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1 Summary

The following problem of multiple descriptions was posed by Gersho, Witsenhausen, Wolf, Wyner,
Ziv, and Ozarow at the September 1979 IEEE Information Theory Workshop. A random source,
X7, is observed by a transmitter that can send information over two separate channels. The goal
is to create two descriptions, one for each channel. The encoding is such that either description
serves as a coarse representation of the source while the combination serves as a higher quality
description. This provides diversity in case one of the channels becomes unusable. Applications
include computer networks such as the Internet, database storage, and others.

The multiple descriptions problem is often depicted as shown in Figure 1. The source X is
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Figure 1: A diagram of the multiple descriptions problem.

encoded into two descriptions such that description ¢ can be decoded by side decoder ¢ for a coarse
representation. In addition both descriptions can be decoded together by the central decoder for a
high quality reconstruction.

The main theoretical question is which central and side distortion triples D = (Dy, Dy, Ds)
are achievable for a given rate pair (R, Ry). Intuitively, if the two descriptions are each a good
representation of the source, they will be highly correlated. Consequently, combining the two
encodings will not significantly increase the fidelity of the central decoder. A variety of researchers
have tackled this problem in [1]-[6] and obtained various results, but the general problem remains
unsolved. We will focus on some on the results obtained to date.



1.1 Coding Theorem in [1]

El Gamal and Cover proved that distortions (Dy, D1, Ds) are achievable if there exists a probability
distribution p(#1, T2, Zo|x) such that

Eld(X,X,)] < D, forme{0,1,2} (1)
R > I(X:Xy) (2)

Ry, > I(X:Xy) (3)

Ri+ Ry > I(X;: X1, X5, Xo)+ (X1, Xo) (4)

This is usually referred to as the EGC theorem.

They use arguments similar to the proof of the classical rate-distortion theorem in [7] (.i.e.
random codebooks, typical set encoding, etc.). Their encoding procedure effectively first encodes
X'l and X'Q to achieve the required side distortions. Then additional refinement information is
created and shared among X, and X,. The additional refinement information is effectively only
used by the central decoder and ignored by the side decoders. This structure suggests that the
EGC theorem might not be tight.

1.2 Alternate Coding Theorem In [4]

Zhang and Berger prove an alternate coding theorem which states that distortions Dy, Dy, Do are
achievable if there exists a probability distribution p(z1, x2, 2o|z) and decoding functions ¢ (-), ¢o(+),
and ¢g(-) such that

Ri+ Ry > 2I(X;X,)+ I(X1; Xa|Xo) + I(X; X7, Xo| Xo) (5)

R > I(X;Xy,Xo) (6)

Ry, > I(X;X, X, (7)

E[d(X, (X, X,)] < Dy, te{1,2} )
E[d(X, ¢o(Xo, X1, X2))] < Do (9)

This alternate coding theorem is used to show that the EGC theorem is not tight for a binary
source and Hamming distortion. In addition, the alternate coding theorem is also useful for the
insight it provides about the multiple descriptions problem.

Zhang and Berger’s scheme effectively first encodes the core information of the source in Xo.
Both descriptions carry this common core information. In addition, the descriptions X, and X, are
created to supplement X,. This is almost the reverse of El Gamal and Cover’s encoding scheme
where the additional refinement information was generated last and used only by the central decoder.
Since both descriptions carry exactly the same core, Zhang and Berger’s theorem is not tight when

the two descriptions should be independent.



1.3 Converse Theorem In [2]

Sher and Feder prove a converse theorem which states that the (Dy, Dy, D) are achievable only if
there exists a probability distribution p(zy, 9, xo|z) such that

Ri+ Ry > I(X§X0|X17X2)+I(X§X1)+I(X3X2> (10)
Ry > I(X;X) (11)

Ry, > I(X;Xy) (12)
Eld(X,X,)] < D, te{0,1,2} (13)

The proof is based on standard techniques using auxiliary variables and information inequalities.

The difference between the converse theorem and the EGC theorem is a term of [ (Xl;Xz)
in Ry + Ry. Consequently, the converse and the EGC theorem coincide in the case where the two
descriptions are independent. Ahlswede [6] has shown that in the “no excess rate” case it is sufficient
to consider independent descriptions. Therefore the achievable region is known for this case.

1.4 The Gaussian Source, Bounds For MSE Distortion, and Practical Constructions

Ozarow solved the multiple descriptions problem for the Gaussian case with mean square error as
the distortion metric [9]. He showed that for a Gaussian source with variance o2, the achievable

region is
D, > ¢%.27%h (14)
Dy > o*.27%M (15)
0_2 . 2—2(R1+R2)
Dy > (16)
[= (V7 — Ay
™ = (1-Di/o% (17)
A = DiDyjo* — 272 Fth) (18)
where

x, if x>0
[T =4
0, otherwise

Zamir [3] used this result to obtain inner and outer bounds for the achievable distortion region
for any source with MSE distortion based on the source variance and source entropy power. These
results are similar to the well-known inner and outer bounds obtained for the classical rate-distortion
function of a source based on variance and entropy power.

Various researchers have described methods to build practical multiple description source coders
[10], [11]. Practical coders are usually built and evaluated for Gaussian sources.
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