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1 Thresholds in disease models

A major objective of mathematical epidemiology is to serve public health interests by modeling the essential

characteristics of disease transmission. Until the acceptance of the germ theory of infection in the late

nineteenth century, disease modeling was limited to a posteriori statistical analysis of outbreaks. Once the

biological mechanisms of infection propagation were understood, dynamic modeling became the approach

of choice. The central modeling paradigm of mathematical epidemiology is the compartmental model, which

tracks individuals as they transition between different disease compartments, classified by the compartment’s

ability to acquire and transmit infection. The general model will be described in Section 2, but an orienting

example is shown in Figure 1, which depicts a simple model for a susceptible-infected-susceptible (SIS)

infection transmitted between two subpopulations. The state variable xi counts the number of individuals

in the ith compartment. Within each compartment, the individuals are assumed to be homogeneous with

respect to disease status and behavior; different compartments might represent different disease states,

susceptibilities or behaviors. This paper will explore the case in which potentially infectious contacts are

constrained to occur over a contact network that links the subpopulations.

Researchers are often interested in using disease models to determine whether or not a disease will become

an “epidemic”. In public health, this term is often loosely defined as “any marked upward fluctuation in

disease incidence or prevalence” [1]. Often, researchers refer to a disease progression as an epidemic if a

small initial infective population can grow in size, while others associate an epidemic with the establishment

of an endemic presence, i.e., a sustained positive level of infection.

In stochastic models, one is often interested in the time scales over which the disease is likely to be

present. For example, Ganesh et al. identify sufficient conditions for the expected time to extinction of

an SIS infection to be of order log(n) (fast die-out, no epidemic) on a network of n nodes, or of order

exp(nα), α > 0 (slow die-out, or effectively endemic) [2]. For additional interpretations of “epidemic” in

stochastic models, see the work of Nasell [3], Newman [4], and Miller [5].

Although the spread of infection is ideally modeled stochastically, as an individual-to-individual phe-

nomenon, stochastic models can quickly become analytically intractable. Indeed, many results for these

models are derived in the large-population limit, at which point the stochastic behavior is well-approximated

by a corresponding deterministic model (for a more precise statement, see the work of Kurtz [6] [7] and

Jacquez and Simon [8]). For the remainder of this paper, we will explicitly focus on deterministic models,

but the results of Sections 4-5 are useful in both deterministic and stochastic settings.

In general, each of the various notions of epidemic behavior in both stochastic and deterministic models

is associated with a function X of the model parameters, along with a threshold value c (which can be

chosen as 1 without loss of generality) such that a disease will be an epidemic if and only if X > c. Table 1

presents a summary of the appearance of different notions of epidemic in deterministic models in the recent
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literature. Even within the collection of deterministic models, definitions of epidemics and, correspondingly,

the associated threshold tests, vary a great deal. Two of the most common epidemic definitions respectively

track

• the generation-to-generation growth in the number of infected individuals;

• the temporal growth in the number of infected individuals.

Mathematically, these definitions respectively correspond to the following threshold tests:

• the basic reproductive ratio, R0, exceeds the threshold 1, where R0 is canonically defined as “the
expected number of secondary cases produced by a typical infected individual during its entire period
of infectiousness in a completely susceptible population” [9] and is a measure of the asymptotic per-
generation growth factor of an infection;

• a disease-free equilibrium (DFE) of the model is locally unstable, as determined by a threshold test on
the eigenvalues of a linearized model describing the time-evolution of small initial deviations from this
equilibrium.

The existence of multiple threshold criteria can create confusion when different criteria are erroneously

assumed to be the same or equivalent, e.g., using the existence of an endemic equilibrium to conclude2 that

R0 > 1. This issue has been raised by several authors, among them Heffernan et al. [14] and van den

Driessche and Watmough [15]. To clarify this issue in the case of the two threshold criteria above, Section

3 of this paper will address the interpretation of the criteria using the formalism of van den Driessche and

Watmough [15], establishing that these two tests (R0 > 1 and local instability) are different but equivalent.

Within this mathematical framework, we then turn our attention in Section 4 to the class of models

in which a population is divided into subpopulations with heterogeneously-structured interaction patterns.

Under a commonly invoked set of simplifying assumptions, we demonstrate that the threshold R0 can be

factored into two terms, thereby decoupling the biology of infection from the interaction patterns of the

subpopulations. Our central contribution in the paper is the introduction in Section 5 of several techniques

for approximating and bounding the factor related to interaction patterns, in the face of uncertainty regarding

these interaction patterns. We illustrate our ideas by application to several data sets.

2 A general compartmental model

To establish the framework for a general discussion, this paper focuses on a discrete-time model, adapted from

the continuous-time framework presented by van den Driessche and Watmough in [15]. Although models

based on ordinary differential equations have been the principal methodology in mathematical epidemiology,

discrete-time formulations (in the form of difference equations) are a natural modeling paradigm for many

applications and are more readily applicable to data sampled periodically.

