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Abstract—1In this paper we consider the consensus problem
for stochastic switched linear dynamical systems. For discrete-
time and continuous-time stochastic switched linear systems, we
present necessary and sufficient conditions under which such
systems reach a consensus almost surely. In the discrete-time
case, our assumption is that the underlying graph of the system
at any given time instance is derived from a random graph
process, independent of other time instances. These graphs
can be weighted, directed and with dependent edges. For the
continuous-time case, we assume that the switching is governed
by a Poisson point process and the graphs characterizing
the topology of the system are independent and identically
distributed over time. For both such frameworks, we present
necessary and sufficient conditions for almost sure asymptotic
consensus using simple ergodicity and probabilistic arguments.
These easily verifiable conditions depend on the spectrum of
the average weight matrix and the average Laplacian matrix
for the discrete-time and continuous-time cases, respectively.

I. INTRODUCTION

Decentralized iterative schemes such as agreement and
consensus problems have an old history [1]-[3]. Over the
past few years they have attracted a significant amount of
attention in various contexts, such as motion coordination of
autonomous agents [4], distributed computation of averages
and least squares among sensors [5]-[7], and rendezvous
problems [8]. In all these cases the dynamical system under
study is deterministic. More recently, there has been some in-
terest in the stochastic variants of the problem. In [9], the au-
thors study the linear dynamical system (k) = Wia(k—1),
where the weight matrices W, are i.i.d. stochastic matrices.
It is shown that all the entries of (k) converge to a common
value almost surely, if each edge of G(W}), the graph
corresponding to matrix Wy, is chosen independently with
the same probability (Erdés-Rényi random graph model).
A more general model appeared in [10], where the edges
of G(W},) are directed and not necessarily independent.
However, the author proves only convergence to a consensus
in probability, rather than the more general notion of almost
sure convergence. Moreover, the assumption in [10] is the
occurrence of scrambling matrices with positive probability,
which can be weakened.

The purpose of this paper is to provide necessary and
sufficient conditions for almost sure consensus in stochastic
linear dynamical systems, both discrete-time and continuous-
time. In the discrete-time case we assume that the weight
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matrices are general i.i.d. stochastic matrices. Our results
contain the results of [9] and [10] as special cases. This
necessary and sufficient condition is easily verifiable and
only depends on the spectrum of the average weight matrix
EWj. More precisely, we show that such a stochastic system
reaches a consensus with probability one if and only if
the expected weighted graph of the system has a directed
spanning tree. We state a similar result for continuous-
time stochastic linear systems with switching governed by
a Poisson process and i.i.d. graphs. We show that for such a
system, the set span{1} is globally asymptotically attractive
almost surely if and only if the expected Laplacian matrix
of the underlying graphs has exactly one zero eigenvalue.

Even though our results can be derived by combining
results from ergodic theory of Markov chains in random
environments [11], [12], our proofs are only based on simple
linear algebra machinery and the concept of coefficients of
ergodicity, as introduced by Dobrushin [13].

The paper is organized as follows: The problem setup
for the discrete-time stochastic switched linear systems is
presented in section II. Weakly ergodic sequences of matrices
and coefficients of ergodicity are defined in section III
Section IV contains the necessary and sufficient condition
for almost sure consensus of discrete-time switched lin-
ear system. Continuous-time stochastic linear systems with
Poisson switchings are presented in section V followed by
the necessary and sufficient condition for their asymptotic
consensus. Finally, section VI contains our conclusions.

II. DISCRETE-TIME STOCHASTIC SWITCHED
LINEAR SYSTEMS

Let (Qo, B, 1) be a probability space, where 0y = S,, =
{set of stochastic matrices of order n with strictly positive
diagonal entries}, B is the Borel o-algebra of g, and p is a
probability measure defined on 2. Define the product prob-
ability space as (Q, F,P) = [[7—,(Q0, B, it). By definition,
the elements of the product space have the following forms:

Q={(wy,ws, ) :w € Q}
F=BxBx---
PZMXMX”.

which means that the coordinates of the infinite dimensional
vector w € (2 are independent and identically distributed
(i.i.d.) stochastic matrices with positive diagonals.

