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Abstract

MPC or model predictive control is representative of control methods which are able to handle inequality constraints. Closed-loop
stability can therefore be ensured only locally in the presence of constraints of this type. However, if the system is neutrally stable, and
if the constraints are imposed only on the input, global asymptotic stability can be obtained; until recently, use of infinite horizons was
thought to be inevitable in this case. A globally stabilizing finite-horizon MPC has lately been suggested for neutrally stable continuous-
time systems using a non-quadratic terminal cost which consists of cubic as well as quadratic functions of the state. The idea originates
from the so-called small gain control, where the global stability is proven using a non-quadratic Lyapunov function. The newly developed
finite-horizon MPC employs the same form of Lyapunov function as the terminal cost, thereby leading to global asymptotic stability. A
discrete-time version of this finite-horizon MPC is presented here. Furthermore, it is proved that the closed-loop system resulting from the
proposed MPC is ISS (Input-to-State Stable), provided that the external disturbance is sufficiently small. The proposed MPC algorithm is
also coded using an SQP (Sequential Quadratic Programming) algorithm, and simulation results are given to show the effectiveness of
the method.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

MPC or model predictive control is a receding horizon
strategy, where the control is computed via an optimization
procedure at every sampling instant. It is therefore possible
to handle physical constraints on the input and/or state vari-
ables through the optimization [21]. Over the last decade,
there have been many stability results on constrained
MPC. Moreover, explicit solutions to constrained MPC
are proposed recently [22,4]. These results reduce on-line
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computational burden regarded as a main drawback of MPC,
and extend the applicability of MPC to faster plants as in
electrical applications.

Particular attention is paid in this paper to input-
constrained systems as all real processes are subject to
actuator saturation. Generally, it is not possible to stabilize
input-constrained plants globally. However, if the uncon-
strained part of the system is neutrally stable,1 then global
stabilization can be achieved. A typical example is the
so-called small gain control [23,3,5]; it is noted that the

1 All eigenvalues lie within the unit circle and those on the unit circle
are simple.
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Lyapunov functions used for stability analysis are non-
quadratic functions containing cubic as well as quadratic
terms.

Global stabilization of input-constrained neutrally stable
systems is also possible via MPC; see e.g. [7]. As in [7],
use of infinite horizons is generally thought to be inevitable.
However, infinite horizon MPC can cause trouble in prac-
tice. For implementation, the optimization problem should
be reformulated as a finite horizon MPC with a variable
horizon, and it is not possible to predetermine a finite upper
bound on the horizon in the presence of disturbances.

It is only fairly recently that globally stabilizing finite
horizon MPC has been proposed for continuous-time neu-
trally stable systems [12]. This late achievement is based on
two observations; firstly, the stability of an MPC system is
mostly proved by showing that the terminal cost is a con-
trol Lyapunov function [21,14]. Secondly, the global stabi-
lization of an input-constrained neutrally stable system can
be achieved by using a non-quadratic Lyapunov function as
mentioned above. By making use of these two facts, a new
finite horizon MPC has been suggested in [12], where a non-
quadratic Lyapunov function as in [23,3,5] is employed as
the terminal cost, thereby guaranteeing the closed-loop sta-
bility. Here, we present a discrete-time version of this newly
developed finite-horizon MPC in [12].

Recently, input-to-state stability (ISS) and its integral vari-
ant, integral-input-to-state stability (iISS) have become im-
portant concepts in nonlinear systems analysis and design
[15,1,2]. ISS and iISS imply that the nominal system is glob-
ally stable, and that the closed-loop system is robust against
a bounded disturbance and a disturbance with finite energy,
respectively. There have been some reports on ISS proper-
ties of MPC [20,18,13]. However, these results are limited
in that plants are assumed to be open-loop stable in [13],
and only local properties are obtained in [20,18].

This paper presents a globally stabilizing MPC for input-
constrained neutrally stable discrete-time plants, which is
also (globally) ISS with a restriction on the external distur-
bance. The rest of the paper is organized as follows: Section
2 gives a brief summary on MPC. The stability and ISS prop-
erties of the proposed MPC are then obtained in Sections 3
and 4, respectively, by showing that the optimal cost with
a non-quadratic terminal cost is an ISS Lyapunov function.
The proposed MPC is coded using a sequential quadratic
programming (SQP) algorithm, and simulation results are
given to show the effectiveness of the method in Section 5.
Finally, Section 6 concludes the paper.