2In general, the results of these threshold tests do not provide any information about the existence of endemic equilibria, or
vice versa. In particular, many disease models exhibit backwards bifurcations in their equilibria structure, for example, models
of recurrent immuno-suppressive infections [10], models with acquired immunity [11] and models in which interaction patterns
change in response to infection [12]. For a deeper investigation of this topic, see [13].
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Define a population (or state) vector x = (x1, . . . , xn) that measures the number of individuals in each of

n disease compartments, and let the first m of these compartments correspond to infected conditions (e.g.,

two different infected compartments might represent latent and symptomatic stages of an illness). Next, let

• Fi(x) represent the rate of appearance of new infections in compartment i,

• V+
i (x) represent the rate of movement of individuals into compartment i by means other than infection,

• V−
i (x) represent the rate of removal of individuals from compartment i by any means.

Note that the distinction between terms included in Fi(x) and V+
i (x) is not mathematical, but biological;

this distinction impacts the computation of R0, as we’ll see in the example at the end of Section 3. For

the discrete-time model, the rates are measured as changes per time step. We can formulate a difference

equation model of this process as follows:

xi ← hi(x) = xi + Fi(x) + V+
i (x)− V−

i (x) = xi + Fi(x)− Vi(x) (1)

The left arrow ← in Eq. 1 denotes a time-step update. The only restrictions placed on the form of the

functions Fi, V+
i and V−

i are given by the following assumptions, suitably adapted for the discrete-time case

from those given in [15]:

(A1) If x ≥ 0, then Fi,V+
i ,V−

i ≥ 0 for i = 1, . . . , n; all flows between compartments are nonnegative.

(A2) V−
i (x) ≤ xi; no more individuals can leave a compartment than currently occupy it.

(A3) Fi = 0 for i > m; no new infections can arise in non-infected compartments.

(A4) If xi = 0 for i = 1, . . . ,m, then Fi(x) = 0 and V+
i (x) = 0 for i = 1, . . . ,m; when there are no infectives

currently in the population, then no new infectives can arise, nor will there be any transitions into
infected compartments, so the disease-free state is an invariant manifold in the dynamic model.

Assumptions (A1)-(A4) impose biologically reasonable restrictions on the behavior of any physically-based

disease model, but put no limits on the functional forms that Fi and Vi can take. Additionally, we will take

the entries of x to be real rather than integer; this approximation is routinely made in the literature and is

appropriate for large population sizes.

A population vector x will be called a disease-free equilibrium (DFE) if

• the first m components of x are zero (corresponding to the absence of infected individuals);

• x is an equilibrium of Eq. 1, i.e., x = h(x);

• all of the eigenvalues of the Jacobian matrix of the function −V at the equilibrium x, denoted by
J = −DV(x), have modulus less than one, ensuring the disease-free population dynamics (represented
by the Vi(x)) is locally stable within the disease-free invariant manifold, i.e., the equilibrium is stable
to small perturbations that displace the state within this invariant manifold.
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This paper will treat the case in which the population X can be broken into subpopulations X1, . . . ,Xn

that interact in some constrained or patterned fashion. More specifically, we focus on the special case of

heterogeneity in which all individuals have identical biology, i.e., each subpopulation moves through the

same disease stages in the same manner. Note that a significant degree of heterogeneity in disease dynamics

can still be incorporated within the assumption of identical biology. For example, one could allow different

fractions of new infectives to exhibit different infection periods (see the example at the end of Section 3);

identical biology only requires that these same dynamics apply to every subpopulation in the network.

Example: Two subpopulations with asymmetric interactions

The nature of our model is illustrated in Figure 1, which depicts two subpopulations undergoing simple

susceptible-infected-susceptible (SIS) dynamics (appropriate for a non-lethal infection that can be repeatedly

acquired). The dashed arrow from A to B indicates that disease can be transmitted from infected individuals

in subpopulation A to susceptible individuals in subpopulation B (but not vice versa in this example). The

state vector x will require one element for each disease stage within each subpopulation: x = (x1, x2, x3, x4) =

(I1, I2, S1, S2). Note that the dimension of x is the product of the number of disease stages and the number

of subpopulations. Our infection model might take the particular form below:







x1 ← x1 + βx1x3
︸ ︷︷ ︸

F1

− (γx1 + dx1)
︸ ︷︷ ︸

V−

1

x2 ← x2 + βx2x4 + βx1x4
︸ ︷︷ ︸

F2

− (γx2 + dx2)
︸ ︷︷ ︸

V−

2

x3 ← x3 + b+ γx1
︸ ︷︷ ︸

V+

3

− (βx1x3 + dx3)
︸ ︷︷ ︸

V−

3

x4 ← x4 + b+ γx2
︸ ︷︷ ︸

V+

4

− (βx2x4 + βx1x4 + dx4)
︸ ︷︷ ︸

V−

4

(2)

Here b is the birthrate; β controls the rate of infection; 0 < γ < 1 and 0 < d < 1 respectively represent

the fractions of the corresponding compartment populations that recover or die at each time step. The only

potential DFE for this model is given by x = (x1, x2, x3, x4) = (0, 0, b/d, b/d), so each subpopulation size

is N = b/d at equilibrium. Note that the Jacobian matrix that governs small perturbations away from x

within the disease-free invariant manifold is given by

J =




1− d 0

0 1− d





and indeed has all eigenvalues of modulus less than one, thus satisfying the definition of a DFE.
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3 R0 and the stability of the DFE