Now consider the following random discrete-time dynam-
ical system:

2(k) = Wi(w)z(k - 1), (1)



where k € {1,2,---} is the discrete time index, x(k) €
R™ is the state vector at time k and the mapping Wy :
Q — S, is the kth coordinate function, which for all
w = (wy,ws, -+ ) € Q is defined as

Wi (w) = wg.

As a result, (1) defines a stochastic linear dynamical system,
in which the weight matrices are drawn independently from
the common distribution p. For notational simplicity, we
denote W (w) by W, through the rest of the note.

For a general weight matrix W, one can define the
corresponding graph G(W) as a weighted directed graph
with an edge (i,7) from vertex ¢ to vertex j with weight
Wi, if and only if Wj; # 0. In this case we say vertex j has
access to vertex ¢ and we say vertices ¢ and j communicate
if both (7,7) and (j,4) are edges of G(W). Note that the
communication relation is an equivalence relation and defines
equivalence classes on the set of vertices. If no vertex in a
specific communication class has access to any vertex outside
that class, such a class is called initial.

For the given dynamical system, we now define the notions
of reaching state consensus in probability and almost surely.

Definition 1: Dynamical system (1) reaches consensus in
probability, if for any initial state value x(0) and any € > 0,

P(lai(k) =z (k)] > €) — 0

ask —ooforalli,j=1,--- n.
This notion of reaching state agreement asymptotically,
which is addressed in [10], is a special case of reaching
consensus almost surely, defined below.

Definition 2: Dynamical system (1) reaches consensus
almost surely, if for any initial state value x(0),

|z (k)

ask —ooforalli,j=1,--+ n.

This stronger notion of consensus, not only requires that the
probability of the event {|z;(k) — (k)| > €} goes to zero
for an arbitrary € > 0 as time goes by, but also guarantees
that such events occur only finitely many times [14].

—xj(k)| — 0 almost surely

III. ERGODICITY

Given (1), if (0) is the initial state value, one can write
the state vector at time k as

As it is evident from (2), one needs to investigate the
behavior of infinite products of stochastic matrices in order
to check for an asymptotic consensus. This motivates us
to borrow the concept of weak ergodicity of a sequence of
stochastic matrices from the theory of Markov chains.

Definition 3: The sequence {Wy}22, = Wy, Wy, --- of
n x n stochastic matrices is weakly ergodic, if for all ¢, j, s =
1,---,n and all p,

(Uz(];p) _ U_](,].Zp)) -0

as k — oo, where UFP) = Wy - - Way Wi, is the left
product of the matrices in the sequence.

As the definition suggests, if a sequence of stochastic
matrices is weakly ergodic, then the rows of the product
matrix converge to each other, as the number of terms in the
product grows. In other words, the weak ergodicity of the
sequence of matrices is a subset of the event that the linear
dynamical system (1) reaches a consensus asymptotically.

A closely related concept is strong ergodicity of a matrix
sequence.

Definition 4: A sequence of n X n stochastic matrices
{Wg1}32, is strongly ergodic, if for all 4,s = 1,--- ,n and
all p

Ui(,i’p) — dg

as k — oo, where U*P) is the left product and d? is a
constant not depending on .

One can easily see that weak and strong ergodicity' both
describe a tendency to consensus. If either type of ergodicity
(weak or strong) holds for the matrix sequence {Wj}7°, =
Wi, Wy, ---, the pairwise differences between rows of the
product matrix U%:*) converge to zero, and therefore system
(1) reaches a consensus asymptotically.

At the first glance, it may seem that there exists a differ-
ence between weak and strong ergodicity. In the case of weak
ergodicity, every two entries of vector x(k) converge to each
other, but each entry does not necessarily converge to some
limit. On the other hand, in the presence of strong ergodicity,
not only the difference between any two entries converges to
zero, but also all of them enjoy a common limit. Although
one may consider the difference to be an important one, that
is not the case here because of the following theorem [2],
[15]:

Theorem 1: Given a matrix sequence {W,}7°, and their
left products Ukp) — Wiap -+ Wigp, weak and strong
ergodicity are equivalent.