2. An overview of MPC

Following [21], a brief summary on MPC is given in this
section. Consider a discrete-time system described by

x+ = Ax + Bu, (1)

where x ∈ Rn is the state, x+ the successor state (i.e. state
at the next sampling instant), u ∈ Rm the control input, and
(A, B) a controllable pair. Defining

u = {u(0), u(1), . . . , u(N − 1)}, (2)

the MPC law is obtained by minimizing with respect to u

JN(x, u) =
N−1∑
i=0

l(x(i), u(i)) + V (x(N))

subject to

x(i + 1) = Ax(i) + Bu(i), x(0) = x,

x(i) ∈ X, u(i) ∈ U, i ∈ [0, N − 1],
x(N) ∈ Xf ⊂ X,

where

l(x(i), u(i)) = x(i)TQx(i) + u(i)TRu(i) (3)

with Q and R being positive definite, V (x(N)) is the ter-
minal cost, the sets U, X represent the input and state con-
straints, and x(N) ∈ Xf is the artificial terminal constraint
employed for stability guarantees. Note that V (x) and Xf

are chosen such that V (x) is a control Lyapunov function
in Xf . This minimization problem, referred to as PN(x),
yields the optimal control sequence

u∗(x) = {u∗(0; x), u∗(1; x), . . . , u∗(N − 1; x)}, (4)

and the optimal cost

J ∗
N(x) = JN(x, u∗(x)). (5)

Then the MPC law, denoted by kN(·), is written as

kN(x) = u∗(0; x). (6)

The entire procedure is repeated at every sampling instant.
The stability properties of the resulting closed-loop are sum-
marized below.

Theorem 1 (Mayne et al. [21]). For some local controller
kf : Xf → Rm, suppose the following:

A1. Xf is closed, and 0 ∈ Xf ⊂ X;
A2. kf (x) ∈ U, ∀x ∈ Xf (feasibility);
A3. Ax + Bkf (x) ∈ Xf , ∀x ∈ Xf (invariance);
A4. V (Ax +Bkf (x))−V (x)+ l(x, kf (x))�0, ∀x ∈ Xf .

Then the optimization problem is guaranteed to be feasible
at all times as long as the initial state can be steerable to
Xf in N steps or less while satisfying the control and state
constraints (i.e. the problem is initially feasible). In addition,
the optimal cost J ∗

N(x) is monotonically non-increasing such
that

J ∗
N(x+) = J ∗

N(Ax + BkN(x))

�J ∗
N(x) − l(x, kN(x)), (7)

thereby ensuring asymptotic convergence of the closed-loop
state to zero.
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Outline of proof. Suppose that the problem PN(x) is fea-
sible, and thus the optimal sequence in (4) exists. Consider
for the problem PN(x+)

ũ = {u∗(1; x), . . . , u∗(N − 1; x), kf (x∗(N; x))} (8)

where x∗(N; x) is given by the recursion

x∗(i + 1; x) = Ax∗(i; x) + Bu∗(i; x),

i ∈ [0, N − 1]. (9)

Note that x∗(1; x) = x+ as u∗(0; x) = kN(x), and that
x∗(N; x) ∈ Xf . It then follows from A1 and A2 that ũ is
also feasible for the problem PN(x+). This implies that
if the optimization problem is feasible at some time, then
the feasibility is ensured from that time on. Also, from
assumption A4, we have

J ∗
N(x+)

= J ∗
N(Ax + BkN(x))�JN(Ax + BkN(x), ũ)

= J ∗
N(x) − l(x, kN(x)) + l(x∗(N; x), kf (x∗(N; x))

+ V (Ax∗(N; x) + Bkf (x∗(N; x)))

− V (x∗(N; x))�J ∗
N(x) − l(x, kN(x)).

This completes the proof. �

Remark 1. In addition to the conditions in Theorem 1, if
there exist two K∞ functions2 �1(·) and �2(·) such that

�1(‖x‖)�J ∗
N(x)��2(‖x‖), (10)

then asymptotic stability of the closed-loop also results
from (7).

Theorem 1 shows that if Xf is a feasible and invariant set
for x+=Ax+Bkf (x), MPC is stabilizing and its domain of
attraction is the set of the initial state vectors which can be
steerable to Xf in N steps or less while satisfying the control
and state constraints. An interesting consequence is that the
MPC can be globally stabilizing if kf (x) is found such that
Xf = Rn. This is in fact possible if the unconstrained plant
is neutrally stable and if constraints are imposed only on the
input, i.e. X= Rn, as discussed on small gain control in the
introduction.

3. Globally stabilizing MPC for input-constrained
neutrally stable systems

3.1. A non-quadratic Lyapunov function for global stability

We first present a slight extension of the previous results
[23,3], in which the case where all poles are simple on the
unit circle is considered first and then the general case for

2 A continuous function � : [0, a) → [0, ∞) is said to belong to class
K if it is strictly increasing and �(0) = 0. It is said to belong to class
K∞ if a = ∞ and �(r) → ∞ as r → ∞ [19].

neutrally stable systems is handled via coordinate transfor-
mations. On the other hand, neutrally stable systems are di-
rectly dealt with in this paper.

