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Abstract— We present a new class of systematic, time-invariant,
convolutional encoders suitable for low delay burst erasure
correction. Specifically, we show that the new encoders have the
shortest possible decoding delay required to correct all bursts
of a given length with a fixed redundancy. By comparing the
new encoders to Maximum Distance Separable (MDS) codes, we
show that the latter generally require either more redundancy
or more delay to correct bursts of a given length. In addition, we
show that the new encoders can achieve better performance than
MDS codes on a simple two-state Markov erasure channel. Thus,
we demonstrate the advantages of using cross packet coding
for delay sensitive applications such as Voice over IP, video-
conferencing, etc., on bursty packet networks. Finally, we discuss
suitable performance measures for encoders designed to correct
both burst and random erasures and report the results of a
computer search for such hybrid encoders.

Index Terms—erasure channel, convolutional codes, maximally
short codes, low delay coding,

I. INTRODUCTION

Recent investigations suggest that, in a variety of networks,
packet losses occur in bursts [3] [4] [5] [6] [7]. Conventional
application of error correcting codes or retransmission (e.g.,
ARQ) for packet recovery often requires interleaving and long
decoder delays. Since long delays are usually unacceptable
in real-time multimedia communication applications such as
\Voice over IP, video-conferencing, tele-medicine, etc., erasure
correction codes with low decoding delays are desirable.

Specifically, consider a scenario where a source (e.g., audio
or video) must be transmitted over a packet channel (e.g., the
Internet). Specifically, imagine that every second one frame
of the source consisting of k bits is provided to the encoder.
Similarly, each second the transmitter can send a packet of n
bits which is either received correctly at the receiver or erased
(e.g., due to congestion at an intervening Internet router). Due
to delay constraints, the receiver must attempt to reproduce
source packet ¢ from the received packet stream with a delay
of at most T packets. How should the transmitter encode each
source packet into a channel packet such that the system is
robust to bursts of packet losses?

Previous researchers have mostly focused on codes designed
to maximize burst error correcting capability without regard
to decoding delay (see [8] [9] [10] [11] [12] [13] [14] [15]
[16] and references therein). An important metric in such
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work is the relationship between rate, correctable burst length,
and guard space (the number of correctly received symbols
required between bursts). In contrast, we consider codes for
burst erasure correction and are primarily concerned with
the relationship between rate, correctable burst length, and
decoding delay.

Maximum Distance Separable (MDS) codes such as Reed-
Solomon block codes, interleaved MDS codes and near-MDS
codes [17] [18] have excellent burst correction capabilities
but require long delays. Even though such codes have been
proposed and implemented for various packet transmission
applications, they do not generally achieve the best trade-off
between delay, redundancy, and burst correction. The encoders
presented in this paper are not only superior to MDS codes,
but optimal in the sense that they achieve a lower bound on
decoding delay.

We begin by discussing a bound relating the rate, correctable
erasure burst length, and decoding delay in Section Il. Next, in
Section 111, we present a construction yielding encoders which
achieve this bound with equality. Specifically, we present
a set of encoding rules yielding a class of time-invariant
convolutional encoders which have the shortest possible de-
coding delay required to correct bursts of a given length.
By comparing the proposed encoders to Maximum Distance
Separable (MDS) codes in Section IV, we show that the new
encoders are superior in the sense that they require a shorter
decoding delay than MDS codes. Furthermore, we demonstrate
that the new encoders can perform better on the simple two-
state Markov channel model we refer to as the Gilbert Erasure
Channel Model [19] [20]. In Section V, we discuss appropriate
performance measures for hybrid encoders designed to correct
both burst and random erasures. In addition, we present further
encoders discovered via computer search. We close with some
concluding remarks in Section V1.

Il. BOUNDS

We are primarily interested in encoders for packet based
applications. Specifically, we have in mind applications where
at each time 4, the transmitter is allowed to inject one packet
of a fixed size into the channel. This packet is either received
correctly or completely lost. Since most packet based systems
typically include a sequence number for each packet we can
consider such losses to be erasures. The goal of the encoder is
to add redundancy to the transmitted packet stream to allow the
decoder to recover from such losses. Furthermore the encoding
should be done in such a way so that last packets can be
recovered soon after the loss.



Since for packet applications both the loss and delay occur
on a packet level and not a bit level we find it useful to consider
codes defined over symbols with large alphabets (where each
symbol in the code corresponds to a packet or fraction thereof
if unequal size packets are desired.) Furthermore, instead of
adding redundancy via bandwidth expansion (i.e., increasing
the number of symbols per time unit while keeping the
symbol size fixed), we consider codes which add redundancy
via packet expansion (i.e., increasing the symbol size while
keeping the number of symbols per time unit fixed).*

Specifically, we model the low delay packet transmission
problem as follows. At each time ¢, a data source generates
the packet of information

Z[i] = (zoli], 21[7), .., T—1[7])

which contains & elements (e.g., bits or bytes). An encoder
causally maps Z[i] along with previous packets into the coded
packet

g[l] = (yO[i]vyl[i]v "'axnfl[i]) )

containing n elements. This mapping must be causal in the
sense that [¢] can only depend on Z[j] with j < 4. The length
n of the coded packet is typically specified by the underlying
packet channel and cannot be changed while the source data
length k& is sometimes under the control of the system designer
[24]. In any case, the rate of the code defined as R = k/n has
an important impact on the performance of the best possible
code.

