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Deciding Convexity

=Given a multivariate polynomial,
how to decide if it is convex?

"How to search and optimize over
a family of convex polynomials?

Applications:

=Global optimization

=Convex data fitting, convex envelopes,

Lyapunov analysis, defining norms

[Magnani, Lall, Boyd]



Application in Lyapunov analysis

Suppose we are given m discrete dynamical systems:

Lyl = fl(i)
o

Suppose we can find a convex common Lyapunov function:
Vig)yes 0, V(G = Vig) lorg= Ly
Then, any other dynamical system

Lh+1 = f($)ﬂ with f(ﬂ?) < anv{fl (fE), ceey fm(j:)}
is also globally asymptotically stable.

m m

Proof: V Z&?fg ) < Z o;V(fi(x)) < V(x)



Outline

= (A word on) complexity of deciding convexity

= SOS-Convexity: an algebraic SDP based relaxation for convexity
= Equivalent characterizations
= Convex but not sos-convex polynomials

= Complete characterization of the gap between
convexity and sos-convexity

" An open problem!



Complexity of deciding convexity
"|Input to the problem: an ordered list of the coefficients (all rational)

"Degree d odd: trivial
ad=2, i.e., p(x)=x"Qx+q’x+c : check if Q is PSD
md=4, first interesting case

"Question of N. Z. Shor:

“What is the complexity of deciding convexity
of a multivariate polynomial of degree four?”

(appeared on a list of seven open problems in complexity of
numerical optimization in 1992, [Pardalos, Vavasis])

=Qur recent result: problem is strongly NP-hard
=Same result for (strong, strict, quasi, pseudo)-convexity

U [Ahmadi, Olshevsky, Parrilo, Tsitsiklis,’10]



Nonnegativity and Sum of Squares

"Deciding if a polynomial is
nonnegative (psd): NP-hard when d > 4

=Deciding if a polynomial is
a sum of squares (sos): an SDP

"sos = psd (obvious), but what about the converse?



Hilbert’s 1888 Paper

From Logicomix

psd=sos?

Polynomials Forms o 2.~
nd| 2 | 4 |26]||nd| 2| 4 |26 |&5xg:]
1 |yes|yes|yes 1 |yes |yes | yes .

2 | yes 2 | yes|yes|yes
3 |yes no 3 | yes
>4 | yes| no | no >4 | yes no

Motzkin (1967):
M(z1, 73, 35) = bz} + alzh — 3oladal + 28
Robinson (1973):

R(z1,T2,73,24) = z3(z1 — 24)? + 23(29 — T4)? + 22(23 — 74)?
+2z1x973(21 + T2 + T3 — 214)
UIT



SOS-Convexity

Defn. ([Helton, Nie]): A polynomial p(:l:) = p(zz:l, . ,azn) IS
sos-convex if its Hessian factors as

H(X)=M" (x)M(x)
for a possibly nonsquare polynomial matrix M (z).

(We call such matrices an “sos-matrix”.)

Equivalent Defn. yTH(CI})y SOS

« p(x) sos-convex = p(x) convex (obvious)

®Deciding sos-convexity: an SDP!



Equivalent characterizations of convexity

mBasic definition:

A p(X)+ (1= 2) p(y) = p(Ax+ (1-A)y) \d/
1

vx,yvAel0l] (A= Eenough) x y
=First order condition:

p(y) 2 P()+ VT PO(Y=X) VXY y

mSecond order condition:

y'H(X)y=0 Vx,y

=Algebraic sos-based relaxations: “simply replace = with sos”

IThir 9



Each condition can be SOS-ified

=Basic definition:
@ 9,(%y)=4p(X)+(1-4) p(y) - p(Ax+(1-4)y) SOS VA e[0]]

1 1 1 1
X,¥)=—p(X)+— — p(=x+=-y) SOS
gi( Y)=> P(x)+-p(Y) = PC X+ )

=First order condition:
gy (X, ¥) = p(y)— p(x)—V' p(x)(y—x) SOS

sSecond order condition:

(© 9..(x,y) =y H(x)y SOS
(equivalent to SOS-Convexity: H(x) an SOS-matrix H(X)=M " (X)M(x) )

Thm: () & @ & O SO

[Ahmadi, Parrilo, ‘10]
i 10



Convex polynomials that are not sos-convex?
A convex but not sos-convex poly would be a poly p(X) such that:

() 9 Y)=2p()+1-2) p(y)~p(ax+(1-2)y) VAie[0l]
gy (%, ¥) = p(Y) = p(X) = V' p(x)(y —X)

(© 9,:(%Y) =y H(X)y

are psd but not sos.

