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Abstract

We introduce the idea of distortion side information, whitdes not directly depend on the source
but instead affects the distortion measure. We show thdt sligtortion side information is not only
useful at the encoder, but that under certain conditionewikng it at only the encoder is as good as
knowing it at both encoder and decoder, and knowing it at ¢iméydecoder is useless. Thus distortion
side information is a natural complement to the signal sidermation studied by Wyner and Ziv, which
depends on the source but does not involve the distortiorsuneaFurthermore, when both types of side
information are present, we characterize the penalty feratiag from the configuration of encoder-only
distortion side information and decoder-only signal sigi@imation, which in many cases is as good as

full side information knowledge.

Keywords—distortion side information, separation principle, datted source coding, rate loss, sensor

networks, phase quantization

. INTRODUCTION

In many large systems such as sensor networks, commumicagitworks, distributed control, and
biological systems different parts of the system may eaefk lieited, noisy, or incomplete information
but must somehow cooperate. Key issues in such scenarioglénthe penalty incurred due to the lack
of shared information, possible approaches for combinirigrination from different sources, and the
more general question of how different kinds of informataan be partitioned based on the role of each
system component.

One example of this scenario illustrated in Fig. 1(a), is wla@ observer records a signalto be
conveyed to a receiver who also has some additisigglal side informatiorw, which is correlated with

x. As first introduced by Wyner and Ziv [4], [5] and extended ligey researchers [6], [7], [8], in many

This work has been presented in part at the Data Compressinfe@nce in March 2004 [1], at the International Symposium
on Information Theory in June 2004 [2], and in Emin Martirig&aRh.D. thesis [3].
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cases the observer and receiver can obtain the full beneffieokignal side information even if it is

known only by the receiver.

iEncoderﬁ Decodeufx» iEncoderﬁ Decodeuf)(»

w4 t a

(a) Signal side informationv at the decoder. (b) Distortion side informatiory at the encoder.

Fig. 1. Compressing a sourcewith signal side information or distortion side informatio

In this paper, we introduce a different scenario illusulaite Fig. 1(b) where instead the observer has
somedistortion side informationg describing which components of the data are more importzam t
others, but the receiver may not have accesg.t&pecifically, let us model the differing importance
of different signal components by measuring the distortietween theith source sample [:] and its

quantized valu& [:] by a distortion function that depends on the side infornmatjdi]:

d(x [}, % [i] ; q [i])- (1)

In principle, one could treat the source-side informatiair pq, x) as an “effective composite source”,
and apply conventional techniques to quantize it. Such g@noagh, however, ignores the different roles
g andx play in the distortion. And as often happens in lossy congioes a good understanding of the
distortion measure may lead to a more efficient system. M@&me@n interesting observation made in
this paper is that in some important cases the encoder camdbe full benefit of the distortion side
information even if it is not known at the receiver. Hencestalition side information at the encoder is
a natural complement of the Wyner-Ziv setting.

Sensor observations are one class of signals where thefidestartion side information may be useful.
For example, a sensor may have side information correspgrdireliability estimates for measured data
(which may or may not be available at the receiver). This naguoif the sensor can calibrate its accuracy
to changing conditionse(g, the amount of light, background noise, or other interfeespresent), if the
sensor averages data for a variety of measuremengs¢ombining results from a number of sub-sensors)
or if some external signal indicates important evemtg,(an accelerometer indicating movement).

Alternatively, certain components of the signal may be mordess sensitive to distortion due to

masking effects or context [9]. For example errors in audimgles following a loud sound, or errors
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in pixels spatially or temporally near bright spots are petaally less relevant. Similarly, accurately
preserving certain edges or textures in an image or humaresadn audio may be more important than
preserving background patterns/sounds. Masking, sehsito context, etc., is usually a complicated
function of the entire signal. Yet often there is no need tplieitly convey information about this
function to the encoder. Hence, from the point of view of girmg a given sample, it is reasonable to
model such effects as side information which is roughlyisgtiaally independent of that sample.

Clearly in performing data compression with distortionesidformation, the encoder should more
heavily weight matching the more important data. The imgrooe of exploiting the different sensitivities
of the human perceptual system is widely recognized by emgminvolved in the construction and
evaluation of practical compression algorithmben distortion side information is available at both
observer and receivein contrast, the value and use of distortion side infororattnown only at either
the encoder or decoder but not both has received relatiitdéy attention in the information theory and
guantizer design community. The rate-distortion functiath decoder-only side information, relative to
side information dependent distortion measures (as amsigie of the Wyner-Ziv setting [4]), is given
in [7]. A high resolution approximation for this rate-digfion function for locally quadratic weighted
distortion measures is given in [10].

We are not aware of an information-theoretic treatment afoder-only side information with such
distortion measures. In fact, the mistaken notion that daconly side information is never useful is
common folklore. This may be due to a misunderstanding ofj&es result that side informatiothat
does not affect the distortion meastsenever useful when known only at the encoder [11], [6].

In this paper, we begin by studying the rate-distortion éraff when side information about the
distortion sensitivity is available. We show that suchdalition side information can provide an arbitrarily
large advantage (relative to no side information) even wherdistortion side information is known only
at the encoder. Furthermore, we show that just as knowlefigégonal side information is often only
required at the decoder, knowledge of distortion side m&tion is often only required at the encoder.
Finally, we show that these results continue to hold evenmwitgth distortion side informatioq and
signal side informatiorw are considered. Specifically, we demonstrate that a systbareanonly the
encoder knowsy and only the decoder knows is asymptotically as good as a system with all side
information known everywhere. We also derive the penalty deviating from this side information
configuration €.g, providing q to the decoder instead of the encoder).

We first illustrate how distortion side information can bedsven when known only by the observer

with some motivating examples in Section Il. Next, in Sectith, we precisely define a problem model
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and state the relevant rate-distortion trade-offs. IniSedl we consider scenarios where encoder-only
knowledge of the distortion side information is optimal.eSjfically, we show that sources that are
uniformly distributed over a group with a difference disimn measure as well as arbitrary sources with
“erasure distortion” have the property that encoder-oidgyodtion side information is just as good as full
distortion side information. In Section V, we study more geih source and distortion models in the limit
of high-resolution. Specifically, we show that in high-rlegion, knowing distortion side information at
the encoder and signal side information at the decoder is betessary and sufficient to achieve the
performance of a fully informed system. In Section VI we ddes scaled quadratic distortions in the
non-asymptotic (general resolution) regime and derivenbdewn the loss with encoder-only distortion
side information and decoder-only signal side informati@isus full side information. These bounds
also show how quickly the high resolution regime is appredclFinally, we close with a discussion in
Section VIl followed by some concluding remarks in Sectioll.VThroughout the paper, most proofs

and lengthy derivations are deferred to the appendix.

[I. MOTIVATING EXAMPLES
A. Discrete Uniform Source

Consider the case where the souxd¢] corresponds ta samples each uniformly and independently
drawn from the finite alphabet’ with cardinality |X'| > n. Let g [i] correspond ta: binary variables
indicating which source samples are relevant. Specificldlythe distortion measure be of the form
d(z,#;q) = 0 if and only if eitherq = 0 or z = . Finally, let the sequence [i] be statistically
independent of the source with[i] drawn uniformly from then choosek subsets with exactly ones!

If the side information were unavailable or ignored, thesslessly communicating the source would
require exactlyr-log | X| bits. A better (though still sub-optimal) approach whenaeter side information
is available would be for the encoder to first tell the decasleich samples are relevant and then send
only those samples. Using Stirling’s approximation, thiswd require about. - Hy(k/n) bits (where
H,(-) denotes the binary entropy function) to describe which dasngre relevant plus - log | X'| bits to
describe the relevant source samples. Note that if the sidemation were also known at the decoder,
then the overhead required in telling the decoder which $ésmgre relevant could be avoided and the
total rate required would only be-log |X'|. This overhead can in fact be avoided even without decoder

side information.

LIf the distortion side information is a Bernouki(n) sequence, then there will be abduiones with high probability. We

focus on the case with exactly ones for simplicity.
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To see this, we view the source sampig$], x [1], ..., x[n — 1], as a codeword of atn, k) Reed-
Solomon (RS) code (or more generally any MD®de) withq [i] = 0 indicating an erasure at sample
We use the R8ecodingalgorithm to “correct” the erasures and determineftlt®rresponding information
symbols, which are sent to the receiver. To reconstructitireak the receiveencodeghe & information
symbols using the encoder for tlie, k) RS code to produce the reconstructidfd], £ [1], ..., X [n — 1].
Only symbols withg [{] = 0 could have changed, hengéi] = x [;] wheneverg [i] = 1 and the relevant
samples are losslessly communicated using @nljog | X| bits.

As illustrated in Fig. 2, RS decoding can be viewed as cuttiedi and RS encoding can be viewed
as interpolation. Hence this source coding approach cardwesd as fitting a curve of degréeto the
points of x [i] wheregq [i] = 1. The resulting curve can be specified using justlements. It perfectly

reproduces [i| wheregq [i] = 1 and interpolates the remaining points.

>

Fig. 2. Losslessly encoding a source with= 7 points where only = 5 points are relevant.g., the unshaded ones), can be
done by fitting a fourth degree curve to the relevant poinke fiesulting curve will requiré elements (yielding a compression

ratio of k/n) and will exactly reproduce the desired points.

B. Gaussian Source

A similar approach can be used to quantize a zero mean, uni#neg, complex Gaussian source
relative to quadratic distortion using the Discrete Faulimnsform (DFT). Specifically, to encode the
source samples [0], x[1], ..., x[n — 1], we view thek relevant samples as elements of a complex,
periodic, Gaussian, sequence with perigdvhich is band-limited in the sense that only its fiksDFT
coefficients are non-zero. Using periodic, band-limitedgiipolation we can use only tihesamples where
q[i] = 1 to find the corresponding DFT coefficientsX [0], X [1], ..., X [k — 1].

>The desired MDS code always exists since we assumgd> n. For |X| < n, near MDS codes exist, which give

asymptotically similar performance with an overhead tha@gyto zero as — co.
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The relationship between therelevant source samples and thénterpolated DFT coefficients has a
number of special properties. In particular this k& transformation is unitary and furthermore each DFT
basis vector has an equal amount of energy in each compohém eriginal basis. Hence, the DFT
coefficients are Gaussian with unit variance and zero mdaus, thek DFT coefficients can be quantized
with average distortionD per coefficient and: - R(D) bits whereR(D) represents the rate-distortion
trade-off for the quantizer. To reconstruct the signal, deeoder simply transforms the quantized DFT
coefficients back to the time domain. Since the DFT coeffisieand the relevant source samples are
related by a unitary transformation, the average error pefficient for these source samples remains
unchangedi.e., the error is exacthyD.

Note if the side information were unavailable or ignoree@ttat least.- R(D) bits would be required.

If the side information were losslessly sent to the decottesn n - Hy(k/n) + k - R(D) would be
required. Finally, even if the decoder had knowledge of itle mformation, at least- R(D) bits would
be needed. Hence, the DFT scheme achieves the same perfermarwhen the side information is
available at both the encoder and decoder, and is strictigrthan ignoring the side information or

losslessly communicating it.

[1l. N OTATION, PROBLEM MODEL, AND RATE-DISTORTION FUNCTIONS

Vectors and sequences are denoted in beld,(x) with the ith element denoted as[i]. Random
variables are denoted using the sans serif ferd,(x) while random vectors and sequences are denoted
with bold sans serifd.g, x).