A burst of length B starting at time ¢ is defined as the
erasure (i.e, loss) of one or more symbols from the set
{yli], gli+ 1], ..., yli+ B —1]}. If the earliest that Z[i + j] (for
j€40,1,...,B—1}) can be recovered due to such a burst is
once yli+ B], gli+B+1], ..., §li+j+T] are received then the
decoding delay required for recovering Z[:+ j] is T'. Naturally,
codes with lower rates contain more redundancy and should
therefore be able to recover more quickly. This intuition leads
to the following result.

Theorem 1: If a rate R encoder enables correction of all
erasure bursts of length B with decoding delay at most T,
then
R

T/B > max l,m Q)

Proof: Assume that the first B transmitted packets are

lost in an erasure burst, and the next T" packets are successfully

received. At this point the decoder must be able to recover

all lost packets. Therefore, if the next B packets are lost,

they can be recovered once another 7' packets are successfully

received. Repeating this pattern, we see that the decoder can

completely recover from the alternating bursts in Fig. 1 each
time T packets are received following B lost packets.

Since the ratio of received packets to transmitted packets is
exactly T'/(T + B), the code rate must satisfy R < T/(T +
B) to ensure that no data is lost. Simple algebra shows that
this condition is equivalent to T/B > R/(1 — R). Finally,
note that regardless of the code rate, the causality restriction

10ther authors have also considered encoders mapping inputs from one
size alphabet to another. Such encoders are usually designed for use with
orthogonal signaling or on partial-band interference channels [21] [22], or for
multi-level codes [23] not low delay burst correction.

implies that no data can be recovered until at least one packet
is successfully received following the burst. Therefore T'/B >
1. Combining these lower bounds on T'/B yields the desired
result. [ |

Theorem 1 is essentially a corollary of the asymptotic guard
space bounds for finite-memory encoders [8] [25]. The guard
space is the number of erasure free symbols both before and
after a burst required to guarantee eventual recovery (i.e., with
unbounded decoding delay). Hence guard space is a looser
requirement in the sense that encoders satisfying guard space
bounds but not decoding delay bounds exist while any encoder
which enables correction of bursts of length B with delay T
allows correction of such bursts with guard space G = T
when infinite delay is allowed. As we will show briefly in the
next section and in more detail in Section IV, Reed-Solomon
block codes, interleaved Reed-Solomon codes [8], as well as
other MDS and near MDS [17] [18] block codes achieve lower
bounds on the required guard space, but do not achieve the
lower bounds on decoding delay for a given rate and burst
length.

I1l. ENCODER CONSTRUCTIONS

MDS codes (especially Reed-Solomon codes) have many
good properties in correcting both erasures and bursts. Thus
a natural question is whether such codes meet the decoding
delay bound of Theorem 1. Imagine that we encode the 3
symbols Z[0], Z[1], and Z[2] into the 5 symbols, 0], #1], .. .,
y]4] using a Reed-Solomon block code. If the first two coded
symbols, #]0] and #[1] are lost in a burst of length 2, Z[0]
can not be recovered until the remaining 3 coded symbols are
received. Evidently, Reed-Solomon codes require a decoding
delay of 4 to correct a burst of length 2 since Z[0] is required
only when ¢4] is received.

But according to Theorem 1, the lower bound for the
decoding delay of a rate 3/5 code correcting a burst of length
2 is 3 and not 4. Is the bound in Theorem 1 loose, or are
Reed-Solomon codes suboptimal? In this section we show the
latter is true by constructing a family of codes which meet the
lower bound on decoding delay for a wide range of rates.

Specifically, we construct a family of encoding rules C,, s
indexed by the integer parameters m > 0 and s > 1 having
ratt R = (ms + 1)/(ms + s + 1). Since these encoders
achieve the shortest decoding delay for a given burst length
according to (1), we refer to the resulting codes as Maximally
Short Codes.? Let the input for the encoder Cpm,s consist
of (ms + 1)-tuples from the finite field GF(q) and let the
output consist of (ms + s + 1)-tuples from GF(q) with ¢ >
2s + ms. Let P{uy, ua, ..., ums+s} denote the s parity check
symbols for a systematic, (n,k,d) = (2s+ms, ms+s,s+ 1)
Maximum Distance Separable encoder (e.g., a Reed-Solomon
encoder) with input (w1, ug, ..., Umst+s). Then Cp, s is the rate

2Since decoding delay is an encoder property, Maximally Short Encoders
might be technically more appropriate, but less pleasing to the ear.
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Fig. 1.

R = (ms+1)/(ms + s + 1) encoder defined by the mapping

gli] = (x5 [i], P{xo[i — 1], xo[i — 2], ..., z0[i — $],
wli—s— 1,22 i — 25— 1], o 22y i —ms — 1]})
)
where zl[j] denotes (z4[j],zar1[4], .-, zp[j]). The rate

R = (ms+1)/(ms+ s+ 1) encoder C,, s is obtained by
periodically interleaving C,, s by a factor of A [16, chapter
14.3] to obtain

gli] = (@[], P{aoli — N, oli — 22, .,
23l — (s + DA @25, [i — (25 + DA,

(ms+1DA}). (3)

IO[’L - SA]?

