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Applications: 

Global optimization 

Convex data fitting, convex envelopes, 
  Lyapunov analysis, defining norms 

    

Given a multivariate polynomial,  
  how to decide if it is convex? 

How to search and optimize over  
a family of convex polynomials? 



Application in Lyapunov analysis 

Suppose we are given m discrete dynamical systems: 

Suppose we can find a convex common Lyapunov function: 

Then, any other dynamical system 

is also globally asymptotically stable. 

Proof: 
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Outline 

 (A word on) complexity of deciding convexity 

 SOS-Convexity: an algebraic SDP based relaxation for convexity 

 Equivalent characterizations 

 Convex but not sos-convex polynomials 

 Complete characterization of the gap between  
convexity and sos-convexity 

 An open problem! 



Complexity of deciding convexity 
Input to the problem: an ordered list of the coefficients (all rational) 

Degree d odd: trivial 

d=2, i.e.,  p(x)=xTQx+qTx+c : check if Q is PSD 

d=4, first interesting case 

Question of N. Z. Shor:  

           “What is the complexity of deciding convexity  
            of a multivariate polynomial of degree four?” 

(appeared on a list of seven open problems in complexity of 
numerical optimization in 1992, [Pardalos, Vavasis]) 

Our recent result: problem is strongly NP-hard 

Same result for (strong, strict, quasi, pseudo)-convexity 

    *Ahmadi, Olshevsky, Parrilo, Tsitsiklis,’10+ 
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Nonnegativity and Sum of Squares 

Deciding if a polynomial is 
  nonnegative (psd): NP-hard when d ≥ 4 

 
Deciding if a polynomial is 
  a sum of squares (sos): an SDP 

 

sos  psd (obvious), but what about the converse? 
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Motzkin (1967): 

 
Robinson (1973): 

 

Hilbert’s 1888 Paper 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes no 

3 yes no no 

≥4 yes no no 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes yes 

3 yes yes no 

≥4 yes no no 

Polynomials Forms  

psd=sos? 
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SOS-Convexity 

  

Deciding sos-convexity: an SDP! 

Defn. ([Helton, Nie]): A polynomial                                               is 
sos-convex if its Hessian factors as 

 

for a possibly nonsquare polynomial matrix  

(We call such matrices an “sos-matrix”.) 

)()()( xMxMxH T

Equivalent Defn.  
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Equivalent characterizations of convexity 

yxxyxpxpyp T ,))(()()( 

yxyxHyT ,0)( 

Basic definition: 

First order condition: 

Second order condition: 

Algebraic sos-based relaxations: “simply replace ≥ with sos” 
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Each condition can be SOS-ified 

(equivalent to SOS-Convexity: H(x) an SOS-matrix                                            ) 

]1,0[))1(()()1()(),(   SOSyxpypxpyxg

SOSxyxpxpypyxg T ))(()()(),( 

SOSyxHyyxg T )(),(2 


Basic definition: 

First order condition: 

Second order condition: 

SOSyxpypxpyxg )()()(),(
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*Ahmadi, Parrilo, ‘10+ 
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Convex polynomials that are not sos-convex? 

]1,0[))1(()()1()(),(   yxpypxpyxg

))(()()(),( xyxpxpypyxg T 

yxHyyxg T )(),(2 


B 

C 

A 

A convex but not sos-convex poly would be a poly p(x) such that: 

are psd but not sos. 
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The first counterexample 

Claim: 

 p(x) is convex:    H(x) is PSD 

 p(x) is not sos-convex:     H(x) ≠ MT(x)M(x) 

A homogeneous polynomial in 3 variables, of degree 8. 
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*Ahmadi, Parrilo, ‘09+ 
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Convex but not SOS-Convex, lower degree? 

To explain where this comes from, need to talk first about 

“biquadratic forms” 

4 4 4 4 4 4
1 2 3 4 5 6

2 2 2 2 2 2 2 2 2 2 2 2
1 2 1 3 2 3 4 5 4 6 5 6

2 2 2 2 2 2
1 4 2 5 3 6

2 2 2 2 2 2
1 6 2 4 3 5

1 2 4 5 1 3 4 6 2 3 5 6

p(x)= x +x +x +x +x +x

      +2(x x +x x +x x  +x x +x x +x x ) 

1
      + (x x +x x +x x ) 

2

      + x x +x x +x x

      - (x x x x +x x x x +x x x x )
*Ahmadi, Parrilo, ‘10+ 
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Biquadratic forms and biquadratic Hessian forms 

Biquadratic Hessian form:  
Special biquadratic form where            is a valid Hessian 

Choi matrix is not a valid Hessian: 

Biquadratic form:  

where                is a matrix whose entries are quadratic forms 

Example: the celebrated Choi biquadratic form                      with 
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From biquadratic forms to biquadratic Hessian forms 

Proves NP-hardness of checking convexity of quartic forms! 
(nonnegativity of biquadratic forms known to be NP-hard; *Gurvits, ‘03+, *Ling et al., ‘09+, 
reduction from CLIQUE via Motzkin-Straus) 

Gives an explicit method to construct 
 quartic convex but not sos-convex polynomials! 