We are primarily interested in two kinds of side informatiovhich we call “signal side information”
and “distortion side information”. The former (denoteqgl corresponds to information that is statistically
related to the source but does not directly affect the distormeasure and the latter (denotqyl
corresponds to information that is not directly relatedre source but does directly affect the distortion

measure. Formally, we capture this decomposition with thlewing definition:
Definition 1 We define a source distortion side informatiom, signal side informatiotw, and distortion

3The Hadamard transform as well as any permuted version dDEie basis will also have these properties so the choice of

transform is not unique. Simply choosing any unitary transf is not sufficient, however.
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measuré d(x, %; q) as an admissible side information decomposition if theofaihg Markov chains are

satisfied:
g WX (2a)

d(x,%;q) < x,%,q < w. (2b)

The simplest case where these Markov chains are satisfiedhés v and w are independent and
thereforeq and x are statistically independent (without conditioning wi. While many of our results
apply to the general setting, we often specialize our regolthis case.

Decomposing side information into distortion related aigehal related components proves useful since
it allows us to isolate two important insights in source oaodivith side information. First, as Wyner
and Ziv discovered [4], knowingv only at the decoder is often sufficient. Second, as our ex@snpl
in Section Il illustrate, knowingy only at the encoder is often sufficient. Furthermore, thati@hship
between the side information and the distortion measurdtancklationship between the side information
and the source often arise from physically different efembd so such a decomposition is warranted
from a practical standpoint. Of course, such a decompaosigonot always possible and we explore
some issues for general side informatisnwhich affects both the source and distortion measure, in
Sections V-C and VII-C.

In any case, we define the source coding with side informatimblem as the tuple

(X, X, QW px(@), Pujx(wl2), Do (glw), d(x, 2; 9)). (3)

Specifically, a source sequeneeonsists of the: samples [1], x[2], ..., x[n] drawn from the alphabet
X. The signal side informatiomw and the distortion side informatiog likewise consist ofn samples
drawn from the alphabet®’ and Q respectively. These random variables are generated acgdalthe

distribution .
Praw( a4, W) = [ [ px(@ [i]) - puix(w [i] |2 [i]) - papu(a[] |w [i]). 4)
i=1

Note that the distortion measure and joint distribution #) éatisfy the admissibility condition of

Definition 1 by construction.

“In (2b) we find it notationally convenient to consider thetdifon measure as a random variable. This allows us to giate
desired conditional independence relationship as a Mackain, but in the paper we only consider standard distortieasures
that are deterministic functions. This incurs no loss ofegality since randomized distortion measures can alwayepbaced

with expected values without changing our performance meas

December 28, 2004 DRAFT



%f(xva'qab'w% g(Zva7dW%
MLCLL’)/JJA
{
c d

w

Fig. 3. Possible scenarios for source coding with distoriependent and signal dependent side informagiandw. The
labelsa, b, ¢, andd are 0/1 if the corresponding switch is open/closed and tthe siformation is unavailable/available to the
encoderf(-) or decoderg(-).

Fig. 3 illustrates the sixteen possible scenarios wleeedw may each be available at the encoder,
decoder, both, or neither depending on whether the fouckegtare open or closed. A raReencoderf (-)
maps a source as well as possible side information to an indexl,2,...,2"%}. The corresponding
decoderg(-) maps the resulting index as well as possible decoder sidenmattion to a reconstruction
of the source. Distortion for a soureg which is quantized and reconstructed to the sequéntaking

values in the alphabet, is measured via
. 1 a0 .
dex%ia) = 2> d(zlil.2[i]:qli). ©)

As usual, the rate-distortion function is the minimum rabelsthat there exists a system where the
distortion is less tha® with probability approaching 1 as — co. We denote the sixteen possible rate-
distortion functions by describing where the side-infotiorais available. For examplé&[Q-NONE-wW-NONE (D)
denotes the rate-distortion function without side infotioraand R[Q-NoNeE-w-DE] (D) denotes the Wyner-
Ziv rate-distortion function wherev is available at the decoder [4]. Similarly, when all infotioa is
available at both encoder and decodefp-sotH-w-BoTH (D) describes Csiszar and Korner's [7] gener-
alization of Gray’s conditional rate-distortion functid®jQ-NnoNE-w-BoTH(D) [12] to the case where the
side information can affect the distortion measure.

As pointed out by Berger [13], all the rate-distortion funos may be derived by consideriggas part
of x or w (i.e., by considering the “super-source”= (x, q) or the “super-side-information¥’ = (w, q))
and applying well-known results for source coding, soumeirtg with side information, the conditional
rate-distortion theoremetc For example, if we set the signal side informatianto null to simplify

notation, the relevant rate-distortion functions are dasgbtain.
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Proposition 1 The rate-distortion functions wham is null (and hencg3) impliesx and q are indepen-

dent) are
RloNond(D) = ey tesazn” %) (62)
RIQoEd(D) = | (ot Bsatuayanen” 0~ 1459) (6b)
Rleend(D) = carmbianzn’ O T = o elvar msanen’ XD TIE ) (60)
R[Q-BoTH|(D) = inf I(x;%|q). (6d)

p;\qu(i"l’,q):E[d(X,XA;q)}SD
The rate-distortion functions in (6a), (6b), and (6d) fellrom standard result®(g, [11], [6], [7], [12],

[4]). To obtain (6c) we can apply the classical rate-distortheorem to the “super source” = (x,q).

IV. WHEN ENCODER-ONLY KNOWLEDGE ISOPTIMAL

In this section, we consider the simplified case when theasigide informatiorw is null (and hence
Definition 1 impliesx and q are independent) and derive conditions for when encodgriorowledge
of the distortion side information is optimal. Comparing the rate-distortion functions in Bsition 1

immediately yields the following rate-loss result.

Proposition 2 Knowingq only at the encoder is as good as knowing it at both encoderdmwbder if
and only if there exists a® that optimizeq6d) with the property that/(X; g) = 0. In such a case, the

resulting x is also optimal for(6c) and thereforg(6c) and (6d) are equal.

The intuition for the “only if” part of Proposition 2 is illusated in Fig. 4. Specificallypg,(Z]q)
represents the distribution of the codebook. Thus if a dffe codebook is required for different values
of g, then the penalty for knowing only at the encoder is exactly the information that the eercod
must send to the decoder to allow the decoder to determinprdper codebook,e., 1(X; g). The only
way that knowingg at the encoder can be just as good as knowing it at both is i€ theists a fixed
codebook that is universally optimal regardlessyof

One of the main insights of this paper is the intuition for tifé part of Proposition 2: if a variable
partition is allowed, universally good fixed codebooks easillustrated in Fig. 5. Specificallyy4(#|q)
represents the distribution of the codebook whilg ,(#|, ¢) represents the quantizer partition mapping
source and side information to a codeword. Thus even if ttle siformation affects the distortion and
Pgix,q(Z]7, ¢) depends om, it may be thay,(2|q) is independent of. In such cases (characterized by

the condition/ (X; g) = 0), there exists éixedcodebook with avariable partition, which is simultaneously
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Fig. 4. An example of two different quantizer codebooks fifiedent values of the distortion side informatign If g indicates
the horizontal error (respectively, vertical error) is moemportant, then the encoder can use the codebook on thé&dsfi.,
right) to increase horizontal accuracy (resp., verticaluaacy). The penalty for knowing only at the encoder is the amount

of bits required to communicate which codebook was used.

optimal for all values of the distortion side informatiqnSpecifically, in such a system the reconstruction
x(1) corresponding to a particular indexis fixed regardless of, but the partition mapping to the
codebook index depends ony.

In various scenarios, this type of fixed codebook variabléitgan approach can be implemented via a
lattice [14] as illustrated in Fig. 6. As discussed in Sattih fixed codebook variable partition systems
can also be constructed from transforms. Specifically, ictiSe II-B the fixed codebook is generated by
quantizing bandlimited signals. The resulting variabletipan has cells similar to Fig. 5 but with the
width of the cells in the unimportant coordinates being iitéin

The quantization error will depend on the source distrdutnd size of the quantization cells. Thus
if the quantization cells of a fixed codebook variable panitsystem like Fig. 5 are the same as the
corresponding variable codebook system in Fig. 4, the padace will be the same. Intuitively, the main
difference between these two figures (as well as general i@ddbook/variable partition schemes versus
variable codebook schemes) is in the nature of the tilingigf & versus Fig. 4. In Sections IV-A and
Section IV-C, we consider various scenarios where the tmifg in the source or distortion measure
makes these two tilings equivalent and thus the condifipt) g) = 0 is satisfied for all distortions.
Similarly, in Section V we show that if we ignore “edge effgcand focus on the high-resolution regime,
then the difference in these tilings becomes negligiblausTin the high-resolution regime we show that

a wide range of source and distortion models admit variablitipn, fixed codebook quantizers as in
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v

Fig. 5. An example of a quantizer with a variable partitiord dixed codebook. If the encoder knows the horizontal error
(respectively, vertical error) is more important, it care ube partition on the left (resp., right) to increase hartab accuracy

(resp., vertical accuracy). The decoder only needs to ki@aqtiantization point not the partition.

® B. ® [ ] C. ® [ ] ® ®
D

Fig. 6. A fixed, hexagonal, lattice codebook with four diffet partitions.

Fig. 5 and achievéd (X; q) = 0.

Finally, we note that Proposition 2 suggests that distorsimle informationg complements signal side
informationw in the sense thaq is useful at the encoder whil is useful at the decoder. In fact in
Section V-B we strengthen this complementary relationdhyipshowing thatw is often useless at the

encoder whileq is often useless at the decoder.

A. Uniform Sources with Group Difference Distortions

Let the sourcex be uniformly distributed over a groufy with the binary relation®. For convenience,

we use the symbat © b to denotea ® b~! (whereb—! denotes the additive inverse bfin the group).
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We define a group difference distortion measure as any t@tomeasure where
d(z,&;q) = p(& © x;q) (7

for some functiorp(-; -). As we will show, the symmetry in this scenario insures thatdptimal codebook
distribution is uniform. This allows an encoder to design>adi codebook and vary the quantization
partition based org to achieve the same performance as a system where both eramudielecoder
know q. This uniformity of the codebook, made precise in the follogvtheorem, provides a general

information theory explanation for the Reed-Solomon exanip II-A.

Theorem 1 Let the source be uniformly distributed over a group with a difference drsibn measure
and let the distortion side informatiog be independent of the source. Then, to optimize (6d), itesffi
to choose the test-channel distributipg, ,(#|z, q) such thatpg,(#|q) is uniform for eachy (and hence

independent of) implying that there is no rate-loss as stated in Proposit® i.e.
R[Q-ENC(D) = R[Q-BOTH|. (8)

For either finite or continuous groups this theorem can bequdy deriving the conditional Shannon
Lower Bound (which holds for any source) and showing thas thound is tight for uniform sources.
We use this approach below to give some intuition. For moreeg# “mixed groups” with both discrete
and continuous components, entropy is not well defined andie rmomplicated argument based on

symmetry and convexity is provided in Appendix A.

