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A bstract

A long-standing open conceptual problem has been the follow -

ing: How does “inform ation” interact w ith control of a system ,

in particular feedback control, and w hat is the value of “in-

form ation” in achieving perform ance objectives for the system

through the exercise of control? In answ ering this question w e

have to rem em ber that in contrast to a variety of com munica-

tions settings, the issue of time-delay is of prim ary im portance

for control problem s, especially control of system s w hich are

unstable. W e discuss various issues arising from these funda-

m ental questions.

1 Introduction

A long-standing open conceptual problem has been the follow -

ing: How does “inform ation” interact w ith control of a system ,

in particular feedback control, and w hat is the value of “in-

form ation” in achieving perform ance objectives for the system

through the exercise of control? In answ ering this question w e

have to rem em ber that in contrast to a variety of com munica-

tions settings, the issue of time-delay is of prim ary im portance

for control problem s, especially control of system s w hich are

unstable.

The theoretical basis for modern digital com munications is un-

doubtedly Inform ation Theory as developed by Shannon. This

theory tells us in a precise way the fundam ental lim itation to

reliable com munication over a noisy channel. The crowning

achievem ent of this theory is the Noisy Channel Coding Theo-

rem ,w hich identi esthe channelintermsoftheinvariantquan-

tity, called capacity of the channel, and reliable com m unication

can take place if transm ission occurs at a rate below capacity

and cannot if it occurs at a rate above capacity. This theorem

links the input side of the com munications problem via the no-

tion of capacity with the output side, nam ely, the ability to de-

code with arbitrarily sm all probability of error. This theorem
can be extended to the rate of distortion context as Shannon
him self did! One can do no better than quote Shannon to illu-

m inate this situation:

Duality of a Source and a C hannel. There is a cu-

rious and provocative duality betw een the properties

of a source with a distortion m easure and those of

a channel. This duality is enhanced if we consider
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channels in which there is a cost” associated w ith

the difference inputletters, and itisdesired to nd the

capacity subject to the constraint that the expected

costnot exceed a certain quantity. Thus input letter |
nd the capacity

iPiai " ai,say,where Pi

isthe probability of using inputletter l.

might have cost a| and pe w ish to
w ith the side condition
Thisproblem
amounts, m athem atically, to maximizing a mutual in-
form ation under variation of the P| w ith a linear in-

equality as constraint. The solution of this problem

leads to a capacity cost function C(a) for the chan-

nel. It can be shown readily that this function is con-

cave downw ard. Solving this problem corresponds,

in a sense,to nding a source thatis justrightfor the

channel and the desired cost.

In a somew hat dual way, evaluating the rate distor-

tion function R(d)forasource amount, m athem ati-
cally, to minimizing a mutual inform ation under vari-
ation of the q(]) again with a linear inequality as

constraint. The solution leads to a function R(d)

w hich is convex downw ard. Solving this problem

corresponds to nding a channel that is justright for

the source and allow ed distortion level. This duality

can be pursued further and is related to a duality be-

tw een past and future and the notions of control and

know ledge. Thuswe may have know ledge of the past

and cannot control it; we may control the future but

have no know ledge of it.

One of the many fundam ental contributions w hich Shannon

m ade w hich in fact renders the enunciation of the N oisy Chan-

nel Coding Theorem possible, is to think “digitally” (to use the

work of amodern sage of M edia technology), thatis, to reduce

everything to bits, acom mon currency in w hich everything can

be evaluated. As we shall see late w hether all bits are identi-

cal is an issue that we will have to face w hen dealing with the

development of an Inform ation Theory for sources w hich are

decidedly non-stationary and non-ergodic.

