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algebraicK theory
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µ
Easytodefine notgeneral

2 K theoryviagroupcompletion
µ
Goodtocomputewith

even lessgeneral3 K theory viaQuillen'splusConstruction

4 Definitionof connectiveInonconnectiveKtheory as theuniversal
additive localizing invariant Elegant generalhardertodefine
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1 RecollectionsonKo

Recall The inclusion Ab Creon admits a leftadjoint t 9Pcmon Ab
calledgroupcompletion

MSP 2 M

cm nT Cm Cn

Examples IN t 9P I 2 IN 9P I 0 IN 03 o IQso

Notation For an associative ring R write ProjCR for the categoryof
finitely generated projectivemodules

Definition Let 13be an associative ring TheGrothendieckgroup
of R is the groupcompletion maximal Subgroupoid

t
ko R to Proj RF Ot

EilenbergSwindle If we replaceProjCR with the categoryof
countablygenerated1all projective R modulesthenthegroup
completion is 0 Tryas anexercise if youhaven'tseenthisbefore

Takeaway Ko R onlydepends on thecategoryofmodulesoverR henceis
Morita invariant












































































































compactobjects

Alternativeformulation Write PerfCR ModRIforthe stable category

ofperfectcomplexes over R Themap DCR o categoryofRmodulespectra

KoR
I toPerfCRF

1 3 27 4 if thereis
a cofiberseq x y Z

p Pco

is an isomorphism

Ko isreallyan invariantofstable co categories
Perf R is betterthanProjR

1 We're allowed to considermoremodules
2 We're splitting all SES's and not relyingon thefact thatevery
SES ofprojectivemodulessplits

3 Better moregeneralizable categorytheoreticextraction

R ModCR Mod R w

Badtogen R ModR vs ModR
compactprojectiveobjects

to nonconnective w ofModRko
ringspectra Connective ModCR hasnononzero

projectives

However it is easier to definethe KtheoryspectrumfromPngCR so
we'll do that first












































































































2 K theoryviagroupcompletion

Idea Repeat Grothendieck's constructionof KoCR withouttruncating
ofmonoids ofEa Monoid

Io Png RF 9PM ProjLRF 91

toomonoids

Recollection on Ex Spaces31Spectra

Definition Let C be an oo categorywith finiteproducts AnEcomonoid
in C is a functor M Set C such that for all n so the
collapsemaps

I n i induce an 14 i n4 t.LIM liftequivalence

j
i 5 i

n o 141 1
elseI collapse

S V T T 14 SVT MCT
collapse I f f

HCS Max

Underlyingobject MC 13 1Espe excision
so

Mone C C Fun SettingC fullsubcategoryofEcomonoids

An Ex monoidM inSpc is an Ecogroup if Tom with theinduced
monoid structure is a group
GrpenCspc C Mon Spc full subcategoryofEcogroups












































































































Recall Sp Exc Spc n Spo F

finitepointed
spaces f

W Y

ly
is apullback

Doo Sp Spc is evaluation at 50 313

If X and T are any pointed spaces then
collapse

XvT T
is a punoutcollapsed

X

Taking Xand T tobefinitepointed sets we seethat Dffactors
as

rest forget
Sp GrpEadSpc Spc
n n

FunspinSpc FunGettinSpc

RecognitionprincipleSegal DT Sp GrpeadSpc restrictsto an

equivalence
e Sp Is Grpeafspd

connective

Point To define the K theoryspectrumof R we'lldefine anEcogroup

Proposition The inclusion Grp spa Mcneadspc admits aleft
adjoint f 9P MonEfSpc Grp Gpc

One can prove this with the adjointfunctortheorem

M truncated M truncated This is actuallygoodnewsfor us












































































































Additive K theory

direct sum k
theory

Segal k theory Quillen's 5 S Construction

Note C 5 Cat Spc is a rightadjointhencepreservesEcomonoids

Definition Write Kaddfor the composite
Symmman cats

1
KaddMone Cata None Spc GrpE Spc Spzo

C Ot 1 CI

Vote Since C F and L 9PpreservefilteredColims sodoesKadd

Definition For a connective Ee ring write
connective

Ken R Kadd ProjCR ESpzo

retractoffinite
0Of R

Lemma Let R be a connectiveEn ring
T Ko R E tokaDd R define K R it Kon R

Z ki R ki eenR far oe i en ti

This is an straightforward exercise in thedefinitions usingthatadjoints
areunique












































































