Proof: We only need to prove that weak ergodicity
implies strong ergodicity. For any € > 0, weak ergodicity
implies that if k is large enough, —e < Ui(f;’p ) _ U(i’p) <e
uniformly for all i,j,s. Since U*+1P) = Wk+p+1U(k*p),
we have

Ui()lz,p) —e< U}(llf;rl,p) < Ui(,i’p) I

)

which by induction implies that
Ui(,lz’p) —e< U}(l’f;r”’,?) < Uz’(,lz’p) +e,

for all ,s,h = 1,--- ,n and r > 0. By setting ¢ = h, it
is evident that Ul-(ﬁ’p )is a Cauchy sequence and therefore,
limy oo Ui()];’p) exists. [}

Therefore, weak ergodicity is equivalent to the existence
of a vector d satisfying U%?) —1d", in which 1 is a vector
with all entries equal to one. We now define the concept of
the coefficients of ergodicity which are of central importance
in proving weak ergodicity results.

To be more precise, we have stated the definitions of weak and strong
ergodicity in the backward direction. But since this is the only type of
ergodicity that we are concerned with, we simply refer to these properties
as ergodicity.



Definition 5: The scalar continuous function 7(-) defined
on the set of n x n stochastic matrices is called a coefficient
of ergodicity if it satisfies 0 < 7(-) < 1. A coefficient of
ergodicity is said to be proper if

7(W)=0 ifand only if W =1d7,

where d is a vector of size n satisfying d7'1 = 1.
Two examples of coefficients of ergodicity that we use in
this paper are

1 n
Ii(W) = inzl%}(; |I/VZS - Wj5|,
v(W) =1 — max(minW;;).
7 i

Note that v(-) is an improper coefficient of ergodicity while
k(+) is proper, and for any stochastic matrix W they satisfy

(W) <v(W). 3)

Given the above definition, it is straightforward to show
that weak ergodicity is equivalent to

r(UHP)y -0 W

as k — oo for a proper coefficient of ergodicity 7. Therefore,
we can state the following theorem:

Theorem 2: Suppose 7i(-) and 7o(-) are proper coeffi-
cients of ergodicity that for any m > 1 stochastic matrices
Wk, k=1,2,---  m satisfy

71 (Wi - WaWi) < ] 2 (W) )
k=1

Then the sequence {W;}72 , is weakly ergodic if and only
if there exists a strictly increasing sequence of integers k.,

r=1,2,--- such that
Z (1 — TQ(Werrl s Wkr+1)) = Q. (5)

Proof.'r_lsince only the sufficiency part of the above
theorem will be used in this note, we only prove that (5)
implies weak ergodicity of the sequence. A proof for the
reverse implication can be found in [15, theorem 4.18].

Suppose that there exists a strictly increasing sequence of
positive integers k,. such that (5) holds. Then, the inequality
logx < x — 1 implies that

Zlog (TQ(WkT+1 o 'Wkr+1)) = —00,

r=1

and as a result, [[2, 72 (Wi, ., - -+ Wi, 41) = 0. Because we
assumed that 77 is a proper coefficient, (4) guarantees weak
ergodicity of the sequence. [ ]

IV. NECESSARY AND SUFFICIENT CONDITION FOR
ALMOST SURE ERGODICITY

In this section we study the necessary and sufficient
conditions for ergodicity of an i.i.d. sequence of stochastic
matrices based on the framework presented in section II.