We give a constructive procedure to go  
from any biquadratic form    

to a biquadratic Hessian form  

by doubling the number of variables, such that: 



Reduction on an instance 

A 6x6 Hessian with quadratic form entries 
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Convex but not SOS-Convex Quartic 

Has the Hessian we just presented 

4 4 4 4 4 4
1 2 3 4 5 6

2 2 2 2 2 2 2 2 2 2 2 2
1 2 1 3 2 3 4 5 4 6 5 6

2 2 2 2 2 2
1 4 2 5 3 6

2 2 2 2 2 2
1 6 2 4 3 5

1 2 4 5 1 3 4 6 2 3 5 6

p(x)= x +x +x +x +x +x

      +2(x x +x x +x x  +x x +x x +x x ) 

1
      + (x x +x x +x x ) 

2

      + x x +x x +x x

      - (x x x x +x x x x +x x x x )
*Ahmadi, Parrilo, ‘10+ 



18 

Convexity = SOS-Convexity? 

 *Ahmadi, Parrilo, ‘10+ 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes no 

3 yes no no 

≥4 yes no no 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes yes 

3 yes yes no 

≥4 yes no no 

Polynomials Forms  

 *Ahmadi, Blekherman, Parrilo, ‘10+ 

Thm:  Every convex ternary quartic is SOS-convex. 
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Convex=SOS-convex for bivariate quartics 

Thm (“the biform theorem”): 

Let 

be a form that is quadratic in v for fixed u and a form (of 
however large degree) in u for fixed v. 
Then,  f  is psd iff it is sos. 
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Convex=SOS-convex for ternary quartic forms 
p(x) = p(x1,x2,x3) form of degree 4 

Let y’H(x)y be its Hessian (biquadratic) form  

Biquadratic from in 6 variables can be psd but not sos (e.g., Choi) 

But y’H(x)y has a special symmetry:   y’H(x)y=x’H(y)x 

But  y’H(x)y has yet a little more structure… 

2 2 2 2
1 2 1 1 2 3 1 3 1 3 3 1 2 1 3 1

2 2 2 2 2
1 3 2 1 3 3 1 3 1 2 3 1 1 3 2 3 2 1 2

2 2
2 1 2 3 2 3 1 2 1 3 2 3 1 2 2 3 1 3

2 2 2
2 2 3 3 1 1 3 1 2 2 3 2

y'A(x)y =4y y x +5x x y -10x x y y +5x y y +9x x y

+13x x y +3x x y +9y y x -10y y x -11x x y y +23x y y

+5y x x y -10x x y +13x y y +5x x y y -11x x y y

+13x y y +6x y +3x x y y -5x x y
2 2 2

3 2 3 2 2 2

2 2 2 2 2 2 2 2 2
2 1 3 2 3 3 2 3 3 3 1 3 3 2 3

2 2 2 2 2 2 2 2
2 3 1 1 2 1 3 1 1 2 1 2

2 2
1 3 1 2 1 1 2 2 1 2

y +13x x y +12x y

+12x y +12x y +12x y +7x x y +3x y y +7x y y

+12x y +12y x +12y x +6y x +31y y x x

+3y y x x +4y x x +23y x x
 *Ahmadi, Blekherman, Parrilo, ‘10+ 

Even with this symmetry, can have a psd but not sos biquadratic form: 



Minimal counterexample: n=3, d=6 

Not sos-convex: 

Convex: 
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Long story short… 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes no 

3 yes no no 

≥4 yes no no 

n,d 2 4 ≥6 

1 yes yes yes 

2 yes yes yes 

3 yes yes no 

≥4 yes no no 

Polynomials Forms  

psd=sos? 
convex=sos-convex? 

A mere coincidence?  
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Nonnegativity and convexity: some similarities 

Both never hold for odd degree polynomials 

Nonnegativity=convexity for quadratic forms 

Both NP-hard for degree 4 or larger 

Nonnegativity = SOS   if and only if   convexity=SOS-convexity 

Perhaps there are more (and deeper) connections? 
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Open problem 

Find a convex form that is not SOS.                

Blekherman (2009) has shown that they exist! 

Has implications for algebraic methods in polynomial 
optimization 

Convex forms are nonnegative 

sos-convex   sos 

So, such a polynomial must necessarily be 
 convex but not sos-convex 

Our counterexamples pass this necessary condition but the 
polynomials themselves are sos 
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Thank you for your attention! 

Questions? 

 

 

Want to know more? 

http://aaa.lids.mit.edu 