The canonical methodology for determining R0 for any type of deterministic infection dynamics utilizes the

next-generation operator as defined by Diekmann et al. [9]. When the population is partitioned among only

a finite number of static compartments, the next-generation operator can be written simply as a matrix, K,

whose ijth element is the average number of direct infections of individuals of type i from an initial infective

of type j. It is important to observe that R0 is only defined in [9] for deterministic models; the “expected

numbers” of individuals that comprise the entries of K are population averages, the value of that entry

weighted by the fraction of the population corresponding to that value. Diekmann et al. propose that the

appropriate measure for R0 is the spectral radius, ρ(K), of the matrix K. In this context, R0 corresponds

to the asymptotic per generation growth factor of the epidemic, assuming that new infections are replaced

with fresh susceptibles. For nonnegative matrices like K, the spectral radius is also the largest, or dominant,

eigenvalue.

Using the model of Eq. 1, the following result holds; the proof of this statement closely follows the

procedure in [15] and can be found in [13].

Theorem 3.1. Let x be a DFE and define the m×m matrices F = {fij} and V = {vij} as:

fij =
dFi

dxj

∣
∣
∣
∣
x

, vij =
dVi

dxj

∣
∣
∣
∣
x

for infected compartments i, j = 1, . . . ,m

The next-generation matrix is given by K = FV −1, so R0 = ρ(FV −1). In discrete-time models, the DFE x

is locally asymptotically stable if and only if the spectral radius of the Jacobian, ρ(I +F −V ), is less than 1,

which in turn occurs if and only if R0 is less than 1.

Note that the initial perturbations for which local stability is tested in Theorem 3.1 are no longer con-

strained to lie within the disease-free manifold. The result of Theorem 3.1 has intuitive appeal. Stability of

the DFE invokes an approximation in time: if we replaced the system by its linearization around the DFE,

an unstable DFE implies that the number of infected individuals will initially grow. More precisely, the size

of the infected population cannot be kept arbitrarily small for all time, no matter how small the initial level

of infection. Given a system described by the general model, which predicts the population x[n] at time n,

we can imagine constructing a related system g[k] that counts the number of infected individuals in each

new generation k of the disease. The condition on R0 is exactly the condition for the local stability of the

system g[k]: R0 > 1 implies that the number of infected individuals per generation will initially grow. It

should not be surprising, then, that the conditions for the stability of the DFE in time and by generation are

identical in the parameter space of the model: the two are simply measures in different units of progression.

We stress, however, that the expressions for R0 and the spectral radius of the Jacobian (in terms of

model parameters) are not, in general, the same. This distinction is demonstrated explicitly by the following
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example.

Example: Arbitrarily-distributed infectious period

In many discrete-time SIS compartmental models, the proportion of infected individuals who transition back

into the susceptible state per unit time is a constant, δ. This implies a geometric infectious period distribution

over the population, with mean 1/δ (analogous to the exponential distribution in continuous-time models).

As Wearing et al. have pointed out, the assumption of an exponentially-distributed infectious period can

lead to erroneous results in prediction [16]. They (and others) have proposed a gamma distribution for the

infectious period, as this has a tuning parameter that ‘interpolates’ between an exponential distribution and

a fixed infectious period. Here, we present a model with an arbitrarily-distributed infectious period.

Let the infectious period be given by the discrete random variableX, which takes its values on the positive

integers with P (X = i) = qi. The range of values of X need not be finite, as long as X has a well-defined

mean X =
∑∞

i=1 iqi, but for ease of presentation we’ll assume that X can only take values from 1 to M . An

individual, once infected, remains infected for exactly j time steps (which we shall refer to as being infected

with duration j) with probability qj . At the end of the j time steps, the individual is susceptible once again.

In order to incorporate this phenomenon into a deterministic disease model, we’ll interpret qj as the

proportion of infected individuals with an infectious period of exactly j time steps. Let Ijk denote the

number of individuals who are infected with duration j and in the kth time step of their infection (k ≤ j).

Let S denote the number of susceptible individuals. We assume the same stable population dynamics as in

the example of Figure 1, with b and 0 < d < 1 representing births and deaths, respectively; β controls the

rate of infection; and N = b/d, the population size at the unique DFE. A set of difference equations that

describes this system is as follows:







S ← b+ (1− d)










S
︸︷︷︸

susceptibles

− S
β

N

M∑

j=1

j
∑

k=1

Ijk

︸ ︷︷ ︸

new infections

+
M∑

j=1

Ijj

︸ ︷︷ ︸

recovered infectives










Ij1 ← (1− d) qjS
β

N

M∑

j=1

j
∑

k=1

Ijk

︸ ︷︷ ︸

fraction of infectives with duration j

Ijk ← (1− d) Ij(k−1)
︸ ︷︷ ︸

transitions of infectives

for 1 < k ≤ j

(3)

Observe that the only new infections are those that arise in the j1 compartments for j = 1, . . . ,M , while

the flow through the rest of the infected compartments simply represents transitions of already infected
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individuals. The details of the calculation can be found in [13], but it is not difficult to show that

R0 =
β(1− d)

d

M∑

i=1

qi(1− (1− d)i).