Lemma 1: The weak ergodicity of the
W1, Wy, -+ is a trivial event.
Proof: Let k be a positive integer. Define the event

sequence

Ay, = {The sequence Wy, Wy, -- is weakly ergodic.}

which is an event in F}, = o(Wj, W41, - - ). These events
form a decreasing sequence of events, satisfying A; O As D
--- . As a result,

ﬁAkET,

k=1

where 7 is the tail o-field of the sequence of stochastic ma-
trices defined as 7 = (,—, F}.. Therefore, by Kolmogorov’s
0-1 law [14], P(NxAx) = 0 or 1. Now we have,

P(ﬁ Ag) = lim P([) Ax) = lim P(4;) = P(4,),
k=1 k=1

J—00 J—00

where the first equality is because of continuity of the
probability measure and the last one holds because the
distribution of W} does not depend on k. Therefore, weak
ergodicity of Wy, Wy, - is trivial. [ |

This lemma indicates that weak ergodicity of random
ii.d. weight matrices obeys a 0-1 law. In other words, the
sequence of matrices is weakly ergodic either almost surely
or almost never, indicating a discontinuous behavior. In order
to find a criterion to distinguish between these two cases, we
need another lemma, the proof of which can be found in [16].

Lemma 2: Suppose that W is a stochastic matrix for
which its corresponding graph has s communication classes
named «q,---,as. Class «, is initial, if and only if the
spectral radius of «,[W] equals to one, where a,.[W] is the
submatrix of W corresponding to the vertices in the class
o

Finally, suppose that the average weight matrix EW}, has
n eigenvalues satisfying

0 <A (EWR)| < --- < A (EWR)| < [M(EWR)| = 1.

At this point we state our main theorem.

Theorem 3: The random sequence {Wi}y2, =
Wi, Wy, - -+ of stochastic matrices with positive diagonals is
(weakly) ergodic almost surely if and only if |A2(EW})| < 1
and in the case that |[\o(EW},)| = 1, the sequence is weakly
ergodic almost never. Moreover, in both cases, the probability
of (1) reaching a consensus asymptotically is equal to the
probability of weak ergodicity of {W;}72 ;.

Proof: To show the necessity of the given condition,
we first assume that [A2(EW})| = 1. Since all w, €
have positive diagonals, EW}, has strictly positive diagonal
entries as well. Hence, if EW),, is irreducible, then it is
primitive and as a result of the Perron-Frobenius theorem
[16], |A2(EWR)| < 1 which is in contradiction with our
assumption. Therefore, |A2(EW})| = 1 implies reducibility
of EWj. As a result, without loss of generality, one can
label the vertices such that EW} gets the following block




triangular form

Qll 0 e 0
Q21 Q22 - 0

o e (6)
Qsl Qs? st

where each (Q;; is an irreducible matrix and represents the
vertices in the equivalence class «;. Since |Ao(EWy)| = 1,
submatrices corresponding to at least two of the classes have
unit spectral radii (note that because of irreducibility and
aperiodicity of (Q;;’s, the multiplicity of the unit-modulus
eigenvalue of each one of them cannot be more than one).
Hence, lemma 2 implies,

i # j s.t. oy and «; are both initial classes,

or equivalently, Qs = 0 for all r # ¢ and Q; = 0 for all
1 # j. In other words, the matrix EW}, has two orthogonal
rows. Since () is a subset of nonnegative matrices, Wy, has
the same type (zero block pattern) as EW}, for all time k
with probability one. Therefore, Uk.0) — Wy --- WoWi has
two orthogonal rows almost surely for any k& which means
that the random discrete-time dynamical system (1) reaches
a consensus with probability zero. Since weak ergodicity of
{Wg}32, is a subset of convergence of (1) to a consensus,
the random sequence of weight matrices is weakly ergodic
almost never.

The reverse implication can be proved by combining
results from the ergodic theory of Markov chains in random
environments, more specifically by using [11], [12]. How-
ever, here we provide a simpler proof based on theorem 2.
In order to do so, we assume that |Ao(EW})| is subunit.
Lemma 2 implies that G(EW)},) has exactly one initial class.
We investigate the two cases of EW}, being irreducible and
reducible separately.

1) Irreducibility: Suppose EW}, is irreducible. Since it
has only one unit-modulus eigenvalue, EWj is primitive [16].
Hence,

dm s.t. [EWk]m >0,

where by > 0 for a matrix, we mean the entry-wise positivity
of that matrix. Independence over time implies

E(W, - -- Wi) = [EWi]™ > 0.

