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The Multiple Descriptions Problem

The multiple descriptions problem is often de-
picted as shown below:
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A source X is encoded into two descriptions.
Each description can be reconstructed into a
coarse representation and the combination can
be reconstructed into a higher quality repre-
sentation. The theoretical question is what
distortion triples and rate pairs are achievable.



Coding Theorem By ElI Gamal And Cover

El Gamal and Cover proved that a quintiple
(R1, Ro, Do, D1, D>) is achievable if there exists
a pmf

p(fI}]J 5}2,@0'33)

such that
Dy, > E[d(X,Xn)] form e {0,1,2}
Ry > I(X;Xl)
Ry > I(X;XQ)

Ri4+ Ry > I(X;Xq1,X5,X0o)+ I(X1; X2)



Encoding Procedure

The encoding procedure is to first jointly en-
code the source into two preliminary descrip-
tions ¢ and 3 of rates r1{ and r>. Next a refine-
ment is encoded into k£ of rate rao = ra 1 +
ra2- The refinement is distributed arbitrarily
among the two descriptions so the rates of the
descriptions are

Ry = ri+ra
Ry = rmo+r1ap
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Reconstructions

T he reconstructions for the side decoders and
the central decoder are

¢1(4)

$2(7)

Xo = ¢o(i,4,k)

Note that the side decoders do not use the

refinement information which they have avail-
able.
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Idea Of The Proof

1. Generate Random Codebooks

2. Typical Set Encoding

3. Show Probability Of Error Goes To O



Generating Random Codebooks For The
Joint Encoder

We first generate two random codebooks for
the joint encoder:
Codebook Number Of Codewords pmf

Cj1 M1 p(Z1)
CJo 2nT2 p(Z2)



Generating A Random Codebook For
The Refinement Encoder

Next for each possible pair of values (i, 7) from
the previous codebooks, we generate a new
random codebook Cr(4, 7) with 2™""A codewords
according to the distribution

p(Zg|Z1(7),22(7))



Joint Encoder

First find a pair of codewords 2 and 3 which are
each jointly typical with the source and also
jointly typical with each other:

(X, X1(2)) € T
(X, X2(7)) € Te
(X, X1(2),X2(j)) € T
The joint encoder outputs 7 and j if such code-
words exist and declares an error otherwise.



Refinement Encoder

Next the refinement encoder finds a codeword
k which is jointly typical with the source and
the codewords from the previous encoder:

(X, X1(4), X2(j), Xo(k)) € Te

The refinement encoder declares an error if no
such codeword exists. Otherwise the refine-
ment encoder breaks the index k£ into ki and
k> and outputs the two descriptions (i, k1) and

(jv k2)
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Distortion

Note that if the encoders manage to find a
triple of codewords (i, 7, k) jointly typical with
the source, then by the property of typical se-
quences the distortion will satisfy

dm(x,%m) < Dm, m € {0,1,2}
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Probability Of Error

An overall error, E, occurs if any of the follow-
ing occur:

By (X, X41(4)) € Te

Eo: (X, X2(j)) € Te

Esz: (X, X1(i),X2(j)) ¢ T
Eq: (X, X1(7),X2(75),X0(%,5,k)) € Te given E3

We will show that Pr(E) — 0 where

E=FEqgUFE{UE>UEFE3ULFEy
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Probabilities Of Error For Eg, Eq1, Eo,
and E4

Based on the properties of typical sequences
and known results from rate-distortion theory

Pr(Eg) — O
re > I(X; X1) = Pr(E1NE§)—0
ro > I(X; X5) = Pr(E;NE§) — 0

ra > I1(X; Xo|X1,X2) = Pr(EsnE§) —0
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Probability Of Error For E3

The number of marginally typical codeword se-
quences and source sequences is roughly

on(H(X1)+H(X2)+H(X))

The number of jointly typical is roughly
QnH(X17X27X)

T herefore the probability of a triple of sequences
chosen uniformly from the marginally typical
sets being jointly typical is

QnH(X17X27X)

P = n(EED+THER)+HX))
5>—n(H(X1)+H(Xp)+H(X)—H(X1,X2)-H(X|X1,X2))

on(1(X;X1,X2)+1(X1;X2))

S
|
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Probability Of Error For E53 Continued

T he previous result combined with some tech-
nical manipulations implies that as long as their
are at least

>n(1(X;X1,X2)+1(X1;X2))

codewords then Pr(E3) — O.

T herefore

Ri+Ro > I(X; X1, X2)+I1(X1; X2) = Pr(E3) =0
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Conclusion Of Proof

Since
Pr(E) < Pr(Eg)+ Pr(E1NES) + Pr(ExnN EY)
+ Pr(E3 N EG) + Pr(E4 N EG)

Pr(Eg) — 0 and Pr(E;NE;) — O0fori € {0,1,2,3,4}
implies that Pr(E) — 0. This concludes the
coding theorem of El Gamal and Cover.
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A Converse Theorem

Sher And Feder proved a converse theorem
in 1995 which states a rate pair (Ry, R>) is
achievable only if there exists a pmf

p(é\;la 51527@0'37)

such that
Eld(X,Xm)] < Dn forme€{0,1,2}
Ry > I(X;Xl)
Ry > I(X;XQ)
Ri14+ Ry > I(X;XglX1,X5)+

I(X; X1) + I(X; X2)
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Comments On The Converse

T heir proof relies on standard information in-
equalities to bound the excess rate required as
follows:

1 .
ra > ;H(Xg|51,52) (1)

1 _

> ;](X";X3|51,52) (2)
1 — .

= —Z[(Xk;X0|51,SQ,X17---7Xk—1) (3)
=1
1 — .

> =Y I(Xi; XowlS1, 92, X1,y Xim1)  (4)
n
k=1
1 — .