If the death rate is small (i.e., d << 1), then

R0 ≈ β
M∑

i=1

qii = βX

where X is the mean of the infectious period distribution.

By Theorem 3.1, the condition that R0 < 1 is equivalent to the condition that the disease-free equilibrium

is locally asymptotically stable. For the simple case of M = 2, where the probability of being infected with

duration 1 is given by p and the probability of being infected with duration 2 is 1−p, we can plot the spectral

radius of the Jacobian J and that of the next-generation operator K as functions of p; the result is given in

Figure 2. Note that R0 = ρ(K) < 1 if and only if ρ(J) < 1, even though the two are different functions of p.

It is clear that the results of using either statistic for a threshold test are equivalent, but the threshold tests

themselves are not identical. This is epidemiologically important: using the spectral radius of the Jacobian

will either under- or over-estimate the basic reproductive ratio R0 of the infection.

4 A structured population

We now apply the preceding framework to a population consisting of subpopulations or groups or “nodes”

of individuals interacting across the edges of a network according to a deterministic infection model. This

approach has been taken by a number of researchers; some recent examples include [17], [18], [19], [20] and

[21]. We make the assumption of identical biology, as described in Section 2. How do the interaction patterns

among groups, i.e., how does the network topology, influence the epidemic threshold R0?

To begin, let us consider the simple structured population given by Figure 1 and modeled by Eq. 2. It is

natural to describe the structure of the interactions by an adjacency matrix A, which has an entry of ‘1’ in

the ijth position if infected individuals in subpopulation i can infect susceptible individuals in subpopulation

j, and an entry of ‘0’ otherwise; for the example in Figure 1,

A =




1 1

0 1



 .
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For the system of Eq. 2, we find that

F = βN




1 0

1 1



 = βNA⊤ and V = (δ + d)




1 0

0 1



 ,

where F and V are defined as in Theorem 3.1 and the superscript ⊤ denotes matrix transposition. This

implies that

R0 = ρ(FV −1) = ρ

(
β

δ + d
NA⊤

)

=
β

δ + d
Nρ(A⊤). (4)

It is not difficult to extend this example to more than two subpopulations with different interaction patterns;

the general forms of F and V will remain the same.

For a more complex model with more disease stages, the assumption of identical biology allows us to

generalize the factoring of R0 in Eq. 4 using the Kronecker product, denoted by ⊗. If C = {cij} is a c1 × c2
matrix, and D = {dij} is a d1 × d2 matrix, then C ⊗D is the c1d1 × c2d2 matrix defined by

C ⊗D =








c11D c12D · · · c1c2
D

...
...

. . .
...

cc11D cc12D · · · cc1c2
D







.

For models in which the “identical biology” assumption holds, the matrix F can be expressed as F = Fh⊗A⊤,

where:

• Fh is a square m ×m matrix, where m is the number of infected stages, and the ijth entry of Fh is
the Jacobian at the DFE of the rate of new infections arising in infection stage i from individuals in
infection stage j;

• A is a weighted adjacency matrix whose pqth entry is a scaling factor between subpopulations p and q
which allows the rate of infection to vary from its nominal value in Fh due to factors like population
size and interaction strength. When all pairs of interacting subpopulations have the same interaction
strength (as in the example of Figure 1), A can be written as a 0–1 matrix. More generally, A will be
a nonnegative matrix.

The Kronecker product Fh⊗A⊤, in effect, repeats the matrix A⊤ at each element of Fh. This operation

restricts individuals in infection stage j to creating new infections in stage i only in those subpopulations that

interact along the edges (i.e., the non-zero entries) of A. In the context of our subpopulations with identical

biology, this corresponds to each subpopulation having its own set of the same disease stages through which

individuals can progress; we simply repeat these stages for each subpopulation.

If we make the additional assumption that the movement between infected disease stages after initial

infection is not a function of the state of neighboring subpopulations, then V can be factored as Vh ⊗ I,
where:
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• Vh is the square m ×m matrix whose ijth entry represents the Jacobian around the DFE of the net
rate of transitions out of infection stage i arising from individuals in infection stage j;

• I is the n× n identity matrix.

This assumption is standard to most infection models; after infection, the progression through the remaining

disease stages is an individual phenomenon and is not affected by social contacts.

The properties of Kronecker products of matrices have been well-studied; for example, for matrices A, B,

C, and D of compatible dimensions, (A⊗B)(C ⊗D) = (AC)⊗ (BD). Additionally, if C and D are square

matrices, ρ(C ⊗D) = ρ(C)ρ(D). These properties allow the next-generation matrix K to be expressed as

K = (Fh ⊗A⊤)(Vh ⊗ I)−1 = FhV
−1
h ⊗A⊤ (5)

and

R0 = ρ(K) = ρ(FhV
−1
h ⊗A⊤) = Rhρ(A

⊤) = Rhρ(A). (6)

where Rh = ρ(FhV
−1
h ). The expression for R0 in Eq. 6 has decoupled the biology of the infection (the

progression through disease stages, summarized by Rh) and the impact of the subpopulation interaction

topology (summarized by ρ(A⊤)). This decoupling allows us to focus separately on biological dynamics

and interaction pattern issues in estimating R0, by separately considering the disease-specific Rh and the

interaction-specific ρ(A). The remainder of this paper will take advantage of this decoupling for this class of

systems, and will focus on the bounding and approximation of ρ(A), leaving the task of estimating Rh for a

particular disease to the biological research community.