Lemma 1 (Conditional Shannon Lower Bound) Let the sourcex be distributed over a discrete group,
X, with a difference distortion measurg(z © &;¢). Then if we define* as the random variable that

maximizesH (z|q) subject to the constrainE[p(z; )] < D, then
RlQ-end(D) > log |X| — H(z"|q). ©)

For continuous groups|X| and H(z*|q) can be replaced by the Lebesgue measure of the group and

h(z*|q) in (9) (as well as the following proof).
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Proof:

I(%;x,q) > log|X| + H(q) — H(x,q|X) (10)
=log|X|+ H(q) — H(q|X) - H(x © x|x, q) (11)
> log |X| — H(% © x|q) (12)
> log |X| — H(z"|q) (13)

where (10) follows since a uniform source independenigafnaximizes entropy, (12) follows since
conditioning reduces entropy, and (13) follows from the migéin of z* since E[p(x © x;q)] < D. =
Proof of Theorem 1:Choosing the test-channel distributich = z* + x with the pair (z*, q)
independent ok achieves the bound in (9) with equality and must therefore@fémal. Furthermore,
sincex is uniform, so isx and thereforek andq are statistically independent. Therefdrg; g) = 0 and
thus comparing (6c) to (6d) showg[q-End|(D) = R[Q-BoTH|(D) for finite groups. The same argument
holds for continuous groups with entropy replaced by défeial entropy andX'| replaced by Lebesgue

measure. |

B. Examples

Uniform source and group difference distortion measurése araturally in a variety of applications.
One example is phase quantization where applications ssidhiagnetic Resonance Imaging, Synthetic
Aperture Radar, and Ultrasonic Microscopy infer physichepomena from the phase shifts induced
in a probe signal [15], [16], [17]. Alternatively, when matyde and phase information must both be
recorded, there are sometimes advantages to treating sepseately, [18], [19], [20], [21]. The key
special case when only two phases are recorded corresportdamiming distortion and we use this
scenario to illustrate how distortion side informationeats quantization.

For a symmetric binary source, we first derive the various-digtortion trade-offs for a general
Hamming distortion measure depending @nNext we adapt this general result to the special cases of
guantizing noisy observations and quantizing with a weidHdistortion measure. The former demonstrates
that the naive encoding method where the encoder losslessiynunicates the side information to the
decoder and then uses optimal encoding, can require ailyitnagher rate than the optimal rate-distortion
trade-off. The second example demonstrates that ignohiagside information can result in arbitrarily

higherdistortion than the minimum required by optimal schemes.
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1) General Formula For Hamming Distortion Depending gn Consider a symmetric binary sourge
with side informationg taking values in{1, 2, ..., N} with distributionp4(q). Let distortion be measured
according to

d(z,z;q9) = ag+ By - du(z, &) (14)

where{ay, a9, ...,ax} and{fp, 52, ..., On} are sets of non-negative weights. In Appendix B we derive

the various rate-distortion functions f@ > E[ag] to obtain

R[Q-NoNg(D) = R[Q-DE](D) = 1 — H,, <D;[7§q[]“"]> (15a)
N 9—ABi
Rloend(D) = Rloso(D) = 1— 3 pe(i) - H, (m> (15b)
=1
where ) is chosen to satisfy the distortion constraint
N 9B
;Pq(z) [Oéi + i - w] =D. (16)

2) Noisy ObservationsTo provide a more concrete illustration of the effect of sidformation at
the encoder, consider the special case wheig a noisy observation of an underlying source received
through a binary symmetric channel (BSC) with cross ovebability specified by the side information.

Specifically, let the cross over probability of the BSC be

e _9-1
T 2(N-1)"

which is always at most/2.
A distortion of 1 is incurred if a cross over occurs due to @itthe noise in the observation or the

noise in the quantization (but not both):

dlz,z;9) = €q-1—du(z,2)]+ (1 —€q) - du(z, )

= €+ (1 —2¢) -du(z,2)

q—l q—l N

This corresponds to a distortion measure in the form of (1) w, = (¢ — 1)/[2(N — 1)] and 3, =
1—(¢q—1)/(IN —1). Hence, the rate-distortion formulas from (15) apply. Tipéiroal encoding strategy
is to encode the noisy observation directly as discusse®2jp §lthough with different amounts of
guantization depending on the side information.

In the left plot of Fig. 7, we illustrate the rate-distortidunction for this problem with and without

side information at the encoder in the case wheke {1,2} (i.e, N = 2) and the observation is either
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noise-less or completely noisy. In the right plot of Fig. 7 Wlustrate the rate-distortion functions in
the limit where N — oo and the noise is uniformly distributed between 0 and 1/2.eNbat in the

latter case, if the side information were encoded losstebsinlog N extra bits of overhead would be
required beyond the amount when optimal encoding is usedcéleommunicating the side information
losslessly can require an arbitrarily large rate even thooigtimal use of the encoder side information

reduces the quantization rate.

0.5 B ; - 0.5 - |
0.45 L.ih — With sl ] 045 L} 1
Foil -~ iWithout S| - A ’
e 0.4 o\ H o 04t 4
.2 [ K} r B
I E ]
%) Lo 1 Lo i
8 0.35 [\ i 1 So3sh ]
O T s ] 0.3 ]
0.25 frvbommme b S _ 0.25 o S

P |

0.8 1

Fig. 7. Rate-Distortion curves for noisy observations ofimaly source. The solid curve represents the minimum plessib
Hamming distortion when side information specifying thess-over probability of the observation noise is availadle¢he
encoder (or both at the encoder and decoder). The dashed mpresents the minimum distortion when side informat®n i
not available (or ignored) at the encoder. For the plot onléfiethe cross over probability for the observation noisegsially
likely to be 0 or 1/2, while for the plot on the right it is unifoly distributed over the intervdD, 1/2].

3) Weighted Distortion:n the previous example, certain source samples were magrerfemt because
they were observed with less noise. In this section we censiadnodel where certain samples of a source
are inherently more important than otheesg(, edges in a binary image, other perceptually important
features, or sensor readings in high activity areas). Spelty, we consider a distortion measure of
the form (14) where3, = exp(vk/N), ar = 0, and the side information is uniformly distributed over
{0,1,...,N —1}.

The left plot in Fig. 8 illustrates the rate-distortion cesvfor the case whelV = 2, while the right

plot corresponds to the case whe¥e— oco. The former model corresponds to two types of samples:
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important samples where a distortionesdp(y/2) is incurred if quantized incorrectly and normal samples
where a distortion of 1 is incurred if quantized incorrectfyno side information is available (or if side

information is ignored), the encoder must treat these sesngdjually. If side information at the encoder
is used optimally, then more bits are spent quantizing thmoitant samples. The latter model illustrates

the case when there is a continuum of importance for the sampl

30 L —with sI ]
L Without S
5 [ B c
© O
B 20 [\ e 18
S B . O
i %
) [ 7 =)
L - -
0+ -
\ N Ll N Ll i
0 0.2 0.4 0.6 0.8 1

Fig. 8. Rate-Distortion curves for a binary source with vimégl Hamming distortion. The distortion for quantizing feac
source sample is measured via Hamming distortion times thighvexp(5 - ¢). The solid curve represents the minimum
possible Hamming distortion when side information spengythe weight is available at the encoder (or both at the @srco
and decoder). The dashed curve represents the minimunttidistavhen no side information is available at the encodeithe

left plot, g is uniformly distributed over the paif0, 1} while in the right plotqg is uniformly distributed over the intervdl, 1].

In the limit asy — oo and N = 2, the system not using side information, suffers incredging
more distortion. This is most evident for rates greater thén In this rate region, the system with side
information losslessly encodes the important samples haddistortion is bounded by 0.5 while the
system without side information has a distortion that scal@h exp(y/2). Thus the extra distortion

incurred wheng is not available to the encoder can be arbitrarily large.
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C. Erasure Distortions

Another scenario where the conditidiix; g) = 0 is satisfied is for “erasure distortions” whegeis

binary and the distortion measure is of the form

for some functionp(-, -).

Theorem 2 For any source distribution, if the distortion measure istioé form in(18) with binary q,
then the rate-distortion function wheanis known at only the encoder is the same as whéds known

at both encoder and decodee.,
R[Q-ENC|(D) = R[Q-BoTH|(D). (19)

Proof: Let X* be a distribution that optimizes (6d). Choose the new randariable <** to be the
same ax* whenqg = 0 and wheng = 1, let x** be independent of with the same marginal distribution
as wheng = 0:

R Pg|x,g(Z]T,9), q=0
P+ |x,q(E]7, q) = (20)

Psq(Zlg =0), ¢=1.
Both x* and x** have the same expected distortion since they only differrwhe- 0. Furthermore, by
the data processing inequality
I(™;x]q) < I1(%*;x|q) (21)

so X** also optimizes (6d). Finally, sincé(x**; q) = 0, Proposition 2 is satisfied and we obtain the
desired result. |
As shown in the examples of Section Il, erasure distortioay mdmit particularly simple quantizers

to optimally use encoder side information.

V. ASYMPTOTICALLY ZERO L0OSS FORHIGH-RESOLUTION QUANTIZATION

In Proposition 2 of Section IV we saw that knowiggnly at the encoder is as good as full knowledge
of q when the codebook is independent of the distortion sideimétion {.e., whenI(X; q) = 0). In the
high-resolution regimé,x begins to closely approximate Thus whernx andq are independent we may

SUsually, the high-resolution limit is defined as wh&n— 0, but it is sometimes useful to consider distortion measuiés
a constant penalty. Hence we assume it is possible to definmienam distortion Dy,i, Which can be approached arbitrarily

closely as the rate increases and we define the high-resollitnit as D — Dyin.
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intuitively expect that ak — x we havel(X;q) — I(x;q) = 0. In this section, we rigorously justify
this intuition and also consider some variations.

For example, we consider the more general case where thal sige informatiorw, which is statisti-
cally dependent on the source, is present. Our problem n{addl specifically the Markov conditions in
(2)) requireq to be conditionally independent afgivenw and require the distortion to be conditionally
independent ofv givenq, x, andx. But since our model allows fay andw to be statistically dependent,
q may now be indirectly correlated with(throughw) andw may indirectly affect the distortion (through
q). Even in this more general scenario, the basic intuitiaat thistortion side information is necessary
only at the encoder and signal side information is necessaly at the decoder continues to hold in

many cases of interest.

A. Technical Conditions
In addition to the side information decomposition impliegl DBefinition 1, our results require a
“continuity of entropy” property that essentially states
z— 0= h(x+ z|q,w) — h(x|q, w). (22)

The desired continuity follows from [23] provided the soeirdistortion measure, and side information
satisfy some technical conditions related to smoothnekssd conditions are not particularly hard to

satisfy; for example, any vector source, side informatiemg distortion measure where

36 > 0, —0co < E[||x]|°|w = w] < 00 Yw (23a)
—00 < h(xjw =w) < 00, Vw (23b)
d(x,%;q) = a(q)+5(q) - |x — %[ (23¢)

will satisfy the desired technical conditions in [23] prded a(-), G(-), and v(-) are non-negative
functions. For more general scenarios we introduce thevatlg definition to summarize the requirements
from [23].