Consider the following neutrally stable plant

x+ = Ax + Bsat(u), (11)

where x ∈ Rn, u ∈ Rm, and it is assumed as in the previous
section that (A, B) is controllable and all the eigenvalues of
A lie within and on the unit circle with those on the unit circle
being simple. The saturation function, denoted by sat(·), is
defined as follows:

sat(u) = [sat(u1) sat(u2) · · · sat(um)]T,

where

sat(ui) =
{

umax, ui > umax
ui, |ui |�umax
−umax, ui < − umax

and umax is a positive constant. Then for any Lu satisfying
Luumax > 1, we have

‖sat(u) − u‖�Luu
Tsat(u). (12)

It also follows from the neutral stability that there exists a
positive definite matrix Mc satisfying [6,3]

ATMcA − Mc �0. (13)

Now globally stabilizing small gain control [23,6,3] is given
by

u = −�BTMcAx =: Kx, (14)

where � (> 0) satisfies

�BTMcB < I . (15)

This control law is similar to those in [23,3,6]. It can then
be shown that there exists a positive definite matrix Mq such
that

(A + BK)TMq(A + BK) − Mq = −I . (16)

The stability properties of the resulting closed-loop are given
below.

Theorem 2. For the closed-loop system (11) and (14), there
exists a Lyapunov function W(x) such that

W(x) = Wq(x) + �Wc(x) = xTMqx + �(xTMcx)3/2

W(Ax + Bsat(Kx)) − W(x)� − ‖x‖2, (17)

where K is defined in (14), and

� = 2�Lu�max(A
T
c MqB)√

�min(Mc)
(18)

with �max and �min denoting the maximum singular value
and the minimum eigenvalue, respectively.
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Proof. It follows from (17) that there exist K∞ functions
�W1 and �W2 such that

�W1(‖x‖)�W(x)��W2(‖x‖). (19)

Note that the Lyapunov function in (17) consists of a cu-
bic term (Wc(x)) as well as a conventional quadratic term
(Wq(x)). Now, we consider the difference of the quadratic
term Wq along the trajectories, which is given by

Wq(Ax + Bsat(Kx)) − Wq(x)

� − ‖x‖2 + 2a1Lu‖x‖(Kx)Tsat(Kx)

where a1 =�max(A
TMqB). Then, after some manipulations

similar to those in [23], we obtain the difference of the cubic
term Wc as follows:

Wc(Ax + Bsat(Kx)) − Wc(x)

� − a2

�
‖x‖(Kx)Tsat(Kx),

where a2 = √
�min(Mc). From these differences of the

quadratic and cubic components of the Lyapunov function,
it is clear that if � is chosen to satisfy (18), then we have

W(Ax + Bsat(Kx)) − W(x)� − ‖x‖2.

This, together with the inequality in (19), completes the
proof [24] (pp. 266–267). �

3.2. A globally stabilizing MPC

On the basis of the discussions in Sections 2 and 3.1,
we derive a globally stabilizing MPC for the plant in (11).
The key idea is to use a non-quadratic function of the form
(17) as the terminal cost; since (17) is a global Lyapunov
function, the resulting MPC can be globally stabilizing in
view of A4 of Theorem 1.

For the neutrally stable plant in (11), consider the follow-
ing optimization problem:

minimize JN(x, u) =
N−1∑
i=0

l(x(i), u(i)) + V (x(N))

subject to
x(i + 1) = Ax(i) + Bu(i), x(0) = x

u(i) = sat(u(i)), i ∈ [0, N − 1],

(20)

where

V (x(N)) = �W(x(N)),

with W(x) as in Eq. (17), u and l(x, u) are defined in Eqs.
(2) and (3), N is a positive integer, and � is a positive con-
stant to be specified below. For the optimal control sequence,
the optimal cost, and the MPC law resulting from this min-
imization problem, we use the same symbols as in (4), (5),
and (6), respectively, for the purpose of presentation.

Theorem 3. Consider the neutrally stable plant in (11) and
the MPC law kN(x) resulting from the optimization problem

(20). Then, given any positive integer N, the closed-loop
system x+ =Ax +BkN(x) is globally asymptotically stable
for some positive �.

Proof. We first show that all the assumptions in A.1–A.4
of Theorem 1 are satisfied for Xf = X = Rn. Note that
assumptions A.1 and A.3 trivially hold; we thus find � such
that assumption A.2 and A.4 are satisfied. To this end, choose

kf (x) = sat(Kx), (21)

where K is defined in (14)–(15). It is now clear that A.2
holds. Consider also

l(x, kf (x))�xTQx + sat(Kx)TRsat(Kx)

�xTQx + �2xTATMcBRBTMcAx

��max(Q + �2ATMcBRBTMcA)‖x‖2.

