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1. INTRODUCTION

Let H, i be the space of homogeneous real polynomials (forms) in n variables
and of degree k. Several convex subcones of H,, 24 have received considerable study:

e nonnegative forms
P og:={p € Hy24:p(x)>0Ve € R"},

e sum-of-squares (SOS) forms

Ynod ={p€Hpoa:p= qu where ¢; € H,, 4},
iel
e convex forms
Chroa = {p(x) € Hyoa: V?p(z) = OVz € R"},
e SOS-convex forms,
YChod:={p € Hyoa:y' Vp(z)y is SOS}.

Known results on relationship between these cones are summarized as following.

e Trivial: En,Qd - Pn,2d7 Cn,Zd c Pn,2d7 ECYn,Zd c Cn,2d;

e Hilbert [Hil88]: ¥, 04 = Py 24 if and only if n = 2 or 2d = 2 or (n,2d) =
(3, 4);
Helton-Nie [HN10]: £C), 24 C £, 24;
Ahmadi-Parrilo [AP13]: £C), 2 = Cp 24 if and only if n = 2 or 2d = 2 or
(n,2d) = (3,4);

o Trivial: ¥, 29 C Cp 24 if and only if 2d = 2;

e Blekherman [Ble09]: For fixed 2d > 4, for n large enough, C, 24 € ¥y, 24;

e El Khadir [EKQO] 0474 g 2474.

In this project I studied problems related to convex forms. Our new result is a
tight generalized Cauchy-Schwarz (GCS) inequality for d = 5 (Theorem 2). GCS
inequalities were introduced in El Khadir [EK20] and its low degree cases were used
in the proof of C4 4 C ¥4 4. I do not know of any application of higher degree GCS
inequalities, but they are interesting on their own. In Section 2 we discuss GCS
inequalities. We also explain why our method for d = 5 cannot be generalized to
odd d > 7 (Theorem 3).

The other sections of this report are a summary of two papers I read during this
project. In Section 3, we discuss El Khadir [EK20)’s proof that convex quaternary
quartics are SOS, which is one motivation for this project.

During this project, Prof. Parrilo pointed out to me that Saunderson [Sau21]
found an explicit example of a convex but non-SOS form. We discuss Saunderson’s
construction in Section 4.



2. GENERALIZED CAUCHY-SCHWARZ INEQUALITIES

GCS inequalities are introduced by El Khadir [EK20] as a tool to prove that
convex quaternary quartics are SOS. Recall the Cauchy-Schwarz inequality, which
can be stated as

Qx,y) < VQ(z,2)Q(y,y)

for all positive semidefinite quadratic forms @. Generalized Cauchy-Schwarz gener-
alizes the usual Cauchy-Schwarz inequality to higher degree forms. Givenp € H,, 24,
we can define a binary form @, : R" x R® — R as

1
(2d)!
(In [EK20] @, is defined via symmetric tensors.) It is homogeneous in (x,y) of

degree (d,d) and satisfies the property that Q,(z,z) = p(z). So when degp = 2,
we get quadratic forms.

Qp(z,y) = ododp.

Theorem 1 ([EK20, Theorem 3.1]). For any integer d > 1, there exists a constant
Ay such that

(1) Qp(z,y) < Ag/p(x)p(y)

forallp € Cp 24, x,y € R".

Proof. Fix p € Cy, 24.
Step I: We prove that (1) holds for all z,y € R™ if and only if

(2) 2Q,(z,y) < Aa(p(z) + p(y))

for all x,y € R™. The = implication is by AM-GM. The < implication is by
observing that for ,y € R” with Qp(z,y) > 0, we have

1

p@)ply) _ ., o pl@) + Nply) g P@) +P(Ay)

Qplw,y) 350 Q) A0 2Q,(x,Ay)

Step II: If « and y are colinear, then there is nothing to prove (A4 > 1). Oth-
erwise, x and y span a subspace of dimension 2, and by performing a coordinate
change, we reduce to the case where n = 2, x = ey, y = eq, where e; and ey are
coordinate vectors.

Step III: The set

L:={pec Cyaq:pler)+ plez) =2}
is compact. So sup,cr, Qp(e1,e2) is finite, and we can take Ay to be this value. 0O

Let A} denote the best possible constant such that (1) holds. Let us discuss how
to compute AY. As shown in the proof, it suffices to compute

(3) AL = sup Qpler,eq).
pECs2 24
p(e1)+p(e2)=2

i, 2d—i

b= E pix'y .
0<i<2d
2

Let



d |1 2 3 4 5 6

A% | 1.000 | 1.000 | 1.000 | 1.011 | 1.000 | 1.061
d |7 8 9 10 11 12
A% | 1.000 | 1.048 | 1.000 | 1.153 | 1.000 | 1.115
TABLE 1. Numerical values of A%. First 8 values are from [EK20,
Table 1].