Definition 2 We define a source, side information pair ¢, w), and difference distortion measure
d(z,;q) = p(x — &;q) as admissible if the following conditions are satisfied:

1) the equations
a(D.q) [ expl-s(D.a)plas )l =1 (242)

a(D.q) / p(e; @) expl—s(D, g)p(; g)]de = D (24b)
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have a unique pair of solutiong (D, q), s(D, q)) for all D > D,,;, that are continuous functions
of their arguments
2) —oo < h(x|w = w) < oo, for all w

3) For each value of;, there exists an auxiliary distortion measufé; ¢q) where the equations
as(D, q) /exp[—s(s(D,qu;q)]dx =1 (25a)

as(D, q) /5(95;(1) exp[—ss(D, q)0(x; q)ldz = D (25b)

have a unique pair of solutions(D, q), ss(D, q)) for all D > D, that are continuous functions
of their arguments

4) The distributionz, that maximizesh(z4|q) subject to the constrainf[p(z,;q)] < D has the
property that

lim z, —0 in distributionVq (26a)

> Lmin

plim  El5(x +2g,9)|g = ¢] = E[6(x. 9)[g = ] V. (26b)

B. Equivalence Theorems

Our main results for continuous sources consist of varibaerems describing when different types of
side information knowledge are equivalent. All our resudiquire the basic side information decomposi-
tion and Markov chains in Definition 1. Some results requinghfer conditions such as high-resolution,
scaled difference distortion measures, or statisticaépesidence betweesp and w (e.g, whenw is
known only at the decoder, knowing only at the encoder is asymptotically as good as knowing it at
both wheng andw are independent). The equivalence theorems stated betopraved in Appendix C
and summarized in Fig. 9. Essentially, we show that the sixpossible information configurations can be
reduced to the four shown in Fig. 9. Specifically, to deteenitre performance of a given side information
configuration one can essentially ask two questions: “Dbeshcoder have?” and “Does the decoder
have w?”. A negative answer to either question incurs some penelgtive to the case with all side
information known everywhere. In contrast, a positive agiste both questions incurs asymptotically no
rate-loss relative to complete side information.

We begin by generalizing previous results about no rate-fos the Wyner-Ziv problem in the high-
resolution limit [8] [10] to show there is no rate-loss whens known at the encoder and is known

at the decoder. This results suggests that there is a nativigion of side information between the
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Decoder missingv Decoder hasv
Encoder | R[Q-DEC-W-ENG a0 R[Q-DEC-W-NONE R[Q-DEC-W-BOTH 3 R[Q-NONE-W-BOTH
Missing { Th. 5 (S+) { Th. 5 (S+) { Th. 6 (H+S+) { Th. 6 (H+S+)
q R[Q-NONE-W-ENG 240 R[Q-NONE-W-NONE R[Q-DEC-W-DEG 3 R[Q-NONE-W-DEG
Encoder R[Q-ENC-W-ENG BLES R[Q-ENC-W-NONH R[Q-ENC-W-DE] TR0 R[Q-ENC-W-BOTH
hasq { Th. 6 (H+) . { Th. 6 (H+) { Th. 6 (H) ] { Th. 6 (H)
R[Q-BOTH-W-ENJ <= R[Q-BOTH-W-NONE R[Q-BOTH-W-DEQ Lo R[Q-BOTH-W-BOTH

Fig. 9. Summary of main results for continuous sources. wsrimdicate which theorems demonstrate equality betwersaus
rate-distortion functions and list the assumptions regglifH = high-resolution, | g andw independent, S = scaled difference

distortion).

encoder and decoder (at least asymptotically). Specifjadiftortion side information should be sent to

the encoder and signal side information should be sent tal¢lceder.

Theorem 3 For any admissible source, side information, and diffeeemistortion measure satisfying
Definitions 1 and 2, and w can be divided between the encoder and decoder with no astimpt
penalty,i.e.,

lim R[Q-ENc-w-DEG(D) — R[Q-BOTH-W-BOTH(D) = 0.

>/ min

(27)

The next two theorems generalize Berger’s result that sigide information is useless when known
only at the encoder [11] to show whenandq are useless at the encoder and decoder respectively. These
results suggest that deviating from the natural divisioMloéorem 3 and providing side information in

the wrong place makes that side information useless (at iedasrms of the rate-distortion function).

Theorem 4 Let q and w be independeftand consider a difference distortion measure of the form

d(x — &;q). Thenw provides no benefit when known only at the encaodey,
R[Q*w-ENC|(D) = R[Q-~W-NONE|(D) (28)

where the wildcard “*” may be replaced with an element frdmnc, bec, BoTH, NONE} (both *'s must be

replaced with the same element).

®Independence is only required whenc {DEC,NONE}; if * € {ENC,BOTH}, the theorem holds without this condition

provided the side information decomposition is admisséseording to Definition 1.
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Theorem 5 Letq andw be independeftand consider a scaled distortion measure of the fdfm 2; q) =

do(q)d1(z, %). Thenq provides no benefit when known only at the decadey,
R[Q-DEC-W-(D) = R[Q-NONE-W-4(D) (29)

where the wildcard “*” may be replaced with an element frdmnc, bEc, BOTH, NONE} (both *'s must be

replaced with the same element).

Using the previous results, we can generalize Theorem 3dw $hat regardless of whexe (respec-
tively q) is known, knowingg (w) only at the encoder (decoder) is sufficient in the high-rggmn limit.
This result essentially suggests that even if the ideal o¥iding q to the encoder and to the decoder

suggested by Theorem 3 is impossible, it is still useful Yo this ideal as much as possible.

Theorem 6 Let q and w be independert.For any source and scaléddifference distortion measure
d(z,#;q) = do(q) - di(z — z) satisfying the conditions in Definitions 1 and @,(respectivelyw) is

asymptotically only required at the encoder (respectivatythe decoder)i.e.,

lim  R[Q-ENC-W-|(D) — R[Q-BOTH-W-|(D) =0 (30a)
DEIE - R[Q+w-DEC](D) — R[Q*wW-B0TH|(D) =0 (30b)

where the wildcard “*” may be replaced with an element frdmnc, bEc, BOTH, NONE} (both *'s must be

replaced with the same element).

C. Penalty Theorems

We can compute the asymptotic penalty for not knowing thaaigide informatiorw at the decoder.

Theorem 7 Letq andw be independenif Then for any source and scaled difference distortion mesasur

d(z,;q) = do(q) - d1(x — z) satisfying the conditions in Definition 2, the penalty fot Rnowingw at

"Independence is only required whenc {ENC,NONE}; if * € {DEC, BOTH}, the theorem holds without this condition
provided the side information decomposition is admissédseording to Definition 1.

8Independence is only required where {ENC, NONE} in (30a) or whenx € {DEC, NONE} in (30b). Forx € {DEC, BOTH}
in (30a) orx € {ENC,BOTH} in (30b) the theorem holds without this condition providee side information decomposition is
admissible according to Definition 1.

The scaled form of the distortion measure is only requireémhe {DEC, NONE} in (30b). Whenx € {ENC, BOTH}, the
theorem only requires a difference distortion measure effthm d(z, #; q) = d'(z — Z; q).

Independence is only required whence {DEC,NONE}; if * € {ENC,BOTH}, the theorem holds without this condition

provided the side information decomposition is admisséseording to Definition 1.

December 28, 2004 DRAFT



22

the decoder is

lim R[Q-*W-{ENC-OR-NONE|(D) — R[Q-~W-{DEC-OR-BOTH|(D) = I(x; w) (31)

> Lmin

where the wildcard “*” may be replaced with an element frofenc, bec, BotH, NoNE} (all *'s must be

replaced with the same element).

Theorem 7 also gives us insight about distortion side in&diom that is not independent of the source.
Specifically, imagine that the side informatienaffects the distortion vial(z, &; 2) = do(z) - di(x — )
and furthermorez is correlated with the source. What is the penalty for kngwironly at the encoder
versus at both encoder and decoder? To answer this questocan decompose into our framework

by settingg = z andw = z and computing

b lian R[Q-ENC-W-ENG (D) — R[Q-BOTH-W-BOTH|(D). (32)

Since this pair ofg and w are statistically dependent, we take into account the fiietm Theorem 7.
Therefore we see that the asymptotic penalty for knowingeg@rside information only at the encoder is
exactly the degree to which the source and distortion sifterimation are related as measured by mutual

information:

Corollary 1 For any source and scaled difference distortion measi(e &;z) = do(z) - di(z — )
satisfying the conditions in Definition 2, the penalty foowing general side information only at the
encoder is

lim R[zENC(D) — R[z-BOTH|(D) = I(x; z). (33)

D— Dpyin

Finally, we can compute the asymptotic penalty for not kmmnihe distortion side informatioq at

the encoder.

Theorem 8 Letq andw be independeritt For any source taking values in tiedimensional real vector
space and a scaled, norm-based distortion mead(xex;q) = q - ||x — X||" satisfying the conditions

in Definition 2, the penalty (in nats/sample) for not knowin@t the encoder is

lim R[Q-{DEC-OR-NONE-W-*|(D) — R[Q-{ENC-OR-BOTH-W-*|(D) = EE [ln @] (34)

— Dmin r

Hindependence is only required whenc {ENC,NONE}; if *+ € {DEC, BOTH}, the theorem holds without this condition

provided the side information decomposition is admisséseording to Definition 1.
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where the wildcard “*” may be replaced with an element frdmnc, bEc, BOTH, NONE} (both *'s must be

replaced with the same element).

A similar result, which essentially compares the asymptdifference between
R[Q-DEC-W-DE](D) and R[Q-BOTH-W-BOTH|(D)

for non-independen and w with squared norm distortion, is derived in [10]. Thus aswitorollary 1,
[10] and Theorem 8 can be interpreted as saying that the aeyimpenalty for knowing general side
information z only at the decoder can be quantified by the degree to whicldistertion and the side
information are related as measured by (34). Specificalying g = z andw = z yields distortion side
information and signal side information that are stat@tcdependent. Thus from [10] or by applying

the footnote to Theorem 8 we obtain the following Corollary:

Corollary 2 For any source taking values in thedimensional real vector space and a scaled, norm-
based distortion measu(x, X; z) = z - ||x — X||" satisfying the conditions in Definition 2, the penalty

(in nats/sample) for not knowing at the encoder is

DEanm;n R[z-DEC|(D) — R[z-BOTH|(D) = éE [ln @} . (35)

According to Jensen’s inequality, this rate gap is alwaysatgr than or equal to zero with equality if
and only if the distortion side information is a constanthyirobability 1. Furthermore, the rate gap is
scale invariant in the sense that it does not change whenistattbn side information is multiplied by
any positive constant.

In Table I, we evaluate the high-resolution rate penalty donumber of possible distributions for
the side-information. Note that for all of these side infation distributions (except the uniform and
exponential distributions), the rate penalty can be malirarily large by choosing the appropriate shape
parameter to place more probability near= 0 or ¢ = co. In the former case (LogNormal, Gamma,
or Pathologicalg), the large rate-loss occurs because when 0, the informed encoder can transmit
almost zero rate while the uninformed encoder must tranantdrge rate to achieve high resolution. In
the latter case (Pareto or Cauchy the large rate-loss is caused by the heavy tails of theilalision
for g. Specifically, even though is big only very rarely, it is the rare samples of largehat dominate
the moments. Thus an informed encoder can describe theesenteemely accurately during the rare
occasions whem is large, while an uninformed encoder must always spendge leate to obtain a low

average distortion.
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TABLE |

ASYMPTOTIC RATE-PENALTY IN NATS. EULER’S CONSTANT IS DENOTED BY7.

The rate penalties below are for not knowing distortion sitfermation g at the encoder when distortion is measured via

d(z,2;q) = gz — ). (Multiply penalties in nats byl /In 2 ~ 1.44 to convert to bits).