As a result, for all 4,57 = 1,---,n the (i,7) entry of
Um0 — W ... WeW is positive with nonzero probabil-
ity, say p;; > 0. Therefore, since the weight matrices are
i.i.d. with positive diagonals, the matrix W2, - WoW;
is completely entry-wise positive with at least probability
[I;jpij > 0, ie. the event {Wy2y, -+ WoWi > 0} has
nonzero probability. > As a result, if we define 6(W) =
1 — v(W) = max;(min; Wj;), there exists € > 0 such that

P(&(anm s WQWl) > 6) > 0.

2Selecting n2m as the number of matrices in the product in order to make
the product matrix entry-wise positive is a conservative pick. The product
matrix becomes positive with nonzero probability with less terms, but such
a pick suffices our purpose.

Hence, by the second Borel-Cantelli lemma [14, page 49],
we have

IP((S(W(TJrl)an o« Win2zma1) > € for infinitly many r) = 1.
Once we set k, = rn?m, we have
Wy == Whyg1) > € 0. as.

Also note that (4) holds for 71(-) = 72(+) = k(-). Therefore,
this together with (3) results in

Z (1= kWi, yy - Wiog1)) =00 a.s.,

r=1
which is exactly (5), the sufficient condition for weak er-
godicity. Therefore, the sequence is weakly ergodic almost
surely.

2) Reducibility: When EWj} is reducible, without loss
of generality, it can be written as (6), where all @Q);; are
irreducible matrices. Since «; (the class corresponding to
submatrix 11) is the only initial class of G(EW}), there
exists a directed path from a vertex in o (e.g. say vertex
labeled 1) to any vertex of G(EW}), such that the length
of the path is at most some positive integer m. In other
words, any vertex of G(EW},) is at most an m-hop neighbor
of vertex 1. This combined with the fact that IEW) has
strictly positive diagonals guarantees that the first column
of [EW]™ is strictly positive. Therefore, as in case 1,
independence implies the positivity of the first column of
E(W,,---Wh).

As aresult, for j = 1,--- ,n the (j, 1)-entry of the matrix
W, - - - Wy is nonzero with positive probability p;;. Hence,
identical to the discussion of case 1, we have

Je > 0 8.t P(6(Wpm -+ WaW1) > €) > [[ 551 > 0.

Now if we set k., = rnm, once again the second Borel-
Cantelli lemma guarantees that

P (6(Wy, .,

Therefore, the sum Y02 (1 — k(W -+ Wi.41)) di-
verges to infinity with probability one and theorem 2 implies
that the random sequence {W},}¢2 ; is weakly ergodic almost
surely. And moreover as a result, (1) reaches a consensus
asymptotically with probability one. [ ]

Theorem 3 provides a simple criterion to distinguish
between the two cases of asymptotically reaching consensus
almost surely and almost never. It suggests that the informa-
tion in the average weight matrix EW}, suffices to predict
the long-run behavior of the linear dynamical system (1).
This should not come as a surprise to the reader. Intuitively,
when |A2 (EWY})| is subunit, there exists a sequence of integer
numbers k., 7 = 1,2,--- such that the graph collection
{G(Wk,41), -+, G(Wk,,,)} is jointly connected (i.e. the
graph constructed by unioning the edge sets of the graphs
in the collection contains a directed spanning tree) [4].
This infinite often connectivity over time guarantees the
possibility of information flow in the graph over time, and

+++ Wk, 41) > € for infinitly many r) = 1.



therefore results in asymptotic consensus with probability
one. On the other hand, when |[\;(EW})| = 1, no such
sequence exists and therefore, there are at least two classes
of vertices in the graph such that they never have access to
each other, and hence, no consensus.

Moreover, theorem 3 contains the results of [9] and [10]
as special cases. Since in [9] the authors use Erdds-Rényi
as their random graph model, the matrix EW}, is completely
entry-wise positive, which results in [A2(EWy)| < 1, and
hence almost sure consensus. On the other hand, when the
weight matrices are scrambling with positive probability, as
in [10], EW}, is also scrambling and as a result, its unit-
modulus eigenvalue has multiplicity one. Hence, (1) reaches
an asymptotic consensus almost surely (and therefore in
probability).