5 Uncertainty in interaction patterns

It is rare that complete information about the underlying contact network is known; a researcher might only

have estimates of some of the following statistics:

• total number of nodes and edges, network girth or diameter;

• maximum or minimum degree, average degree and degree variance, degree distribution, or degree
correlations;

• a collection of subgraphs (obtained, perhaps, by some network sampling method);

• parameters related to the growth mechanism underlying the creation and evolution of the network.

It is useful to interpret the unknown network structure as a random adjacency matrix A, drawn from

some distribution over the set of all adjacency matrices that satisfy the observed statistics. How might the

stochasticity of network connections be incorporated into an otherwise deterministic disease model? For a
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difference equation, this implies that the state vector is now a random vector x that evolves according to

the update

x← h(x, ψ,A) (7)

where ψ is a known vector of parameters. This is a stochastic difference equation, in which every realization

of the random matrix A yields a different trajectory x[n]. In general, determining the properties of the

ensemble of possible trajectories x[n] is difficult. It is common to replace the random matrix A by its

expected value E[A], yielding a deterministic difference equation; in general, however,

E [x[n+ 1]] 6= h(E [x[n]] , ψ,E[A]).

Similarly, if A is random, then so is the next-generation matrix K, and therefore so is R0 = ρ(K). In

general, the next-generation matrix K = FV−1 is a nonlinear function of A, as both F and V are functions

of A. However, in the case of the specially-structured populations described in the previous section, Eq. 5

shows that K is a linear function of A and therefore more amenable to analysis; in this case, R0 = Rhρ(A).

How does replacing the unknown adjacency matrix with its expected value, E[A],of R0? If the network

connections are undirected (i.e., a connection from subpopulation i to subpopulation j implies the existence

of a connection of the same strength from j to i), then the adjacency matrix is real and symmetric, and it

is not difficult to show that for these matrices,

ρ(E[A]) ≤ E[ρ(A)].

Thus, using E[A] leads one to underestimate the mean of the distribution of ρ(A), which may be problematic;

it means that the epidemic potential of the infection could be underestimated. For directed, weighted

networks, the preceding inequality between ρ(E[A]) and E[ρ(A)] is no longer assured.

Additionally, there are several relevant parameters one could use to describe the distribution of the

spectral radius (e.g., its mode, its maximum, an upper bound on its support); certainly E[ρ(A)] is not

necessarily the unique and best summary of the distribution. This is especially revealing when ρ(E[A]) and

E[ρ(A)] diverge from each other as the number of subpopulations n grows; Chung et al. have identified

conditions under which this divergence occurs, and present an example of a family of undirected random

graphs for which this happens [22].

Given a value of Rh, if it is possible to upper bound the spectral radii of all possible realizations of A

by a constant c, then we use cRh as an upper bound on R0; if this bound is less than one, we can conclude

the local stability of the disease-free equilibrium, even in the face of uncertainty. Lower bounds on the

spectral radii can similarly produce a condition for guaranteed local instability. Determining such bounds

using the structural properties of the network is one of the tasks of spectral graph theory. In Tables 2 and 3,
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a selection of upper and lower bounds is listed for the spectral radii of graphs that are simple (no self-loops

or multiple edges) and connected. Tables 2 and 3 provide guaranteed bounds on the value of ρ(A). To

obtain an approximation, on the other hand, one can simply augment the known properties with additional

assumptions that pin down the network structure.

We now present some examples illuminating the application of the ideas we have described.

Example 1: Imposing structure

Our first example explores the impact on ρ(E[A]) of assuming various levels of structure. Suppose that only

the total numbers of nodes n and edges e in the network are known. If we assume that the structure of the

network is completely homogeneous, then the expected adjacency matrix will be the n× n matrix

E[A] =








2e
n2 · · · 2e

n2

...
. . .

...

2e
n2 · · · 2e

n2







.

The largest (and only nonzero) eigenvalue of this rank-one matrix is 2e/n. This is the average degree of a

node, which we’ll denote as 〈k〉.
Suppose we assume instead that the network is realized from some general degree distribution, with Nk

nodes of degree k, and that the degrees of nodes are uncorrelated (i.e., the probability that nodes of degrees

k1 and k2 are connected is proportional to k1k2). The expected adjacency matrix will be the rank-one matrix

given by the following outer product, where each vector has Nk entries of k for every k:

E[A] =
1

∑

k kNk






























1
...

1

2
...

2
...

M
...

M






























[

1 · · · 1 2 · · · 2 · · · M · · · M
]

. (8)

Note that we require
∑

k Nk = n and
∑

k kNk = 2e. The largest (and only nonzero) eigenvalue of this matrix
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is
∑

k k
2Nk

∑

k kNk

=
〈k2〉
〈k〉 , (9)

where 〈·〉 indicates the average value. Comparing 〈k2〉
〈k〉 to 1 is the threshold test derived by Anderson and

May [23], then rederived by Pastor-Satorras and Vespignani [24]. Observe that 〈k2〉
〈k〉 ≥ 〈k〉, which illustrates

a more general trend: adding heterogeneity to the interaction patterns within a population increases the

value of R0.