Distribution Name| Density for g Rate Gap in nats

Exponential T exp(—qT) —% Invy ~ 0.2748

Uniform Lgefo,1] 1(1-1In2) ~ 0.1534

Lognormal q\/;ﬂ? exp [_%] &

Pareto qjj%,qu>0,a>1 %[lnﬁ—l/a]

Gamma W i{lna— Lnl(2)]e=a} ~ =
Pathological (1—€e)bd(g—€e)+ef(g—1/e) | 1ln(1+e—€’) — 5% me~ Lilnl
Positive Cauchy | ££27,q > 0 0

Finally, note that all but one of these distributions woldduire infinite rate to losslessly communicate
the side information. Thus the gains in using distortioresitformationcannotbe obtained by exactly

describing the side information to the receiver.

VI. NON-ASYMPTOTIC BOUNDS FORQUADRATIC DISTORTIONS

So far we have shown that in the high-resolution limit, knogvg at the encoder is sufficient. Our
main analytical tool was the additive test-channel distidn x = x + z, where the additive noise in the
test channel depends on the distortion side informationddsily, additive noise test-channels of this
type are asymptotically optimal. To investigate the rates|at finite resolutions we develop two results
for scaled quadratic distortion measures. We also brieflptive how these results can be generalized

to other distortion measures.

A. A Medium Resolution Bound Using Fisher Information

Theorem 9 Consider a scaled quadratic distortion measure of the falm, #;q) = ¢ - (z — #)? with

q > qmin > 0. Then the maximum rate-gap at distortiédnis bounded by

R[Q-ENC-W-DE] (D) — R[Q-BOTH-W-BOTH|(D) < J(XQ‘ w) - min [1, D } (36)

Gmin
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whereJ(x|w) is the Fisher Information in estimating a non-random paréne from 7 + x conditioned

on knowingw. Specifically,
2
T 2 [ ) { [ pawlato) |55 Yoz patalu)] dx} i, )

Similar bounds can be developed with other distortion messsprovided thaD /¢, is replaced with a
guantity proportional to the variance of the quantizatiooe See the remark after the proof of Theorem 9
in the appendix for details. Also, Zamir and Feder discutsted bounds in [24, Appendix D].

One may wonder why Fisher Information appears in the abotelogs bound. After all, Fisher
Information is most commonly used to lower bound the errogstimating a parameter via its use in the
Cramer-Rao bound. What does Fisher Information have to do sdurce coding?

To answer this question, recall that our bounds are all dgesl by using an additive test-channel
distribution of the formg = x + z. Thus, a clever source decoder could treat each source saifipl
as a parameter to be “estimated” from the quantized repiatsemx [7]. If an efficient estimator exists,
this procedure could potentially reduce the distortion by teciprocal of the Fisher Information. But
if the distortion can be reduced in this manner without dffecthe rate, then the additive test-channel
distribution must be sub-optimal and a rate gap must exist.

So the bound in Theorem 9 essentially measures the rate gapehguring how much our additive
test-channel distribution could be improved if an efficiestimator existed fox given x. This bound
will tend to be good when an efficient estimator does exist podr otherwise. For example, ¥ is
Gaussian with unit-variance conditioned af then the Fisher Information term in (36) evaluates to one
and the worst-case rate-loss is at most half a bit at maximistortion. This corresponds to the half-bit
bound on the rate-loss for the pure Wyner-Ziv problem derive[8]. But if x is discontinuous€.g, if
x is uniform), then no efficient estimator exists and the boim¢B6) is poor.

As an aside, we note that the proof of Theorem 9 does not e@uiy extra regularity conditions.
Hence, if the Fisher Information of the source is finite, ihd# immediately applied without the need

to check whether the source is admissible according to Diefin?.

B. A Low Resolution Bound

While the Fisher Information bound from (36) can be used atiesolutions, it can be quite poor if
the source is not smooth. Therefore, we derive the folloviiognd on the rate-loss, which is independent

of the distortion level and hence most useful at low resofuti
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Theorem 10 Consider a scaled quadratic distortion measure of the faifm, ;) = ¢ - (z — £)? and

denote the minimum/maximum conditional variance of thecsohy

o2, = min Var [x|w = w] (38a)
o2 = max Var [x|w = w] . (38b)

Then the gap in Theorem 3 is at most the conditional relativieopy of the source from a Gaussian
distribution plus a term depending on the range of the caowiitl variance:

g

min

where N/ (t) represents a Gaussian random variable with mean zero anidwvee.

Similar bounds can be developed for other distortion messsas discussed after the proof of Theorem 10
in the appendix.

Consider the familiar Wyner-Ziv scenario where the sigrd snformation is a noisy observation of
the source. Specifically, let = x + v wherev is independent ok. In this case, the conditional variance
is constant and (39) becomes

Dpuul N (Var [x) + 3 log 2 (40)

and the rate-loss is at most half a bit plus the deviation f@aussianity of the source.

If x is Gaussian when conditioned en= w, then the rate-loss is again seen to be at most half a bit
as in [8]. In contrast to [8], which is independent of the s however, both our bounds in (36) and
(39) depend on the source distribution. Hence, we conjedhst our bounds are loose. In particular,
for a discrete source, the worst case rate loss is at #Hostw), but this is not captured by our results

since both bounds become infinity. Techniques from [25]],[E8 may yield tighter bounds.

C. A Finite Rate Gaussian Example

To gain some idea of when the asymptotic results take efteetconsider a finite rate Gaussian
example. Specifically, let the source consist of a sequehGaossian random variables with mean zero
and variance 1 and consider distortion side informatiohWit[q = 1] = 0.6, Pr[g = 10] = 0.4, and
distortion measurd(z, #;q) = q - (z — 2)°.

The case without side information is equivalent to quantjza Gaussian random variable with distortion
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measurel.6(x — £)? and thus the rate-distortion function is

0, D> 4.6
R[Q-NONE-W-NONE (D) = (41)

tndd D <46
To determineR[Q-BoTH-w-NONE (D) we must set up a constrained optimization as we did for thariin
Hamming scenario in Appendix B. This optimization resuitsai “water-pouring” bit allocation, which
uses more bits to quantize the source whena 10 than wheng = 1. Specifically, the optimal test-channel
is a Gaussian distribution where both the mean and the aridapend oy and thust has a Gaussian

mixture distribution. Going through the details of the doased optimization yields

0, 46 <D
R[Q-BOTH-W-NONH(D) = ¢ 041 4 _ D*< D <46 (42)

2 (D=6)"

YEnP+%mg, D<D
for some appropriate threshold*. Evaluating (34) for this case indicates that the rate-gatvben (41)
and (42) goes t0.5 - (In4.6 — 0.41n 10) ~ 0.3 nats~ 0.43 bits.

ComputingR[Q-ENc-w-NONE (D) analytically seems difficult. Thus, when distortion sid@®mmation is
only available at the encoder we obtain a numerical uppentbaun the rate by using the same codebook
distribution as wheny is known at both encoder and decoder. This yields a rate fyeahll (X; g).12
We can obtain a simple analytic bound from Theorem 9. Spadifieevaluating (36) yields that the rate
penalty is at most1/2) - min[1, D].

In Fig. 10 we evaluate these rate-distortion trade-offs. ¥ that at zero rate, the rate-distortion
functions for the case of no side information, encoder-aitle information, and full side information
have the same distortion since no bits are available for tipation. Furthermore, we see that the Fisher
Information bound is loose at zero rate. As the rate incieati®e system with full distortion side-
information does best because it uses the few availabletbitepresent only the important source
samples withg = 10. The decoder reconstructs these source samples from thpressed data and
reconstructs the less important samples to zero (the meah bf this regime, the system with distortion
side information at the encoder also more accurately qesithe important source samples. But since
the decoder does not know; it does not know which samples &f to reconstruct to zero. Thus the

system withg available at the encoder performs worse than the one gvéhboth encoder and decoder

2pctually, since the rate distortion function is convex, vede the lower convex envelope of the curve resulting from the

optimal test-channel distribution.
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Fig. 10. Rate-distortion curves for quantizing a Gaussiamree x with distortion g(x — £)? where the side informatiog is
1 with probability 0.6 or 10 with probability 0.4. From bottoto top on the right the curves correspond to the rate reduire
when both encoder and decoder kngwa numerically computed upper bound to the rate when onl\etteeder knowsy, the
rate when neither encoder nor decoder kngwand the Fisher Information upper bound from Theorem 9 foemwbnly the

encoder knowsy.

but better than the system without side information. As thk rincreases further, both systems with
distortion side information quantize source samples witkhlyzy = 1 and g = 10. Thus the codebook
distribution for x goes from a Gaussian mixture to become more and more Gaumsibthe rate-loss
for the system with only encoder side information goes t@zEmally, we note that even at the modest

distortion of —5 dB, the asymptotic effects promised by our theorems hawadyr taken effect.

VIl. DISCUSSION

In this paper, we introduced the notion of distortion sid®imation, which does not directly depend
on the source but instead affects the distortion measumehdimore, we showed that if general side
information can be decomposed into such a distortion degr@ncdomponent and a signal dependent

component then under certain conditions the former is redquonly at the encoder and the latter is
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required only at the decoder. In this section, we discussesimnplications and applications of these

ideas.

A. Applications to Sensors and Sensor Networks

There is a growing interest in sensor networks where maltippdes with potentially correlated
observations cooperate to sense the environment. A vapietgsearchers have already demonstrated
the advantages of distributed source coding in efficiensipgi signal side information in such networks
[27], [28], [29], [30], [31]. We believe, however, that thegsible applications of distributed coding with
distortion side information are equally compelling sincany sensors naturally receive distortion side
information in addition to the observed signal.

For example, sensors which perform simple filtering or agieg of the incoming signal can use the
variance as an indicator of reliability. Similarly, senscan observe the background level of light, sound,
etc, to obtain an estimate of the noise-floor in the absence ofj@akiof interest. Also, many systems
are designed to record data at a roughly constant averagé#wdep This is often accomplished by using
automatic gain control (AGC) to compensate for attenuadioa to distance, weather, or obstacles. Since
thermal noise in the sensor front-end is usually independeauch attenuations, the AGC level can be

used as a simple indicator of the signal-to-noise ratio oblserved signal.

B. Richer Distortion Models and Perceptual Coding

The notion of distortion side information may be partictyarseful in the design of perceptual coders.
Specifically, it is well-known that mean-square error is astba poor representative of how humans
experience distortion. Hence perceptual coding system$eatures of the human visual system (HVS) or
human auditory system (HAS) to achieve low subjective di&to even when the mean-square distortion
is quite large. Unfortunately, creating such a perceptadec often requires the designer to be an expert
both in human physiology, as well as quantizer design. Thiulty may be one of the reasons why
information theory has sometimes had less impact on comiprestandards than on communication
standards.

Using the abstraction of distortion side information toresgent such perceptual effects, however, may
help overcome this barrier. For example, physiologicalegtgpcould focus on producing a distortion
model that incorporates perceptual effects by determiainvglueg; that scales the quadratic distortion
between theith source sample and its reconstruction. Quantization rexm®uld focus on designing

compression systems operating with distortion side in&dirom. Then various perceptual models could
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be quickly and easily combined with quantizer designs to firedbest combination. This modular design
would allow a good quantization system to be used in a vageapplication domains simply by changing
the model for the distortion side information. Similarly,would allow a finely tuned perceptual model
to be used in many types of quantizer designs.