Hence, in view of the inequality in (7), if � is chosen such
that

���max(Q + �2ATMcBRBTMcA),

we have

V (Ax + Bkf (x)) − V (x)� − l(x, kf (x)),

∀x ∈ Xf = Rn.

This leads to

J ∗
N(Ax + BkN(x)) − J ∗

N(x)� − l(x, kN(x)) (22)

for all x ∈ Rn.
In addition, the optimal cost J ∗

N(x) can be shown to satisfy
such an inequality as in (10), with an upper bound resulting
from a simple substitution, say u(i) = 0, into the cost, and
an obvious lower bound of xTQx. This, together with the
inequality in (22), completes the proof (see Remark 2 of
Section 2). �

Remark 2. The proposed MPC is no longer a quadratic pro-
gramming (QP) optimization problem. However, it is still
convex, and can thus be dealt with effectively via various
convex optimization solvers. For example, we employ a se-
quential quadratic programming (SQP) algorithm for simu-
lations in Section 5.

Remark 3. In [7], infinite horizon MPC is needed in order
to achieve global asymptotic stability. However, any fixed
finite horizon can be used in the proposed MPC.

Remark 4. Recently a number of results have been pre-
sented on stability of nonlinear systems in the sense of ISS
or iISS. Among these is an interesting report proving that
global stability is equivalent to iISS in discrete-time [1].
Hence the proposed MPC is actually integral-input-to-state-
stabilizing [1,16], i.e. the state of the resulting closed-loop
is guaranteed to be bounded even in the presence of an ex-
ternal disturbance provided that the disturbance has finite
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energy. A consequence of this iISS property is that it may be
possible to design a switching-based adaptive MPC for un-
certain input-constrained neutrally stable systems. See e.g.
[10] and [8] for switching-based adaptive control of nonlin-
ear systems with iISS properties.

4. ISS of the proposed MPC

It is well known that ISS is impossible to achieve for
input-constrained neutrally stable systems in general. In this
section, we prove ISS with a restriction on the external dis-
turbance, i.e. ISS under the assumption that the ∞-norm of
the disturbance is sufficiently small, by finding an ISS Lya-
punov function for the proposed MPC scheme. To this end,
firstly ISS of the small gain control is obtained, which is
then used to derive an ISS characterization of the proposed
MPC. To begin with, the definition of ISS and a theorem
regarding the Lyapunov characterization of ISS are stated
below, before presenting our main results.

Consider the following discrete-time nonlinear system
with an external disturbance

x+ = f (x, w). (23)

Definition 1 (Jiang and Wang [15]). The system in (23) is
ISS if there exist � ∈ K∞ and � ∈ KL3 such that for each
input w(·) ∈ l∞ and each x0, it holds that

‖x(k, x0, w(·))‖��(‖x0‖, k) + �(‖w(·)‖), (24)

where x(k, x0, w(·)) is the solution of (23) at time k, with
x0 being the initial state at time 0.

Theorem 4 (Jiang and Wang [15]). The system (23) is ISS
if and only if there exists a continuous ISS Lyapunov func-
tion V : Rn → R�0 such that for �1, �2, �3, � ∈ K∞, V
satisfies

�1(‖x‖)�V (x)��2(‖x‖)
and

V (x+) − V (x)� − �3(‖x‖) + �(‖w‖). (25)

4.1. ISS of the small gain control

In this subsection, an ISS characterization of the small
gain control is derived. Consider the following discrete-time
neutrally stable plant with input saturation

x+ = Ax + Bsat(u) + w, (26)

where w is an external disturbance as in (23). The next
theorem shows that the small gain control (14) stabilizes
(26) in the sense of ISS with a restriction on w.

3 A continuous function � : [0, a)×[0, ∞) → [0, ∞) is said to belong
to class KL if, for each fixed s, the mapping �(r, s) belongs to class K

with respect to r and, for each fixed r, the mapping �(r, s) is decreasing
with respect to s and �(r, s) → 0 as s → ∞ [19].

Theorem 5. For the closed-loop system (26) and (14), the
function W(x) given in (17) and (18) is an ISS Lyapunov
function such that, for all x ∈ Rn, and for all w satisfying
‖w‖�� with some positive �

W(Ax + Bsat(x) + w) − W(x)

� − 	W‖x‖2 + �w1‖w‖ + �w2‖w‖2, (27)

where 	W , �w1 and �w2 are positive.