A corresponding all em bracing theory for control in the pres-

ence of uncertainty does not exist. The issue of fundam ental

lim itation is far m ore com plicated here since it is unclear that

the dynam ical system s w hich we wish to modify to behave in

prescribed w ays through control can be characterized through
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Figure 1: Closed-Loop System
N ote: D ashed A rrow s show some of the potential

feedback paths. Controller may be view ed as a channel

a sim ple invariant quantity like capacity. Even the invariants

of a linear multivariable tim e-invariant system are the K no-
necker invariants w hich tell us whatJordan form s we can reach
through coordinate changes and linear constant feedback[24].
The nearest thing to fundam ental lim itation of control system s
analogous to Shannon theory are the Bode inequalities, the ir-
reducible error in the linear Quadratic G aussian problem and
characterization of perform ance lim itations of control of lin-
ear tim e-invariant system s w here the perform ance measure is

1
sensitivity and this can be characterized through an H -norm

N evertheless, control system s, even com plex system s are being
built w here sensors, actuators and controllers are being linked
through

noisy com munications channels and a theory which

uni es systems theory and a theory of inform ation is badly
needed. A diagram of such a system is shown in Fig.1. The de-
sign problem now is to design the estim ator, the coders and de-
coders and the controller to m eet speci ed closed-loop design
objectives. W e im mediately see that this is a far m ore com -
plex problem than point to point com munications. It is totally
unclear w hether the control part of the problem can be “sep-
This

arated” from the com munications part of the problem .

problem is distributed and the issue of inform ation structure,
nam ely, w hatinform ation is available w hen and w here, is actu-

ally a design issue and must be understood.

The issues that | am raising are actually present in Comm u-

nications problem s where feedback and side inform ation are
present. In a conversation | had with Jim M assey at ETH in
1995, he pointed out that Shannon in the rst Shannon lecture

in 1973 had rem arked that real time (time delay) issues and

feedback in com munication problem s were questions w hich

had received inadequate attention in Inform ation Theory.

In light of the above discussion, | wish to raise two questions:

I. Is there a role for Inform ation Theory in a uni ed theory

of Control and Com munications?

Il. Can Systems Theory contribute to Com munications and

Inform ation Theory in some non-trivial w ay?

In my view, the answ ers to both questions are a Quali ed Yes.

This is not the rst tim e that these two questions have been

posed. A successful interaction betw een System s Theory and
Coding Theory is through the work of W illem s on the behav-
ioral view of system s [18] and Forney, M assey, Trott, Loeliger,
M ittelholzer on codes on Finite Groups (see e.g. [11]). There
are also attem pts at using rate distortion theory to obtain low er
bounds on estim ation error fornonlinear

Itering (see [12,25]).

N evertheless we must proceed with caution. This is best cap -

tured by quoting from Hans W itsenhausen [22] who thought

deeply about these issues:

The in mum wexpected cost achievable in a prob-
lem depends upon the prevailing inform ation pattern.
Changes in inform ation produce changes in optim al
cost. This suggests the idea of measuring inform a-

tion by its effects upon the optim al perform ance.

Such a measure of inform ation is entirely dependent
on the problem at hand and is clearly not additive.

The only general property that it is known to pos-
sess is that additional inform ation, if available free-
of-charge can do no harm though it may be useless.
This simple monotonicity property is in sharp con-
trast w ith the elaborate results of inform ation trans-
m ission theory. The latter deals with an essentially
sim ple problem because the transmission of infor-

m ation is considered independently of its use, long

periods of transmission and use of channel are as-
sum ed and delays are ignored. H .S. W itsenhausen:

1971

In light of the above there is a methodological and theory for-
m ation issue w hich mustbe addressed. Sim ply stated, w e m ust
pose control questions in an appropriate inform ational sense
and we must situate inform ation theory in a dynam ical fram e-
work. An elaboration of this view point has been undertaken in
the recently com pleted doctoral these of Sekhar Tatikonda [22],

A nant Sahai [22] and several papers [19,14,4,21,5].

2 Controlin an Inform ation Setting

To make the above ideas more concrete let me consider the

follow ing question:

W hat is the minim al inform ation needed about the
current state of a single-input, discrete time, linear
order to

tim e-invariant unstable system in stabilize

it?



The question we are asking is really about the optimal coding
of the state, that is, coarsest vector quantization, to achieve sta-

bility.