V. CONTINUOUS-TIME STOCHASTIC SWITCHED
LINEAR SYSTEMS

In this section we investigate the continuous-time variant
of stochastic linear dynamical systems and provide a nec-
essary and sufficient condition for almost sure asymptotic
consensus in such systems.

Consider the following switched linear dynamical system

.Z‘(t) = _Lth(t) le [tkvtk+1)7 )

where the switching time sequence {t;}%2, is a strictly
increasing sequence of real numbers with {5 = 0 and Ly,
is the weighted Laplacian of the graph which appears over
the interval [t,?r+1). The weighted Laplacian of the graph
G corresponding to weight matrix W € g is defined as

L = diag(W1) —W.

In other words, L;; = —W;; if i # j and L;; = Z;’:l Wij
for all 1 < ¢ < n. Note that by construction, L is a singular
matrix with at least one zero eigenvalue corresponding to
eigenvector 1.

We address the consensus problem for the linear dynami-
cal system (7) under the following two assumptions.

Assumption 1: The switching time sequence t1,to,- -
forms a Poisson point process with rate ~.

Assumption 2: Given the switching time signal ¢1, 5, - - -
the graphs Gy, with Laplacians L;, are independent and
identically distributed.

Assumption 1 states that the intervals [k, t541) over which
the graphs remain unchanged are independent and identically
distributed. More precisely, the length of each such interval
has an exponential distribution with mean ~:

Pty —th <T)=1-—e"7T,

Note that we are not assuming any minimum dwell-time (or
average dwell-time) on the switching times. On the other
hand, assumption 2 guarantees that whenever a switching
occurs, the emerging graph is drawn from the set of possible
graphs independent of other graphs and its distribution
remains the same over time. Assumption 2 is exactly the
same i.i.d. assumption we made for the discrete-time case.

Given the above assumptions, we now present our con-
sensus theorem.

Theorem 4: Under assumptions 1 and 2, the continuous-
time linear dynamical system (7) converges to a consensus
almost surely for all initial conditions if and only if

An—1(ELy, ) # 0. (®)

Moreover, in the case of A\,_i(EL; ) = 0, the system
reaches consensus with probability zero.

This theorem states that similar to the discrete-time case,
the connectivity of the expected graph is necessary and
sufficient for almost sure convergence. Note that the edges
of the underlying graph at a given time can be dependent.
All we are assuming is independence between graphs over
time and a Poisson switching signal.

Proof: First we suppose that A,,_1(EL;, ) = 0 and show
the necessity of (8) for an almost sure consensus. Write the
expected Laplacian matrix as EL;, =1 — A. Clearly, A is a
non-negative matrix and all its diagonal entries are positive.
The assumption A,_;(EL;,) = 0 implies that \o(A) = 1.
Based on an argument similar to proof of theorem 3, A has
a block triangular form as in (6) with at least two orthogonal
rows. Therefore, the graph corresponding to EL,, has at least
two initial communication classes. Since all the entries of a
Laplacian are sign-definite, the matrix L;, is of the same
type of EL,, for all ¢, almost surely. Thus,

Ja & span{1} s.t. P | a € m ker Ly, | =1 for all k
Jizk

In other words, the vector a ¢ span{1} is in the kernel
of Laplacian matrices of all times almost surely. As a result,
given the initial condition 2(0) = a, the solution of the linear
dynamical system (7) is z(t) = a for all ¢ almost surely, i.e.
no consensus with probability one. This implies that (8) is
a necessary condition for almost sure consensus and if it
does not hold, there exists an initial condition for which the
system reaches consensus with probability zero.

Note that so far we have not used assumption 1. In fact,
we do not need to assume anything about the switching
signal in order to prove necessity, as long as the switching is
well-defined (i.e. there are finitely many switchings in any
finite interval). In the case of a switching signal governed
by a Poisson process, the probability of having d switchings
in an interval of length T is e‘”T(VdL!)d. Therefore, the
switching system experiences no Zenoness almost surely and
the probability of having infinitely many switchings in a
finite interval is zero®.