‘T(mfl)erl [Z -

As illustrated in Fig. 2, the encoding rule in (3) can be
implemented using only delay elements and a systematic
encoder for a Reed-Solomon code. Since delays are linear,
time-invariant operations and the systematic Reed-Solomon
encoder is a linear, memoryless transformation, Fig. 2 is in
fact a linear, time-invariant, systematic encoder and C,,, s x is
a time-invariant convolutional code [26] [27].

Before analyzing the general properties of such encoders
we first consider some examples to illustrate the encoding and
decoding process.

A. A Rate 3/5 Example

The rate 3/5 encoder, C; 2, mapping a sequence of inputs
consisting of 3-tuples to outputs consisting of 5-tuples, is
illustrated in Table 1. To show that this encoder enables
correction of any burst of length 2 with decoding delay 3,
imagine that ¢[¢] and g[i + 1] are lost. Decoding works as
follows:

Time i 4+ 2: When i + 2] is received, the decoder has
x2[i — 1] (since it was not lost in the burst) and
P{xoli + 1], z0[i + 0], 2%[i — 1]} (the 2 parity check
symbols for the (6,4, 3) Reed-Solomon block code
with input zo[i + 1], 2oi], 23[i — 1]). Therefore the
decoder recovers xo[i] and zo[i 4+ 1] at time ¢ + 2
by using a Reed-Solomon algorithm on x;[i — 1],
x2[i — 1], and the 2 parity-check symbols P{z¢[i +
1], xoli + 0], z3[i — 1]}

Time i 4+ 3: When #[i + 3] is received, the decoder has
received zo[i + 2] (since it was not lost in the
burst), ¢ [i+1] (which was recovered in the previous
decoding step), and P{xz[i+2], zo[i + 1], z%[i]} (the
2 parity check symbols for the (6,4,3) code with
input o [i+2], zo[i+1], 22[i]). Therefore the decoder
recovers z%[i] at time i + 3.

B lost

An encoder enabling correction of all bursts of length B with decoding delay 7" must allow correction of the displayed alternating burst pattern.

Time i 4+ 4: When §[i + 4] is received, the decoder has
received x[i + 3] and x¢[i + 2] (since they were not
lost in the burst), and P{xo[i+3], zo[i+2], x3[i+1]}.
Therefore the decoder recovers 7 [i+1] at time i+4.

Hence the decoder completely recovers Z[i] at time ¢ + 3

and Z[i+ 1] at time ¢+ 4 yielding a decoding delay of 3. Since
the burst started at an arbitrary time, 4, the encoder C; » allows
correction of any length 2 burst with delay 3. According to the
bound in (1), T/ B must be at least 3/2 for a rate 3/5 encoder.
Thus, no rate 3/5 encoder can achieve a lower decoding delay
than C; » to correct all length 2 bursts.

TABLE |
ENCODING EXAMPLE FOR THE ENCODER Cy 2.

i — 1] = (x3[i — 1], P{zo[i — 2], zo[i — 3], z7[i — 4]})
gli + 0] = (23[i + 0], P{zo[i — 1], zo[i — 2], z7[i — 3]})
gli + 1] = (x5li + 1], P{xo[i + 0], zo[i — 1], 23[i — 2]})
§li + 2] = (x3li + 2], P{zo[i + 1], zo[i + 0], x7[i — 1]})
7l + 3] = («3[i + 3], P{aoli + 2], zoli + 1], 23l + 0]})
gli + 4] = («3li + 4], P{wo[i + 3], zo[i + 2], z3[i + 1]})

B. Rate k/(k + 1) Encoders

For rates of the form R =+k/(k+1) (il,e, m=k—1and
s = 1), the encoding rule in (3) takes on the particularly simple
structure of a single parity check convolutional encoder:

k—1
glil = | 2 [i], Y xli — A+ 1)] @)
j=0

where additions are carried out in the appropriate finite field.

For example, Table Il illustrates C; ;1 2, the rate 2/3 single
parity check convolutional encoder with interleaving degree 2.
If ¢]i] and y]i+1] are lost, successful decoding is accomplished
via the parity check equations

xolt]) = yoli +2]® x1[i — 2] (5a)
zolt+1] = yli+3]®x[i —1] (5b)
21li] = yoli +4] B woli + 2] (50)
xili+1] = wy2li + 5] ® xoli + 3, (5d)

thus demonstrating that C; 1 2 allows recovery from a burst of
2 lost packets with decoding delay 4 meeting (1) with equality.

C. Decoding Delay Analysis

In general, maximum likelihood decoding using the Viterbi
algorithm (with decisions on Z[i{] made at time ¢ 4+ 7°) min-
imizes the erasure probability subject to a decoding delay



zoi] ~ Yoli]

(1] > Yili]

2231 d) > osali]
‘r?:rffl)sle[i] > ZU&SA)SH[Z']

Fig. 2. Block diagram for the rate R =
to the output symbol at time 4, g[i] = (yo[¢], y1[], ..
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systematic output symbols from the Reed-Solomon encoder are not used. The thick bold lines represent s-tuples while the thin lines represent single values.