Thus, by supplementing known structural information with additional assumptions on interaction pat-

terns, we can obtain an approximation of ρ(A). The following subsections consider two further examples

of bounding and approximating the largest eigenvalue of random graphs. These examples are not meant

to provide definitive conclusions about the particular networks under study, but to simply illustrate the

application of new tools to this task.

Example 2: Preferential attachment

Consider a network generated by a simple preferential attachment mechanism, slightly modified from the one

described by Barabási and Albert [25]. A network is seeded with two nodes that have one edge between them;

at each subsequent time step, a new node is added that connects to one existing node, with the probability of

connection to any existing node being proportional to the existing node’s degree. The procedure is terminated

once the network reaches n nodes, which yields a simple, undirected network with n−1 edges on n nodes, i.e.,

a tree. We can upper bound the maximum degree of any node in the network by n− 1 and can certify that

the minimum degree is 1. It is known that as n → ∞, the degree distribution of a preferential attachment

graph follows a power law, in which the probability that a node has degree k is proportional to k−3 [25].

Figure 3 compares some theoretical upper bounds and approximations with simulation results. Curves (d)

and (e) are the approximations described in Example 1; as observed in Eq. 9, making assumptions like these

that reduce the heterogeneity of the network causes us to underestimate an infection’s spreading potential.

Example 3: Egocentric network data

In 1997 and 1998, the U.S. National Institute on Drug Abuse sponsored a study of both drug-using and

non-drug-using individuals in a low-income section of Houston, TX; this study was undertaken by Affiliated

Systems Corporation and is described in [26], [27], and [28]. As part of the survey, each of 884 participants

was asked to name a set of individuals within his or her social network, then asked to assess whether or not

these named individuals knew each other. Although participants were able to name up to 18 members of

their social network (in three groups of six), most of the participants named fewer than six and 237 of the

participants listed none. Therefore, we restricted our attention to the first six individuals identified by each

12



participant and the connections among them. Participants who listed no contacts become isolated vertices in

the social network, and consequently add a zero row and column to the matrix A, which does not alter ρ(A).

Consequently, we will ignore these individuals and focus on the network formed by those with at least one

contact. For every pair of individuals A and B named by a participant, the participant was asked whether

A knew B and whether B knew A; the 7 records whose relationships were asymmetric were removed from

the set. A brief breakdown of the data set is provided in Table 4.

This kind of procedure reveals local subgraphs of the larger social network of this community, but does

not connect them. This limited data, nevertheless, allows one to make several interesting approximations

using several different network properties.

1. Assuming that the participants in the network were drawn from the population without regard to
their number of social contacts, we can construct a histogram of the number of contacts listed by each
participant as an approximation of the vertex degree distribution of the network.

2. Counting the number of edges between contacts listed by participant i is a measure of the local
clustering Ci, defined as

Ci =
2|ejk|i

ki(ki − 1)

where ki is the degree of participant i and |ejk|i is the number of edges between neighbors of participant
i. Note that Ci is only defined if participant i listed more than one contact; let V ′ denote the set of
such participant vertices. Following [29], we’ll define the average clustering coefficient to be

C =
1

|V ′|
∑

i∈V ′

Ci.

The average clustering coefficient of the Houston data is calculated to be C = 0.312. The mean degree of

participants who listed at least one contact is d = 2.925. Can this information be used to estimate a value

of ρ(A) for the network from which this data was drawn? For several of the bounds listed in Tables 2 and 3,

a population size must be assumed; for these bounds, we fix n = 1000 individuals with at least one contact

(the sensitivity of these bounds to the choice of n can be determined directly from the definition). From the

degree distribution, then, it is possible to approximate several parameters (defined in Tables 2 and 3):

δ = 1, ∆ = 6, e =
dn

2
= 1463,

which can be used to estimate the bounds presented in Tables 2 and 3. Observe that these results will no

longer be actual bounds on the support of ρ(A), because we have made structural assumptions in order

to estimate the parameters δ, ∆ and e. We can make additional structural assumptions to obtain other

approximations of ρ(A); if we assume that the degrees of adjacent nodes are uncorrelated, for example, then
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the expression for ρ(A) provided by Eq. 9 is an approximation. We summarize the results of these various

computations, as well as others described below, in Figure 5.

Another approach to approximating ρ(A) begins with the given degree distribution and average clustering

coefficient, and asks what types of networks are possible? If it were possible to generate a set of networks

with the observed degree distribution and clustering coefficient, a histogram could be constructed of the

spectral radii of the adjacency matrices to get a sense for where ρ(A) might fall. A procedure for doing

precisely this is given by an algorithm developed by Volz in [30]. We used this algorithm to generate 100

networks with degree distributions and clustering coefficients close to those observed in the Houston data,

obtained the associated adjacency matrices Ai, and recorded the mean and standard deviation of the values

of ρ(Ai).

