A REDUCTION IN CONSERVATISM IN STABILITY AND Ł_2 GAIN ANALYSIS OF TAKAGI-SUGENO FUZZY SYSTEMS VIA LINEAR MATRIX INEQUALITIES

Ali Jadbabaie

Control and Dynamical Systems Mail Code 107-81 California Institute of Technology Pasadena, CA 91125, USA alij@cds.caltech.edu

Abstract: In this paper, we use a state-dependent Lyapunov function to reduce the conservatism in stability analysis of Takagi-Sugeno (T-S) fuzzy systems via Linear Matrix Inequalities (LMIs). Our approach uses T-S fuzzy rules to define Lyapunov functions, and therefore substantially enlarges the class of Lyapunov functions which can be used to prove stability of T-S fuzzy systems. This approach greatly reduces the conservatism and generalizes previous results in this area which relied on finding a common positive definite Lyapunov function. Since the resulting Lyapunov function is state-dependent, this method requires a priori bounds on the variations of those states that are the argument of the membership functions. The effectiveness of this approach is finally presented via a simple numerical example.

Keywords: Fuzzy systems, Linear Matrix Inequalities, L_2 gain analysis.

1. INTRODUCTION

A great deal of attention has been focused on the stability analysis of Takagi Sugeno fuzzy systems. One major reason for this attention is the fact that Takagi-Sugeno fuzzy systems have been shown to be universal approximators, i.e, they can be used to approximate a large class of nonlinear systems [3]. Once the T-S model is obtained, recently developed techniques in robust control methodology can be used for analysis of T-S fuzzy systems.

Despite the fact that the global T-S model is nonlinear due to the dependence of the membership functions on the state, it is in a very special form, known as Polytopic Linear Differential Inclusions (PLDI) [2] . The only difference between a T-S fuzzy system and a PLDI is that in the analysis of PLDIs, the coefficients are assumed to be unknown where as in T-S fuzzy systems the coefficients are normalized membership functions. Several researchers have addressed the issue of stability and substantial amount of progress has been made in the last two years in stability analysis and design of T-S fuzzy control systems, [4-8,11-13,17]. Most of the above mentioned references utilize the recently developed interior-point convex optimization methods for solving Linear Matrix Inequalities [2,10]. However, all of these except [8] are based on finding a common positive definite matrix which satisfies a set of LMIs. These conditions are essentially equivalent to quadratic stability, i.e., stability provable using a single quadratic Lyapunov function. However, it is wellknown that in a lot of cases, a common positive definite matrix does not exist,whereas the system is stable. To overcome this limitation, we use the machinery of Linear Parameter Varying stems

(LPV)[1,16] to overcome this conservatism. By letting the Lyapunov function to be parameterdependent (where in this case the parameter is a function of state), the class of T-S systems for which the stability can be proven is greatly enlarged. The major disadvantage of this approach is the fact that an a priori bound on the variation of the states which are the argument of membership functions is assumed, and coming up with these upper bounds is some how ad hoc.

In this paper we focus only on analysis issues, such as stability and L_2 gain analysis. The structure of this paper is as follows: In section (2), we present an overview of dynamic Takagi Sugeno systems and LMI formulation of quadratic stability stability conditions. In section (3), we introduce fuzzy rules for defining the Lyapunov function and derive LMI conditions for stability and L_2 gain analysis. Our numerical results are presented in section (4), where we present a simple example to illustrate the effectiveness of the proposed stability conditions. Finally, conclusions and some future work are discussed in section (5).

2. TAKAGI-SUGENO FUZZY MODELS

A dynamic T-S fuzzy model is described by a set of fuzzy “IF... THEN” rules with fuzzy sets in the antecedents and dynamic LTI systems in the consequents. A generic T-S plant rule can be written as follows:

i^{th} Plant Rule: IF x_1(t) is M̃_{i1} and . . . , x_n(t) is M̃_{in} THEN ẋ = A_ix

where x ∈ IR^{n×1} is the state vector, i = {1, · · · , r}, r is the number of rules, M̃_{ij} are input fuzzy sets, A_i ∈ IR^{n×n}.

Using singleton fuzzifier, max-product inference and center average defuzzifier, we can write the aggregated fuzzy model as

ẋ = ∑_r i=1 w_i(x)A_ix ∑_r i=1 w_i(x) (1) where w_i is defined as

w_i(x) = n∏ j=1 μ_{ij} (x_j ) (2)

where μ_{ij} is the membership function of jth fuzzy set in the ith rule. Defining

α_i(x) = w_i(x) ∑_r i=1 w_i(x) (3)

we can write (1) as ẋ = r∑ i=1 α_i(x)(A_ix) (4)

where α_i > 0 and ∑_r i=1 α_i = 1

The following stability theorem , essentially ensures simultaneous stabilization of the linear models at the antecedent of each rule [13].

