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Control under Communication Constraints

Sekhar Tatikondayiember, IEEEand Sanjoy MitterfFellow, IEEE,

Abstract—There is an increasing interest in studying con- from the plant and hence observes the state, or output, but not
trol systems employing multiple sensors and actuators that the control signals being applied. We discuss the important role

are geographically distributed. Communication is an important  ifarent information patterns can have on the control design.
component of these distributed and networked control systems.

Hence there is a need to understand the interactions between the W& compute a lower bound on the rate required to achieve
control components and the communication components of the the different control objectives. This lower bound is indepen-
distributed system. dent of the information pattern in place and depends only on

In this paper we formulate a control problem with a com-  the plant. Specifically we show that a necessary condition on

munication channel connecting the sensor to the controller. Our : - . g
task involves designing the channel encoder and channel decoderthe rate for asymptotic observability and asymptotic stabiliz

along with the controller to achieve different control objectives. apility in a linear, discrete time, system is
We provide upper and lower bounds on the channel rate required

to achieve these different control objectives. In many cases these R> Z max{0,log |\(4)|}
bounds are tight. In doing so we characterize the “information A(A)

complexity” of different control objectives.

Index Terms—Linear control, Communication, Distributed ~Where the sum is over the eigenvalues of thematrix (see
systems, Networked control equation (1).) This result relates the speed of the dynamics of
the plant to the information rate of the channel. In the case
where the encoder observes the control signals, the co-location
case, we show that for any rate larger than this lower bound

N this paper we study linear, discrete time, control prolihere exists an encoder, decoder, and controller that achieves

lems under communication constraints. Communication tise control objective. Hence this bound is also sufficient. We
an important component of distributed and networked contriblen discuss upper bounds for systems where the encoder is
systems. Hence there is a need to understand the fundameggaigraphically separated from the plant and hence does not
relationship between how the control parts and the commuhiave access to the control signals.
cation parts of the distributed system interact. A recent reportTypical communication channels are noisy and have delays.
on future research directions in control listed understandimgcomplete understanding of the interaction between control
control over communication networks as a major challenggéd communication will need to use tools from both control
for the controls field [10]. theory and information theory. A necessary step in developing

We examine observability and stabilizability under a comsuch a theory requires understanding the interaction between
munication constraint. The communication constraint is modentrol and noiseless channels with bit rate constraints. This
elled as a discrete time, noiseless, digital channel connectisghe case examined in this paper. In general one is interested
the sensor to the controller. For each time step this chanirelthe relationship between control performance and commu-
is capable of transmitting? bits without error. Our goal is nication rate. Understanding observability and stabilizability
to determine the minimum rate required on the channel tlder communication constraints is an important initial step
achieve our control objectives. In doing so we characterizeéwards that larger goal.
the “information complexity” of different control objectives. |n our companion paper we extend these results [16] by
This paper presents a framework for treating communicatigRowing the strong connection between control and the tra-
issues in control problems. ditional information theoretic problems of source coding and

This task entails specifying what the encoder, decoder, agigannel coding. We present a general necessary condition for
controller, know and when they know it. This specification igbservability and stabilizability for a large class of noisy com-

called the information pattern [19]. We distinguish betweemunication channels. Then we study sufficiency conditions for
two information patterns. In the first information pattern wenternet-like channels that suffer erasures.

assume that the encoder has access to the control signals beigyr problem formulation was inspired by the work of

applied to the plant. This may occur, for example, when thgorkar and Mitter [5]. There they formulated an LGQ control

pattern we assume that the encoder is geographically separgidinteractions between coding, delay, and performance. The
. . . . , papers of Wong and Brockett were also influential [20] [21].
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Institute of Technology. for the multivariate case. Furthermore we examine the role
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different information patterns have in determining the channg{”* channel symbol sequences. If the encoder, decoder, and
rate. controller are also deterministic then the number of different
Elia and Mitter examined the stabilizability problem inpossible control sequences in this time must be smaller than
the case where the encoder is time-invariant [7]. They uee equal to27%. Intuitively then a control objective under
a Lyapunov based synthesis scheme to design the underlyiiate R can be achieved only if we can approximate well the
qguantizers. Our work differs in that we allow for time-varyingcontrol sequences for the full observation problem by one of
encoders. Liberzon and Brockett have also examined a Lyanly 277 control sequences. Thus in terms of the underlying
punov based design with time-varying encoders [4]. They giepiantization problem one may think of quantization as living
upper bounds on the rate required to achieve stabilizability.iA the control sequence space.
time-varying coding scheme is also presented in [13]. In th@bservation 4: State estimation error
paper we not only present bounds but also present conditiond’he choice of channel rate influences the level of state
under which these bounds are tight. estimation error in our observer. If the state estimation error
Nair and Evans give rate conditions for stabilizability of amncreases with time in an unbounded fashion there will come
ARMA model [11]. In [12] they provide a rate condition sim-a point when we can no longer satisfy the control objective.
ilar to ours for insuring convergence. In contrast, our formun this case there is essentially no useful feedback. Thus
lation allows us to analyze systems with process disturbane#gess the control objective can be achieved via an open loop
and different information patterns. Baillieul presents sufficiewpntroller, i.e. a controller without access to any feedback, we
rate conditions for the multivariate case with a single input arénnot hope to achieve the control objective. Hence, in a rough
an A matrix with only real distinct eigenvalues [2],[3]. Heresense, the state estimation error should grow at a slower rate
we present a general framework for analyzing the multivariatlean the state dynamics. We are interested in characterizing
state-space case with multiple inputs and arbitrdrynatrix. the largest tolerable level of state estimation error that still
This framework allows us to prove necessary and sufficiemsures that the control objective is satisfied.
rate conditions, treat different information patterns, and designWe conclude this introduction with a summary of the
encoding/decoding schemes that can treat output observatipaper. In section two we formulate the problem. In section
and are robust to process disturbances. Furthermore ftihitsese we provide necessary conditions on the channel rate
framework lends itself to the treatment of control over moreequired to achieve observability and stabilizability. These
complicated communication channels as discussed in [16]. Theunds are independent of the information pattern chosen.
work here can be found in the first author's Ph.D. thesis [1§jur next objective is to provide schemes that can achieve