Another technique for inferring global structure from local statistics chooses the parameters of a family

of random graphs such that the observed graph is maximally likely; we can then use this “tuned” family

to generate additional graphs that may have the same structural features. Here, we use the exponential

random graph family of probability distributions (also called the ERGM or p∗ family), which assumes

that the probability of a given graph is an exponential function of a linear combination of relevant graph

statistics; see [31] and [32]. Mathematically, this requires that the probability of a graph, denoted by a,

takes the following form:

P (a) =
1

κ
exp

(
∑

k

θkzk(a)

)

(10)

where zk(a) is a particular graph statistic, θk ∈ ℜ is a constant coefficient, and κ is a normalizing constant

to ensure that P (·) is a valid probability distribution. In general, the statistics zi(a) can be any functions of

the information that one has about the network, including both structural properties (like the strength and

directionality of edges) and node identity properties (such as the gender or age of the individual represented

by the node). We apply the exponential random graph structure to the Houston data to generate two

different approximations, which differ in their choice of network statistics:

• ERGM-A - zk(a) comprise the number of edges and the number of triangles;

• ERGM-B - zk(a) comprise the number of edges, number of triangles, and degree distribution of the
observed data.

To determine the optimal θk associated with each of these statistics within each of these models and

then to generate draws from the resulting distribution, we use the statnet package for the R programming

language [33]. This freely-available package utilizes Markov Chain Monte Carlo simulation techniques to

produce pseudo-maximum-likelihood estimates of the θk; more details can be found in a recent special

volume of the Journal of Statistical Software [34].

For the Volz and ERGM approximations, histograms of the resulting values of ρ(A) are depicted in

Figure 4. The means of these respective histograms, along with the bounds and approximations described
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earlier, are summarized in Figure 5. This figure suggests that it is likely the spectral radius of the unknown

adjacency matrix is much closer to the approximate lower bounds than the upper bounds.

6 Observations and conclusions

Because of its prominence in the domain of mathematical epidemiology, the definition and use of R0 naturally

inspires both confusion and controversy. For example, the value of R0 calculated for a vector-borne disease

represents the average number of new infections in both vector and host, per generation. For public health

decisions regarding diseases that alternate between two populations, one is often only interested in the

behavior of the epidemic in just one of the subpopulations, so the even or odd powers of the next-generation

matrix are more relevant. Roberts and Heesterbeek [35] suggest the use of an alternate statistic, also derived

from the next-generation operator, which may be more appropriate when control measures can only be

applied to a subpopulation of the affected individuals (for example, host treatment options for host-vector

diseases).

Our observations in this note have been limited to discussion of the stability of various fixed points of

the infection model, but any public health practitioner can point to many examples of disease behavior

occurring periodically. Many disease models exhibit oscillatory behavior, either at a natural frequency or

in response to periodic forcing. For example, Wearing and Rohani [36] observe that both seasonal variation

and heterogeneity in infectivity seem to be required to explain the observed oscillations in the prevalence of

dengue in Thailand. Additionally, we have only addressed the relationship between a threshold on R0 and

the stability of a disease-free equilibrium; what might happen if the population under study is in a stable

disease-free limit cycle when an infection is introduced? In discrete time, analysis of T -periodic behavior

requires examining the stability of fixed points of the state-evolution map h(·) of Eq. 7, composed with itself

T times; in [37], Franke and Yakubu analyze a discrete-time SIS model in a periodic environment.

After looking at threshold conditions on the spectra of networks, a natural next step is to explore the

spatial patterns of epidemic outbreaks. One might intuitively begin with the eigenvector ofK associated with

the eigenvalue R0. In most applications, this dominant eigenvector is typically interpreted as a centrality

measure (see, for example, [38] and [39]); if disease is introduced into a population proportionally across

subpopulations according to this eigenvector, then its initial spread will be maximally fast. What other

kinds of information about spatial spread are embedded in the eigenvectors of K, or related matrices like

the Laplacian of the graph? What kinds of inferences about spatial spread can be made for networks whose

structure is not completely known?
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Tables

Approach Reference

Approach Reference

next-generation operator [9], [17], [40], [41]
local stability of disease-free equilibrium [18], [19], [42], [43], [44], [45], [46], [47]
existence of an endemic equilibrium [23], [48], [21]
multiple criteria [49], [50], [51], [52]

Table 1: Approaches taken to computing an epidemic threshold in a sampling of the literature.

Table 2: Upper bounds on ρ(A) for simple, connected graphs. Structural properties are number of nodes (n), number
of edges (e), maximum degree (∆), minimum degree (δ), girth (G), diameter (D), degree of node i (di), and average
degree of the neighbors of node i (mi).

structural information upper bound on ρ(A) reference

{e}, self-loops allowed
√

2e [53]

{e} −1+
√

1+8e
2 [54]

{n, δ, e} (δ−1)+
√

(δ+1)2+4(2e−δn)

2 [55]

{mi} max{√mimj |(i, j) ∈ E} [56]

{di,mi} max{
√
dimj |(i, j) ∈ E} [57]

{n, e, δ,∆}
√

2e− (n− 1)δ + (δ − 1)∆ [56]

{n,D,∆, δ} ∆− ∆+δ−2
√

∆δ
Dn∆ [58]

{di} min1≤i≤n
di−1+

√
(di+1)2+4(i−1)(d1−di)