This problem is m athem atically form ulated in terms of the

construction of Controlled Quadratic Lyapunov Functions

(Quadratic for explicit com putations). Thatis given

x(t+ 1)= Ax(t) + bu(t) ; t=0;1;::: (1)
w here X(t) 2 X = RI"I is the state of the system and u(t) 2
U: Risthe contro\.Ais an n£nmatrix,bis an N-vector
and we assum e that (A, b)lsareachable pair, we are required
to nd the coarsest quantized feedback control w hich stabilizes
the system . The

idea of coarseness (minim al inform ation) is

captured as follow s:

Given a controlled Lyapunov function

V(X)= (X;PX)rn ; P>0 (2)

— o)
uy2Ri122Z (3)

nd a set n

U=
U,with

and a quannzerf X |

fO)=1if@x) (3a)

and

¢ V(x) = V(AX + bf(x)) i V(x)< 0 (3b)

82X ; x60:

f naturaily induces a partition on the state space X and we
assume that the values of T in U are ordered in the sense that
up < Uj.i>j‘i;j 2 Z et Q(V) = setof all quantizers
For g 2 Q(V) and
0< 2< 1 et N(g[3]) denote the number of levels that {

.1
assum es in the interval [2, ?]. De ne the quantization density

N (al*))

w hich solves the stabilization problem .

g = 2||!m0 SUDW ; (4)
and

fn: Al’g Minng(V)’g (5)
f'J is de ned to be the coarsest quantizer corresponding to

V (X).

Itturns outthatthe quantization problem can becon ned to one

preferred direction (one-dim ensional), and the optimal quan-

tization is logarithmic with the optim al scaling law % being

given by
| IR uy-
18 = ! '|'k[si]| 1
2 — —I u (6)
|i-‘-k[,‘]+ 1
u L. k- » .
and i | Nare the strictly unstable eigenvalues of

In the above form ation, we have allowed quantizers with a

countable number of levels. A n equivalent form ulation of the

problem leads to a m ethod for designing nite quantizers lead-

ing to practical stability. For continuous-tim e system s there is a

o
relation betw een the optim al sam pling tim e T and the optim al

quantization scaling law ]/g:

X p_
T" Li(F)y=In(+ " 2 (7)
i=1

l/g(Tn): p§| 1 (8)

u . .
w here >|(F) are the unstable eigenvalues of the continuous-

tim e system m atrix F

o
N ote that 1/2: ¢T is an invariant of the class of single-input,

continuous-time linear tim e-invariant systems. W e may think

of the quantized, stabilized feedback system as a sym bolic de-

scription of the stabilized linear feedback system . It is also an
exam ple of a source-coding problem w ith a non-standard crite-

rion function. For details of above see [10].

The stochastic version of this problem w here the quantized sta-

bilization problem is posed for

X(t+ 1) = Ax(t) + bu(t) + w(t) ; t=0;1::: (o)
W(t) being w hite G aussian noise, is even more interesting.
H ere one can exhibit the nonlinear effects of quantization as a
desirable effect as opposed to a source of noise w hich isunde-
little bit later w e shall

sirable and should be guarded against. A

see the desirable effects of quantization in a different context.

The generalization to the stochastic case of the above quantiza-
tion results can be obtained by invoking the notion of a storage

function in the stochastic case.

- pd
A m easurable function V . R | R\s said to

be storage function associated with a supply rate g 2 C(Rn E

De nition.

R;R)if itis bounded from below and

X3 ’

V(X (1)) + g X(s);u(s) ; t>0

s=0

is a positive Ft—super—m artingale for all X(@, U(CD , satisfy -
ing (9), where
3 — ’
Fi=%X(s)0: s-t :
For our problem the function gisaquadrallc function, and the

control U(t) is of the form U(t) = kox(t) The determ inistic

results can be generalized using the above de nition and ex-

ploiting the connection of this to value functions for ergodic

control problem s [8].