3 Ktheory via Quillen'splusconstruction

Idea Want togive anexplicitformulafor groupcompletionthat lets
us compute the Ktheoryspace to KKR Steps

1 Construct an approximation a Moo M9P suchthat a is

acyclic A induces an iso onreducedhomology withCoeffs in

any localSystem ByWhitehead'sThmjustneedto
modify ti cellulardescription

2 Invert acyclicmorphisms the p ME IN

rook R KoR xBGL R t

constructingtheapproximation

key Forevery CPIC toProjCRF there is a P and an integer n z 0

Suchthat P P Roth n

To groupcomplete we justneed to invert CRI 1

Generalizing Let MEMoneadspc and let xEIdM besuchthat foreach

y t to M there exists nZo and y cTo M Suchthat y y nx

Define Mapof Ex monoids

tel M Colin M M M
Naiveattempt
toinvert x

Since x isinvertible in MSP we obtain a map

a tel M tel MSP IM9P

provedamuchmoregeneralresultwithoreconditions

GroupcompletionTheorem McDuffTegat In thissituation thecomparison
a teh14 MSP is acyclic












































































































RemarkThe usualgroupcompletiontheoremsaysthat
H M Toth 2 I H MSP

BothringswiththePontryaginproduct

vote that
H te1 14 E H M x I EH M KoM I

by theassumptionon xeito M Sothis recoverstheclassicalgroupcompletion
theoremHarEcomonoids underthis assumption

Thegeneralgroupcompletiontheoremcanbestatedalongtheselines ifone
chooses a well ordered setofgenerators of Ito M

Case of interest R a connectiveEn ring Write sprojLR tehProjCRF
stableprojectivemodules

toGProjCR Colin toProjRF toProjLRF

to ProjRF Ko R

Given PE sProjR we have

r p sProjR Colin AutePotRothn soo

Choosing P EProjR such that POP E R r andCofinalityShowsthat

Rp ProjLR foolingAutplROtk GL R

Takeaway There is a non natural equivalence
onlyasspaces
t

sProjR Ko R x BGL R
aand an acyclicmorphism sprog R To KTR ProjRF 9












































































































Invertingacyclicmorphisms effectiveepimorphism

Lemma f X Y is acyclic iff f is an epimorphism inSpc thesquare
fX sY

f f is a pushout inSpc

F Y

Proposition The classofacyclicmorphisms inSpc is closed under
1 Composition 4 Colimits Moreover

2 Base change 5 Products 6 gf tf acyclic gacyclic
3 Cobasechange

Lemma Acyclicmapsformtheleftclass of afactorizationsystemonSpc
Everymorphism f factors uniquelyas f hoa where a is acyclic
and h is rightorthogonal toacyclicmorphisms

DefinitionThe plusconstruction C It Spc Spc is the Bousfield

localizationassociatedto thisfactorizationsystem
X Xt is anacyclicmapand X is local withrespectto acyclicmaps

Definition P CP.PT

1 A groupG ishypoabelian if Ghasnonontrivialperfectsubgroups
2 Aspace Y is hypoabetian if for allye's it LYy ishypoabelian

Note SinceKi R isabelian IkonCR ishypoabelian
Proposition ASpaceT is local withrespectto acyclicmaps if and

only if Y is hypoabetian

Spchypo Spc it XI x I th IX x Fearfiamsua'b

Exercise Construct X fromX byonlyadding and Ziff
Killperfect fix HHowQuillenoriginallyconstructedX subsoften












































































































Example R a connective Ee ring Then
at SProjCR Is RoKon R

Sl
KoCR xBGLR 1

Since it sProj R GLoo top and themaximalperfect inGL A

is the subgroupECA ofelementarymatrices kiCRIE GLokoR Ector
2

Classicaldefofk r R

SummaryofSection For a connective E ring R there is a non natural
identification onlyasspaces

1
Cook R KoCR xBGLCR

Quillen'soriginal
defofhigherKtheory



4 K theoryastheuniversaladditivelocalizinginvariant

Motivations In 61 Wesaw we coulddefine KoCR in 2Ways
1 Add inverses to toProjCRF

All SESSSplit

2 SplitCofiberSegs inPerfCR ModR
w
thenadd inverses

Takeforgrantedfor amoment Connective Ktheory Ken makes sense
for stable co categories construction willcomelater 95