TABLE Il
ENCODING EXAMPLE FOR THE ENCODERC1 1,2.

gli — 2] = (zoli — 2], wo[i — 4] ® z1[i — 6])
§li — 1] = (zoli — 1], mo[i — 3] & x1[i — 5])
gli 4 0] = (zoli + 0], wo[i — 2] ® @1 [i — 4])
§li 4+ 1] = (zoli + 1], wo[i — 1] & z1[i — 3])
i +2) = (wdli + 2], oli + 0] © a1fi — 2])
gli+ 3] = ([ + 3], zoli + 1] & 21 [i — 1])
§li 4+ 4] = (zoli + 4], mo[i + 2] ® z1[i + 0])
§li + 5] = (z4[i + 5], zo[i + 3] ® z1[i + 1])

constraint of 7" symbols. Since such a decoder can be difficult
to analyze, we consider a simple feedback decoding algorithm
similar to the one used in Sections I11-A and 111-B. Specifically,
for each Z[¢] lost in a burst of length s, recover x[i] using
the parity check terms in ¢[i + s] and previously decoded
symbols and recover ngl“[z‘] using the parity check terms
in ¥](j + 1)s + ¢ + 1] and previously decoded symbols.

Theorem 2: Using feedback decoding, the encoder C,, s
enables correction of any burst of s lost packets with decoding
delay ms + 1.

Note that the decoding delay versus burst length trade-off
in Theorem 2 is optimal in the sense that it meets the bound
in (1) with equality.

Proof: Without loss of generality, assume that all packets
are successfully received until a burst of s packets are lost
starting at time 0. Thus the information symbols which must

be recovered are £[0] through Z[s — 1].
Note that the first symbol received after the burst,

yls] = (Z[s], P{wo[s — 1, xo[s — 2], ..., 20[0],
zi[-1], gj—l[ s—1],.. (m 1)5+1[S —ms — 1]}),

contains s parity checks for the (2s+ms, ms+s, s+1) Reed-
Solomon code with input including z([4] for j € {0,1, ..., s —
1} as well as ms terms which were correctly received before
the burst. Therefore the x([;] terms are recovered at time s
using the Reed-Solomon decoding algorithm.

The second symbol received after the burst,

1‘0[1]7
- ms]})7

yls +1] = (Z[s + 1], P{wo[s], o[s — 1], ...,

xi [0]7 xiil [_S]’ A $$71)5+1 [S
contains the s parity checks for the Reed-Solomon code with
input z3[0], zo[s] (which was received correctly after the
burst), x¢[1] through xo[s — 1] (which were recovered in the
preceding decoding step), and terms which were correctly
received before the burst. Therefore «5[0] is recovered at time
s+ 1. A similar argument shows that z3[1] through x§[s — 1]
can be recovered from s + 2] through ¢[2s].

Next, 25 (0] is recovered using
y[2s + 1] = (#]2s + 1], P{x0[2s], zo[2s — 1], ..., zo[s + 1],
Ii [8]7 xgj_l[OL ey .CCE?;LS_I)S+1[2S - ms]})a



since the s terms x25,[0] were lost in the burst, while none
of the terms

x0[28], zo[25 — 1], ..., zo[s + 1],
z3[s], 235 1 [—s], ..o, T(m—1)s41[28 — ms]

were lost in the burst. Similarly, the only s terms in the parity
check part of 7[2s-+2] which were lost in the burst are 225, [1].
Therefore, 225 ,[1] is recovered at time 2s + 2. In fact, all the
remaining symbols are recovered using this same procedure
since for each ¢[(j+1)s+i+1], only the s terms corresponding
to 2F7°[i] were lost in the burst.

The decoding delay in recovering Z[¢] is determined by the
delay in recovering the last part of each symbol, x?rlrffl)s[i]’
from y{ms-+i+1]. Thus each Z[¢] lost in the burst of length s
is recovered with decoding delay ms + 1. Furthermore, once
ms + 1 packets after the burst are received the entire burst is
corrected. [ |

According to [16, chapter 14.3], degree A periodic interleav-
ing transforms an encoder allowing the correction of bursts
of length B with guard space G into an encoder capable of
correcting bursts of length AB with guard space AG. Periodic
interleaving has a similar effect on the relationship between
correctable burst length and decoding delay.

Corollary 2.1: Using feedback decoding, the encoder
Cm,s,» Obtained by periodically interleaving C,, s by A can
correct all bursts of length As with delay A(ms + 1).

Proof: The symbols for each of the A\ deinterleaved
streams, y[\i + j], (where each stream corresponds to a fixed
j € {0,1,...,A — 1}) are codewords of C,, s. Furthermore
a burst of \s erasures effects only s symbols in each dein-
terleaved stream. Therefore, the decoding algorithm for C,, s
applied separately to each stream recovers Z[\i + j] with
decoding delay A(ms + 1). [

1V. COMPARISON TO REED-SOLOMON CODES

We can gain some insight into the advantages of Maximally
Short Codes obtained via (3) by comparing them to MDS
block codes (e.g., Reed-Solomon codes) [16] and near-MDS
block codes (e.g., Low Density Parity Check (LDPC) codes
[17] [18]). While the latter can be decoded quickly in the
sense that they require fewer computations than traditional
MDS codes, for our purposes, LDPC codes are essentially
equivalent to Reed-Solomon codes. This is because an (n, k)
near MDS block code requires that at least roughly & of the n
transmitted symbols are received before successful decoding
can occur. Thus our comments regarding the decoding delay
(in terms of packets received) for Reed-Solomon block codes
apply equally well to LDPC codes.