Proof. Proceeding as in [23,3], we obtain the differences of
the quadratic and cubic terms as follows:

Wq(Ax + Bsat(Kx) + w) − Wq(x)

� − ‖x‖2 + a12‖x‖Lu(Kx)Tsat(Kx) + 	xq‖x‖2

+ �wq2‖w‖2 + �wq1‖w‖ (28)

Wc(Ax + Bsat(Kx) + w) − Wc(x)

�2c1c2‖w‖‖x‖2 + 	xc‖x‖2 + �wc1‖w‖
+ �wc2‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx), (29)

where 	xq and 	xc are arbitrarily small positive constants,
�wq1, �wq2, �wc1 and �wc2 are positive, a1 and a2 are defined
as in Theorem 2, c1 = 2�max(A

TMc), and c2 = √
�max(Mc).

See Appendix A for the details of deriving (28) and (29).
With � in (18), we obtain

W(Ax + Bsat(Kx) + w) − W(x)

�(−1 + �2c1c2‖w‖)‖x‖2 + 	x‖x‖2

+ �w2‖w‖2 + �w1‖w‖
�(−1 + �2c1c2�)‖x‖2 + 	x‖x‖2 + �w2‖w‖2

+ �w1‖w‖,

where 	x = 	xq + �	xc, �w1 = �wq1 + ��wc1, and �w2 =
�wq2 + ��wc2. Note that 	x can be made arbitrarily small as
	xq and 	xc are arbitrarily small. Now for � such that

−1 + �2c1c2�� − 	W − 	x (30)

with 0 < 	W < 1, we have

W(Ax + Bsat(Kx) + w) − W(x)

� − 	W‖x‖2 + �w2‖w‖2 + �w1‖w‖. (31)

Together with the inequality in (19) and the continuity of
W(x), the inequality in (31) implies that W(x) is an ISS
Lyapunov function. �

Remark 5. Note that the inequality in (31) is obtained by
making use of the assumption that ‖w‖ is sufficiently small.
This is inevitable, as an input-constrained neutrally stable
system cannot be stabilized when there is a large disturbance.

Remark 6. As the right hand side of (30) can be made
arbitrarily small, the inequality in (31) is valid for any �
strictly less than 1/(2c1c2�).

Remark 7. The ISS characterization in Theorem 5 is similar
to, but is slightly different from those in [23,3]. In [3], the ISS
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characterization is obtained for the case where the external
disturbance enters into the system in the following manner

x+ = Ax + Bsat(u + w).

In [23], the ISS characterization is derived for the matched
case, i.e.

x+ = Ax + Bsat(u) + Bw.

Note also that Theorem 5 can be extended to a discrete time
version of Proposition 14.1.5 of [11].

4.2. ISS of the proposed MPC

On the basis of the ISS property of the small-gain control
given in Section 4.1, we prove here that the finite-horizon
MPC proposed in Section 3.2 is ISS. The following theorem
gives a global ISS characterization4 with a restriction on the
disturbance.

Theorem 6. Consider the neutrally stable plant in (26) and
the MPC law kN(x) resulting from the optimization problem
(20). Then, given any positive integer N, there exists a � > 0
such that the closed-loop x+ =Ax +BkN(x)+w is ISS for
all w satisfying ‖w‖ < �1 with some positive �1.

Proof. First, note that there exist two K∞ functions sat-
isfying (10), as discussed in the proof of Theorem 3. Note
also that the optimal cost J ∗

N(x) is continuous; as shown
in [9], the optimal cost is continuous if the cost function is
continuous, and if the constraints are placed only on the in-
put with the constraining set U being compact. The proof is
thus completed by showing that an equality like (25) holds
for J ∗

N(x).
Let u∗(x) and x∗(i; x) be the optimal control sequence

in (4) and the resulting trajectories in (9), respectively. As
in the proof of Theorem 1, consider the feasible (subopti-
mal) sequence ũ defined in (8) at the next sampling instant;
JN(x+, ũ) is then given by

JN(x+, ũ)

=
N−1∑
i=1

l(xi, u
∗(i; x)) + l(xN , kf (x∗(N; x)))

+ �W(AxN + Bkf (x∗(N; x))),

where xi’s are the sequence resulting from the state x+ and
the control ũ, i.e.

xi = x∗(i; x) + Ai−1w, i ∈ [1, N ]
x+ = x1.

4 The previous results reported in [20,18] provide local ISS charac-
terizations; for the notion of local ISS, see [19, p. 192].