3 D istributed Control and Quantization

To dem onstrate how quantized controllers may have important
advantages, consider the following Stochastic Control problem

originally posed by W itsenhausen [23, 14]:

The time horizon T = fo,l,zg All random vari-

ables are scalar. X() is a Gaussian random variable



w ith m ean zero and variance 3/} T he state transition

equations are

X1
X2

Xo+ Up
X1+ Uo

(10)

(11)

Here Uj_ and U2 denote control values. The output

equations are

Y1 = Xo
(12)
Yo = X1+ W;
w here W is a zero-mean, unit variance, G aussian
random variable independent of XO. The cost func-
tion to be minimized is

E KU+ X7]
(Xo;W1)

(13)

w here the control policies have the inform ation struc-

— o© — © o o
ture U]_— 1(Y1) and U2— 2(Y2)where 1 and 2
are measurable functions of Yl and Y2. N ote that

this is an example of a distributed control because
the controller at stage 2 does not have full access to
the pastinform ation. N ote tha!if02c0uld be a func-
tion of (Y]_,Yz,U]_) then the choice of o:|_(Y:|_) = 0
and °2(Y1;Y2;U1): Y]_gives us zero cost. The best

af ne controller

°1(Y1) = a¥y = aXp and °3(Y2) = bYz

can be computed, and the expected cost w here bIS

chosen optim ally is:

(1+ a)?%%

K2a29f + = AT
A Py NP PE7

ne t = Y1+ a),

w e see itis given im plicitly by the equation for t:

To compute the optim al aifwede

t

avoe- k?(%i 1)

For k: 01 %: 10 gives us an a= | 0:0101w|th
optim al cost — 099

N ow consider the follow ing control

°1(Y1)
°2(Y2)

i Y1+ ¥asgn(Y1)
¥asgn(Y2)

(14)

This control strategy w hich uses quantization, m ay be thought

of as doing 1-bit quantization follow ed by M aximum Likeli-
hood decoding. Now, by close inspection we can see that for
large %lhe expected cost at the second stage is nearly zero

since itis equal to 4:y}Pe(%where Peisthe probability of de-

coding error at the second stage. But Pe obviously dies off as
7
e 2

since itis the integral of a tail of a G aussian random vari-

able. No integrals need to be computed. Furthermore, we see

that we only needed 1 sim ple nonlinear elem ent (the Sgnfunc—
tion — a com parator) for each controller, making the practical
cance of these results clearer.

signi This phenomenon is not

som ething that we need “complicated” nonlinearities to take

advantage of.

B uilding on the intuition given above, consider the follow ing

family of “quantizing” controllers, param eterized by a single

num ber B

B .
°t(y1) = inntB §+_ (15)
j 1k
oB( YZ
y2) = B o+ 5 (16)
2 B 2
The rst stage takes the input and “quantizes” it into bins of

size B. The decoder then just looks to see w hich bin the value
isin. Consider now a series of problem s (k,%n and nonlinear

controllers as follow s:

kn = =

nZ (17)
:"/ﬁ = n2 (18)
B, = n (19)

Forour purposes, the analysis of the perform ance of these con-

trollers is also simple. The rst stage cost is kZE((O?(XO))Z)

k?B?
4

the absolute value of the control is clearly bounded above by

B

w hich be inspection can certainly be bounded by since

kg2t .
Since, n n_-o- the rst stage cost tends to zero in this
n2

sequence.

For the second stage, we notice that since the bin size B grow s
as Mwhile the variance of the observation noise Ws(ays xed

at 1, that the second stage cost is zero, unless the noise W has

B n

m agnitude greater than —_— — ——_.

2 2
2

.on
tail event happens with a probability thattends to zero as eI 8

But since Wis G aussian, this

So,in the limitof large n,lhe second stage costis zero as w ell.
Thus
(20)

H ioBny —
nI!qu E(Jnj°®")=0

But what happens to the af ne cost? Examining Equation 13,

and substituting, we have:

(1+a)?