Theorem 1. The closed loop fuzzy system (4) is globally asymptotically stable if there exist a common positive definite matrix P which satisfies the following Lyapunov inequalities:

A^T_i P + P A_i < 0 i = 1, · · · , r (5) Proof: The proof can be easily obtained by multiplying both sides of the inequalities by α_i’s and summing them up.

Although this condition guarantees stability, it can be very conservative, i.e., we can easily find T-S fuzzy systems, or in a broader sense, PLDIs which are stable, but are not quadratically stable, i.e., their stability can not be proven with a single quadratic function. One way of dealing with this problem, is to use the approach given in [8], that is, to use piecewise quadratic Lyapunov functions and then use the S procedure [2] to come up with stability conditions.

3. LYAPUNOV FUNCTION DESCRIBED BY T-S FUZZY RULES

In this section, we introduce T-S fuzzy rules that describe the Lyapunov function. Each T-S rule has fuzzy sets in the antecedents and quadratic Lyapunov functions in the consequents. A generic rule for the Lyapunov function can be written as follows:

i^{th} Rule for the Lyapunov Function: IF x_1(t) is M̃_{i1} and . . . , x_n(t) is M̃_{in} THEN V = x^′P_ix . Using the same inference method as before, the Lyapunov function can be written as : V = r∑ j=1 x^′P (x)x (6)

Where

P (x) = r∑ i=1 α_i(x)P_i Before obtaining the stability result, we need the following definition [16]: Let P ⊂ R^s be a compact set and ν_i, i = 1, · · · , s be nonnegative numbers, then we define the parameter ν-variation set as: F^ν_P := {ρ(t) : ρ(t) ∈ P, |ρ̇_i| ≤ ν_i, ∀t ≥ 0} (7) where ρ_i(t) are a subset of the states which the membership functions depend on. In other words it is assumed that the state variables which describe the membership functions have bounded variations, and ν_i are upper bounds on the derivative of the states. Note that in a majority of practical applications usually membership functions in the antecedents depend on one or two state variables. The following theorem describes sufficient conditions for stability.

Theorem 2. Let {ρ_i(t)}^s_{i=1} ∈ F^ν_P , 1 ≤ s ≤ n be the state variables in the antecedents of T-S rules, then we have the following:

The T-S fuzzy system (4) is globally asymptotically stable if there exist positive definite matrices P_1, · · · , P_r which satisfy the following inequalities:

L_i + s∑ k=1 r∑ l=1 ±ν_kγ_{kl}P_l < 0

M_{ij} + s∑ k=1 r∑ l=1 ±ν_kγ_{kl}P_l < 0 P_i > 0 i = 1, · · · , r j < i ≤ r (8) where

L_i = A^T_i P_i + P_iA_i M_{ij} = A^T_i P_j + A^T_j P_i + P_j A_i + P_iA_j (9) and γ_{kl} > | ∂α_l ∂ρ_k | is an upper bound on the variations of the membership functions, and ± indicates that all possible combinations of +(.) and −(.) should be considered.

Proof: The proof simply follows from selecting a Lyapunov function as in (6), and computing the derivative of the Lyapunov function along the trajectory of the T-S fuzzy system in (4), and bounding the derivative of the membership functions with respect to time with ν_kγ_{kl}. The details follow the proof of Lemma 3.1 in [16] and the proof of theorem 1.

Remark 1. Note that since the membership functions are known, γ_{kj} can be easily computed, since the membership functions are usually triangular or Gaussian shaped.

Remark 2. Unfortunately there is no systematic way of picking the bounds ν_i, for the state variables that are arguments of input membership functions. However, the bounds can be picked initially to be large and then reduced until the conditions in Theorem 2 are violated. In the next section, we use these stability conditions to obtain less conservative bounds on L_2 gain of T-S fuzzy systems.