Hence, we have

JN(x+, ũ)

=
N−1∑
i=1

l(x∗(i; x) + Ai−1w, u∗(i; x))

+ l(x∗(N; x) + AN−1w, kf (x∗(N; x)))

+ �W(Ax∗(N; x) + Bkf (x∗(N; x)) + ANw)

= J ∗
N(x, u) − l(x, kN(x)) + M1 + M2 + M3, (32)

where

M1 = l(x∗(N; x) + AN−1w, kf (x∗(N; x)))

M2 = �W(Ax∗(N; x) + Bkf (x∗(N; x)) + ANw)

− �W(x∗(N; x))

M3 =
N−1∑
i=1

{l(x∗(i; x) + Ai−1w, u∗(i; x))

− l(x∗(i; x), u∗(i; x))}.
We first consider M1 as follows:

M1 �	1‖x∗(N; x)‖2 + �1‖w‖2, (33)

where

	1 = �max(Q + �2ATMcBRBTMcA) + 	y

�1 = 1

	y
‖QAN−1‖ + �max(A

N−1T
QAN−1), (34)

and 	y is an arbitrary positive constant. See Appendix B
for the details of deriving (33). Therefore, 	1 can be any
constant larger than �max(Q+�2ATMcBRBTMcA). In view
of Theorem 5, an upper bound on M2 for ‖w‖ < �1 can be
obtained as

M2 = �W(Ax∗(N; x) + Bkf (x∗(N; x)) + ANw)

− �W(x∗(N; x))

� − �	2‖x∗(N; x)‖2 + ��2‖w‖ + ��3‖w‖2, (35)

where 	2 is any constant satisfying 0 < 	2 < 1, �2 and �3 are
positive, and �1 is such that

−1 + �2c1c2A
N�1 � − 	2 − 	x

with c1, c2, �, and 	x as in (30). In order to give an upper
bound on M3, we consider

x∗(i; x) = Aix + WciUi ,

where

Ui = [u∗(0; x)u∗(1; x) · · · u∗(i − 1; x)]T,

Wci = [Ai−1BAi−2B · · · B].
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Using this expression, we obtain an upper bound on M3 as
follows:

M3 � 	3‖x‖2 + �4‖w‖2 + �5‖w‖, (36)

where 	3 is an arbitrary positive constant, and �4 and �5
are positive. See Appendix B for the details of deriving
(36). Note that we use 2UT

i WT
ciQAi−1w��5‖w‖ above,

which ensues from the fact that the inputs are bounded
due to saturation. To sum up, (33), (35) and (36) result in
an upper bound on the difference of the optimal cost as
follows:

J ∗
N(x+) − J ∗

N(x)�JN(x+, ũ) − JN(x, u∗)
� − l(x, kN(x)) + 	3‖x‖2 + (	1 − �	2)‖x∗(N; x)‖2

+ �6‖w‖2 + �7‖w‖,

where �6 = �1 + ��3 + �4 and �7 = ��2 + �5. Therefore,
if � is set to a value larger than or equal to 	1/	2, we have

J ∗
N(x+) − J ∗

N(x)� − (�min(Q) − 	3)‖x‖2

+ �6‖w‖2 + �7‖w‖. (37)

The proof is then completed by observing that 	3 in (37)
can be made arbitrarily small; note that this ISS char-
acterization holds with a restriction on w as ‖w‖ is as-
sumed to be sufficiently small when deriving (35) using
Theorem 5.

Remark 8. In view of (34) with 	y being arbitrary and
0 < 	2 < 1, if

� > �0 := �max(Q + �2ATMcBRBTMcA), (38)

the proposed MPC is ISS. Note that for global asymptotic
stability, ���0 is shown to be sufficient in the proof
of Theorem 3. Therefore, selecting � satisfying the in-
equality in (38) leads to both asymptotic and input-to-state
stability.
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Fig. 1. State and input with x0 = [10, 8] and w(k) = 0.

5. Simulation

To demonstrate the effectiveness of the proposed MPC
scheme, we consider the following plant

x+ =
[

1 1
0 0.8

]
x +

[
0
1

]
u +

[
1
1

]
w, −1�u�1,

where w(k) is an external disturbance. Note that the un-
constrained part of the system is neutrally stable with one
integrator. For implementation, we employ an SQP algo-
rithm. The MPC parameters used in the simulation are
summarized below.

N = 3, Q =
[

1 0
0 1

]
, R = 0.8,

Mc =
[

0.06 0.3
0.3 2

]
, � = 0.95

�max(BTMcB)
,

� = 1.05 · �0.

As shown in Fig. 1, the proposed MPC successfully sta-
bilizes the neutrally stable plant with x0 = [11, 8] while
satisfying the saturation constraint.

Fig. 2 concerns the case where the initial state changes to
x0 =[−1000, −1000]; once again, stabilization is achieved.
Note that the finite horizon MPC with no cubic term in the
terminal cost fails to stabilize the plant in this case because
of the large initial state, which causes infeasibility.

Fig. 3 shows the results for the case where the disturbance
is a random bounded sequence ranging from 0 to 0.5. Despite
the presence of the persistent disturbance, the output remains
bounded as suggested by Theorem 6.

Fig. 4 concerns the case where the disturbance has finite
energy (w(k)=5 · 0.9k). As the iISS property guaranteed by
global stability implies, the output is bounded and tends to
zero.