and has appeared in preliminary form in [17] and [15]. this bound. This depends heavily on the choice of information

We now make four observations that will motivate oupattern. In section four we discuss encoders with different
analysis. information patterns. We conclude section four with an explicit
Observation 1: Why feedback? guantizer construction and prove our main technical lemma.

If there is no uncertainty in the initial position, no un- In section five we treat encoder class one. This is the class
certainty in the plant dynamics, and there are no procesbere the encoder has access to the control signals. Here we
disturbances then one can achieve most control objectiai®w that the lower bounds provided in section three can
using an open loop controller. A closed loop controller for thee attained. Specifically we provide a scheme that achieves
same problem is often less complex to realize. Furthermdfe control objectives. In section six we examine encoder
a closed loop controller can more robustly deal with thelass two. This encoder class has a more realistic information
aforementioned uncertainties in initial position, plant dynamigttern. The rates, though, required to achieve the control
and process disturbances. Thus the point of feedback, if @ejectives are larger than those in encoder class one. We
bar complexity considerations, is to transmit from the plagonclude in section seven.
to the controller information about the uncertainty in the state
of the plant and the plant uncertainty itself that the controller Il. PROBLEM SETUP
does not know. The question then becomes what informationwe consider the following linear time-invariant system:
|tz :re;i\;?:itt ?hn; ;/r\:?;tm(;grr:unlcanon scheme should be usefgo €N, Xoor = AX,+BU, Yi=CX,, ¥t>0 (1)
Observation 2: Full observation performance where{ X;} is aR“-valued state proces§l/;} is aR™-valued

If the observation mechanism is instantaneous and tbentrol process, andY;} is aRR!-valued observation process.
communication link is a lossless, infinite bandwidth, channi#e haveA ¢ R4*¢, B € R™*™, andC € R**<. The initial
then we call the observation a full observation. We assurpesition X, € Ay whereAy C R? is assumed to be an open
the control objective of interest is achievable under full obseset. If C' = I, where[ is the identity matrix, then we have
vation. Clearly if an objective cannot be achieved under fullill state observation at the encoder. See Figure 1.
observation it cannot be achieved under the rate constrainedhe communication channel is modelled as a noiseless
observation. Equivalently if a control objective can be achievaetigital channel that can transmit at each time step one of
under a rate constrained observation then it can be achie2édsymbols denotedr € %, || = 2%. Specifically at each
under full observation. time step the channel can transmit without erfrbits of
Observation 3: Number of control sequences information. Throughout this papdpg refers to logarithm

In a time horizonT" the decoder will receive one of at mostase 2.
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Y; in section five that there exists a particular information pattern,
Plant > Encoder described in the definition of encoder class one, such that these
lower bounds can be achieved. Thus these lower bounds are

A S tight.

Ot

Ut .
A. Observability
Y The purpose of any good observer is to distinguish points
> in the state space. In a time horizon Bfwe have at most
Controllef= X Decoder 2TR possible symbols arriving at the decoder. Thus at tifne
t .
we must be able to approximate the state by one of at most
2TR points. ) )
Fig. 1. System Definition 3.1: Let the error be e; = X; — X; where X;
is the state estimate. System (1)asymptotically observable
) if there exists an encoder and decoder such that the following
A. Information Pattern hold for any control sequencg/; }:

The control problems we look at involve the design of an1) Stability: V ¢ > 0, 3 d(¢) such that|| Xyl < d(e)
encoder, decoder, and controller. Here we specify the infor- implies ||¢,||l, < ¢, V&> 0.

