
Blueshfteaconversefortto-ringsputro.clreorient Our goal is to show that for Ei - rigs ,

• Lya , KUR) = LT oil Kc LTLil ① Tci-H D) 2
u ,

• Descent results J
Last time Shadier showed that u ) follows from

' Lto , KL Lotz $) '- O L2 )

tf in addition we know that for Ito- ring R ,

Lai-y R so ⇒ Lui , kik) --O , (3)

taking R -

- Lin IS ⇒ a ⇒ l ' ! .
.

✓
1

Today .Discuss Kuhn 's blueshift result ,
• Prove a main technical result that will help
us prove (3) next time :

I LCMNN . 45] Let A be an Eco- ring .

GayAtb -- o ⇒ Ltg, A -

- O , t j 7 i .

Rink
.

Fails for It .
- rigs . e f . Morava k- theory :

L ka-y kill Eo ⇒ Lui-i , Kii#4=0 ⇒ Licia , Kath .- O .

But LT a) KM to
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Blueshift / Tate vanishing .

~

• Let G be a finite group . Denote by EG the Afi her of
EG,→ $ . Thus we have a diagram of after sequences

EG t ④ X → X - EG ④ X

t t t
Eat ④ Fc EGt . X)→ Fc IG+ ,

X ) → EG k FetGt , X )

( - la X ha → xG
→ zGx

→ "t
.

! t
norm

Xha→ X ha→ XTG Hate construction )

. Let L be a Bousfield localization functor and

Lsp the co
-) category of L-local spectra .

• L is a right adjoint , so it commutes with L- th?

• In Lsp ,
L - l her and c-TG are the L- localization

of these constructions in Sp
n



The C Kuhn : Clausen - Mathew ]

Let ! Ka Tin - local spectrum with a G - action .

Then Xhat XHG s an equivalence in Lte , Sp , it.

XTGIt .

Remark : we will only prove the case G. Cp .

For arbitrary G , one can first reduce to p - groups
using transfer , and then induct along extensions of
solvable groups .

I See 27 . 2.8 of E Kuhn] I .

key idea of Clausen & Mathew's proof :
Tate- vanishing ⇒ the transfer EEBG→ IF* e- Kahn- Priddy

has
'

a section after localization

Prof ( [Clausen -Mathew] . 23 ) 7 FAZ :

4) . For X E Csp with a Cp - action ,
Xha N→ Xhtt *

an
-

equivalence in Lsp and Xt4--0
.

(2) . Condition d) holds for X -- LIS with trivial action .

131 .

The transfer X ha → X admits a section after

applying L ,
where G acts trivially on X .



Proof .

it ⇒ 121 : clear .

(2) ⇒ u ) : X is an US - module ⇒ XTG is a 4$44, mod
since c-HG is lax-monoidal . Any module over 0 I 0 .

12 ) e⇒ (3) . Consider the following diagram in Lsp
(L he,

→N LL HG ⇐ ④
t-G

H t r
LIS

Here r is induced by inclusion of the basepoint *↳ Bfi
and f is the L- localization of the transfer
L L LIS ④ IFBG ) E L IEBG → L $ .

• Suppose that 4) holds .
i.e - N is an equivalence .

'Since r has a section ,
so does f -

• Suppose that 131 holds , ie . f has a section .

'

Fa : 48 FG is a ring and care a ring map .

Hence to show that ④TG -0
,

it suffices to show that

N : To L l L had → Tio C CSI
htt ) hits a unit U, Since u is

then mapped to O e Tio HL G) .

Since f has a Section there exists x t Tio 1481ha )

such that f -- toD maps X to t t to L Lst .



• Claim U -

- N x is a unit in The e cool)hG )
.-

L$ represents a commutative multiplicative cohomology
theory . We want to show that if at Cfc BG )
restricts to a unit in ' lesion

.
then cupping with u

is an iso on LST cBG ) .

Let KcBG be any finite pointed snboomplex .
The Atiyah - Hirzebruch s Sef . of LSTck ) is multiplicative
Since FMC LST c ki ) -0 for m > din Lkl , we deduce

that F
'

CLICK it = Ker e Lst ck ) → LST ca ) is nilpotent .

Hence u restricts to a unit under LSEBG)→ LSE k)

and u : Csfok ) → Week) is an iso .

Using the fire Iemma on the Milnor sequence
-
o→ einen LST

-'
ck) → of CBG ) → linesck) →O

k
u ul SH u f u f SH

-
o→ einen LST

-'
Uk) → LSTCBG ) → hem Estok) →o

Fue conclude that u : Lsf TBG ) →HBG) is an Bo . I

.

.



• Now we only need to find a section for
the transfer after Tom - localization .

The E Kahn - Priddy]
The

.

transfer Ee?Bcp → II * admits a section o

after applying it
"

.

Recall that Leon , e Zork where k is the Bousfield -

Kuhn functor . Since I' commutes with Guy , I . Koo

provides a section
.

This concludes the proof of Tate - vanishing .

D .

.

-



§ 2 . Fix a height in Morava E-theory Eiti . BP* → F-*
Tk, * i ) = W ch IC v. . -

- .

. Vi I Eff
') Vj ↳ Vjp

?
, jei

The I CMNN,
Lemma 4.5 ]

Viti ' p
?

Let A be an Esi ray
with trinal Cp - action .

If Lto , c AtG) = 0 , then try , A -0 , tj z it 1
.

(Tei , A -- O ⇒ Lai , Atb -
-o

them
.

IHahn) ¥
Ly ,# =D , jzitl

Main idea
5

I o) . Reduce to Keith - local Eco - Fitr - algebras .

ID .
Relate It and Atop via Atar = A

e ,

EEF
.