Then we can compute that

2d\ !
pler) =po,  ple2) =paa,  Qpler,e2) = <d> Pd-
So the objective function is linear, and the constraint p(e;) + p(e2) = 2 is linear.
For the constraint p € C o4, we use [AP13, Theorem 5.2], which says that Cs g =
YC5.94. So p € Co 4 if and only if u' Vp(x)u is SOS. So (3) can be solved using

semidefinite programming.
2d\ !
max
d Pq

s.t. po+paa =2,
u! V2p(x)u is SOS.

We discuss several simplifications of the program.

e If p(z,y) is a feasible solution, then 1(p(z,y) + p(y,z)) also satisfies the
constraints and achieves the same objective value. So we could WLOG
assume that p; = pag_; for 0 < ¢ < d. Then pg = 1. So we are left with d
variables p1,..., pq4.

e For the case of even d, if p(z,y) is a feasible solution, then %(p(x,y) +
p(z, —y)) also satisfies the constraints and achieve the same objective value.
So in this case we could WLOG assume that p; = 0 for odd i, and we are
left with g variables.

e There are other symmetries of the problem. For example,

flau)i=[u o] o) |1
satisfies

f(I’,y,’LL, U) = f(y,I,U,U) = f(*I, -Y,u, U) = f(*l’7y, 7“‘7”)

when d is even and

f(x’yau,v> = f(y,x,v,u) = f(_xv —Y, U, _U)

when d is odd. These symmetries generate a non-trivial group. So we
could use the symmetry reduction framework of Gatermann-Parrilo [GP04]
to simplify the problem.

Using these simplifications, we can numerically compute A%. I implemented the
SDP and its results are summarized in Table 1. MOSEK reports a small duality
gap, so these values should be reliable.



El Khadir [EK20] uses symmetry reduction and KKT conditions to algebraically
compute A}, and showed that it is equal to the largest root of

s 38, 1T 13
35 245 42785

I tried to do the same for Af, by modifying El Khadir’s code. However, in the
end, I needed to compute the Groebner basis of an ideal defined by 38 quadratic
equations in 25 variables, which my computer was not able to solve.

There is another way to compute A}. By definition, A} is the smallest number
A such that

T

A(p(z) +p(y)) — 2Qp(z,y) =0
for all p € C3 294. Note that

1 1

p@) = Gt ) = Gt Q) = @azaz.

So we in fact want to compute the smallest number A such that
la = A(O* + ajd) — 28;135 € 0504
where
Ch2qa = {l: {(p) = OVp € Cp 2a}.
The dual cone C;; ,; has a nice characterization from Reznick [Rez11]:
o*

n

24 = cone{aga;d*2 rx,y € R}

So by decomposing A(92¢ + 83‘1) — 28;183 we can derive upper bounds for A}. For
example, for d = 1,2, 3 we have

02+ 0 — 20,0, = (0, — 9,)*
0F + 05 — 20207 = (0, — 0,)°
- 8y)2

So A} = A5 = A5 = 1. Now we can state our result.

0z + 0y)?,
1 1 1
0 + 0y — 20205 = (0» (5(896 +0y)* + iai + 5é{;‘).

Theorem 2. For all p € Cy, 10 (convex forms in n variables of degree 10) and all
z,y € R™, we have

Qp(z,y) < Vp(x)p(y)-
In other words, Af =1.
Proof.
(4) 910400 20007

_ _ 2 i 8 8 i o 8 £ 8
= (0 — 0y) (28 (05 +0;) + 392(@ 0y)° + 168(81 + 9y)
8 8
115v/21 + 527 5— /21 5 — /21
+ ‘;6* ( faﬁay) + (aﬁfay) ).



Let us discuss how we found (4). Because
82d + 82d Zadad Z a'L ad 1— z

0<i<d
it is tempting to include (9, — 8,)? in all terms of the decomposition. So we reduce
to decompose £ := (3,4 02041 71)? as a convex combination of (ad,+£0,)** 2.
Note that ¢ is invariant under swapping J, and 9. So wlog we could assume the
decomposition is a convex combination of

(ady + B0y)*4 72 + (B0 + ady)?* 2.
We select d tuples of (ay, 3;) and solve for coefficients ~; such that

> Yil(ida + Bi0y)** % + (Bi0s + 0;0,)** %) = L.