Goal Give a universal characterization of K afterBlumberg
GepnerTabuada

Idea Kosplitsexact sequencesofperfectcomplexes The K theory
functor shouldsplitexact sequencesofstable N categories

More motivation We also want a nonconnective variant K of Ktheory
Given a scheme X WithClosedSubscheme 2 c X and U X Z there

is a Localizationsequence

Qcohz X QCohlX QConKlNotionof
pexactseq supportedon2

expressing QCONU as theVerdierquotient QCONX QCOhzX

Oh Kon this is almost a fibersequence but KolX Kohl
need not be surjective ShouldhavenegativeK groups



WorkingContext

Cata i categoryofsmallstableoo categories exactfunctors
Cat to Catft subcategory of idempotentcomplete N categories
Localization Idem Cat Cat
R E ring then PerfCR CCatopoerf

c w
compactlygen presentablestable

Cat rt oo cats 31leftadjoinsthat J C LPrstLurie repnd preservecompactobjs CxD E
representing preservingColimsSepbiexactfunctors ineachVariable
unit Spu spfin Unit Sp

Cat rt is not stable

Definition A sequence A Is B 9 C in Catrett is exact if
1 It is aCofiberSequence a propertysincethespaceofequivsgfeo is

contractible oremptyC Idem BIA
in

Verdierquotient
2 f is fully faithful
I 2 a fiber Cofibersequence in Catafert

An exact sequence A
f B 9 C is splitexact it inadditionfand

g admit rightadjoints



Definition Let D be a stable oo category and F Catfoert D a

functor We say thati
add F is an additive invariant if Flo o and F sendssplitexact

sequences in Catfoertto cofiber sequences in D

Loc F is a localizing invariant if Flo o and F sends exact

sequences in CatoPoert to cofiber sequences in D
fin F is finitary if F preservesfiltered colimits

Definition Theorem Blumberg Gepner Tabuada The D category
of noncommutative additive localizingmotives is the Universal

finitaryadditive localizing invariant

uadd Cat rf Notadd Uloc Cat tf Not'd
t I

The symmetricmonoidalstructure on Cat rt descendstosymmetric
monoidal structures on Notadd Not'd Uadd U0C

Definition113Gt CECatFort The connective nonconnective K theory
of C is the mappingspectrum

Kc C Map UaddSptin Uadd C
unit

K c Map U C

Sincelocalizing invariants are additive we get afunctor Mota Motto

Kan K

Proposition Ken Ezok



Other localizing invariants TopologicalHochschildcyclichomology

Nat'stalk
thesourceof the cyclotomic trace troyc K TC

Uloc
Cat rt Moto

FTH
cycsp

CyclotomicSpectra

K C Mapmotoc Ubc S Ubc C

troye byfunctoriality
Mapage THHL'S THHEDygTC C Mapcycsp 8 THA c j

nCeTHHCS Sg GS es



5 K theoryviathe S constructionin
Waldhausen

Goal Giveaconstruction of connective k theorybysplittingallsequences inC
Subposet ofCij with iej6

Notation Arch Fun G in CcnxCn
o.o 6,7 0,2 s om

u v v v
7,71 17,21 7 h

v v v

i

v v
nunD n l n

Fn

Definition Let C be a stable D category Foreach nzo write

Sn C c Fun Arch

for thefull Subcatof thosediagrams
0 X Xz i Xn

c exact fbicartesian
v v v v

O XXX Xn Square

v v v

i

v v
o XnXnn

v
O



n SnC defines a simplicial Stableco category
Observations

So C o objects of C It

Restrictionalongthe top row re an ArCn

i lo i

defines an equivalence

SnC Is Fun k an3 C

In particular Snk is stable
5 C C FunCHIP Cata is thecompleteSegalSpacerep C

Definition Let C be a stable co category The K theoryspaceofC
is the loopspace

Kcn C i r I S C Ii Sok x SoC
connected IS C 4

Note KenC naturally hasthe structureofanEco monoid CCOt EMonedCata
and S L J L 5 Cat Spc l ti Fun HIPSpc Spc all commutewith

finiteproducts

BelterKcnc is anFoo group

Tok C I Z toC SO I2 3 1 3
EXT Cz CT if thereis acofib
sequence x Y z

We'll write Kcnc Espsofor theassociated connectivespectrum



Consistencywith previousdefinitionofKc
1 If C CCat'Iert then

Map Uadd spin Uadd C DIS C

2 If R is aconnectiveEe ring then Ken PerfCR Ken R

ProjRF