The theoretical justification for using distortion side armmhation to design modular quantizers is
Theorem 3. This theorem can be interpreted as saying thatikile perceptual model that produces the
distortion weightingg; is a complicated function of the source, the decoder doeseed to know how the
perceptual model works. Instead, it is sufficient for theadsr simply to know the statistics gfprovided
that g is available to the encoder. Corollary 1 strengthens thiglksion since even when the source and
distortion side information are statistically dependehg gap between the modular, encoder-only side
information architecture and a system with full side infation is the mutual information between the
source and the side information. No system (including nalufar systems where the decoder attempts
to account for dependence between the source and distonti@sure) could expect to do better since
this rate gap essentially corresponds to how many bits abeusource the side information implicitly
conveys. Since no explicit side information is availabldéhet decoder, no scheme can recover this rate
gap.

Finally, it may be somewhat premature to advocate a paatiagsign for perceptual coders based on
primarily on rate-distortion results. At a minimum, howewse point out that if a perceptual distortion
side information model can be constructed it can at leassbd to find a bound on the minimum possible
bit rate at a given distortion. Having such a performancecberark to strive for can be a powerful force

in inspiring system designer to search for new innovations.

C. Decomposing Side Information Intpand w

Our problem model of Section Il requires that the side infation can be decomposed into distortion
side information and signal side information. In many sciEsa this may be a natural view of the
compression task. In problems where this is not the caseeVmwwe briefly discuss how general side
information may be decomposed into the p@ajrw) required by our theorems.

First, notice that the formulation in (3) is completely geaien the sense that any side information
z taking values in the seE can be trivially decomposed int(y, w) by setting(g, w) = (z,z) with
(Q,W) = (Z, 2). Of course, this makes most of our results uninteresting: §ystematic procedure for
potentially improving this decomposition is as followsrgtj replace each pair of valué¢g,, g1) where

d(-,+;q0) = d(-,-;q1) with a new valueg’ and adjustQ accordingly. Next, replace each pair of values
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(wo, wr) Wherep,,, (-|wo) = pujw(-lw1) andpg, (-|wo) = pgjw(-|w1) with a new valuew” and adjustV
accordingly. If the resulting2 and)V are smaller tharg, then our results become non-trivial.

As with the problem of determining a minimal sufficient stéts, there are many potential decom-
positions and different notions of good decompositions teyappropriate in different applications. For
example, minimizing the cardinality a®, W, or both, might be useful in simplifying quantizer design
or related tasks. Alternatively, minimizing(q; w), H(q), H(w), or similar information measures may

be useful ifq/w must be communicated to the encoder/decoder by a third. party

VIIl. CONCLUDING REMARKS

Our analysis indicates that side information that affelts distortion measure can provide significant
benefits in source coding. Perhaps, our most surprisindtriesthat in a number of cases.§, sources
uniformly distributed over a group, or in the high-resadatilimit) side information at the encoder is just
as good as side information known at both encoder and dededehermore, this “separation theorem”
can be composed with the previously known result that hagiggal side information at the decoder
is often as good as having it both encoder and decoelgr, {n the high-resolution limit). Our main
results regarding when knowing a given type of side infoiamatt one place is as good as knowing
it at another place are summarized in Fig. 9. Also, we comptite rate-loss for lacking a particular
type of side information in a specific place. These penalgotems show that lacking the proper side
information can produce arbitrarily large degradationpénformance. Taken together, we believe these

results suggest that distortion side information is a Ussfurce coding paradigm.

APPENDIX
A. Group Difference Distortion Measures Proof

Proof of Theorem 1:Assume thatp;‘x ,(&lz,q) is an optimal test-channel distribution with the

conditionalp;;‘q(f]q). By symmetry, for any € X, the shifted distribution

A Ay N
pf?|x,q(w’w7q) :p)?‘x7q(x @t‘x®t7Q) (43)

must also be an optimal test-channel. Since mutual infoaomag convex in the test-channel distribution,

we obtain an optimal test-channel distributipfi by averaging over X’ via the uniform measuréy (¢):

k% A A A~
Piix,q(&lT,q) = /Xpi|x,q(w|w,q)dx(t)- (44)
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To prove that the resulting distribution fargiven g is uniform for all g (and hence independent o,

we will show thatpsi, (2[q) = pi, (& @ rlq) for anyr € X:
Pialala) = | v (il (o) (@5)
- /X | Phicalile. g (@ (o) (46)
:/X/szxvq(iEBﬂ:UéBt,q)dX(t)dX(@ (47)
:/X/prxq( Sretledrdt,q)dy(rdt)dy(z) (48)
:/X/Xp”q( Or&tle®rot,q)dy(t)de(@®r) (49)
= X/Xp;w(gz@r@ﬂx@t,q)dx(t)dx(w) (50)
= pia(& @ 7lq). (51)

Equation (45) follows from Bayes’ law and the fact that is the uniform measure oA’. The next
two lines follow from the definition ofp** and p’ respectively. To obtain (48), we make the change of
variablet — r & t, and then apply the fact that the uniform measure is shifariant to obtain (49).
Similarly, we make the change of variabte® »r — x to obtain (50). The last line follows from the
definition in (44).

Note that this argument applies regardless of whether thteisformation is available at the encoder,

decoder, both, or neither. [ ]

B. Binary-Hamming Rate-Distortion Derivations

In this section we derive the rate-distortion functions dobinary source with Hamming distortion.

1) With Encoder Side Informationthe rate-distortion function for source independent sid@rmation
available only at the encoder is the same as with the sideniaftion available at both encoder and
decoder. Hence, we compui&Q-end (D) and R[Q-BoTH|(D) by considering the latter case and noting
that optimal encoding corresponds to simultaneous desmripf independent random variables [32,
Section 13.3.3]. Specifically, the source samples for eadhevof g can be quantized separately using

the distribution

=
Il
S

R 1-— pq>
Pzix,q(ET,q) = (52)

Dq>

=
Il
—
|
8

December 28, 2004 DRAFT



33

The cross-over probabilities, correspond to the bit allocations for each value of the sidermation
and are obtained by solving a constrained optimization lprab
N
Rlesor(D) = | min Z; B[l — Hy(pq)] (53)
where Hy(-) is the binary entropy function.
Using Lagrange multipliers, we construct the functional

N N
J(D) =" pq(i) - [1 + pilogpi + (1 — pi)log(1 = pi)] + XY _ pg(i) - [ + pif3i].
i=1 i=1

Differentiating with respect t@; and setting equal to 0, yields

oJ . Di -
o Pq(i) log T + Apq(4)B; =0 (54)
log Pi = —As (55)
1 —p;
2 56
P T (50)
Thus we obtain the rate-distortion functions
N —\3;
. 27
R[QENJ(D) = R[Q-BOTH|(D) =1 — ;pq(z) - Hy <w> (57a)
where ) is chosen to satisfy
N 9—AB:
;pq(z) [Oéi + B - W] =D. (57b)

2) Without Encoder Side InformationVhen no encoder side information is available, decoder side
information is useless. Hence, the problem is equivalemuantizing a symmetric binary source with

distortion measure
d(:L',i’) = E[Oéq + ﬁq . dH(l'vi')] = E[Oéq] + E[ﬁq] . dH(x>§j) (58)

The rate-distortion function is obtained by scaling andhdtating the rate-distortion function for the

classical binary-Hamming case:

R[Q-NONE/(D) =1 — Hy (%W) (59)
q
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C. High-Resolution Proofs

Proof of Theorem 370 obtain R[q-enc-w-DE] (D) we apply the Wyner-Ziv rate-distortion formdfa

to the “super-sourceX’ = (x,q) yielding

R[QENcw-DE](D) = inf  I(X,q;x|w) (60)

Paix.a(2]7,9)
where the optimization is subject to the constraint thad(x, v(X, w); )] < D for some reconstruction
functionv(-, ). To obtain R[Q-BoTH-w-BOTH/(D) we specialize the well-known conditional rate-distortion

function to our notation yielding

R[Q-BOTH-W-BOTH (D) = inf I(%; x|w, q) (61)

pf\x,q,W('%'quvw)
where the optimization is subject to the constraint théd(x, X; q)] < D.
Let us definex* as the distribution that optimizes (60). Similarly, defig as the distribution that
optimizes (61). Finally, define given g = ¢ to be a random variable with a conditional distribution that

maximizesh(z|q = ¢) subject to the constraint that
Eld(x,x + z;9)lq = q] < Eld(x, %,; 9)lq = ql. (62)

Then we have the following chain of inequalities:

AR(D) 2 Rlo-encwped(D) — R[Q-BOTHW-BOTH (D) (63)
= I(%";q,x|w) — [h(x|q, w) — h(x|q, w, %},)] (64)
= I(%*;q,x|w) — h(x|q,w) + h(x — £, ]q, w, X}, (65)
< I(%%5.9,x|w) — h(x|g,w) + h(x — %, |q) (66)
< I(%*;q,x|w) — h(x|q, w) + h(z]q) (67)
< I(x+ z;q,x|w) — h(x|q, w) + h(z|q) (68)
= h(x + z|w) — h(x + z|w, q,x) — h(x|q, w) + h(z|q) (69)
= h(x + z|w) — h(x|q, w) (70)
= h(x + z|w) — h(x|w) (71)
B E%minAR(D) = 0. (72)

3Some readers may be more familiar with the Wyner-Ziv formagaa difference of mutual informations.g, as in [6]), but

the form in (60) is equally valid [4] and is sometimes morewrient.
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Equation (67) follows from the definition of to be entropy maximizing subject to a distortion constraint
Sincez is independent ok and w, the choicex = x + z with v(z,w) = & is an upper bound to (60)
and yields (68). We obtain (71) by recalling that accordiagour problem model in (4)q and x are
independent giverw. Finally, we obtain (72) by using the “continuity of entrdpsesult from [23,
Theorem 1].

Note that although the in [23, Theorem 1] is an entropy maximizing distribution Vehbur z is
a mixture of entropy maximizing distributions, the spedi@m of the density is not required for the
continuity of entropy result in [23, Theorem 1]. To illugiahis, we show how to establish the continuity
of entropy directly for any distortion measure whdbe— D,;,, = Var[z] — 0. One example of such
a distortion measure is obtained if we choake, i;q) = ¢ - |x — z|” with » > 0 andPr[g = 0] = 0.
DenotingVar [z|w] aSUg‘W andVar [x|w] aSUi‘W and letting\V/ («) represent a Gaussian random variable
with variancea yields

limsup h(x + z|w) — h(x|w) = limsup h(x + z|w) — h(x|w) (73)
D— Din 02—0

= 1iH2151ép h(x + zlw) £ h(N (02, + 07, W)

+ (N (0%),)Iw) = h(x|w) (74)
= 113;1331) D(puuwl N (0%1)) = D(xs 2wl N (03, + 021,))

+h(N (02, + 02,)Iw) = RN (03),)|w) (75)

< D(pxgul W (031)) = D(pagul N (031,,))

limsuplh(N (03, + 07 [w) = AN (03, w)] (76)
= limsup/ [h(]\/’(az‘w + Uz‘w)|w =w) — h(N(U>2<|w)|W = w)} dpy, (w) (77)
02—0
— / [lin; Sl(l]p h(./\/(a)zdw + a§|w)]W =w) — h(/\/(a)%‘w)\w = w)} dpw (w) (78)
—0. (79)

We obtain (75) since for any random variable the relative entropy fronv to a Gaussian takes the
special formD(p,||N (Var [v])) = h(N (Var [v])) — h(v) [32, Theorem 9.6.5]. To get (76) we use the
fact that relative-entropy (and also conditional relatrdropy) is lower semi-continuous [33]. This could

also be shown by applying Fatou’s Lemma [34, p.78] to get ithdte sequencep;(x), p2(x),... and
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q1(z),q2(x), ... converge top(z) andg(z) then

lim inf / i) loglpi () /ai ()] > / p(z) loglp(x)/a(x)].