A. Correctable Burst Length

MDS codes such as Reed-Solomon codes are inherently
suboptimal in terms of decoding delay vs. correctable burst
length due to their symmetric block structure. If enough
symbols at the start of a block are lost, the first symbols
in the block can not be recovered until the entire block is
received. Specifically, to correct all bursts of length n — &, an

(n, k) Reed-Solomon block code requires a decoding delay of
n — 1. To see this, assume the sequence Z[0], Z[1], ..., Z[k] is
encoded with an (n, k) Reed-Solomon code to form ¢[0], ¢[1],
o, Yn]. I Z[0], Z[1], ..., Z[n—k—1] are lost then decoding can
not begin until the remaining symbols are correctly received.
Thus, Z[0] is recovered when §n — 1] is received. The ratio of
decoding delay, 7', to correctable burst length, B, for Reed-
Solomon codes is [cf. (1)]

T n—1 1
TR (6)

B n—k

Hence for n > 1, these codes require almost a factor of 1/R
more decoding delay than Maximally Short Codes.

Note that, technically, the above use of a block code does
not match the low delay packet transmission problem defined
in Section Il. Specifically, our problem model requires that
at each time unit 7 the data source generates the information
packet Z[i] and the encoder produces the coded packet é]. In
contrast, block codes typically work in a “batch mode” where
all the inputs are presented simultaneously to the encoder. This
difference can be easily resolved by using periodic interleaving
to turn a block code into an interleaved convolutional code
matching our low delay packet transmission model and does
not affect the conclusions about decoding delay.

For example, one way to employ an (n,k) RS code is
to take each k-bit source packet Z[i] and encode it with an
(n,k) RS code to produce n coded bits. Clearly there is no
point placing all n bits in the same coded packet since that
achieves no robustness to the loss of the packet. Instead, the
first coded bit is placed in gJi], the next coded bit is placed
in ¢[¢ + 1], and so on until the last coded bit is placed in
packet ¢[i + n — 1]. As described in more detail by Forney
[8], interleaving a block code in this manner has the effect
of turning the block code into a convolutional code. For the
purpose of analyzing robustness to erasures and decoding
delay, however, we can still simply consider the properties of
the block code. Specifically, convolutional code constructions
combining B-by-N periodic interleavers with Reed-Solomon
codes [8] also achieve the trade-off in (6).

B. The Gilbert Erasure Channel Model

The decoding delay vs. correctable burst length is a useful
measure since it is not connected to any particular channel
model. However, in order to gain some insight into the
practical behavior of burst correcting codes we consider their
performance on the Gilbert Erasure Channel model shown in
Fig. 3. In this two state Markov model, erasures only occur
in the bad state and never occur in the good state. Transitions
from one state to another can occur each time a packet is
transmitted as determined by the transition probabilities «, S.

The average packet loss probability for packets encoded
using a Reed-Solomon code and transmitted over the Gilbert
Erasure Channel can be determined using a straightforward
calculation. Specifically, if we consider a systematic encoder
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Fig. 3. The Gilbert Erasure Channel Model. Erasures always occur in the
bad state, 1, and never occur in the good state, 0.

for an (n, k) Reed-Solomon code then

n—1

Z Pr[{é] lost}n{;j more packets lost}].

j=n—k
()
The expected packet loss rate for a Reed-Solomon code is
denoted as PLPgs(n, k) and can be determined by averaging
(7) over ¢

Pr[Z[é] lost | =

PLPgs(n, k) =

nlnl

— Z Z Pr[{g[i] lost} N {j more packets lost}].

zO]nk

®)

The corresponding expected packet loss rate for the encoder
Cm,s,» 1S derived in the Appendix.

Figures 4 and 5 compare the expected packet loss proba-
bility for Reed-Solomon Codes and Maximally Short Codes
as a function of rate. The channels considered have (e, p)
values of (1072,10%), (1072,10%), and (5 - 10~2,20) where
e = a/(a + ) represents the uncoded packet loss rate and

= (1 — B)/a represents a measure of burstiness.®> When
a decoding delay of 6 symbols is allowed (Fig. 4), we see
that Maximally Short Codes can achieve the same packet
loss probability as Reed-Solomon Codes, but with higher rate
(i.e., less redundancy). When a longer decoding delay of 12
symbols is allowed (Fig. 5), Reed-Solomon Codes outperform
Maximally Short Codes for the (e, p) = (5-1072,20) channel,
but Maximally Short Codes continue to prove superior for the
more bursty channels. This occurs because, for certain channel
parameters, significant losses occur due to non-bursty erasure
patterns. Due to their superior distance profile, the Reed-
Solomon Codes are able to recover from random losses which
the Maximally Short Codes cannot. This suggests a hybrid
encoder combining the superior burst correcting capabilities
of Maximally Short Codes with the good distance properties
of Reed-Solomon Codes might prove useful in practice.

In [24], we investigate the use of Maximally Short Codes in
transmitting a Gaussian source over a Gilbert Erasure Channel.
We show that the rate advantage obtained by Maximally Short
Codes in Figures 4 and 5 translates into significant reductions
in the average mean square distortion relative to systems
employing Reed-Solomon Codes.