(2)
. Algebraic massage t Ettahn ]

1

Proof .

Recall from Ishan 's talk that for my R ,
-

R ④ Tci ) -- o <⇒ R ④ Kci ) -- O,
so it suffices to prove the result for Lkci ) .

We will first show that Lui , At4--0=7 4¥ , A -

- O
.

This is equivalent to LKeith ( Eiti ④ A) =D, since
Keith ④ Faith to splits as a wedge of E

? Keith 's
.

Hence it suffices to show i if A E a Keith - local

Itis - Fier - algebra with Luis AHP :-O , then A -6 .



top
Iemma Atop = A ¥4, Eiti

proof .

We will construct equivalences such that

It ¥7 ,
Kit 't hop
↳ A ¥7,

Eiht→ ftp.e,

EET

Hh Hh ! Commutes .

N
'÷..

A hop > A hop → AtCp

Then the aft beers are equivalent ,

lil . Y, comes from the definition of G)hop :

A ¥7, it" hop
= A

*

Ziti¥q§ = As,④up§ = A hop .

Iii)
.

L Lemma 4.21 Effy e FCBCpt , Eiti )

The STS Cp → s
' is s

'

induces a fiber sequence
s

'

→ Bcp → Es
'

GRE Bts '

→ Bts '

This classifies an S
'
- bundle over OR? sitting inside

a disk Cline) - bundle L④P .



Taking the Thom space of IAP yields offer sequence
Bcp ↳ I cI④P ) e QB

's

→ Thom CL
④P)

.

This induces a LES in Eiti - cohomology
.

Ein El xD ↳ Ein II xD → Fili cBcp ) .

• Ep) uh ← non - zero divisor

( cupping with the Euler class )

Hence fief c Bcp) -- Eitel DIapex ) .
This is a free

module of rank pit ' over Ein by Weiostness Preparation
Theorem

,
so Ethnic ① I ? Eiti .

pi

Sime Fie , is Tcith - local , Kuhn 's Tate - vanishing
implies that ↳*, in Ihop ⇒ Eth , so the US

is a free Eiti - module on a dual basis . Working
in Tith - local Eiti - modules

,

we have

Map GuenModem
'( Laith @ in thy . AH a- LT city CEihff④ A) I Eat!¥

,

A
tin

A- Map modem ,
l Ttieilhcp .

A )

hop
a- Map C Sl hop . A )

= A
.
I



Next , we will apply some algebraic massage .

• To c FiatG ) -- Ttx itieiha ) text] -
- ETI , itxD Ex-'Y -

up ex)

is flat over IT* e Eiti ) , so all higher Tor vanishes .

and Tio CATA ) E Tio CA ) ④
Ti. + , Yo

l EatG )

• Mod out by the ideal cp.ve .
- -

i Vi- i ) and invert x

on both sides .

Observe that Tio ieft Yep , v. .
. -

. Vit ) is faithfully flat
over the field To C Eiti )/ Lp , V. i - - i Vi - it Evi 't- ku Vi-ill .
This is because

Ep) CX) = Viti XP
"'t fix ) x Pi

"

" mod cp ,
Vi
.

.
-

i Vi ) .

In Twitter, Yep , vii. vi. it = Iii , IIXD Text) ftp.uxycp.u .

. -

i
Vi -it

,

Tp) CX) =D ⇐7 Vi . Guy =L Viti t Foxy . x ) . XP
"!

Since x and Viti are both invertible
,
so is VI .

'

.
Hence the induced map q
Tu LAI / op , vi. - -

i Vi -y wit] → To catG) Icp ,
h
.
.

.

. vi. i ) Ivi
'

]

I faithfully flat . .



\

Now we use the following result :

Lenny c LHahn) . 22)

tf R is a Keil - acyclic Ths - Eiti - algebra ,
then some

power of Vi is in the ideal Lp, v. . - -

,
Vi- i ) Cao U2) .

Sma Ata is Kei - acyclic by assumption . thetarget
of Cf vanishes and so does the source .

• Finally ,
we want to show that

* it = To CA ) / cp , r . . - -

, ri - i ) IV it] so ⇒ A =
.
o

d) .

For i -- O , HI = To CA ) ④ Q
-

- o
,
so I is key -aeyctw

by the May hitpotence Conjecture EMatkew - Naumann -Noel] .
Sine A is Kal - local by assumption , A = o .

Hit . For iz l . we use the following blackbox i

The L IHahh , 1.21
Let A be a Keith- local Eco- Eiti - algebra , tf in to U2)
some powerof Vi is in the ideal Lp , Vi . - - Vi - i )

,
then so is L

.

It follows that to UAI / Cpi Vi .
.
-

, Vi-i ) so ,

so

Tig CA )/Cp in .
.

.
Vi -4=0

.

Sure A is Keith - local , A = O
.



- This concludes the proof for Lt AtCEO ⇒ Laity A-- 0

To qe that Lt g) Aw , V-Jziti , we use the following :

The (Etlahn ) , I . I 1

Let It be a Kun - aeydiv Eto - ring spectrum .

Then A a tenth - aeydio
-

Pf .

Note that It is Kurth- acyclic ⇒ A x Ent , I .

By Lemma 2.2
,
some power of Vn is in the ideal

I = up ,
Vi

,

-

-

, Vh - i ) C Tio LA a Intl ) .
The same Ts true

for Ic Toc Lkwith LAKE nth) , so I a- I try 7hm l . 2
.

As a result, LKontakt n 'tnth is aeydiv w . rt. any
type nel Moore spectrum and thus its telescope .

It follows that Luna , LA a Ina ) is Kunti ) - heydir ,
and so is A a fuel . I

I

I