‘o - 2+
E(Jnj®atne) = @ 7%44_ 1+ a7

(21)

Clearly,

n||irq- E(\]njoai ne) = a2 + 1 (22)

A nd so, we can see that the minimum costis achieved by set-

ting A to zero, giving us

(23)

Ilim E(JInj°pestat ne) = 1
n! 1

E(Jnjobestaine )
E(Jnj°Bn)

So, the ratio tends to in nity!



D iscussion

W e have seen thatin the case of this particular inform ation pat-
tern, a nonlinear controller can be superior to the best linear

one. Can we get any intuition as to w hy this situation arose?

It seem s that since the cost of control in stage 2 is zero, all that
m attered at the second stage was how well itcould predictX]_.
Also,by notpenalizing the state and keeping the costof control
in stage 1 low, we were effectively giving the rst stage a lotof
freedom in setting X]_ and a strong incentive to view the output
Xl purely as a way to com municate over a G aussian channel
w ith the second stage about the state. This coincidence of the

1 2 . . . N N
m essage and the messenger is whatis causing this seemingly

strange behavior.

ldeally, w hat we would like is for the message to be simple

- 3
ow entropy — inform ative prior ) so that there is less-

(i.e.
inform ation for the decoder to try and extract from the signal.
H ow ever, to get the m essage across intact, we would like the
m essenger to have high-energy so that the signal-to-noise ra-
tio is favorable (high mutual inform ation = inform ative like-
|ih00d54)4 Unfortunately, w hen w e restrict ourselves to af ne
controllers for this problem , these two objectives are in direct
An af

opposition. ne controller im plies G aussian state and for

a G aussian random variable, high energy implies high entropy

and low entropy im plies low energy.

4 LQG and its Variants (See [4,21,20])

In this section we examine the LG Q problem under com muni-

cation constraints. In Sec. 4.1 w e state the problem . In Sec. 4.2
w e state a low er bound in term s of the sequential rate distortion
function de ned in Sec. 4.2. In Sec. 4.3 we state upper bounds.

Finally we conclude in Sec. 4.4,

4.1 Problem Setup

Throughout this section we consider the following time-
invariant system :
Xns1 = AXn+BU, + W8, , O (24)

w here fxngis a Rd-valued state process and fUngis a Rm-

valued control process. The sequence angis IID G aussian

» N (O,KW) A nd the initial position XQ » N (O,KX)

Our goal isto minimize the long-term average cost

‘l’(i 1 5
X2QX, + UTU,

(25)

. 1
limsup—E
Nea N

w here Qis positive semide nite and Tis positive de nite.

X1 is exactly whatwe wantto communicate to the second stage.
?X1 is also the input to the “channel”
®The intuition involved is that low entropy implies less unpredictability.
Lessunpredictability m eans that our prior know ledge is quite strong

“The intuition for the case of signalling is thatwe want to reduce the effect
of the noise. We do this by having a large mutual inform ation betw een the
input and output of the channel. Using the terms of hypothesis-testing, this

meansthatwe would like our “likelihood” term s to be strongly discrim inating.

Plant Xn Encoder
Qnp
bn
Controller ~ Decoder
Xn

Figure 2: System

Under full state observation it is well known that the optim al

steady state control law isa finear gain of the torm Uy = LX p
o L= (BPB+T) BPAX (26)
where P satis esthe Riccati equation
P=AYP; PBBPB+T) BP)A+Q:
Furtherm ore the optim al cost is
E(WPW) = tr(PKw) : (28)

These standard results can be found in [2].

Our problem differs from the standard L Q G result because w e
have acommunication channel betw een the sensor and the con -
troller.

See Fig. 2. The channel has an input alphabet A and

an output alphabet B.The channel is de ned by a sequence of
ian-1i 1yql

stochastic kernels fQ(dBnJa ,bnl )gn:O- In this section w e

treat tw o channels. The digital noiseless channel with arateR

in whichA = B: §fursume

channel we have h’l = an.

nite se(§‘ For the digital
A nd the additive w hite G aussian

— — pd
noise channel with powerconstraintpinwhichA—B—R.