4. L_2 GAIN ANALYSIS OF T-S FUZZY SYSTEMS

consider the following T-S fuzzy system:

ẋ(t) = r∑ i=1 α_i(x)(A_ix + B_iw(t))

z(t) = r∑ i=1 α_i(x)(C_ix + D_iw(t)) (10)

Where w(t) is in L_2[0, ∞). The L_2 gain analysis problem is to check whether the induced L_2 norm of the above system, from input w(t) to the output z(t) is less than some γ or not. This can be checked by the following theorem:

Theorem 3. The T-S fuzzy system (10) has an L_2 gain less than γ if the following LMIs are feasible:

L_i + s∑ k=1 r∑ j=1 ±ν_kγ_{kj} P_j P_iB_i C^T_i B^T_i P_i −I D^T_i C_i D_i −γ^2I < 0

M_{ij} + s∑ k=1 r∑ j=1 ±ν_kγ_{kj} P_j P_iB_j P_j B_i C^T_i B^T_j P_i −I 0 0 B^T_i P_j 0 −I D^T_i C_i 0 D_i −γ^2I < 0

P_i > 0 i = 1, · · · , r j < i ≤ r (11) Proof: The proof follows from Theorem 2, and the KYP lemma. See [1,16] for the proof in case of LPV systems.

5. NUMERICAL EXAMPLES

In this section we present a numerical example to illustrate the advantage of using parameter dependent Lyapunov functions rather than a single quadratic. However, the example is just an academic example without any physical motivation.

5.1 Stability Analysis

Consider the following T-S fuzzy model consisting of two rules.

If x_1(t) is small Then ẋ(t) = A_1x(t)

If x_1(t) is large Then ẋ(t) = A_2x(t)

Where small and large are fuzzy sets described by the following two triangular membership functions: μ_{small}(x_1) = 1 − | x_1 3 | μ_{large}(x_1) = | x_1 3 | and A_1 and A_2 are given as follows:

A_1 = [ −5 −4 −1 −2 ]

A_2 = [ −2 −4 20 −2 ]

Unfortunately, A single quadratic Lyapunov function that proves stability of the above system does not exist [9] . However, simulation results indicate that all trajectories for the above fuzzy model converge to zero. Simulation results are depicted in figures 1 and 2. We define the following T-S rules for the Lyapunov function candidate:

If x_1(t) is small Then V = x^T P_1x

If x_1(t) is large Then V = x^T P_2x

In order to use the result of theorem (2), we need to assume bounds on the derivative of the state variable x_1 as well as derivative of membership functions μ_1 and μ_2. Note that the membership functions depend only on one state therefore s = 1 in Theorem 2. The bounds on membership functions, i.e., γ_1 and γ_2 are easily computed to be equal to 0.33. For the rate of variation of x_1, we pick a positive number, and then check in the simulation to see if the bound is realistic. Finding an upper bound on the variation of the state on which the membership functions depend on is the biggest bottle neck of this method and other LPV based methods. However by picking an initial large number as an estimate on the upper bound and then iteratively reducing the upper bound, this problem can be solved.

Assuming |ẋ_1(t)| < 3, and solving the LMIs in (8), the following values are obtained for P_1 and P_2:

P_1 = [ 11.1173 −3.0405 −3.0405 26.2707 ] P_2 = [ 32.5864 1.7079 1.7079 6.9862 ]

Simulation results validate the assumption that |ẋ_1(t)| < 3. Next, we present another example to compute the L_2 gain of a T-S fuzzy system using the result of Theorem 3.

Fig. 1. Time response of x_1(t).

Fig. 2. Time Response of x_2(t).

5.2 L_2 Gain Analysis

In the previous section, stability of the T-S system was proven using a membership function- dependent Lyapunov equation. We use the result of Theorem 3 to prove an upper bound on the L_2 gain of the following T-S fuzzy system:

If x_1(t) is small Then ẋ(t) = A_1x(t) + B_1w(t)

If x_1(t) is large Then ẋ(t) = A_2x(t) + B_2w(t)

Where A_1 and A_2 are the same as before and B_1 and B_2 are chosen to be the following:

B_1 = [ 0.5 0.3 ] B_2 = [ 0.1 0.2 ] (12)

While a single quadratic Lyapunov function can not prove the stability, a state dependent Lyapunov function described by the following T-S fuzzy rules proves that the L_2 gain of the system from the disturbance w(t) to the output y(t) = x_1(t) is less than γ = 0.703. The bounds used for the derivative of the membership functions and ẋ_1(t) were the same as in section 5.1.

6. CONCLUSIONS

This paper was an attempt to extend the stability analysis results for T-S fuzzy systems from a single quadratic Lyapunov function to parameter dependent Lyapunov functions. Since the Lyapunov function is described by T-S “If ... Then” rules, it depends on the membership functions and therefore on part of state variables. Hence, a priori bounds on the time derivative of normalized membership functions must be picked in advance. The major disadvantage of this approach is that it is not clear how to pick these bounds systematically other than using trial and error methods, so obviously there is a lot of work to be done in this area. However, the conservatism of stability conditions will be drastically reduced due to a much richer class of Lyapunov functions.