Switching thelim sup and integral in (78) is justified by Lebesgue’s Dominated &wgence Theorem
[34, p.78] since the integrand is bounded for all valuesvofin general, this bound is obtained from
combining the technical condition requiringx|w = w) to be finite with the entropy maximizing
distribution in (25) and the expected distortion constr&in(26) to boundh(x + z|g = ¢). For scaled
quadratic distortionsh(x + z|g = ¢) can be bounded above by the entropy of a Gaussian with the
appropriate variance. To obtain (79) we first note that [z] — 0 implies Var [z|w = w] — 0 except
possibly for a set ofv having measure zero. This set of measure zero can be ignecadise the integrand
is finite for all w. Finally, for the set ofw whereVar [z|]w = w] — 0, the technical requirement that the
entropy maximizing distribution in (25) is continuous steothiat the entropy difference (79) goes to zero
in the limit. [ |
Proof of Theorem 4When* € {eEnc,BOTH} in (28), the encoder can simulate by generating it
from (x,q). Whenx € {pEc, NoNE}, the encoder can still simulate correctly provided thatv andq are
independent. Thus being provided withprovides no advantage given the conditions of the theormm.

Proof of Theorem 5We begin by showing
R[Q-DEC-W-DE](D) = R[Q-NONE-W-DEG(D). (80)

When side informatioriq, w) is available only at the decoder, the optimal strategy is 8A#iv encoding
[4]. Let us compute the optimal reconstruction functign -, -), which maps an auxiliary random variable

u and the side informatiog and w to a reconstruction of the source:

v(u, q,w) = argmﬁinE[d(aﬁ,x; q9)lg=q,w =w,u=1] (81)
= argngin do(q)E[dy(2,x)|q = q¢,w = w,u = u] (82)
= argmin Bld; (2, x)|g = ¢, w = w, u = u] (83)
:argmman[dl(uﬁ,x)\W:w,u:u]. (84)

We obtain (82) from the assumption that we have a separastertion measure. To get (84) recall that
by assumptiory is statistically independent of given w and alsoq is statistically independent af
sinceu is generated at the encoder fromThus neither the optimal reconstruction functief, -, -) nor

the auxiliary random variable depend ory. This establishes (80).
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To show that
R[Q-DEC-W-NONE(D) = R[Q-NONE-W-NONH (D) (85)

we needw andq to be independent. When this is true,does not affect anything and the problem is
equivalent to whemw = 0 and is available at the decoder. From (80) we see that prayidi= 0 at the
decoder does not help and thus we establish (85). Note tlsaathjument fails whermv andq are not
independent since in that case Wyner-Ziv basedqyarould be performed and there would be woat
the decoder to enable the argument in (81)—(84).

To show that

R[Q-DEC-W-BOTH(D) = R[Q-NONE-W-BOTH(D) (86)

we note that in this scenario the encoder and decoder cagndasilifferent source coding system for
each value ofw. The subsystem for a fixed valug* corresponds to source coding with distortion side
information at the decoder. Specifically, the source wiléhdistributionp,,, (z|w*), and the distortion
side information will have distributiop,, (¢|w*). Thus the performance of each subsystem is given by
R[Q-DEC-W-NONE (D), which we already showed is the same /&®-NoNE-w-NONE (D). This establishes
(86).

Finally, to show that

R[Q-DEC-W-ENG (D) = R[Q-NONE-W-ENG(D) (87)
we require the assumption thqtandw are independent. This assumption implies
R[Q-pEC-W-ENG(D) = R[Q-DEC-W-NONE (D) (88)

since an encoder withowt could always generated a simulatedwith the correct distribution relative

to the other variables. The same argument implies
R[Q-NONE-W-ENG(D) = R[Q-NONE-W-NONH (D). (89)

Combining (88), (89), and (85) yields (87). |
Proof of Theorem 6First we establish the four rate-distortion function edgied implied by (30a).

Using Theorem 3 we have

lim R[Q-ENC-w-DE](D) — R[Q-BOTH-W-DE](D) < (90)
DEIE - R[Q-ENC-W-DEG(D) — R[Q-BOTH-W-BOTH(D) (91)
=0. (92)
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Similarly,

Em - R[Q-Enc-w-BOTH (D) — R[Q-BOTH-W-BOTH (D) < (93)
Em - Rlg-enc-w-DEG(D) — R[Q-BOTH-W-BOTH (D) (94)
= 0. (95)
To show that
lim R[Q-ENC-W-NONE(D) — R[Q-BOTH-W-NONE (D) = 0 (96)

we needq andw to be independent. When this is true, does not affect anything and the problem
is equivalent to wherw = 0 and is available at the decoder and (90)—(92) establish&s \@ithout
independence this argument fails because we can no longekeirrheorem 3 since there will be mo

to makex andq conditionally independent in (71).

To finish establishing (30a) we again requifeandw to be independent to obtain

DEI[’I)l - R[Q-ENnc-w-ENG(D) — R[QBOTH-W-ENJ(D) < 97)
lim  R[Q-ENC-W-NONg (D) — R[QBOTH-W-ENJ(D) = (98)
lim R[Q-ENC-W-NONH (D) — R[Q-BOTH-W-NONE (D) (99)

> Lmin

-0 (100)

where (99) follows since the encoder can always simukateom (x,q) and (100) follows from (96).

Next, we establish the four rate-distortion function ediesd implied by (30b). Using Theorem 3 we

have

Em - RlQ-Enc-w-DE]G(D) — R[Q-ENC-W-BOTH(D) < (101)
DEIZI)lminR[Q-ENC-W-DEC}(D) — R[Q-BOTH-W-BOTH/ (D) (102)
= 0. (103)

Similarly,
Em - R[q-BotHW-DEG(D) — R[Q-BOTH-W-BOTH (D) < (104)
DEIglminR[Q-ENC-W-DEd(D) — R[Q-BOTH-w-BOTH (D) (105)
=0. (106)
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To show that

b lian R[Q-NONE-W-DEG(D) — R[Q-NONE-W-BOTH(D) = 0 (107)

we needq andw to be independent and we need the distortion measure to e dotmd(z, z;q) =
do(q)-di(z—2). When this is true the two rate-distortion functions in (L8 equivalent to the Wyner-Ziv
rate-distortion function and the conditional rate-distor function for the difference distortion measure
E[dy(q)]-d1(xz — z). Thus we can either apply the result from [8] showing these-déstortion functions
are equal in the high-resolution limit or simply specialileeorem 3 to the case whegeis a constant.
To complete the proof, we again require the assumptionsqtatdw are independent and that the

distortion measure is of the fora(x, z;q) = do(q) - do(q) - di(x — ). We have

Em - R[q-pEc-w-DE]G(D) — R[Q-DEC-W-BOTH(D) < (108)

Em - R[Q-NONE-w-DEG(D) — R[Q-DEC-W-BOTH(D) = (109)
DEIglminR[Q-NONE-W-DEd(D) — R[Q-NONE-W-BOTH (D) (110)

—0. (112)

where (110) follows from Theorem 5 and (111) follows from 7.0 [ |

Proof of Theorem 7We note that according to Theorem 4 and Theorem 6 we can fadely ®n

the case

R[Q-~W-NONE|(D) — R[Q-*-W-BOTH](D). (112)

When * = NONE, the rate difference in (112) is the difference between thssical rate-distortion
function and the conditional rate-distortion function frethigh-resolution limit. Thus the Shannon Lower

Bound [23] (and its conditional version) imply that

lim R[Q-NONE-W-NONE(D) — R[Q-NONE-W-BOTH (D) = h(x) — h(x|w). (113)

D—Dynin

Similarly, when * =DEC an identical argument can be combined with Theorem 5.

When * = BOTH, the encoder and decoder can design a separate compresbiggstem for each
value ofq. The rate-loss for each sub-system is tliér; w|qg = ¢) according to high-resolution Wyner-
Ziv theory [8]. Averaging over all values aof yields a total rate-loss of (x; w|q).

Next we consider the case when *erc and the rate-loss penalty is

b ligl R[Q-ENC-W-NONE (D) — R[Q-ENC-W-BOTH (D)

=, lim R[Q-ENC-W-NONE (D) — R[Q-BOTH-W-BOTH (D) (114)

> Lmin
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where the equality follows from Theorem 6.
Using arguments similar to [23] and the proof of Theorem 3,car obtain a Shannon Lower Bound

for R[Q-ENc-w-NONE (D), which is of the form
R[Q-ENC-W-NONE(D) > h(x) — h(zp) (115)

wherezp is an entropy maximizing random variable subject to the taimg thatE[dy(q)-d1(zp)] < D.

Again using argument similar to the proof of Theorem 3, weehthat

lim R[Q-BOTH-W-BOTH(D) < h(x|w) — h(zp). (116)

> Lmin

Combining (115) and (116) shows that the asymptotic diffeeein (114) is at leask(x; w).

Next, we obtain the Shannon Lower Bound
R[Q-BoTH-W-BOTH|(D) > h(x|w) — h(zp) (117)

by duplicating the arguments in the proof of Theorem 3 sitig lower bound does not requigeand

w to be independent. Finally, we can obtain the upper bound

lim R[Q-ENC-W-NONE(D) < h(x) — h(zp) (118)

using an additive noise test channel combined with argusrfeibwing those in the proof of Theorem 3.
Combining (117) and (118) shows that the asymptotic diffeeein (114) is at mosi(x; w).
[
Proof of Theorem 8To simplify the exposition, we first prove the theorem for th&atively simple
case of a one-dimensional sourde= 1) with a quadratic distortionr(= 2). Then at the end of the
proof, we describe how to extend it to genekahndr.

We begin with the case where * XONE. Since Theorems 5 and 6 imply

R[Q-NONE-W-NONH (D) = R[Q-DEC-W-NONH(D) (119a)
and
R[qQ-Enc-w-NONE (D) — R[Q-BOTH-W-NONE (D) , (119b)
we focus on showing
. 1 Elq]
lim R[Q-BOTH-W-NONE (D) — R[Q-NONE-W-NONE(D) = §E In | (120)

Computing R[Q-BoTH-W-NONE (D) is equivalent to finding the rate-distortion function fortiopally
encoding independent random variables and yields the itanfivater-pouring” rate and distortion allo-

cation [32, Section 13.3.3]. For eagh we quantize the corresponding source samples with dtort
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D, = E[(x — %)?] (or E[||x — %||"] in the more general case) and ratg(D,). The overall rate and
distortion then becom&[R,(D,)] and E[q - D).
Thus to find the rate and distortion allocation we set up a ttaimed optimization problem using

Lagrange multipliers to obtain the functional
J(D) = E[Rq(Dg)] + \(D — E[q - Dg)), (121)

differentiate with respect td,, set equal to zero and solve for eafh). In the high-resolution limit,
various researchers have shown

Ry(Dq) — h(x) — %log D, (122)

(e.g, see [23] and references therein). Therefore, it is sttEighard to show this process yields the

condition D, = 1/(2Aq) with 2\ = 1/D implying

1 1
ll)imOR[Q-BOTH-W-NONQ(D) — h(x) — 3 log D + §E[log ql. (123)

To computeRR[Q-NONE-w-NONE (D), we note that since neither encoder nor decoder knpthe optimal

strategy is to simply quantize the source according to te®diond(q, x; £) = E[q] - (x — X)? to obtain

il)imOR[Q-NONE-W-NONE](D) — h(x) — %logD + %log Elq]. (124)

Comparing (123) with (124) establishes (120).