To prove sufficiency, assume that (8) holds. Since there
are only finite switchings in any finite interval almost surely,
the solution of the dynamical system (7) can be written as
z(t) = ®(¢,0)x(0), where

O(t,0) = (e*(t*tk-)Ltk) (e*(tlftO)LtU> z(0)

3This also implies that the number of intervals over which the graph
remains unchanged is countable.



for t € [tx,tr+1). What we need to show is that 7(®(¢,0))
converges to zero almost surely, for some proper coefficient
of ergodicity 7(-). For this purpose, we use & as defined in
section III.

For a given k, define the stochastic matrix

F, = e~ (trr1—tr) Ly,

which is the state transition matrix of (7) between two
consecutive switchings ¢; and tx4;. Since the Laplacians
are i.i.d. and the switching signal is a Poisson process,
all matrices Fj are independent and identically distributed.
Moreover, A\,_1(EL;,) # 0 implies that [A\2(EFy)| < 1.%
Hence, matrices Fj, satisfy all the properties of the weight
matrices in the discrete-time case. More precisely, they are
i.i.d. stochastic matrices with positive diagonals and their
average has only one unit-modulus eigenvalue. Therefore,
similar to the discrete-time case, the events

BT(T, €, m) = {6(F(r+1)n2m s Frn2m+1) > 6} N
{tk+1 —t, < T, forall rn*m < k < (r + l)an} )

are independent (because of Poisson switching) and there
exists € > 0 such that P(B,(T,¢,m)) > 0, for some integer
m and any T > 0. Hence, second Borel-Cantelli lemma
implies that such events occur infinitely many times almost
surely.

On the other hand, the submultiplicativity inequality (4)
holds for ;1 = 79 = k and as a result

K(D(t,0)) < (1 —e)®

where ¢(t) is the number of events B,.(T,e,m) that have
occurred up to time ¢. Since the events B, occur infinitely
often almost surely, c¢(¢) is an unbounded sequence and
therefore, x(®(t,0)) converges to zero with probability one,
proving almost sure asymptotic consensus. [ ]

Similar to the discrete-time case, theorem 4 provides a
simple criterion to distinguish between the two cases of
asymptotically reaching consensus almost surely and almost
never. It states that the information in the average Lapla-
cian matrix EL;, suffices to predict the long-run behavior
of the linear switched system (7). The joint connectivity
interpretation is also valid for this case. In the case that
An—1(EL;, ) # 0, the graphs of the network are jointly
connected over time infinitely often almost surely (i.e. the
union graph has a directed spanning tree) and as a result, a
consensus is achieved. But note that the results of [4], [17],
[18] are not directly applicable to this case, because they
all assume a lower bound on the dwell-time (or an average
dwell-time) in the switching, while the time interval between
two switchings can be arbitrarily small for a Poisson process.

“To see the reason, suppose |A2(EF})| = 1. Therefore, as in section
IV, there are two orthogonal rows in every matrix [}, with probability one.
By writing the Laplacian in the form of Li;, = I — Ay where Ay is a
non-negative matrix and using the expansion of the matrix exponential, one
can see that our assumption implies A, 1 (ELy, ) = 0.

VI. CONCLUSIONS

In this paper, we showed how the problem of reaching con-
sensus over a switched linear system can be reduced to the
problem of weak ergodicity of a sequence of matrices. In par-
ticular, for the case of i.i.d. weight matrices, we showed that
ergodicity is a trivial event. Moreover, we showed that the
discrete-time linear dynamical system z(k) = Wix(k — 1)
reaches state consensus almost surely if and only if EW}, has
exactly one eigenvalue with unit modulus, or equivalently,
the deterministic system z(k) = (EWj)x(k — 1) reaches a
consensus. Similarly, we showed that for the continuous-time
switched linear system &(t) = — Ly, 2:(¢) with i.i.d. Laplacian
matrices and a Poisson switching reaches an asymptotic
state consensus almost surely if and only if the expected
Laplacian matrix has exactly one eigenvalue equal to zero, or
equivalently, the deterministic system &(t) = —(ELy, )z(t)
reaches a consensus.
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