One of the major problems with LPV methods is picking the basis functions for the Lyapunov functions and using a T-S fuzzy model to describe the Lyapunov function seems to be a good alternative. The other advantage of using this type of analysis is that we don’t need to solve the LMIs pointwise as it is required in LPV methods, since the T- S fuzzy systems are polytopic, and checking the stability of the vertices is sufficient for stability. Therefore, this method is less tedious than griding the parameter space and solving LMIs pointwise. Next step in this direction would be to extend the current results to state feedback design for H_2 and H_∞ optimization.

7. REFERENCES

[1] G. Balas et. al., Theory and Application of Linear Parameter Varying Systems, Tutorial presented at American Cont. Conf., June 1997, Albuquerque, NM, 1997.

[2] S. Boyd, L. El Ghaoui, E. Feron and V.

Balakrishnan, Linear Matrix Inequalities in System and Control Theory, SIAM series in Applied Mathematics, Vol. 15, Philadelphia, PA., 1994.

[3] J. Castro, “Fuzzy Logic controllers are UNiversal Approximators,” IEEE Trans. Syst. Man and Cybern., pp. 629-635, April 1995.

[4] A. Jadbabaie, A. Titli and M. Jamshidi, “Fuzzy Observer-Based Controllers for Nonlinear Systems,” Proc. 36^{th} IEEE Conf. on Dec. and Contr. (CDC’97), San Diego, CA., 1997.

[5] A. Jadbabaie, A. Titli and M. Jamshidi, “ A Separation Property of observer/Controller for Continuous-Time Fuzzy Systems”, presented at 35th Allerton National Conference on Communication and Control, Allerton House, Il, 1997.

[6] A. Jadbabaie, M. Jamshidi, and Andre Titli, “ Guaranteed Cost Design of Continuous-time Takagi Sugeno Fuzzy Controllers via LMIs”, Proc. FUZZ IEEE ’98, Anchorage, Alaska, 1998.

[7] A. Jadbabaie, C.T. Abdallah, M. Jamshidi, and Peter Dorato, “Guaranteed-Cost Control of the Nonlinear Benchmark Problem Using model-Based Fuzzy Systems,” To appear in Proc. IEEE Conf. on Control App. (IEEE CCA’98), Trieste, Italy, September 1998.

[8] M. Johansson , A. Rantzer, and K. E. Arzen, “Piecewise Quadratic Stability for Affine Sugeno Systems,” Proc. FUZZ IEEE’98, Anchorage, Alaska, 1998.

[9] M. Johansson and A. Rantzer, “Computation of Piecewise Quadratic Lyapunov Functions for Hybrid Systems,” Technical report, Department of Automatic Control, Lund Institute of Technology, June 1996.

[10] Y. Nesterov and A. Nemirovsky, Interior- Point Polynomial Methods in Convex Programming, SIAM Series in Applied Mathematics, Philadelphia, PA, 1994.

[11] S. Petterson, and B. Lennartson, “An LMI Approach for Stability Analysis of Nonlinear Systems,” Proc. of European Control Conference, ECC’98, Brussels, Belgium, July 1997.

[12] M. Sugeno, “ Recent Advances in Fuzzy Control : Stability Issue and Application to an Unmanned Helicopter”, Plenary Talk at World Automation Congress, Anchorage, Alaska, May 1998.

[13] K. Tanaka and M. Sugeno, “Stability Analysis and Design of Fuzzy Control Systems,” Fuzzy Sets and systems, Vol. 45, No. 2, pp. 135-156, 1992.

[14] K. Tanaka, T. Ikeda, and H. O. Wang, “Design of Fuzzy Control Systems Based on Relaxed LMI Stability Conditions,” Proc. 35th CDC, pp. 598-603, 1996.

[15] H. O. Wang, K. Tanaka, and M. F. Griffin, “An Approach to Fuzzy Control of Nonlinear Systems: Stability and Design Issues, ” IEEE Trans. Fuzzy Syst, Vol. 4, No.1, pp.14-23, 1996.

[16] F. Wu, X. H. Yang, A. Packard, and G.

Becker, “Induced L_2-Norm Control for LPV system with bounded Parameter Variation,” Int. Journal of Robust and Nonlinear Control, vol. 6, pp.983-998, 1996.

[17] J. Zhao, V. Wertz, and R. Gorez, “Fuzzy Gain scheduling Controllers Based on Fuzzy Models,” Proc. FUZZ-IEEE ’96, pp. 1670- 1676, New Orleans, LA, 1996.