For thischannel Bn = An+Vnwhere Vn isazero mean G aus-
sian w ith covariance KV. The rate is R: %|ng(l+ P)

W enow quickly de ne the encoder, decoder, and the controller.

Encoder: The encoder at time nisamap

E, :RIMD £ ANEBER™ I A
that takes
(xMati gty Yy 71 a,

N ote that the encoder is allowed to be a function of the past

controls and past channel outputs.

Decoder: The decoder at time Nis a m ap

D,:B"£RIMgR™ | R

that takes

(BN Loy by 71 2,



The output of the decoder is som e estim ate of the state. In
the sequel the output will be the conditional expectation of the

current state given the channel outputs and controls.

Controller: The controller at time MNis a m ap

G :RY1 RM

that takes

Ry 7! Un

N ote that the encoder has available to it all the inform ation that

the decoder has. This is called equi-memory.

N ote also that the controller is a function of the state estim ate.
Thus we are imposing a certainty equivalent structure on the

controller.

De ne )e‘n = E(anBn;)e‘nil;Unil). And de ne en =
Xni Xn

Lemma 4.1. Theerror en isindependentofallcontrol choices

Uni lfor all N.

Proof. Thisis known. See [2]. First note that

€i+1 = Xn+1 i %n+1

= AX,+BU,+ W, E(AX, + BU,
+ WhjB™*t; X" uM)

= AX,+BU,+ W, | E(AX, + Ae, + BU,
+anBn+1;>€n;Un)

= Ae, + W, i E(Ae, + W,jB™ ;X" UM)

We prove this by induction. First note that € = Xg j
E(X0jBo). now €1 = Aeg+ Woi E(Aeg+ WojBL; Xo; Up).
This is independent of Ug. A ssume that € is independent of
unil rhen by the induction hypothesis Eq+1 = Aen+Wni
E(Aen + WpjB" XM U") mustbe independent o UN. ¥

Lemma 4.2. Ifthe error isindependentofthe controls then the

certainty equivalent controller is optimal.

Proof. Thiscan be found in [22].

The following steps follow from Borkar-M itter [4]. The run-

ning cost can be w ritten as
E(X3QXn+UPTUy) = E(X2QX 0+ USTU, )+ E(€)Qen)
Furtherm ore the evolution of )Qn can be written as

Xna = AX, + BU, + W,

w here Wn = Aen + Wn | eﬂ+1-

B utin this case we have a full state observation L QG problem
w ith state process )en and running cost E()e‘r?Q)e‘n"' Ur(])TUn)

Thus the optim al control law is given by (26). ¥
Assum e thatVar(en) = Dtoraii N Then the optimal cost for

the original problem is

" yo ”

X0QX, + UlTU,

. 1
lim sup WE
n=0

n! 1

i 1
E(X2QX, + UTU,) + E(e2Qen)
n=0

tr(TK ) + tr(QD)
tr(TKw) + tr(A°Aj P+ Q)D)

lim su !
nt o1 pN

N ote that the optimal cost decom poses into two terms. The

rst term is the full state cost and the second term depends
only on D the state estim ation error covariance. Thus we have

reduced the problem of computing the optim al cost to that of

minimizing tl‘((AOPA| P + Q)D) over a given channel.

4.2 Lower Bound

W e can low er bound the tl‘((AOPA| P + Q)D)Ierm by treat-

ing the problem as a sequential rate distortion problem for the

sourcex + :AX +W w ith squared error distortion m et-
n n n q

ric and a w eight m atrix AqDAI P+ Q: M

Lower bounds can be determ ined by the sequential rate distor-

tion calculation.