2 [59]

G ≥ 5, {n,∆} min(∆,
√
n− 1) [60]

G ≥ 5, {n,∆} −1+
√

4n+4∆−3
2 [61]

Table 3: Lower bounds on ρ(A). Structural properties are number of nodes (n), number of edges (e), maximum
degree (∆), minimum degree (δ), node degrees listed in descending order (di ≥ dj for i < j), and average degree of
the neighbors of node i (mi).

structural information lower bound on ρ(A) reference

{n}, connected 2 cos π
n+1 [62]

{∆}, simple
√

∆ [57]

{n, e}, no multiple edges 2e
n

[53]

{n, di}, simple
√

1
n

∑

i d
2
i [57]

{n, di}, simple 1
e

∑

(i,j)∈E

√
didj [57]
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Table 4: A breakdown of the participant reports of social contacts in the Houston data set.

884 records







237 empty
7 asymmetric

640 symmetric & non-empty







166 listed ≤ 1 contact

444 listed ≥ 2 contacts







152 listed 2 contacts
112 listed 3 contacts
72 listed 4 contacts
50 listed 5 contacts
88 listed 6 contacts
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Figure Captions

Figure 1. An example compartmental model for a susceptible-infected-susceptible (SIS) disease (see Eq. 2).
Here, A and B represent two different subpopulations of individuals. The S and the I represent susceptible
and infected compartments within each subpopulation. The dashed arrow from A to B indicates that disease
can be transmitted from infected individuals in subpopulation A to susceptible individuals in subpopulation
B. Births occur into the susceptible compartments, and deaths remove individuals from both compartments.

Figure 2. A comparison of the value of R0 and the spectral radius of the Jacobian J for the discrete-time
SIS model of Eq. 3 (β = 2/3 and d = 0).

Figure 3. (a) The mean (± std. dev.) of the spectral radius of the adjacency matrix of a simple preferential
attachment model on n nodes (n − 1 edges), taken over 100 trials; (b) an upper bound on ρ(A) obtained
using the number of edges [54] (coincides with [61]); (c) an upper bound obtained using the number of nodes,
edges, minimum degree and maximum degree [56] (coincides with [60]); (d) approximation assuming a degree
distribution ∼ k−3, corresponding to preferential attachment, without degree correlations; (e) approximation
assuming a homogeneous network on n nodes with n− 1 edges distributed identically.

Figure 4. Histograms of the values of ρ(A) observed over 100 graphs drawn from each of the three simulation
methods.

Figure 5. Bounds, approximations and simulation results for ρ(A) based on the Houston data degree
distribution and clustering statistics. Upper bounds are indicated by the convex curves, lower bounds by
the concave curves, approximations by × and simulation results by a horizontal line.
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Figure 1: An example compartmental model for a susceptible-infected-susceptible (SIS) disease (see Eq. 2). Here,
A and B represent two different subpopulations of individuals. The S and the I represent susceptible and infected
compartments within each subpopulation. The dashed arrow from A to B indicates that disease can be transmitted
from infected individuals in subpopulation A to susceptible individuals in subpopulation B. Births occur into the
susceptible compartments, and deaths remove individuals from both compartments.
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Figure 2: A comparison of the value of R0 and the spectral radius of the Jacobian J for the discrete-time SIS model
of Eq. 3 (β = 2/3 and d = 0).
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Figure 3: (a) The mean (± std. dev.) of the spectral radius of the adjacency matrix of a simple preferential
attachment model on n nodes (n − 1 edges), taken over 100 trials; (b) an upper bound on ρ(A) obtained using the
number of edges [54] (coincides with [61]); (c) an upper bound obtained using the number of nodes, edges, minimum
degree and maximum degree [56] (coincides with [60]); (d) approximation assuming a degree distribution ∼ k−3,
corresponding to preferential attachment, without degree correlations; (e) approximation assuming a homogeneous
network on n nodes with n − 1 edges distributed identically.

4 4.5 5 5.5 6 6.5 7 7.5 8 8.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

ρ(A)

Normalized histograms of ρ(A)

 

 
Volz
ERGM−A
ERGM−B

Figure 4: Histograms of the values of ρ(A) observed over 100 graphs drawn from each of the three simulation methods.
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2 the estimated number of non-isolated nodes [62]

2.4495 largest degree 6 [57]

2.925 the expected degree of non-isolated nodes with nonzero degree [53]

4.1893 the degree distribution of non-isolated nodes [57]

54.083 estimated number of edges [53]

53.586 estimated number of edges [54]

43.886 estimated number of edges, number of non-isolated nodes, minimum degree 1 [55]

5.1623 using degree distribution [59]

× 3.9274 approximation assuming degree distribution and no degree correlations of Eq. 9

4.741 mean value (±σ = 0.159) of Volz algorithm graphs

6.069 mean value (±σ = 0.109) of ERGM-B graphs

7.779 mean value (±σ = 0.133) of ERGM-A graphs

Figure 5: Bounds, approximations and simulation results for ρ(A) based on the Houston data degree distribution
and clustering statistics. Upper bounds are indicated by the convex curves, lower bounds by the concave curves,
approximations by × and simulation results by a horizontal line.
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