1<i<d
If v, > 0 for all 1 < i < d then we succeed. The («a;,7;) in the proof of Theorem
2 are chosen so that the decomposition is particularly simple. A lot of other de-
compositions exist. For example, we can get different decompositions if we choose
(v, B;) randomly.

I tried to do the same for A%. Namely, look for tuples (v, 3;) such that ~; are

all non-negative. However, I was not able to find a valid decomposition. It turns
out that this has a reason.

Theorem 3. For all odd d > 7,
024 4 8§d - 28;185 ¢ cone{(9, — 0,)*(ad, + $0,)**? : a, B € R}.
Proof. 1t suffices to prove that
Z o 8d =12 & cone{(ad, + £9,)*7* : a, B € R}.
0<i<d

Note that RHS is exactly P35, 5, dual of the cone of non-negative forms in two
variables of degree 2d — 2. Because we have two variables, P 242 = X2 24—2. S0 a
form ¢ € Pj, , if and only if £(p?) > 0 for all p € Ho 4-1.

If we write

= > ooy,

0<i<2d—-2
Z bxz d—1— z
0<i<d—1
then
Wp*)= > akl@d-2-k)! D bb,
0<k<2d—2 i+j=k
0<i,j<d—1

In our case, a; = min{k,2d — 2 — k} + 1. So £(p?) can be seen as a degree 2 form
in d variables by, ..., bg—1. Note that Pyo = Xg2. So £(p?) > 0 for all p if and only
if the Hankel matrix

Hi,j:hi-‘y—ja OSZaJSd717
hk = akk'(2d —2— k)'
is PSD.



In the following we prove that for all odd d > 7, H is not PSD. Let d = 2k + 1.
We consider the minor M := H(_o . py2),(k—2,...k+2)- Lhen M is a Hankel matrix
corresponding to sequence

(d— )N (d+3)!, (d—3)(d+2), (d—2)/(d + 1)!, (d — D)d!, d!(d — 1),
di(d — 1)1, (d+ 1)(d — 2)!, (d + 2)!(d — 3)!, (d + 3)!(d — 4)!

and M = (d — 4)!?M’ where entries of M’ are degree 7 polynomials in d. We can
compute that

det M’ = p(d)
where
p(z) = —48(x + 1)(z — 1)%2°(z — 2)%(x — 3)8
(2% — 62 + 4)(2* + 62 — 3327 4+ 70z — 36).

The largest real root of p(z) is at & 5.24, so p(xz) < 0 for all > 6. This finishes
the proof. 0

Theorem 3 tells us that for odd d > 7, we have to use terms other than (9, —
9,)2(ad, + 50,2,

The statement of Theorem 3 is also valid for even d > 6, but it is not meaningful
because [EK20, Appendix B] proves that A% > 1 for even d > 4.

3. EL KHADIR: CONVEX QUATERNARY QUARTICS ARE SOS

In this section we explain El Khadir [EK20]’s proof that convex quaternary
quartics are SOS.

Theorem 4 ([EK20, Theorem 1.1]). Every convezx quaternary quartic is SOS, i.e.,
Cia CX44.

The proof uses Theorem 1 and another type of generalized Cauchy-Schwarz
inequalities.

Theorem 5 ([EK20, Theorem 3.1]). For any integer d > 1, there exists a constant
By such that

(5) Ip(2)] < BaQp(2,%)
forallp € Cp, 29 and z € C".

The proof is entirely similar to the proof for Aq we presented. Let B} denote
the best possible constant such that (5) holds. Unlike A} which turns out to be
hard to compute, [EK20] proves that

Proof of Theorem 4 only uses the degree-2 GCS inequalities, A5 = B3 = 1. The
proof uses a characterization of extreme rays of ¥j ; by Blekherman [Ble12].

Theorem 6 ([Ble12, Theorem 1.2], [EK20, Theorem 4.2]). A non-negative quater-
nary quartic form p is SOS if and only if both of the following conditions hold:
6



o For every vi,...,vs € R* and as,...,as € {£1} such that
(6) Ulvir = Z ai'Ui'UzTu

2<i<8
we have
(7) pv) < (Y V(i)
2<i<8

o For every z € C*, vs,...,08 €R*, and as,...,ag € {£1} such that

(8) 2z +7Z = Z v,
we have o
(9) 2(lp(2)[ + R(p(2))) < ( Z Vp(vi))?.