Sequential rate distortion theory (see [1,17] and the references
cited there) has a key role to play in this problem . In our situa-

tion, w e consider the process

X(k+ 1) = AX (k) + W (k)

w ith (W(k)) w hite G aussian noise, the sequential rate distor-

tion problem is de ned as follow s:

Dniseq:(RiM) = Infp o jyony
p M :
JE (X (K) i RK:M XK i XK))

£

w here M is positive de constraint

1
WI()QN'X]N) R.where|(>6N;XJ'_\‘)isthemulualinfor-

nite, subject to the rate

N N
m ation betw een )el and Xl ,and where the minimization is

N iy N
carried outover all P()el le )W hich are causal, thatis of the

form

P()e‘kJXk) The rate distortion function is

DSeq(R;M) = NIilm1 Dn;seq(R;M)



For sim plicity, consider the scalar case. A surprising result is
that there is a minimum rate, R > |ngA required to stabilize

the system . In this case

M Kw

w here §W is the variance of W For special
cluding the AW GN with equi-memory, DSEQ(R,M) can be

achieved. The structure of the minimizing conditional law sug-

channels, in-

gests that the optim al structure of the encoder is predictive.

N ote that this low er bound holds com pletely independent of

the encoder, decoder and controller. The question then be-
comesw hen can w e achieve the sequential rate distortion low er
bound. W e can achieve it if the

channel we are given s

“m atched” to the source.

4.3 Upper Bound

If the channel is m atched to the source Xn+1 = AXn + Wn
then we can achieve the sequential rate distortion value. If the

channel is a digital channel then tr((AOPA | P + Q)D) will

equal the operational sequential rate distortion bound.

4.4 Conclusions

Equi-memory is a strong condition and generally requires at

least one noiseless link. One needs a way for the decoder to

communicate to the encoder. Now, in a general way, we can

consider the plant as a channel. Consider the scalar case and

change the quadratic cost on Uktoahard constraint: E(Ukz)

P2. A ssum e that the encoder has noisy observations of Uk.
2

Let Rz = %|ng(1+ %) A necessary condition for well-

posedness is that Rz R |092A

R eturning to the original average cost problem , if there is no
cost on control, then the equi-mem ory assum ption can be dis-
pensed with. O therwise, there is a fundam ental tradeoff be-
tw een control energy and capacity required from the encoder
to the decoder. Sub-optim al schem es w hich are optim al in the

high-rate regime can be designed w hen the equi-memory as-

sum ption cannotbe justi ed.

A more general view of this problem w here the state process

is a controlled M arkov C hain has been considered in [6]. In
other work, we have shown how the optim al sequential quanti-
zation of M arkov sources can be view ed as a partially observed

stochastic control problem [6].

5 Towards a Dynam ical View

of Inform ation T heory

The discussion in the previous section raises a new problem in
Inform ation Theory:

How can one reliably transm it an unstable source
over a noisy channel through appropriate source and

channel coding and decoding at the receiving end?

M ore precisely, given a scalar discrete-tim e nite-state M arkov

source (X(t)) given by

X+ 1)=aX(t)+W(t); a>1t=01:::

and (W(t))t Q is additive w hite G aussian noise or bounded
noise with nite supportand a memoryless channel (or additive
w hite G aussian noise channel) is it possible to design encoders
and decoders within a speci ed nite end to

end delay con-

straint so that the output of the decoder ()e‘(t)) achieves a de-
sired m ean-squared perform ance SUR’ OE(X (t)| )e(t))z .
K-

A similar question w as posed by Berger [1] for the W iener pro-
cess and an inform ation transm ission theorem for this case has
the-

been an open problem for many years. In Anant Sahai's

sis [19] a solution to this problem is presented. The solution re-
quires adynamical view of Inform ation Theory, since the mes-
sage,the M arkov Source,isnotgiven altimei 1.butunfo|dsin
time and a little thought will make itclear that block coding of
any kind will not work in this situation. Indeed, all coding and
decoding operations must be causal, causality suitably de ned.
In this problem , the separation of source and channel coding is

no longer obvious and separation has to be im posed by a new

de nition of channel capacity.

Canytime (®) n

= Sup Rj9(K > O;Rate(% D?) = R)8d> 0
[0}

Perror (3 D?md) - K ¢21 ®P

denotes the encoder, Da

In the above the anytime decoder

and dthe prescribed delay.