mation pattern of each component. L¥t = (X, ..., X¢). (2) Uniform attractivity:V € > 0, ¥ § > 0 3 T'(e,d) such
a) Encoder:: The encoder at time is a map that || Xol|2 < & implies
lletlle <€, Vt>T(e,0).
Point one states that the error cannot grow without bound for
In section 4 we will discuss different restrictions on thé&oundedX,. The second point states that the error decreases
available inputs to the encoder. The available inputs to tiezero uniformly inX,. Uniform attractivity is defined for all
encoder are commonly called tfformation patternof the 6. Thus our definition of asymptotic observability is global.
encoder [19]. For example the encoder may not have acces3raditional definitions of observability state that given
to the past controls. enough time one can identify the initial condition exactly. Then
b) Decoder:: The decoder at time is a map once you know the initial condition and the controls you can
i : b i . compute the state at any time in the future. In our case, at
D : DT XR™ — R taking (0, U = X, time?& we can only distinguish betweei® initial positions.
The output of the decoder is an estimate of the state of thkence there will be a certain amount of error in our state
plant. We will discuss how this state estimate is computed @stimate ofX,. This error will propagate (due to the unstable

& RICFUXREXR™ - 5 taking (Yo' L, UMY — oy

section 4. modes of the system) in our estimate of any futikfe It is
c) Controller:: The controller at time is a map for this reason that we introduce this definition of asymptotic
d - ) . observability.
Co:RT—R™ taking X;— Uy Now we are prepared to give a necessary condition on the

Note that we are assuming that the controller takes as inp@i€ required to achieve asymptotic observability. bef ,,
only the decoder’s state estimate. Hence we are assumingf&resent the sum over the eigenvaluesiofFor a given set
separation structure between the decoder and the controfielc R define the diar(2) = sup, ,eq [l — yll2.

We will show that for encoders in encoder class one, to beProposition 3.1:A necessary condition for system (1) to be
defined in section 4, there is no loss of generality in makir@gymptotically observable i& >3, ;) max{0,log |A(A)]}.

this separation assumption. Proof: Assume without loss of generality that the initial
uncertainty contains the bounded €& = {X : || X2 <
[1l. L OWERBOUNDS THAT ARE INDEPENDENT OF THE L} € Ao.

Note, possibly after a coordinate transformation, that the

. - matrix A can be written in the form
We now examine necessary conditions on the channel rate

to insure observability and stabilizability. Note that the usual { As ]
algebraic conditions for observability, e.g. certain Grammians Ay

having full rank, are still necessary but no longer sufficienfyhere theA, block corresponds to the stable subspace (that
The additional necessary conditions take the form of loweubspace corresponding to the eigenvaluesAdothat are
bounds on the channel rate. These lower bounds will kgictly inside the unit circle) and thel, block corresponds
universal in the sense that they hold independently of the the marginally stable and unstable subspace (that subspace
actual encoder, decoder, and controller used. They hold in@erresponding to the eigenvalues 4fthat are either on the
pendently of the information pattern in plat&Ve will show unit circle or outside the unit circle.) Ldll, represent the
INote the analogy with Fano’s inequality used in converse theorems [i)r{OJeCtIOI’I onto the stable SUbSpace'

Fix an arbitrary control sequendé@;}. ThenX, = A* X+

information theory [6]. Fano’s inequality holds independently of the actual o1 o
encoder and decoder used. ay Whereay = Z‘;:O A'=1=3BU;. For any control sequence

INFORMATION PATTERN
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we have any control sequence we have
tlim (X — o) = 0. lim sup ||TIs(X¢ — o)l
00 t—o0

t—1
li M A L+ |[T1, )~ A=) ||B|.D
11£risup H H + Z [ Bl2

oo

Thus knowledge of the control signals alone is enough to
estimate the projection of the state onto the stable subspace.™

Hence, without loss of generality, we can restrict our attention =0 2
to A matrices that contain only marginally stable and unstable <
eigenvalues. Because the initial positioXy and the disturbancel’; are
The set of points thaf(; can take contains the following bounded knowledge of the control signals alone is enough to
set insure that the error in the estimate of the projection of the
state onto the stable subspace remains bounded. Thus, without
Q= {X : X =A"Xg+a; for someX € Qo} . loss of generality, we can restrict our attention4Aamatrices

that contain only marginally stable and unstable eigenvalues.
If the system is asymptotically observable then it must be The set of points thaiX; can take contains the following
the case that'e > 0 andVX, € Q there is al'(e, L) such set

that fort > T'(e, L) we havelle:||2 < e. In particular this must t—1

hold for e < L. A lower bound on the rate can be computed €, = {X:X = A"'X,+ ZAtflijWj + oy,
by counting the number of regions of diameter less thait j=0

takes to covef), for ¢ > T'(¢, L). V Xo € Qo, [|Will2 < D}.

If the diameter of a sef2 C R? is less thar2e then the
volume of that set must be less thafe? (where K is the
constant in the formula for the volume of a sphereRifi.)
Thus to coverQ); by regions of diameteRe we require at

Let Q280 = (X : X = A'X;, 4+ a; for someX, € Qp}
be the set of points\; € Q, where all the disturbances are
set to zero.