11



The first counterexample

p(X) = 32X, + 118X/ X5 + 40X, X5 + 25X, X; —43X; X2 X

— 35X, X5 +3X X3 X2 —16X. X2 X, + 24X X, + 16X,

6,2 4,4 2,6 8
A homogeneous polynomial in 3 variables, of degree 8.
Claim:

" p(x) is convex: H(x) is PSD
" p(x) is not sos-convex: H(x) # M"(x)M(x)

12



Convex but not SOS-Convex, lower degree?

_ v 4 4 4 4 4 4
P(X)= XX, X5 X, X X,

2y 2y 2y 2an 2y 2 a2 20n 2y 2y 2y 2
F2(X, X" X X X, X5 XXX, XX XK

1
+ 5 ()(12)(42 "')(22)(52 +X32X62)

+ X12X62 +X22X42 +X32X52

- (XXX X5 X XX, X6 FX X 3X X )

[Ahmadi, Parrilo, ‘10]

To explain where this comes from, need to talk first about

“biquadratic forms”

IThir 13



Biquadratic forms and biquadratic Hessian forms
=Biquadratic form: yTA(x)y7
where A(:U) is @ matrix whose entries are quadratic forms

"Example: the celebrated Choi biquadratic form yTC(:c)y with

_:1:‘% —+ 2;17% —T1T9 —aI1I3 |

C(x)=| —xizy 5+2135 —xomy
e e 2 2
| —1q79 —xowy  r3 + 2x7

y'C(z)y psd but not sos

"Biquadratic Hessian form:
Special biquadratic form where A(z) is a valid Hessian

8C1;1(;’I’)

B 801 3 (;’I.')
8;’1’3 '

*"Choi matrix is not a valid Hessian: =07 -3 = —
1




From biquadratic forms to biquadratic Hessian forms

="\We give a constructive procedure to go
from any biquadratic form y’ A(z)y

to a biquadratic Hessian form 2’ H(x,y)z

by doubling the number of variables, such that:
y' A(z)y psd & 2P H(z,y)z psd
y' A(z)y sos < 2l H(x,y)z sos

=Proves NP-hardness of checking convexity of quartic forms!
(nonnegativity of biquadratic forms known to be NP-hard; [Gurvits, ‘03], [Ling et al., ‘09],
reduction from CLIQUE via Motzkin-Straus)

=Gives an explicit method to construct
Uth quartic convex but not sos-convex polynomials! .



Reduction on an instance

Ty + 215 —X1Ty  —X1T3
Alx) = | —myme x5+ 225 —mom3
—x1x3  —ToT3 X3+ 217
'yf + 2?}% + Ul 403+ 41’% —nty + 821 —1hys + 81,23 A0 — ol — Tl ~Lolh by - 25
“pptSnn BB UR A gyt ~tygy + 41l SR —— ~Iyys
g + 81113 1ty + 8253 WP+ 5+ 2 + 4o + Ao I 2yl + 3l Dyl — ol + 2030
D18 — Dy — Tyl Iyl + 4oy I 1+ 208 1 2 + 4y 4 4y ~110+ 8y13p 13 - Sy
Iyl =Dy + 2mylpy — T3l ~TYs + 4131 I R 23+ 23+ 243 + 4yt + 45 03 ft Byt
dmgs - w5 ~I3lh =y = ol + 2051 =110s|+ 8y =92+ 8l Do + o [ A + 4y + 4y

A 6x6 Hessian with quadratic form entries
Mir




Convex but not SOS-Convex Quartic

v 4 4 4 4 4 4
P(X)= XX, X5 X, X X,

2y 2y 2y 2an 2y 2 a2 20n 2y 2y 2y 2
F2(X, X" X X X, X5 XXX, XX XK

1
+§(X12X42 +X22X52 +X32X62)

+ X12X62 +X22X42 +X32X52

= (X XX, X X XX, X XXX X
(1 2784735 T A3 NANE T 2735 6) [Ahmadi, Parrilo, ‘10]

Has the Hessian we just presented

17



Convexity = SOS-Convexity?