SThe latter two channel conditions roughly correspond to measurements
reported for wireless networks [28] and the Internet [7].
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Fig. 4. Comparison of packet loss rates for Reed-Solomon Codes (broken

lines) and Maximally Short Codes (solid lines) on the Gilbert Erasure
Channel. The channel conditions for each pair correspond to (e, p) values
of (1073, 10%), (102,102), and (5-10~2,20) from bottom to top where ¢
represents the uncoded packet loss rate and p represents the ratio of packet loss
probabilities conditioned on whether the previous packet was lost or received.
All codes require a decoding delay of 6 symbols.

V. COMPUTER ENCODER SEARCH

In order to analyze the trade-off between burst and random
erasure correcting capability, we consider a computer search.
The key parameters of a code which determine burst and
random erasure correcting capability without a delay con-
straint are the minimum span (i.e., the minimum number of
consecutive positions outside of which two codewords are
the same) [8] and free distance [26] [16]. When a decoding
delay constraint of 7" symbols is imposed, the relevant encoder
parameters are the column distance [26] and the column span
introduced in Section V-A.

A. Delay Constrained Performance Measures

An encoder has column distance d; if every pair of input
sequences which differ in the sth position results in output
sequences which differ in at least d; positions from time ¢ to
j. For such an encoder, the ith input symbol can be deduced
from the output with delay at most j—1 provided that less than
d; erasures occur. This follows since even after the erasures,
sequences with differing inputs at time ¢ differ in at least one
output position before time ;.

An encoder has column span s; if every pair of input
sequences which differ in the ith position results in output
sequences which differ in at least two positions s; —2 symbols
apart between time ¢ to j. For such an encoder, the ith input
symbol can be deduced from the output with delay at most
j— 1 provided that a burst of less than s; consecutive erasures
occurs. This follows since even after the erasure burst, two
sequences with differing inputs at time ¢ differ in at least one
output position before time ;.
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Fig. 5.  Comparison of packet loss rates for Reed-Solomon Codes (broken

lines) and Maximally Short Codes (solid lines) on the Gilbert Erasure
Channel. The channel conditions for each pair correspond to (e, p) values
of (1073,10%), (1072,102), and (5-10~2, 20) from bottom to top where ¢
represents the uncoded packet loss rate and p represents the ratio of packet loss
probabilities conditioned on whether the previous packet was lost or received.
All codes require a decoding delay of 12 symbols.

For a time-invariant convolutional encoder, it is well-known
that the column distance can be determined by examining
the column weights of the codewords. This fact leads to
various fast algorithms for determining distance properties
[29]. Similarly, for such an encoder, the column span can be
determined by examining the column span of the codewords.
Specifically, for a codeword, ¢, corresponding to an input
sequence where the first non-zero input occurs at time ¢, define
the column span of the codeword s, (¢) as two greater than the
number of symbols between the first non-zero symbol after
time ¢ — 1 and before time j + 1. The column span of the
encoder is the minimum column span of such codewords.

For example, consider the C; 1 2 encoder in Table I1. Let Z[0]
be the first non-zero term in the input sequence Z[i]. Then ¢[0]
is non-zero and so is either 2] or ¢[4]. Therefore s4(y) = 3
which (since Cy,1,2 is linear and time-invariant) implies that
the column span of the encoder is s4(C1,1,2) = 3. Hence, any
burst of 2 erasures can be corrected with delay 4 because the
burst can only erase one of the two non-zero symbols in any
non-zero codeword. Note that if Z[0] = (0,1), the column
weight of the corresponding codeword is d4(¢) = 2. Hence
there exists a pattern of two non-consecutive erasures which
results in data loss.

B. Encoder Structure

To obtain an encoder decodable with delay T, we consider
rate k/n, memory T encoders which map input sequences
consisting of k-bit symbols to n-bit symbols. Such encoders
can be easily implemented using k shift registers each of
length n bits. The resulting generator matrix representation
iy = ZG [21], [26], [16], [30] specifies how the output bits

depend on the contents of the shift registers [30]. The entry
in row ¢ and column j of G is denoted g;;[7] and indicates
whether the input bit z; from 7 units in the past affects the
current value of y;. Specifically, the output symbol at time ¢,
ylt] = (yalt], valt], ---, yn[t]), is obtained from the current input

symbol, Z[t] = (x1[t], z1[t], ..., xx[t]), and the T preceding
input symbols according to the convolution formula
T
yj[t] :Zzgi]‘[T]mi[t—T], j € {172,...,71} (9)
i=17=0

where all additions are performed modulo 2. In the equivalent
D-transform notation, (9) can be represented via

k
y;(D) =3 g (D)i(D), j € {1,2,m}.  (10)
=1

Tables 111, 1V, and V list the results of an exhaustive search
of systematic encoders designed to maximize the column
distance provided that the column span is at least sy for
various rates. * The entry in row i and column j of G
corresponds to g;;[7] which is a binary vector. To conserve
space, we represent these vectors in octal. For example, the
rate 2/3 encoder with T'=9, sy = 5, dr = 3 in Table IV
has the row vector [0000100100] as the third column of the
first row which corresponds to gi3[7] = [t — 4] + d[r — 7].
The equivalent generator polynomial for g,3 is D* + D".