As seen in the figures, the closed-loop is stable, and is ro-
bust against disturbances. The stability properties resulting
from the proposed MPC are global, and consequently the
optimization problem involved is guaranteed to be feasible
at all times. This is in sharp contrast with finite-horizon
quadratic MPC, where the domain of attraction does not
cover the whole space and thus infeasibility can always occur
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Fig. 2. State and input with x0 = [−1000, −1000] and w(k) = 0.
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Fig. 3. State and input with x0 = [10, 8] and w(k) random.
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Fig. 4. State and input with x0 = [10, 8] and w = 5 · 0.9k .

due to the disturbance even when the initial state belongs to
the domain of attraction.

6. Conclusion

In this paper, a finite horizon MPC is proposed, which
globally stabilizes discrete-time neutrally stable linear sys-
tems subject to input constraints. The global stabilization
is achieved by employing a non-quadratic function as the
terminal cost, which consists of cubic as well as quadratic
functions of the state. This is a discrete-time version of a
recent work for continuous-time systems. Furthermore, an

ISS characterization for the resulting closed-loop is derived
under the assumption that the external disturbance is suffi-
ciently small. Simulations using an SQP algorithm show the
effectiveness of the proposed MPC. Possible directions for
future research include switching-based adaptive MPC [17]
for uncertain input-constrained neutrally stable systems; it
is expected that the ISS property obtained here may be used
to devise a switching algorithm.
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Appendix A. Deriving the differences of the quadratic
and cubic functions in Theorem 5

Along the trajectories of the system (26) and (14), the
difference of the quadratic term in (17) can be evaluated as
follows:

Wq(Ax + Bsat(Kx) + w) − Wq(x)

= (Ax + Bsat(Kx) + w)TMq

× (Ax + Bsat(Kx) + w) − xTMqx

= (Acx − BKx + Bsat(Kx) + w)TMq

× (Acx − BKx + Bsat(Kx) + w) − xTMqx

= xT(AT
c MqAc − Mq)x + 2xTATMqB(sat(Kx) − Kx)

+ 2sat(Kx)TBTMqw + 2xTATMqw + wTMT
q w

� − ‖x‖2 + a12‖x‖Lu(Kx)Tsat(Kx)

+ 2b1‖x‖‖w‖ + b2‖w‖2 + 2sat(Kx)TBTMqw

� − ‖x‖2 + a12‖x‖Lu(Kx)Tsat(Kx) + 	xq‖x‖2

+ �wq2‖w‖2 + �wq1‖w‖,

where

Ac = A − �BBTMcA, a1 = �max(A
TMqB),

b1 = �max(A
TMq), b2 = �max(Mq),

	xq is arbitrarily small, and �wq2, �wq1 are positive. Note
that Eqs. (16) and (12), and the inequality 2pq �
p2 +q2/

(
 > 0) are used to derive the first and second inequalities
above, respectively.

We now compute the difference of the cubic term in (27);
our procedure is similar to, but is slightly different from that
in [23]. First, consider the following:

x+T
Mcx

+ − xTMcx

= (Ax + Bsat(Kx) + w)TMc

× (Ax + Bsat(Kx) + w) − xTMcx

� + 2xTATMcBsat(Kx) + 2xTATMcw

+ satT(Kx)BTMcBsat(Kx)

+ 2satT(Kx)BTMcw + wTMcw

= − 1

�
KxTsat(Kx) − 1

�
(Kx)Tsat(Kx)

+ satT(Kx)BTMcBsat(Kx)

+ 2xTATMcw + 2satT(Kx)BTMcw + wTMcw

� − 1

�
(Kx)Tsat(Kx) − 1

�
KxTsat(Kx)

+ 1

�
satT(Kx)sat(Kx)

+ 2xTATMcw + 2satT(Kx)BTMcw + wTMcw

� − 1

�
(Kx)Tsat(Kx) + 2xTATMcw

+ 2satT(Kx)BTMcw + wTMcw

� − 1

�
(Kx)Tsat(Kx) + c1‖x‖‖w‖ + �1‖w‖

+ �2‖w‖2, (A.1)

where �1 and �2 are positive, and c1 = 2�max(A
TMc).