If there exists an encoder and decoder such that the esti-

least mation error is bounded then there must bg & co and a
1. volumeg,) T(L) such that||e;||s < g for t > T(L). A lower bound on
R = n log K el the rate can be computed by counting the number of regions
@ 1 |det A?)| volume(Q) of diameter less thag it takes to cover), for ¢ > T(L).
= 3 log el Thus we require a rate of at least
_ ! o) 4 Lo Kl R o> Lg volume)
= ;log|deI(A )|+ glog Kyl = 708 K3
d,. L @ 1. volumgQZ€ro)
= ZlogI/\(A)H-Zlogz > EIOgK—ﬁ;
AA) d

® d. L
> ) log|AA) + S log &

where (a) follows from theorem 10.38 in [1]. Note that since o B

e < L the term4 log £ is positive. Thus
where (a) follows becaus@?®' c Q, and (b) follows from

R> Z max{0, log [A(A)[} proposition 3.1. Note thaf log § is bounded and becomes
negligible ast — oco. O
Note that in the preceding proposition the necessary condi-
is a necessary condition for asymptotic observabilily. tion only depends on the uniform attractivity condition and not
The following corollary shows that the rate bound in propd?n the stability condition in the definition of asymptotic ob-
sition 3.1 continues to be necessary to insure bounded erf6fvability. Similarly, in the preceding corollary the necessary
in the case when there are additive process disturbances. condition only depends on the boundedness condition.
Corollary 3.1: Consider the case of bounded additive pro-
cess disturbancest; ;; = AX, + BU; + W, where||W,||, < B. Stabilizability
D. The rate R > 3,4 max{0,log|\(A)[} is necessary In this section we discuss stabilizability under a rate con-
to insure that the state estimation ertonsup, .. [le;/|2 iS straint. The lower bound uses a counting argument similar to
bounded. that given in proposition 3.1.
Proof: As in proposition 3.1 we can assume without loss of Definition 3.2: System (1) isasymptotically stabilizabléf
generality that the initial uncertainty set contains the boundétere exists an encoder, decoder, and controller such that
setQy = {X : || X|[]2 < L} C Ao. Also we can partition the (1) Stability: V ¢ > 0, 3 §(e) such that| Xo|l2 < d(e)

A(4)

matrix A into the A, and A, blocks. LetIl, represent the implies | X¢||2 <€, Vt>D0.
projection onto the stable subspace. (2) Uniform attractivity:V ¢ > 0, 6 >0 3 T'(e, §) such that
Fix an arbitrary control sequendé@’;}. ThenX, = A* X+ I Xoll2 < ¢ implies

S AT BW + oy whereqy = 30 A1 BU;. For X2 <€, Vt>T.
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Point one states that the state cannot grow unbounded fimainy cases in between. We will provide an encoder, decoder,
boundedX,. The second point states that the state decreasesl controller for both of these two extreme cases. It will turn
to zero uniformly inXj. out that the encoder with access to the control signals has a
Proposition 3.2: Assume (A4, B) is a stabilizable pair. A lower rate requirement than the encoder without access to the
necessary condition for system (1) to be asymptotically stalsisntrol signals. These two cases shed light on the importance
lizable is 2 > 3 4) max{0, log [A\(A)l[}. of the information pattern at the encoder for determining the
Proof: As in proposition 3.1 we can assume without loss athannel rates required to achieve different control objectives.
generality that the initial uncertainty set contains the boundé&shcoder Class One
setQy = {X : || X||2 < L} C Ap and that the matrix4d has In this class the encoder at timeis a map,&;, that takes

only unstable and marginally stable eigenvalues. (Yt ot=1, U'"1) — o;. The decoder at time is a map,
For a given control sequené&,, Uy, ..., U;_1 we have D, that takes(c!,U'™1) s X;. We assume that both the
i1 encoder and decoder have knowledge of the dynamics of the
X, = A'X, + Z A1 B, plant. Furthermore we assume that the encoder kriowand

the decoder knows;. We do not assume that the encoder or

If the system is asymptotically stabilizable then it must b(éecoder knows the controller mags
ncoder Class Two

the case thae > 0 and VX, € Qo there exists dl'(e, L) In this class the encoder at timés a map£;, takingY; — o;.

such thatvt > T'(e, L) we have|| X;||2 < e. In particular this ;
. ' The encoder does not know the values of the control signals.
must hold fore < L. For this value ofe define the setg’, . . ,
arameterized by the control sequentgs.... Uy 4, to be We will assume, though, that it knows the control pol@y
P R The decoder at time is a map that takeés!, U'~1) — X;.
L1 ={Xo : [|[X¢ll2 < €} Finally we assume that the encoder kndsand the decoder
0

. knows &,.
Note that X; depends linearly o)y, ...,U;_1 hence all the

I" sets are linear translations of each other. Thus daclet )
has the same volume: voluifi® = |detd~*| Kuet. A lower B- EQu-memory
bound on the rate can be computed by counting how niany The encoder and decoder need to work together. The job of
sets it takes to coveRy. Now the decoder upon receiving the channel symihas to recover
1 volume(Q) the quantization region the observatibpfell into. To achieve
0