The proof is now a direct application of the GCS inequalities.

Proof of Theorem 4. Let p be a convex quaternary quartic form. Then p satisfies
Theorem 1 and 1 with A5 = B = 1. We prove that p satisfies both requirements
in Theorem 6.

First requirement: Let vy,...,vs,Qs,...,as be as in the condition. Squaring
both sides of (6) we get

(10) V1 QU1 QU QU = Z QiU QU Q V5 Q Vj
2<4,j<8
as symmetric tensors. Let T}, be the symmetric tensor corresponding to @, i.e.,
Qp(z,y) =Tz @r@y®yY).
Applying T}, to both sides of (10), we get
p(v1) = Z @i Qp(vi,v5) < Z p(vi)p(v;) = ( Z p(vi))?
2<4,j<8 2<4,5<8 2<i<8

where the second step is Theorem 1. So we have (7).
Second requirement: Let z,vs,...,vs,as,...,as be as in the condition. Squaring
both sides of (8) we get

(11) Z2Q2R202+ZQZQZIRZ+2:R02QZQZ
= Z Q00 QU Qv Q) V;
3<4,5<8
as symmetric tensors. Applying 7}, to both sides of (11), we get
p(z) +p(Z) +2Qp(2,%) = Z ;0 Qp (i, vj).
3<4,5<8
Note that
p(z) +p(z) =2R(p(2)),  Qp(2,2) = [p(2)
where the inequality is by Theorem 5. So

2(Ip(2)| + R(P(2))) < > @ Qpviv) < (Y V(i)

3<i,j<8 3<i<8



where the second step is Theorem 1. Therefore (9) holds. O

Blekherman [Blel12] also studied extreme rays of X3 g, which gives a characteri-
zation very similar to Theorem 6.

Theorem 7 ([Blel2, Theorem 1.1], [EK20, Theorem 6.1]). A non-negative ternary
sextic form p is SOS if and only if both of the following conditions hold:

o For every v,...,v9 € R? and ag, ..., a9 € {+1} such that
(12) V1 QU QU = Z Oli’l}i®1)i®’l}i,
2<i<9
we have
(13) p(v1) < ( Z V(i)
2<i<9
o For every z € C?, vs,...,v9 € R3, and as, ..., a9 € {£1} such that
(14) 2R2Q2+IQVIRVI= Y i Qv DU,
3<i<9
we have
(15) 2(Ip(2) + R(p(2))) < (D Vp(v))*.
3<i<9

The first requirement is satisfied by all p € C36 because A3 = 1. However,
B3 > 1, so the same proof does not work for the second requirement. Blekherman
[Blel2] conjectures that in both Theorem 7 and 6, the second requirement is not
needed. If the conjecture is true, then we get that Cs 6 C X3 ¢.

4. SAUNDERSON: EXPLICIT EXAMPLES OF NON-SOS CONVEX FORMS

In this section we discuss Saunderson [Sau21]’s construction of a family of convex
non-SOS forms. Let us describe the construction. Let O denote the normed division
algebra of octonions. Let x,77 € QF be two octonion vectors, which can be viewed
as two 8k-dimensional real vectors. We define forms

2 2 2
esk(2,y) = |lz[*[ly|[® — |(z, y)I",

1
ar (@, y) := csp(z,y) + Z(II:EH2 + [lyl[*)?
where

(l',y) = Z TYi € 0.
1<i<k
Theorem 8 ([Sau2l, Theorem 1.2]). For k > 17, the form qx(z,y) is a convex
non-SOS quartic form in 16k variables.

Convexity follows from [Blel3, Theorem 4.75], which says that if p € H, o4
satisfies

(16) p(0) 1] < 5

for all ||v]| = 1, then p is convex. This theorem was used in [Blel3] to prove the
existence of convex non-SOS forms. By a generalized Cauchy-Schwarz inequality
8



for octonions [Kra98] (which has nothing to do with Theorem 1 and 5), csi(z,y) is
non-negative. So

1
= inf -
[lz]]2+]]y|[2=1 4

1 1
(P19l + 3kl 2 + lyl2)?) = 5.

