the utility is

u(m, c) =
3ÿ

i=1

P (Mi|c, m) log P (Mi|c, m)
P (Mi)

,

and the design-dependent prior predictive probability density is

p(c|m) =
3ÿ

i=1

P (Mi)p(c|m, Mi).
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The integral in (33) formally is taken over (≠Œ, Œ), since this is the range of the
prior predictive. Negative values of c are not physical, of course, but they are exceed-
ingly rare: the mean predictions of models 1 and 2 are necessarily positive, and the
Gaussian prior on “ in model 3 is almost entirely supported above zero. The Gaussian
measurement noise ‘ can also lead to negative c values, but it too has a relatively small
variance.

Model Parameter Standard Deviation
M1 –̄ ¥ 94/nm2

‡– ¥ 0.49/nm2

m̄0 ¥ 0.83 ‡m0 ¥ 0.62
M2 —̄ ¥ 26/nm2

‡— ¥ 4.2/nm2

M3 “̄ ¥ 4.5/nm2
‡“ = 2.0/nm2

Table 1: Prior model parameters.

Figure 10 plots U(m) computed using all three models. For comparison, the figure
also shows U(m) found using only models 1 and 2, i.e., excluding the constant model
c = “. Values of m that maximize U(m) are the best choices for an experiment to
distinguish between models. When all three models are considered, U(m) is greatest
for high misfit, i.e., m ¥ 0.95. By contrast, when only models 1 and 2 are considered,
U(m) is least in the high m limit. The reason for this di�erence is clear from comparing
Figure 10 with Figure 8: models 1 and 2 predict comparable c at high m while model
3 predicts a markedly lower c. Thus, when all three models are considered, the value
of U(m) is high for m ¥ 0.95 because a measurement at that m value makes it possible
to distinguish models 1 and 2 from model 3. By contrast, when only models 1 and 2
are considered, U(m) is least at high m because a measurement in that m range has
limited value for distinguishing between models 1 and 2.

Putting aside model 3, U(m) predicts greatest utility for an experiment carried out
in the range 0.74 < m < 0.84, i.e., in the vicinity of the minima of function f(m). To
understand the reason for the significance of this m range, it is important to realize
that the plots in Figure 8 only show a single realization of models 1 and 2, namely those
corresponding to – = –̄, m

0

= m̄

0

, and — = —̄ (the prior means on the parameters).
Since we assume that –, m

0

, and — are normally distributed, many other realizations
of these models are possible. Figure 11 shows 100 di�erent realizations of models 1
and 2 obtained by drawing –, m

0

, and — at random from their prior distributions.
Figure 11 makes clear an important distinction between models 1 and 2 that is not

apparent in Figure 8: model 1 exhibits an extreme sensitivity to its fitting parameters
within the range of uncertainty of those parameters. In particular, the minimum in
c predicted by model 1 may occur at many di�erent m values. By contrast, model
2 is relatively less sensitive to its fitting parameters, especially for 0.74 < m . 0.84.
Unlike model 1, the locations of its minima are fixed. Thus, measuring a low c value
for 0.74 < m . 0.84 has the potential to exclude a large number of realizations of
model 1, while measuring a high c value in that range essentially excludes model 2.
Bayesian methods naturally capture this subtle aspect of experimental design without
any special prior analysis of the competing models.
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Figure 10: Expected information gain for model discrimination U(m).

4 Outlook
The examples presented here demonstrate how the formalism of optimal Bayesian ex-
perimental design, coupled with information theoretic objectives, can be adapted to
di�erent questions of optimal data collection in materials science. In one example,
we seek the best pair of experiments for inferring the parameters of a given model.
In another example, we seek the single experiment that can best distinguish between
competing models, where each model has a distinct form and a distinct set of un-
certain parameters. Though simple, these examples also demonstrate the use of key
computational and analytical tools, including the Monte Carlo estimation of expected
information gain (in the nonlinear and non-Gaussian setting of our first example) and
the use of reduced-order models (also in the first example).

Reduced order models (ROMs) are increasingly being recognized as crucial to mate-
rials science, especially computational materials design [39, 70, 94, 104]. The reason for
their utility is clear: strictly speaking, the complete set of degrees of freedom describing
a material is the complete set of positions and types of all its constituent atoms. This
set defines a design space far too vast to explore. Even if mesoscale entities such as
crystal defects (e.g., dislocations [45] or interfaces [91]) or microstructure [1] are used
to define the degrees of freedom for design, the resulting design space may nevertheless
remain too vast to examine comprehensively.