1=0

R > -—log voluma D) this the decoder needs to know what the encoder operation is.
t Vo ume(d) Knowledge of the mat; is not enough to insure this. To
_ llog KalL remedy this we now introduce the notion of equi-memory [8].
t |detA—*| Kged We define a state for the encoder and decoder. This requires
_ d specifying the information pattern [19] of each encoder and
- A%;) log(IN(A)]) + 3 1os () decoder. The maximal amount of information the encoder can

observe attime is (Y!~1, 0!~ U'~1) € REx Xt xR™. Let
Sincee < L the term<log £ is positive. We may conclude the information pattern of the encoder heC R" x %! x R™".

that For the decoder lefl, = (¢!=1,U'"!) € X! x R™. Finally
R> " max{0,log |A(A)[} let Q7 4(0) ={Y; : &Y, L) = o}
A(A) Definition 4.1: An encoder/decoder pair are said todupii-

memoryif the information (J;, 0;) is sufficient to determine
the set(y, (o¢). Specifically there exists a map taking
(0", U1) = Qp, ¢ (00).
IV. ENCODERCLASSES PRIMITIVE QUANTIZERS, AND In words this definition states that the information .Jip
THE KEY TECHNICAL LEMMA along with the quantization symbat; is sufficient to de-

In this section we define two different encoder classes @frmine which particular quantization region the observation
interest, then we present the primitive quantizer, and we en fell into. We will assume throughout this paper that the
with a statement and proof of the key technical lemma.  encoder/decoder pairs we use are equi-memory. For encoder

class one this means that= (Y'~!, o!=1 U!~!) and hence
A. Encoder Classes the primitive quantizer should be chosen on the basis of the
Recall that the encoder at timeis a mapé&, that takes information (o*~, U**). For encqqer class two this means

t 1 Tri—1 ! that I, = ( and hence the primitive quantizer should not

(Yt o=, U ) — oy. In this case the encoder knows th% .
egend on any of the control or channel signals.

past outputs, past channel symbols, and past controls. In som

cases it is unreasonable to allow the encoder access to the _

past controls. For example the encoder may be geographicéty Primitive Quantizer

separated from the plant. The encoders in both encoder classes will be restricted to

At one extreme one can consider an encoder with accessapply the following primitive quantizer at each time step.
all the past informatioriy?, o*~1, U*~1). At the other extreme  Definition 4.2: A primitive quantizer is a four-tuple
one can consider an encoder with access to dplyrhere are (c, R, L, ®) where ¢ € R? represents the centroidz =

is a necessary condition for asymptotic stabilizabilify.
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much easier and they are simpler to implement in practice.
Moreover we will show that for certain cases encoders using
primitive quantizers are sufficient to achieve the information
theoretic lower bounds proved in section three.

D. Key Technical Lemma

The growth of the uncertainty in the state is determined
by the A matrix. Let us consider the uncontrolled system:
Xit1 = AXy. AssumeX,; € {[-L,L] x ... x [-L,L]}. We
would like a way to compute a box that bounds the set that
X:11 lives in given the box thak; lives in. In particular we
will characterize the growth of the box that upper bounds the
state in terms of the dynamics of the state.

We first treat the simple case where thematrix has only
real eigenvalues each with geometric multiplicity one. fbet
diagonalizeA: ®A®~1 = T = diag\,...,\q]. Let Z; =
®X,. Then

Ziyr = 0Xy 11 = PAX; = PAD 1 Z, =Y 7Z,.

Fig. 2. Primitive Quantizer If  Z € {[-L,L] x ... x [-L, L]} thenZ; 4 €
{l =MLy ML ] X oo X [ =Nl Ly [AalL ]}

) We now generalize this idea to generdl matrices. The
(R1,...Rq) € R%* represents the rate vectol, = construction we present requires the real Jordan canonical
(Ly,...,Lq) € R4 represents the dynamic range, a@nd an  form. We quickly review this now:
invertible matrix that represents a coordinate transformation.Theorem 4.1:For A € R%%4 there exists a real valued
This quantizer partitions the region nonsingular matrix® and a real valued matri¥’ such that

B ' B B B PA®~! = Y = diag./1, ..., J]. Where eachJ;, j =
A={XeR": &(X —¢) € {[~L1, ] x ... x [~La, Lal}} 1,...,m, is a Jordan block of dimension (geometric multiplic-

into boxes with side Iength%ﬁ—;‘. Let R = Zle R;. Each ity) d;. CIear!yd1+...+dm = d. The Jordan block associated
of the 2% boxes is represented by an elemene ¥. Upon With a real eigenvalue takes the form

observingX the (¢, R, L, ®)-quantizer A1

(1) subtracts offc, A1
(2) applies the coordinate transformatidn

(3) determines which box it falls into (points that land on the

boundary of more than one box are given the label of one A
of those boxes according to some fixed priority rule), The Jordan block associated with the complex conjugate pair