Eqs. (13) and (15) are used to derive the first and sec-
ond inequalities, respectively. The last inequality ensues
from the boundedness of the saturation function. We also
employ two inequalities as used in [23]. For b�a�0
and l�1,

(b − a)l �bl − bl−1a. (A.2)

Given any 	 > 0 and l > 1, there exists �	 > 0 such that

(m + v)l �ml + 	ml−1/2 + �	v
l−1/2 (A.3)

for all m�0, and for all v�0 with a known upper bound.
Using (A.1) and inequalities of the forms in (A.2) and
(A.3), we can compute the difference of the cubic term as
follows:

(x+T
Mcx

+)3/2

�
(

xTMcx + c1‖x‖‖w‖ + �1‖w‖ + �2‖w‖2

− 1

�
(Kx)Tsat(Kx)

)3/2

�(xTMcx + c1‖x‖‖w‖ + �1‖w‖ + �2‖w‖2)3/2

− 1

�
(xTMcx + c1‖x‖‖w‖ + �1‖w‖

+ �2‖w‖2)1/2(Kx)Tsat(Kx)

�(xTMcx + c1‖x‖‖w‖ + �1‖w‖ + �2‖w‖2)3/2

− 1

�
(xTMcx)1/2(Kx)Tsat(Kx)

�(xTMcx + c1‖x‖‖w‖)3/2

+ 	1(x
TMcx + c1‖x‖‖w‖)

+ �3(�1‖w‖ + �2‖w‖2)

− a2

�
‖x‖(Kx)Tsat(Kx)

�(xTMcx + c1‖x‖‖w‖)3/2 + 	2‖x‖2

+ �4‖w‖ + �5‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx)

�
[
(xTMcx)3/2

(
1 + c1‖x‖‖w‖

xTMcx

)3/2
]

+ 	2‖x‖2 + �4‖w‖ + �5‖w‖2

− a2

�
‖x‖(Kx)Tsat(Kx)
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�
[
(xTMcx)3/2

(
1 + c1‖x‖‖w‖

xTMcx

)2
]

+ 	2‖x‖2 + �4‖w‖ + �5‖w‖2

− a2

�
‖x‖(Kx)Tsat(Kx)

�
[
(xTMcx)3/2

(
1 + 2c1‖x‖‖w‖

xTMcx
+ c2

1‖x‖2‖w‖2

(xTMcx)2

)]

+ 	2‖x‖2 + �4‖w‖ + �5‖w‖2

− a2

�
‖x‖(Kx)Tsat(Kx)

�(xTMcx)3/2 + (xTMcx)1/22c1‖x‖‖w‖

+ c2
1‖x‖2‖w‖2

(xTMcx)1/2 + 	2‖x‖2

+ �4‖w‖ + �5‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx)

�(xTMcx)3/2 + 2c1c2‖w‖‖x‖2

+ c2
1

c3
�‖x‖‖w‖ + 	2‖x‖2

+ �4‖w‖ + �5‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx)

�(xTMcx)3/2 + 2c1c2‖w‖‖x‖2 + 	xc‖x‖2

+ �wc1‖w‖ + �wc2‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx)

where c2=√
�max(Mc), c3=√

�min(Mc), �j ’s (j=1, . . . , 5),
�wc1 and �wc2 are positive, and 	1, 	2 and 	xc can be arbitrar-
ily small. Eqs. (A.2) and (A.3) are used to derive the second
and fourth inequalities, respectively. Finally, we have

Wc(Ax + Bsat(Kx) + w) − Wc(x)

�2c1c2‖w‖‖x‖2 + 	xc‖x‖2 + �wc1‖w‖
+ �wc2‖w‖2 − a2

�
‖x‖(Kx)Tsat(Kx).

Appendix B. Deriving the upper bounds on M1 and M3
in the proof of Theorem 6

The upper bounds on M1 and M3 given in (33) and (36)
are obtained as follows:

M1 = (x∗(N; x) + AN−1w)TQ(x∗(N; x) + AN−1w)

+ sat(Kx)TRsat(Kx)

�(x∗(N; x) + AN−1w)TQ(x∗(N; x) + AN−1w)

+ (�BTMcAx∗(N; x))TR(�BTMcAx∗(N; x))

= x∗(N; x)TQx∗(N; x) + 2x∗(N; x)T

× QAN−1w + wTAN−1T
QAN−1w

+ x∗(N; x)T�2ATMcBRBTMcAx∗(N; x)

�	1‖x∗(N; x)‖2 + �1‖w‖2

M3 =
N−1∑
i=1

{(x∗(i; x) + Ai−1w)TQ(x∗(i; x)

+ Ai−1w) − x∗(i; x)TQx∗(i; x)}

=
N−1∑
i=1

{2x∗(i; x)TQAi−1w + wTAi−1T
QAi−1w}

=
N−1∑
i=1

{2(Aix + WciUi)
TQAi−1w

+ wTAi−1T
QAi−1w}

=
N−1∑
i=1

{2(xTAiT + UT
i WT

ci)QAi−1w

+ wTAi−1T
QAi−1w}

=
N−1∑
i=1

{2xTAiT
QAi−1w + 2UT

i WT
ciQAi−1w

+ wTAi−1T
QAi−1w}

�	3‖x‖2 + �4‖w‖2 + �5‖w‖.
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