= —Z](Xk;XOkaavk) (5)
=1

Minimizing and single letterizing the last line
yield the desired lower bound on rna.
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Tightness of EGC Theorem

In the “no excess rate” case where R + Ry, =
Ro(Dg), Ahlswede has shown that it is suffi-
cient to consider independent descriptions. In
this case, the EGC theorem and the converse
of Sher and Feder coincide.

Zhang and Berger have shown that in the “ex-
cess rate case” the EGC theorem is not tight
by providing a counter example for a binary
source with Hamming distortion.
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Zhang And Berger's Encoder

Zhang and Berger’'s first extracts a common
core which will be carried by both descriptions
and then adds a refinement of the core for each
description as shown in the figure below:

(1,k)

X Core K Refinement ——
Encoder Encoder :
(J,k)

20



Zhang And Berger's Coding Theorem

Zhang and Berger prove a quintiple

(R1, R, Dg, D1, D5)

IS achievable if there exists a pmf

p(fl\jl, 51527@0'56)

and decoding functions ¢1, ¢>, and ¢g such
that

Eld(X, pm(Xo, Xm))] for m € {1,2}
Eld(X, ¢o(Xo, X1, X2))]

I(X; X1, X0)

I(X; X2, X0)

2I1(X; Xo) + I(X1; X2|X0) +
I(X; X1, X5|X0)

=y
|_l
V V. V V V
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Idea Of The Proof

1. Generate Random Codebooks

2. Typical Set Encoding

3. Show Probability Of Error Goes To O
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Random Codebooks

First Generate a random codebook, Co with
2""A codewords according to the distribution

p(Zo).

Next, for each codeword in the first encoder
generate two random codebooks as shown be-
low:

Codebook Number Of Codewords pmf
Cr.1 211 p(Z1]|Zo)
CRr,2 212 p(Z2|Z0)
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Encoding

To encode, first find a codeword k € Co jointly
typical with the source. Next find a pair of
codewords 1 € Cr1 and j € Cr o jointly typical
with each other and the source.

The two descriptions are (i, k) and (4, k).
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Distortion and Probability Of Error

Note that if the encoders manage to find a
triple of codewords (i, 7, k) jointly typical with
the source, then by the property of typical se-
quences the distortion will satisfy the required
constraints.
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Probability Of Error

An overall error, E, occurs if any of the follow-
ing occur:

E«: X&T;

EO : (X7 )EO(k))AQ Te

By (X, X1(5)[Xo(k)) € Te

By (X, X2(7)[Xo(k)) ¢ Te

E1o 0 (X, X1(2), X2(5)|Xo(k)) € Te given Eq

We will show that Pr(E) — 0 where

E=FE.:UFEqgUFE;UE>UFEq>
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Probabilities Of Error For E., Eq, E1q,
and EQ

Based on the properties of typical sequences
and known results from rate-distortion theory

Pr(E«) — 0O
’I“A>I(X;Xo) = Pr(EoﬂEg)—>O
T1+TA>I(X;X1,X0) = Pr(ElﬂEg)—>O
T2+TA>I(X;X2,X0) = Pr(EzﬂEfj)—>O
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Probability Of Error For Eqo

The number of marginally typical source se-
quences and codeword sequences given Xg(k)
IS roughly

Sn(H(X1|K0)+H (K| Xo)+H(X))

The number of jointly typical sequences is at
least roughly

Sn(H(X1,%|X,K0)+H(X))

T herefore the probability of a triple of sequences
chosen uniformly from the marginally typical
sets being jointly typical is

onH(X1,X2|X,Xo)+H(X)
on(H(X1|X0)+H(X2|Xo)+H(X))
>—n(H(X1|X0)+H(X2|Xo)—H(X1,X2|X,X0))
>—n(H(X1|Xo)+H(X2|Xo)—H(X1,X2|X,X0))
wo—n(H(X1,X2|X0)+H(X1,X2|X0))
>—n(I(X;X1,X2|X0)+1(X1;X2)|X0)

D
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Probability Of Error For Eq1>, Continued

T he previous result combined with some tech-
nical manipulations implies that as long as their
are at least

>n(I(X;X1,X2|X0)+1(X1;X2|X0)

codewords in Cr 1 and Cro then Pr(Es3) — 0.

T herefore
r1+ 1o > I(X; X1, X2|Xo) + I(X71; X2/ X0)

implies Pr(E{>) — 0
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Conclusion Of Proof

Since

Pr(E) < Pr(E:)+ Pr(EgnES) 4+ Pr(E{NES)
+ Pr(Ex N EY) 4+ Pr(E12 N EY)

Pr(E:) — 0 and Pr(E; N ES) for 1 € {0,1,2,12}

implies that Pr(E) — 0.

The rates for the two descriptions are

Rl — 7“1—|—7°A
RQ — 7“2—|—7°A

So the conditions of the theorem are proved.
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Comparison Of Encoding Schemes

Zhang and Berger's scheme is almost the re-
verse of El Gamal And Cover’s encoder. There
are situations when the ZB achievable region is
strictly larger than the EGC achievable region
and vice versa.

This suggests that some combination of the

two encoding schemes may be the right ap-
proach.
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Possible New Encoding Scheme

Consider an encoding scheme where a com-
mon encoder first encodes the source into X
at rate ro. Then a joint encoder encodes X;
and X, such that they can be decoded sep-
arately without Xy. The encoding of Xg is
distributed arbitrarily between the two descrip-
tions and used only by the central decoder.

We conjecture that all rate pairs (R1, R>) which
satisfy

R1 > I(X;X1|Xo)
R> > I(X; X5|Xp)
Ri+ Ry > I(X; X1,Xo, Xo) + I(X1; X2 X0)

are achievable.
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