(4) and then transmits the representing that box. of eigenvalues\ = p(cosf + isin §) takes the form
If X falls outside the regior\ then the quantizer transmits a D I
special symbol representing an overflow. Thus we I2ve 1 D I

symbols. The sel is called thesupportof the quantizer.
Figure 2 shows a two-dimensional primitive quantizer with
Ry = 3 and R, = 2. Here the dynamic range in both D

directions are equallL; = Ly, = 1 andc is the origin. The cos 0 SingJ

ote> 0.)

rate of this primitive quantizer i® = 5. where D = pr(6). Wherer(6) = | . o 4
For both encoder class one and encoder class two the encodProof: See theorem 2 of section 6.4 in [9]. (

ing mapé&; based on its informatiod; selects ¢, R, L,®)- O

quantizer. Upon observiny; it computes the appropriate; DefineH = diagH;, ..., H,,,|. Where eaclH; is associated

and transmits it across the channel. The decoder needswith one of the Jordan blockd;. Specifically H; = I if

know which quantizer was selected so that it may decode thig is the Jordan block with real eigenvalug. And H; =

received symbob; appropriately. This is assured by equidiagr(6)~!,...,r(8)'] if J; is the Jordan block associated

memory. Specifically the equi-memory condition forces thaith the complex conjugate eigenvalug&os @ + isin ). If

encoder and decoder to make decisions, in this case choost leas all real eigenvalues théh = I. The following lemma,

primitive quantizer, based on the same information. proved in the appendix, shows th#tand any power of the
One may ask why we have chosen boxes instead of menatrix H commute.

general polytopes to partitioh. Using general polytopes may Lemma 4.1 H!YH* =7

lead to a lower rate than the rate one gets when restrictingAs before letX;.; = AX; and letZ, = H!'®X;. Note

oneself to boxes. However the analysis for the boxes casdhat if A has real eigenvalues then, = ®X;. The H is
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needed to undue the effects caused by the dynamics of trensmitted across the channel. For a given rate veRtest
complex conjugate eigenvalue pairs. In genéfalill not be (R, ...,Rd)' define:
an upper triangular matrix but the matikY will be an upper

—Rl
triangular matrix with real-valued eigenvalues. The magnitude 2 9—Ra
of these eigenvalues are the same as the magnitude of the Fro =
corresponding eigenvalues of. Now -
2~
Zyyw = H'UOX,
— H"OAX, Lemma 4.3:If for all ¢ we haveR; > max{0,log|\;|}

then TFy is stable. If there exists at least onesuch that
R; < max{0,log|\;|} then T Fy is unstable.
= H'"W'YH'Z Proof: The matrix T is an upper triangular matrix whose
= HYZ by lemma 4.1 eigenvalues have the same magnitude as the corresponding
eigenvalues of thed matrix. The matrixY Fr is an upper
We need a way to bound the growth of the operaf. triangular matrix with the valuep\;|2~%: along its diagonal.
This is an upper triangular matrix which can be written in |t for all i the rate R, > max{0,log |\;|} then 0 <
the following block diagonal formi Y = diag K1, ..., Km] |);|2-% < 1 and hence all of the eigenvaluesBF will be
where K; = J; if J; is the Jordan block associated with &taple. If R, < max{0,log |\;|} for at least one then T Fjy
real eigenvalue and will have at least one unstable eigenvalie. B

= H'ToAd'H 'Z

K; = H;J; Example:Let A = _03 _13 ] ,R= { g } andL(t) =
pl r(0)7! 1
pl ()7} C[ e The size of the box determined y(t) will expand
= : ue to the dynamics of the system and then shrink due to the
ol rate of information we transmit. Specifically
if J; is the Jordan block associated with a complex conjugate L{t+1) = TFgL(t)
eigenvalue pair. The eigenvalues of the upper triangular matrix _ 31 272 0 L(t)
K; are all equal top. 0 3 0o 273
For each blockK; associated with a real eigenvalue 7
define - % :
Al 1

Al 1 V. ENCODERCLASS ONE

' In this section we provide sufficient conditions on the rate
|\l for observability and stabilizability for systems with encoders
éestricted to encoder class one. In particular we show that
we can achieve the lower bounds proved in section three.
Furthermore we show that the rate of convergence depends

<.
|

For each blockK; associated with a complex eigenvalu
p(cos 6 + isind) define

pl O on the difference between the channel rate used and the lower
_ pl O bound?
K;=
ol A. Observability
11 Our first proposition treats asymptotic observability when
whereO = L1l the encoder observes the stdlé = X;.) We follow this

) T R — with two corollaries. The first provides a rate of convergence
Finally defineT = diag K, ..., Km]. , _ and the second shows that we can treat the case where the
Lemma 4.2:If Z, is in the box determined by (i.e. 4yng on the initial condition is unknown. We then generalize
Zy € {[=Ln, In] x ... x [=La, Lg}) then Zi1 is in the box o pasic observability result to systems with additive process
determined byT L. o disturbances and systems with output observations.