Polynomials
nd| 2 4 | 26
1 |yes|yes|yes
2 | yes |lyes Q@
3 |yes|(nho)| no
>4 |yes | nho | no

Forms
nd| 2 4 | 26
1 |yes|yes|yes
2 |yes |yes|yes
3 | yes |(yes @c)
>4 | yes @ no

[Ahmadi, Parrilo, ‘10]

Thm: Every convex ternary quartic is SOS-convex.

[Ahmadi, Blekherman, Parrilo, ‘10]

18



Convex=SOS-convex for bivariate quartics

Thm (“the biform theorem”):

let f := f(uy,u2,v1,...,0m)
be a form that is quadratic in v for fixed U and a form (of

however large degree) in U for fixed v.
Then, f is psd iff it is sos.

yl H(x1,22)

19



Convex=S0S-convex for ternary quartic forms
=p(X) = p(X{,X,,X3) form of degree 4

uLet y’H(x)y be its Hessian (biquadratic) form
=Biguadratic from in 6 variables can be psd but not sos (e.g., Choi)
"But y’H(x)y has a special symmetry: y’H(x)y=x"H(y)x

=Even with this symmetry, can have a psd but not sos biquadratic form:
Y AX)Y =4Y,Y X, ° H5X, X,V 2 -10X, X5, V5 +5X5 7Y, Y, +9X X5y,
+13X,X5Y,° +3X, X35~ +9Y,Y 5%, 2 -10Y,Y 5 X, * - 11X, XY, Y5 +23X,°Y, Y,
+5Y X, X,Y 5 -10X,X5Y,* +13X,°Y, Y 5 +5X,XY Y, - 11X, XY, Y s
+13X,°Y,Y 5 +6X, 7Y, +3X, XY, Y, -5X,X,Y, Y 5 13X, X,y ,° +12X,%Y
+12X,°Y, +12X,%Y, P 12X, 7Y S TX XY 5 +3X5 7Y Y 5 HTX5Y LY
+12X,°Y° +12y,°X,* +12y,°X, 5 +6Y X, “ +31Y, Y, X, X,
+3Y,Y 3%, X, Y, °X, X, +23Y,7X, X,

[Ahmadi, Blekherman, Parrilo, ‘10]

|||"- "But y’H(x)y has yet a little more structure... -



Minimal counterexample: n=3, d=6

f(z1,x2,23) = T7z§ — 1552520 + 445z173 + T6x3 x5 + 556213 + 687175

424028 — 92323 — 112932373 + 62772323 + 120621 7413

—343z3x4 + 363xiz3 + TT3x3x9x3 + 89123 x323 — 869112523
—|—1[I431:213 14;1:11"3 — 11D8:{r1:.-:g:i-:3 216:1:112:.-:3 8391"2173

+721z328 + 4363 7973 + 3782373 + 48xy23 — 9Txox3 + 39;1:3

onvex

Not sos-convex: y' H(z)y not sos

Convex: y' H(z)y psd

e () @)y sos
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psd=sos?

Long story short...

convex=sos-convex?
Polynomials Forms
nd| 2 | 4 | 26 nd| 2 | 4 | >6
1 | yes |yes|yes 1 |yes|yes|yes
2 |yes|yes| no 2 | yes |yes|yes
3 |yes| no | no 3 |yes|yes| no
>4 |yes| no | no >4 1yes| no | no

—A mere coincidence?
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Nonnegativity and convexity: some similarities

"Both never hold for odd degree polynomials
="Nonnegativity=convexity for quadratic forms

"Both NP-hard for degree 4 or larger

"Nonnegativity = SOS if and only if convexity=SOS-convexity

"Perhaps there are more (and deeper) connections?

24



Open problem

Find a convex form that is not SOS.

=Blekherman (2009) has shown that they exist!

=Has implications for algebraic methods in polynomial
optimization

=Convex forms are nonnegative
ESOS-CONVEX => SOS

=So, such a polynomial must necessarily be
convex but not sos-convex

=0Our counterexamples pass this necessary condition but the
polynomials themselves are sos
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Thank you for your attention!
Questions?

Want to know more?
http://aaa.lids.mit.edu
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