The rate 1/2 encoders listed in Table Il follow an interest-
ing pattern: s +dr = T'+ 3. Evidently, there is a direct trade-
off between the burst and random erasure correcting capability.
Also, encoders which can correct the longest possible bursts
(i.e., those meeting the bound in (1) with equality) all have
dr = 2. The rate 2/3 encoders in Table IV demonstrate
a similar trade-off. Furthermore, all the rate 2/3 encoders
meeting the bound in (1) with equality also have dp = 2.
Finally, we note that while the rate 1/3 encoders in Table V
demonstrate a trade-off between st and dr, even encoders
which meet the bound in (1) have dr > 2.

VI. CONCLUDING REMARKS

In this work we present a class of time-invariant convolu-
tional codes with systematic encoders requiring the shortest
possible decoding delay to correct erasure bursts of a given
length. We compare the new encoders to Reed-Solomon codes
and show that the latter generally require longer delays or more
redundancy to achieve comparable performance at a given
decoding delay. Finally, we discuss performance measures for
hybrid encoders designed to correct both burst and random
erasures and report various encoders obtained through com-
puter search.

Due to the growing demands for real-time applications in
packet networks, techniques for low delay, reliable commu-
nications in the presence of bursts are becoming increasingly
desirable. While Maximally Short Codes represent an attrac-
tive solution, many opportunities for future work remain. On
the practical side, fast algorithms for evaluating the column

4Since it is always the case that s > dp, encoders with sy = dr are
not shown.



TABLE Il
RATE 1/2 CODES.
G T | st | dr
(20 3) 4147 3
(20 1), 115 2
(40 3), 51 5[ 3
(40 1), 5] 6 2
(100 32 ), 6 5 4
 EaEREARAE
8
(200 67 ), 7] 6 | 4
R
8
(7400 270 ), 8|l 6] 5
(400 154 ), s | 71 4
e armEERER
8
( 1000 315 ) 9 | 7 5
( 1000 332) 9| 8| 4
(1000 3 ), 9 9] 3
(1000 1), 9 [10] 2
(2000 473 ) J10[ 8] 5
(2000 667 ), [10][ 9] 4
(2000 3, 1010 3
(2000 1), 1011 ] 2
TABLE IV
RATE 2/3 CODES.
G T | sp | dr
20 0 4
( 0 20 1) s
100 10
( o 100 1 ) ) 614712
200 24
( 0 20 3 ) ) T4
400 20
( 0 40 1 ) ) 81512
1000 0 44
( 0 1000 3 ) L1210
2000 O 1737
( 0 2000 54 )8 1054
2000 0 40
( 0 2000 1 ) L 11010
TABLE V
RATE 1/3 CODES.
G T | sp | dr
(20 6 1), 41 5] 4
(40 6 1), 516 | 4
(100 56 1), 6| 7] 5
(200 146 24 ), 7] 7] 6
(200 46 1), 71 8] 5
(400 354 2), 8| 8] 6
(400 26 1), 81915
(1000 603 51 ), 9 8|7
(1000 474 1), 9 |10] 6
(2000 1026 56 ) [10]10[ 7
(2000 476 1), 10111 6

span would allow for extensive computer searches hopefully
yielding hybrid encoders with good burst and random erasure
correction capabilities. On the theoretical side, a characteri-
zation of the trade-off between the burst and random erasure
correction capability of an encoder would be useful both in
measuring the success of computer code searches as well as
possibly suggesting further analytic constructions. Some of
these topics are explored in [31].
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APPENDIX

To compute the symbol loss probabilities for Maximally
Short Codes, we consider the simple feedback decoding algo-
rithm in the proof of Theorem 2 (further erasure patterns may
exist which are correctable if maximum likelihood decoding is
used or if decoding delay longer than T' = ms—+1 is allowed).
Let £; denote the event that the ith packet is lost. Maximally
Short Codes with m = 0 are rate 1/(s+1) repetition codes and
hence Pr[L;] can be easily computed. For more complicated
structures, we determine £; by decomposing its complement,
L¢, into the mutually exclusive events {R;;}5_,, whence

Li]=1-> Pr[R;i].
J=0

(11)

A. Loss Probability for s < ms + 1

In the following analysis, we represent a state sequence for
the Gilbert Erasure Channel as € and a subsequence from time
i to time j as e]. Also, we use a’ to denote the string a
repeated b times (or the empty string if b < 0), and we use
a®>°) to denote the string {a} when b > ¢ and the empty
string otherwise.

First, let Ry, = {e; = 0} denote the event that the ith
symbol is correctly received. Next, forany 1 < j <s, let

Rji= {€§+}"Sﬁii+s =

0TS 1572 1UPD o gttty e 18] (12)

denote the event that the ith symbol is the jth loss in a burst
of at most s symbols starting at time ¢ — j + 1, preceded
by ms + 1 — s correctly received symbols and followed by
ms+1—s+j correctly received symbols. By construction, such
a burst is correctable using feedback decoding as discussed in
Theorem 2.

Theorem 3: When s < ¢ 4 1, the events {R;;}5_, are
mutually exclusive.

Proof: Showing that R;; and R ; are mutually exclu-
sive requires showing that the corresponding erasure patterns,
é(j) and €(5) are mutually exclusive. The event Ry ; is clearly
exclusive of the other events since all events except Rg



TABLE VI
USEFUL FORMULAS FOR THE GILBERT ERASURE CHANNEL.