Proof: We know Z;1 = HYZ,;. By constructionT is @ The results in this section are based on the following idea.
matrix whoseijth entry is greater than or equal to the absolutg; ime ¢ the encoder first computes the decoder’s estimate
value of theijth entry of HY. Thus if Z; is in the DOX of the state. It can compute this estimate because it knows

determined byL then Z;,, will be in the box determined o1 the policy of the decoder and the control and channel
by YL. O

We are now in a position to state the key technical lemma2we can make an analogy with the rate distortion theorem in information
This lemma shows how the grovvth in the box representmlgeory. If the channel rat€' is less than the rate distortion raiethen one

. . . . . cannot transmit information reliably (i.e. we cannot insure that the probability
the uncertainty in the location of the state is determined tBydecoding error converges to zero with time.) Bf < C then one can

both the dynamics of the plant as well as the informatiaransmit reliably [6], [16].
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signals available to the decoder. The encoder then computes The Fr term captures the decrease in state estimation
the difference, thénnovation between the true value of the error at timet due to applying the primitive quantizer
state and the decoder’s estimate of the state. Next the encoder while Y term captures the growth in the one-step ahead
chooses a primitive quantizer and quantizes this innovation. It error due to the dynamics of the plant. By lemma 4.3
then transmits to the decoder the appropriate channel symbol TFj is a stable matrix. Thus the dimensions of the
corresponding to this quantization value. The decoder, due to dynamic range are decreasing in time.

equi-memory, knows which primitive quantizer the encodefyis completes our description of the encoder and decoder.
used and hence can decode this channel symbol and update |§/ construction the stat&,; never leaves the range of the

state estimate. In the following we show that such a scherp_ﬂ1 quantizer with suppord,. Where

leads to asymptotic observability for all rates satisfying the
gl\{l—e},? rate bound. . - o o ) g /(\jt — {X c Rd . (I)(t)(X _ C(t)) c

ere are many situations where the rate bounds presente _ _
in section 3 will be non-integer. Clearly we cannot send a {=La(®), L @] x ooox [~ Lal®), La(®)]}
non-integer number of bits at each time step. But if we use; a;
time-sharing scheme we can, on average, send a non-integer

number of bits. We define thaTverage rateof an encoding ), = {X eR? : ®(t)(X — Xt) c

. —1 .
scheme to béimsup;_ 7>, , R(t) where R(t) is the Li(t) Li(t) La(t) La(t)
number of bits transmitted at time We treat both the fixed {[ oR: ' R } [ oRs ' QR4 ]}}

rate and average rate cases in the following proposition. Let
[x] represent the smallest integer larger than or equal to One can think of\; as containing the one-step ahead state pre-
Proposition 5.1: For system (1), encoders restricted to erdiction error forX,; and(); as containing the state estimation
coder class ong;’ = I, and bounded initial sekg error for X, based onA; and the new information provided
() a sulfficient condition on thdixed rate for asymptotic by the channel symbat;. Now
observability is

R> 3,4y max{0, [log [A(A)[]}. lecllz < sup X — Xill2
(b) a sufficient condition on thaveragerate for asymptotic e . N
observability is = suw () @(E)(X — X2
R > 37, 4 max{0,log [A(A)[}. ' . .
Proof: We wifl restrict our encoder and decoder to be equi- S ;gg @) @)X = X2
memory. We prove part (a) first. Becauag is bounded we < ||cI>(tt)*1|| IFRL()|
know there exists a constaftsuch thatA, C {X : | X2 < = - _15* 2 .
L}. Let ® diagonalizeA into real Jordan canonical form: < [HTI I IE&I H(YFR) ] [IL(O)]]2
®ADP~t = T. For X € Ay we have||®X |y < [|2]|[| X2 < < VA L|®| 7Y |Fe|l I(TFR)

|®]|L. At time zero choose &:(0), R, L(0), ®(0))-quantizer

wherec(0) is the origin and®(0) = . Let L;(0) = ||®||L ¥i Since ||®|, [®~'||, and ||F|| are all bounded we see that

and choose the rate vectdt such that each componef®; there exists a constant such that|le;||s < vL ||(TFg)!|.

is an integer and?; > max{0, [log|\;[]}, @ = 1,..,d. SinceYF} is a stable matrix the error goes to zeraas occ.

Apply this quantizer taX, and transmitry. Because the box Thus we have shown the uniform attractivity condition in the

determined byL(0) containsAq the channel symbak, will  definition of asymptotic observability holds. Furthermore, for

not be the overflow symbol. any e > 0 we can find anL small enough so that for all
At time ¢ let the state estimateX,, be the centroid of ¢ > 0 we have|e;||> < e. Thus the stability condition in the

the region defined bys;. Due to equi-memory both the definition of asymptotic observability holds as well.

encoder and decoder can determine this centroid. We updat®/e will now prove part (b) by specifying a time-sharing en-

the quantizer parameters as follows: coder and decoder scheme. In this case the channel rate used at

(1) The centroid of the + 1th quantizer is just the one-stepeach time step can vary. Pick aRy > max{0,log|\;|}, i=

ahead state prediction (the encoder observes the contrals):., d. There exist nonnegative integeld, «;, G;, i =

c(t+1) = AX, + BU,. 1,...,d such that
(2) The coordinate transformation evolves as: R >a, + Bi > max{0,log |\i|}, i=1,..,d
T 7 M ) 7 ) RA) :
O(t+1)= H'T'd = HO(t).