By applying Theorem 4 we see that the case whereekeis the same as * wONE.

Next we consider the case where *BOTH in (34). In this case, the encoder and decoder can design
a separate compression sub-system for each value ahd the performance for each sub-system is
obtained from the case with no signal side information. 8jpadly, the rate-loss for each sub-system is

1 [111 Elglw = ]
q
according to the previously derived results. Averagingbjl@ver w then yields the rate-loss in (34).

w = w} (125)

Finally, we consider the case where *DEC in (34). Since Theorem 5 implieB[Q-DEC-W-DE](D) =
R[Q-NoNE-w-DEG(D) and Theorem 3 implief[Q-ENc-w-DE](D) — R[Q-BoTH-w-BOTH (D), it suffices to
show that
: 1 Elq]

lim R[Q-DEC-w-DE](D) — R[Q-BOTH-W-BOTH/(D) = §E log | (126)

min

We can computeR[Q-BoTH-w-BOTH (D) by considering a separate coding system for each value.of
Specifically, conditioned orw = w, computing the rate-distortion trade-off is equivalentfitading

R[Q-BoTH-w-NONE (D) for a modified source’ with distribution p, (z) = py, (2'|w). Thus we obtain

1 1
lim R[Q-BOTH-W-BOTH (D) — h(x|w) — 5 log D + 5 log F[q|. (127)

D— Dpyin
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Applying the standard techniques used throughout the pagecan compute the Shannon Lower Bound
Rlo-pec-wped(D) > hix|w) — %log(D . E[q)) (128)

and show it is tight in the high-resolution limit. Compari(i®7) and (128) establishes the desired result.
This establishes the theorem fbr= 1 andr = 2. For generak andr, the only change is that each

component rate-distortion functioR,(D,) (122) becomes [23, page 2028]

()] o

and a similar change occurs for all the following rate-digtm expressions. Since we are mainly interested

k k
Rqy(Dg) — h(x) — " log D, — - + log

in the difference of rate-distortion functions, most ofgheextra terms cancel out and the only change

is that factors ofl /2 are replaced with factors df/r. [

D. Proofs for Non-Asymptotic Bounds

Before proceeding, we require the following lemma to upped sower bound the entropy of an

arbitrary random variable plus a Gaussian mixture.

Lemma 2 Let x be an arbitrary random variable with finite variane€® < cc. Let z be a zero-mean,
unit-variance Gaussian independent-ofand letv be a random variable independent ofand z with

0 < Vmin < vV < Upax. Then
1 1
h(x) + 3 log(1 + vmin) < h(x + zv/v) < h(x) + 3 log(1 + Vmax - J (X)) (130)

with equality if and only ifv is a constant anck is Gaussian.

Proof: The concavity of differential entropy yields

h(x + zy/Umin) < h(x + z3/v) < h(X + 2y/VUmax)- (131)
For the lower bound we have
h(x + zy/omm) / "0 ik 2yT)dr + hix) (132)
/ J(x + z/T)dT + h(x) (133)
> / " J(zv/oE  T)dr + h(x) (134)
_ 5 /0 U;ﬁ 4 () (135)
log (1 + Umm) + h(x) (136)
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where (133) follows from de Bruijn’s identity [32, Theorens.6.2], [35, Theorem 14], (134) follows
from the fact that a Gaussian distribution minimizes Fidinéormation subject to a variance constraint,
and (135) follows since the Fisher Information for a Gausssathe reciprocal of its variance.

Similarly, for the upper bound we have

h(x + z\/Umax) = /Ovmx %h(x + zy/T)dT + h(x) (137)
_ / o %J(x + 2y/F)dr + h(x) (138)
0
1 Y J(x)J(z4/T)
< 3 /0 WdT + h(x) (139)
1 e J(x)dT
-2 /0 3T T (140)
= 108 (1 + tmas - T(x)) + () (141)

where (138) again follows from de Bruijn’s identity, (139)llbws from the convolution inequality for
Fisher Information [36], [32, p.497], and (140) follows senthe Fisher Information for a Gaussian is
the reciprocal of its variance.

Combining these upper and lower bounds yields the desiredltré=inally, the inequalities used in
(134) and (139) are both tight if and only ifis Gaussian. |

As an aside we note that Lemma 2 can be used to bound the saetion function of an arbitrary
unit-variance source relative to quadratic distortion. Specifically using an iidd Gaussian noise test-
channelt = z + x and combining Lemma 2 to upper bouh¢x + z) with the Shannon Lower Bound
[23] yields

h(x) — %log 2meD < R(D) < h(x) — %log omeD + %log[l + DJ(X)). (142)

Evidently, the error in the Shannon Lower Bound is at mbaig[1 + D.J(x)]. Thus, sinceJ(x) > 1
with equality only for a Gaussian, the sub-optimality of afdidive Gaussian noise test-channel is at
least; log[1 + D).

Proof of Theorem 9Starting with the bound for the rate gap from (71), we have

R[Q-ENnc-w-DE](D) — R[Q-BOTH-W-BOTH (D) < h(x + z|w) — h(x|w) (143)
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= / [h(x 4+ zlw = w) — h(x|]w = w)] py (w)dw (144)

< / {% log (1 + min [1, qfin] J(x|w = w)> }pw(w)dw (145)

S/{W.mm {17 qu”pW(w)dw (146)

= L) i [1, 2 (147)
Gmin

To obtain (145) we note thatis a Gaussian mixture and apply Lemma 2. This follows sineedtioned
on g = ¢, z is a Gaussian with variancg[d(x, X ; ¢)] wherex?, was defined in the proof of Theorem 3
to be the optimal distribution when both encoder and deckdew the side information. By considering
the optimal “water-pouring” distortion allocation for thaptimal test-channel distributiog,, it can be
demonstrated that if the distortion I3, then E[d(x, X ; ¢)] is at mostmin[1, D /q| for eachgq. [

To develop a similar bound for other distortion measuregrm@ssly all we need is an upper bound
for the derivative ofh(x + \/7z) with respect tor. Since entropy is concave, if we can compute this
derivative forr = 0 then it will be an upper bound for the derivative at all

To obtain the desired derivative at= 0, we can write

h(x + Tz) = I(x + \/Tz;\/TZ) — h(x). (148)
The results of Prelov and van der Meulen [37] imply that unzktain regularity conditions
0 ..
5o lim I(x 4 V7ziv/7z) = J(x)/2 (149)

which provides the desired derivative. Similarly if we régathe mutual information in (148) as a relative
entropy, then a Taylor series expansion of the relativeopgt[38, 2.6] can be used to establish (149)
provided certain derivatives of the probability distriloumis exist.

Next, we move to proving Theorem 10. An essential part of gappis an alternative version of the

Shannon Lower Bound, which we develop in the following lemma

Lemma 3 (Alternative Shannon Lower Bound) Consider a scaled quadratic distortion measure of the
form d(z,4;q) = ¢ - (¢ — &)* and letX} , denote an optimal test-channel distribution wherand w
are known at both encoder and decoder. If we defirte have the same distribution as— £ , when

conditioned ong and furthermore require to satisfy the Markov condition «— g < w, x, then

R[Q-BoTH-W-BOTH(D) > h(x|w) — h(z|q). (150)

December 28, 2004 DRAFT



45

Proof:

R[Q-BOTH-W-BOTH (D) = I(X; ,; X|q, w) (151)
= h(x|q,w) = h(x|q, w, %5 ) (152)

= h(x|q,w) — h(x — X3 ,1q,w, %5 ) (153)

= h(x|q, w) — h(z|q, w, X3 ) (154)

> h(x|q,w) — h(z|q, w). (155)

|

The key difference between Lemma 3 and the traditional Strabwower Bound (SLB) is in the choice
of the distribution forz. The traditional SLB uses an entropy maximizing distribatfor z, which has
the advantage of being computable without knowitg,. The trouble with the entropy maximizing
distribution is that it can have an unbounded variance faydalistortions. As we show in the following

lemma, however, the alternative SLB keeps the variance lmdunded.

Lemma 4 There exists a choice for in Lemma 3 such that for all values af,
Var[z|w = w] < Var|[x|w = w]. (156)

Proof: Imagine that we choose some optimal test-channel disivibuy; , such that the resulting
does not satisfy (156) for some value of We will show that it is possible to construct an alternative
optimal test-channel distributiog;’,, where the resulting’ does satisfy (156) fow = w.

Specifically, if (156) is not satisfied, then it must be tharéhexists a setl with
Var[z|qg = ¢, w = w] = Var[x — X ,|q = ¢, w = w] > Var[x|w = w],¥(q,w) € A. (157)

Define a new random variabl&’, such thatsy’, = %5, for all (¢, w) ¢ A, but with x’,, = 0 for all
(¢,w) € A. The distortion is lower fok;’,, by construction. Furthermore, the date processing inégual
implies that

IR x|w, q) < I(R5,,;x|w, q) (158)

q,w’ q,w>

and so the rate is lower too. Thus if we defide= x;’, — x analogously to how we defined then
condition (156) is satisfied witl replaced byz'. |
Proof of Theorem 10Using the alternative SLB from Lemma 3 and the test-chanistfiloution

X = x 4+ z with z chosen according to Lemma 3 we obtain
R[Q-Enc-w-DE](D) — R[Q-BOTH-W-BOTH|(D) < I(x + z; q, x|w) — [h(x|w, q) — h(z|w, q)] (159)
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= h(x + z|w) — h(x + z|q, x,w) — h(x|w, q) + h(z|w, q) (160)
= h(x + z|w) — h(z|q, x,w) — h(x|w, q) + h(z|w, q) (161)
= h(x + z|w) — h(z|q) — h(x|w, q) + h(z|q) (162)
= h(x + z|w) — h(x|w) (163)
= D(pxwlN(02,)) = D ziwl N (02, + 02.,))
+ BN (02, +02,)lw) = h(N (02, |w) (164)
< D(pawlV(0%) + RN (03, + 02, W) = h(N(07),,) W) (165)
= D(pyulN(o2,))
+ [ [N+ oZ)lw = w) = BNV (o )l = w)] palw)du (166)
: 2
D(pyulN(02,) + / %log ( + J; )] P (w)duw (167)
D(puwlN (%)) +/ %bg <1 + U%a")] pw(w)dw (168)
Dl + [ [0 (1428 | powaw (169)
= D(pywlN(03,) + %log (1 - illa:) : (170)

To obtain (163)—(167) we use the same arguments as in (A)p(ds the additional observation that
relative entropy is positive and can be dropped in obtair{it@p). Next, we apply Lemma 4 to keep
the variance of the test-channel noise to be at nadst, to get (168). Finally, the assumption that
THw = Oomin Yields (169). |

To develop a similar bound for other distortion measures,weelld use an entropy maximizing

distribution for the appropriate distortion measurel¥p,|,||-) and D(px.||-) above.
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