Therefore, it is crucial to identify only those degrees of freedom that significantly
a�ect properties of interest (e.g., those a�ecting performance metrics in a design) and
create a ROM to connect the two. Yet while formal methods of model order reduction
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Figure 11: 100 di�erent realizations of models 1 (c = –|m ≠ m0|) and 2 (c = —f(m))
obtained by drawing parameters –, m0, and — at random from their prior distributions. The
thick lines plot the realizations of the models at the prior mean values of these parameters.

are well established in many fields of science and engineering (as reviewed in Sec-
tion 2.3), the automated and systematic construction of ROMs in materials contexts
is in an early stage of development. In practice, most ROMs in materials science are
constructed “manually.” The inherently collective and multiscale character of many
materials-related phenomena calls for the development and validation of new methods
of automatic model order reduction to address materials-specific challenges.

Surrogate or reduced-order models are also essential to making Bayesian infer-
ence computationally tractable, particularly inference with computationally intensive
physics-based models. Indeed, the past several years have seen a steady stream of
developments in model reduction for Bayesian inference, mostly in the applied mathe-
matics, computational science, and statistics communities. These include many types
of prior-based ROMs [68, 69, 67], posterior-focused approximations [59] and projection-
based reduced-order models [27], hierarchical surrogates [23], and numerous other ap-
proaches [25, 85]. The utility of ROMs is increasingly being recognized in materials-
related inference problems as well. For instance, the model film-substrate problem
described in Section 3.1 relies on a ROM to circumvent computationally expensive
forward problem evaluations, thereby making rapid inference of substrate properties
tractable [2]. Earlier examples of this approach in materials science problems include
[28], which, starting with what is e�ectively a ROM for the energy-temperature re-
lation, inferred the melting point of Ti

2

GaN. Data-fit surrogates constructed based
on existing literature may also serve an analogous purpose to a ROM. Using such a
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surrogate, [103] modeled the creep rupture life of Ni-base superalloys.
Similar to reduced-order modeling, the usefulness of Bayesian approaches is now

becoming better recognized within the materials community. They can be applied to
parameter inference and model inference, as demonstrated here, but also to problems
involving prediction under uncertainty. For example, [55] used Bayesian inference to
assess the uncertainty of cluster expansion methods for computing the internal energies
of alloys. These authors point out that cluster expansions are also a kind of surrogate
model—i.e., a ROM—and that uncertainty quantification should, among other goals,
assess how well the surrogate reproduces the output of a more computationally expen-
sive reference model.

Despite growing interest in Bayesian methods within the materials community,
there are fewer examples of their application to experimental design. An early (yet very
recent) e�ort is [4], which applies information-theoretic criteria and Bayesian methods
to stress-strain response and texture evolution in polycrystalline solids. Neverthe-
less, opportunities for expanded application of optimal Bayesian experimental design
abound in materials-related work. In particular, detailed and resource-intensive exper-
iments such as those described in Section 3.2 are poised to benefit from it immensely.
One potential hurdle to widespread adoption is the up-front investment of e�ort cur-
rently needed to understand and implement the associated mathematical formalism.
Thus, expanded availability of user-friendly, well-documented, and multi-functional
software [79] is likely to accelerate the adoption and integration of Bayesian experi-
mental design into mainstream materials research.

Finally, we emphasize that optimal experimental design itself—not limited to the
materials science context—is the topic of much current research. This research focuses
on both formulational issues and on computational methodology. Examples of the
latter include developing reduced-order or multi-fidelity models tailored to the needs
of stochastic optimization, or devising more e�cient estimators of expected informa-
tion gain, using importance sampling, high-dimensional kernel density estimators, and
other approaches. An interesting foundational challenge, on the other hand, involves
understanding and accounting for model error or misspecification in optimal design. If
the model relating parameters of interest to experimental observables is incomplete or
under-resolved, how useful—or close to optimal—are the experiments designed accord-
ing to this relationship? When a convergent sequence of models of di�ering fidelity
is available (as in the ROM setting), then this question is more tractable. But if all
available models are inadequate, many questions remain open. One promising ap-
proach to this challenge uses nonparametric statistical models, perhaps formulated in
a hierarchical Bayesian manner, to account for interactions and inputs missing from
the current model of the experiment. Sequential experimental design is also useful
in this context, as successive batches of experiments can help uncover the unmodeled
mismatch between a model and physical reality.

Sequential experimental design is useful much more broadly as well. Recall that
in all the examples of this chapter, we designed a single batch of experiments all-at-
once: even if the batch contained multiple experiments, we chose the design parameters
before performing any of the experiments. Sequential design, in contrast, allows in-
formation from each experiment to influence the design of the next. The most widely
used sequential approaches are greedy, where one designs the next batch of experi-
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ments as if it were the final batch—using the current state of knowledge as the prior
distribution, with design criteria similar to those used here. But greedy approaches are
sub-optimal in general, as they do not account for the information to be gained from
future experiments. An optimal approach can instead be obtained by formulating se-
quential experimental design as a problem of dynamic programming [9, 20, 7]. Making
this dynamic programming approach computationally tractable, outside of specialized
settings, remains a significant challenge.
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