1
k(. y) (21 + 1) = 5,

inf
[lz|[2+yl12=1

||xu2-s+1|1|5u2=1q'“(x7y) S
So 3q satisfies (16) and gy, is convex.
The proof that gy is not SOS is by solving the corresponding SDP using symmetry
reduction. Let us describe the SDP, which is standard. Let V = Higr o2, W =
Hiep 4, SV be the space of self-adjoint endomorphisms of V/, S}r/ be the subset of
PSD operators in SV. Let A : SY — W be the map induced by A(cc”) = ¢? for
all c € V. The SDP is

find V € Sy s.t. A®Y) = g

We can observe that g; has a large symmetry group. In fact, it is invariant under
an action of Spin(9) x O(k). If we denote a pair (x,y) € OF x OF as an R'*¥ real
matrix

then Spin(9) acts by left multiplication on R16 via [Har90, Lemma 14.77] and O(k)
acts by right multiplication on R¥.

The action of Spin(9) x O(k) on R!® naturally upgrades to V and W. It is easy
to verify that g is invariant under the action, i.e., for any (g, h) € Spin(9) x O(k),
we have qz(gXh') = g.(X). So for the SDP, we can assume that Y is invariant
under the group action, i.e.,

find Y € S} N Endgpin(o)xom) (V) s.t. A(Y) = b.

We now need to decompose V into a direct sum of irreducible representations.
We embed V into a larger representation R6k* 16k — R16X16 o RFXE ' where Spin(9)
acts on R16X16 a5 X 1+ gX¢T and O(k) acts on RF*¥ as X +— hXh'.

Decomposition of R16*16 under Spin(9) action and decomposition of R¥** under
O(k) action are both standard. Omitting details,

RL6X16 _ @ Vi,
0<i<4
where V;’s are non-isomorphic irreducible Spin(9)-representations;
kak _ @ UJ,
j=-1,0,1
where U; are non-isomorphic irreducible O(k)-representations. So

R16X16®Rk><k: @ (‘/Z®Uj)7
0<i<4
j=—T1,0,1
where V;®Uj are non-isomorphic irreducible Spin(9) x O(k)-representations. Among
these representations, Vg, Vi, V4, Uy, Uy are symmetric and Vo, V3, U_1 are anti-
symmetric. A tensor product V; ® U; is symmetric if and only if both V; and Uj
9



are symmetric, or both V; and U; are anti-symmetric. Because V is the subspace
of symmetric tensors of R'6X16 @ RF¥** 1/ decomposes as

V=P vieU)

(i,5)EA
where
A =1{(0,0),(0,1),(1,0),(1,1),(4,0),(4,1),(2,-1),(3,—1)}.
The fact that V' decomposes into a direct sum of non-isomorphic irreducible
representations is very helpful, because

SY N Endgpino)xo) (V) = cone{ Py,gu, : (i,5) € A},

where Py is the orthogonal projection onto A. So the SDP becomes a linear program

find A € R‘Z/O s.t. Z MNA(Py,ou;) = k-
(i,7)EA
A linear program is easy to solve. One can verify that the linear program is
feasible for £ = 16 and infeasible for k£ = 17. So ¢ is SOS for £ < 16 and is not
SOS for k > 17. This finishes the proof.

5. CONCLUSION

In this project we studied problems related to convex forms. Our new result
is a tight generalized Cauchy-Schwarz inequality for convex forms of degree 10
(Theorem 2). We also explained why a similar construction cannot work for forms
of degree 2d for odd d > 7 (Theorem 3). In Section 3 and Section 4, we explained
the main proof ideas and steps of El Khadir [EK20]’s result that convex quaternary
quartics are SOS, and Saunderson [Sau21]’s construction of a convex and non-SOS
quartic form in 272 variables.

There are still a lot of open questions. We list a few below.

¢ [EK20]: Numerical computation suggests that A5 = 1 (in Theorem 1) for
all odd d. In this project we resolved the case d = 5, but the case d > 7 is
still open.

e [Sau2l]: Saunderson’s construction gives a convex and non-quartic form.
However, it is not obvious how one can construct convex and non-SOS forms
of higher degree. We either need a way to increase the degree, or need some
construction like Ahmadi-Parrilo [AP13, Theorem 5.10] which constructs
an element in C, 2q4+2\XC), 24+2 given an element in P, 9q\Ch, 24.

e [Sau2l]: Saunderson’s construction has 272 variables, and is likely not the
smallest possible. What is the smallest n such that C,, 4 ¥, 47

e [Blel2]: Can we remove the second requirement in Theorem 77 Is it true
that 03,6 - 23,6?

e [Sau2l]: Are all convex symmetric forms SOS? It is known that ther are
symmetric non-negative forms that are not SOS [GKR16].
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