Symbol Meaning Formula

po—o(L) | Pr(eisr =0le;=0) | 225 |2+ (1-p- a)L]
P (D) | Prless =llei=1) | 4 1+ 201-8-a)F]
p1-o(L) | Prleitr =0[e;=1) | 1—p11(L)

po—1(L) | Pr(eipr =1]e; =0) | 1 = po—o(L)

€ Pr(e; = 1) %%

have the ith symbol being erased. To show the other events
are mutually exclusive we note that according to (12), when
s>j'>35>0,

pi—i 1 . (j) = oms+2—s+i—j’
1—j—ms+s
i _ B -
€ G mers(J)) = 0MSTIHIHITIL(13)

Note that R;, requires that at least ms +2 — s+ j — j’
symbols before symbol ¢ were not erased while R ;. ; requires
at least one of these symbols was erased. Thus provided that
ms+1—s>j' —j(i.e, R, requires at least one unerased
symbol before time ¢), these events are mutually exclusive.
Since j'—j < s by assumption, ms+1—s > s (or equivalently
s <'ms/2+1/2) guarantees that R;; and R, ; are mutually
exclusive. ]

The probabilities of the events, R; ;, can be determined by
computing the probabilities of the state sequences in (12). Due
to the Markov structure of the channel, this probability can be
written completely in terms of the probability of going from
state a to b in L steps (denoted by p,—.,(L)) and the steady
state loss probability (denoted by ¢):

Pr[R;i] = (1 =€) po—o(1)™ % po—1(1) - pr1—1(j — 1)-
proo(s —j+1) - po—o(1)™ M j e [l,s] (14)

and PI"[R()J'] =
(14).

For the interleaved encoder, C,, s, the symbol loss proba-
bility can be computed by noting that interleaving transforms
the base channel into A parallel channels each with a separate
Cm, s encoder [16, chapter 14.3]. Therefore each term a in (12)
is replaced by the term (ax)*~! to yield

Rj,i _ {6 (0 A— l)ms-l-l s (1*)\—1) ,
(*A)(J—*Q) (1*)\71)(J>1) (*A)(S*j) (O*A,l)merlferj
(15)

1 —e. Table VI lists the formulas required for

i+A(ms+1)
i—A(j+ms—s)

for j € [1, s] with the corresponding probabilities

Pr[R;i] = (1—€)-po—o(N)"™* - po—1(A) - pr1—1(A(F—1))
proo(A(s =3+ 1)) - po—o(N)™ M, j € [1,5]. (16)

The probability that the ith symbol is lost is then obtained
via (11).

B. Loss Probability for m =1,s >0

If the definition in Section A is used, the events {R;;}5_,
will not always be mutually exclusive when m =1 and s > 0.
For example, in the case where m = 1,s = 4, R = g the
events R, ,; and R4 ; are not mutually exclusive as shown in
Table VII. Hence for j € [1, s], we instead define R ; as the
event where the ith symbol is the jth symbol lost in a burst
of length between j and s:

Rji={est =0,17,%°77, 0"} j e [1,5]. a7
Such bursts are correctable using the feedback decoding rule
in Theorem 2. Furthermore we retain the definition Ry, =
{e; = 0} as before.

Theorem 4: The events in (17) are mutually exclusive for
all 4,5 such that s > 5/ > j > 0.

Proof: For s > j' > j >0, (17) implies e;—; = 0 for
Rj,i while 'R,j/’i has €i—j = 1. Thus the events Rjﬂ' and Rj/,i
differ in whether the symbol at time 7 — j was lost and are
therefore mutually exclusive. Furthermore, Ry ; is exclusive
of the other events since all events except R,; have the ith
symbol being lost. [ ]

Thus, to compute the expected erasure probability we eval-
uate Pr[R; ;] to obtain
PrR;,i] Ypio(s—j+1)-po—o(1)’

(18)

= (1=€)-po—1(1)-p1-1 (1)~

and PI‘[ROJ] =1-e
For the interleaved encoder, C,, s, the relevant event
definitions and probabilities are

o H—)\(s-l-l)
R.j7i - {ez Aj

(O*k—l) 7 (1*>\—1)-7 A=) (O*k—1)1+j} el sl (@9
and

Pr[R;i] = (1—¢) po—1(A) - proi (A"

The probability that the ith symbol is lost is then obtained via
(112).

C. Loss Probabilities for m = 0,5 > 0

The encoders Co s,» correspond to interleaved repetition
codes with rate 1/s. Therefore, information symbol i is lost
if and only if symbols i,7 + A, i + 2, ..., i + s are lost (i.e.
e — {1xA~115+1) Hence the expected loss probability is

i

Pr[£] = Pr [ef™ = {12711771] = e py i (V)"

(21)

Using (21) for the m = 0 case, (20) for the m = 1 case,
and (16) for the m > 2 case it is possible to determine the
loss probability for any encoder C,, s, x.
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TABLE VII
THE EVENTSR1,; AND R4,; ARE NOT MUTUALLY EXCLUSIVE FOR THE ENCODER C1,4 BECAUSE THE ERASURE PATTERN FOR R 1 ; IS A SUBSTRING OF
THE ERASURE PATTERN FOR R4 ;.
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[11]
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[14]

[15]
[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

o €i—4 €i—3 €i—2 €i—1 € €if1 €42 €43 €i{4 €i{5
Rii = {eztz = * * * 0 1 * * * 0 0 }
Rayi = {ei) = 0 1 * « 1 0 0 0 0 0 }
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