This de nition should be contrasted w ith the classical opera-
tional de nition of capacity. The exponent®isre|ated to the
block convolu-

error exponents corresponding to coding and

tional coding. A ppropriate source and channel coding theo-

rems for this problem w ith the above de nition of capacity are
proved in [19]. | want to em phasize that the total end to end
distortion problem has to be considered for this situation and

the dynam ical view w hich | have referred to is an essential ele-

mentin the solution to this problem .

The discussions in the previous section and this section pro-
vides evidence as to why the sequential (zero delay) rate dis-
tortion problem is an im portant problem A lthough itwould be
too much to expect that a Shannon-like rate distortion theorem
would be true in this causal situation (see [17], for exam ple),
itis still im portant to characterize in a precise way the gap be-
tw een the non-causal rate distortion function and the causal rate

distortion function. This has been carried outin [7].

6 Controland Communication as

Interconnection of Probabilistic System s

In [18], W illem s has proposed a de nition of Dynamical Sys-

tem s and a methodology for control w hich consists of intercon-
obtain

necting two dynamical system s to a desired behavior.



W e propose here a generalization of this view to Probabilistic

Systems. This methodology has been exploited in the thesis of

Tatikonda [20].

z
Let = be a nite set and - be the set of sequences thought
) P z
of as a com pact, metrizable space. L et - be the convex,

w eak com pact set of all probability m easures on ~

The shift

7

induces a continuous af ne transform ation

¥ P(-%)! P(-%):

6.1. A system is a subset S ]/2
P(' Z). I f 9(8 u S we say that SIS a shift-invariant random

system .

D e nition random convex

W e have a natural em bedding.

z 1 P(-Z)

D e nition 6.2. A:ranzom system S\s said to be complete iff

12P(-Z)wim1_|25_|8| nite intervals on) 125,

De nition 6.3. A random system Sis said to be L-com plete iff

inthe above de nition we can restrict | to be | = [t,t+ L]

Proposition 6.4. (Topological Characterization)

Let Sbe a random system over -~ The following are equiva-

lent:

(i) SIS complete and S_ isclosed in P(' |)8| nite interval.

S o
(ii) is closed in the weak -topology.

This is a natural generalization of the work of W illem s for de-

term inistic system s.

jisacontinuousmap.Weuse!he notation:
Zy .— Zy .
Pu(-7)=1(-7)

D e nition 6.5. (Fagnani) A random system Sis said to be de-

term inistic if 95 H - z s.t.
S=Conv:(jS) :

IfI IJ. Z,we have a projection

IfSisa random system, we let

— n - 0
1917128
1

1 z —
where | is the projection (induced) on P(' ) S isacon-
|

vex subset of P(' |),

z
Let S ]/ZP(' )be acomplete %‘4|nvar\ant random system . S
is therefore com pletely determ ined by a convex set

S~ P(-£-) | RV
[o;l]u( )

In the determ inistic case S is
[0;1]

consisting of 0

essentially equivalent to

specifying a directed graph, and 1 along the

arcs.

De nition 6.6. Given two random systems S]_ u P(' Z)and

z
Szu P(' )ltslnterconnectlon|stherand0m system

Si\ S, i P(-Z) .

The problem

system Su u P(' Z) and a desired behavior Sd H P('Z)‘
nd acontroller S¢ P(- Z)such that

of control is then the follow ing: Given a random

d(Sq;Su\ Sc)

is minimized, where dis an appropriate distance m easure be-

o]
tw een tw o weak -closed convex sets in the space of all proba-

bility m easures P(' Z).

7 Conclusions

In this paper | have suggested thatauni ed view of Control and

Communication is badly needed if we are to m ake progress to-

w ards a science of distributed system s, w here subsystem s are

linked via Com munication channels. | have given exam ples to

show how inform ational questions need to be asked in a con-

trol context and how control questions need to be asked in an

inform ational context. The subjectis clearly in its infancy and

much needs to be done.
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