As in section 4 letZ, = H'®X, represent the state in
the new coordinates. Then

We will show that there exists an encoder and decoder scheme
with average rate less than or equal}®_, R;.

First we need to specify a periodic schedule based on
Zy1 = HYZ, + H ' ®BU,. epochs of lengttd/. At time ¢ apply a(c(t), R(t), L(t), ®(t))-
quantizer where:(¢t) and ®(¢) evolve as before. The sides of

3) The size of the dynamic range of ttie+ 1th quantizer
3 2 y ! g e quantiz the dynamic range now evolve as

will evolve according to:
L(t+1)=TFgL(t). L(t+1) = TFr)L(t)
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where R(t) = [Ry(t),..., Rq(t)] is defined as followssi = nt(@max—Do—tmini(Ri—log \i(A)) where dy,ay is the multi-
1,...,d: plicity of the largest eigenvalue. Thus
Rty = § @+t iftmodMe{0.1, ..., fi — 1} lecla < vV L || @I |&() 7| [|IF-] |(TE)"
' o if t modM € {p;,....M — 1} < pp(dmax—1)g—t(min; (Ri—log | X;(4)]))

For eachi = 1,...,d we have for a constantx independent oft (Recall ||®(¢t)~!|| <

! [HZ= e~ < et O

% Z R;(1) Next we treat the case whey, is bounded but the encoder
t=0 does nota priori know that bound.
1 5, T mod M Corollary 5.2: For system (1), encoders restricted to
= 7 | (T ~T modM) <ai + M) + Y Ri(r)| encoder class one, an@’ = I a sufficient condi-
=1 tion on the rate for asymptotic observability i® >
_ Bi > (a) max{0,log [A(A)[}.
- (ai + M) + Proof: For the case when a bound on the initial uncertainty,
7 mod Ay, is unknown one must first “capture” the state in the
1 (—T mod M) (a, i 51‘) n Z R () guantizer domain. Led be as in proposition 5.1. At time zero
T M ~= ‘ apply the primitive quantizefc(0), R(0), L(0), ®) wherec(0)

is the origin,®(0) = @, andL;(0) = L Vi for some fixedL. If
The second addend goes to zerdlass oo. Thus forT large upon observingX, the quantizer transmits an overflow symbol

enough we have: then update the quantizer as followst + 1) = Ac(t) + BU,
S ®(t) = H'®, andL(t+1) = 2T L(t). SinceL(t) is growing at
max{0, log |\|} < 1 Z Ri(t) < Ru. a rate fasFer thap the dynamics of the stat_e process eventually
T P the quantizer will capture the state. At this point proceed as

we did in proposition 5.1. (Strictly speaking we are using one
Hence forT' large enough we havél!_, max{0,log |\;|} < extra symbol for the overflow message. Buttass co the
T S R < XL Ry overhead due to these overflow messages is amortized out.)
Now we need to show that under this time-sharing schemeWe now consider the case of bounded additive process
the estimation error goes to zeroias» co. As before disturbances.

el < 191 | FreyL(t)|l2 X1 =AX,+BU,+W,, Yi=X;, t>0 (2

where L(t) = <H::1?FE(T)) L(0). The matrix Wher_e_||Wt||2_§ D. In corollary 3.1 we provide_d a necessary
M o= ) i . ) condition to insure bounded error. The following proposition
[I7=1 YFrq) is an upper triangular matrix. Using angqides a related sufficient condition..

argument similar to lemma 4.3 we see that it is stable. Thus Proposition 5.2:For system (2), encoders restricted to
ledls < 18] | Eren L()]l2 encoder class one, and bounded initial sef the rate
N AO= R > 3\ max{0,log|A(4)[} is sufficient to insure

t—(t mod M)
) Mo M limsup,_, ., |let||2 is bounded.
< Je® N N Frwl ||| IT TFre Proof: First we prove the fixed rate case. We follow the
=1 proof in proposition 5.1. In this case the state dynamics in the
(£ moa M) new coordinates are:
x l:[1 T | 1L0)]2 Zosr = HYZ, + B(t + 1) BU, + (t + )W,
which goes to zero as— co. [l We update the.(¢) as follows:
For the rest of the paper the statement “a sufficient condition 1

for property X to hold isk > 3, 4, max{0, log [A(A)|}" will _ 1
be taken to mean we are using the fixed rate scheme for integer ~ L(t +1) = YFrL(t) + D[ ®(t + 1)||
rates and the average rate scheme for non-integer rates.
Corollary 5.1: For both the fixed rate and average rate
encoding schemes described in proposition 5.1 the rate Hére we expand the size of the dynamic range of the quantizer
convergence isfle;lls < rt(dmax—Do~tmini(Ri—log[X(A)))  tg take into account the dynamics of the plant, the information
wherex is a constant independent of transmitted across the channel, and the bounded process dis-
Proof: We treat the fixed rate case. A similar arguturbances. For shorthand denote the second adderid by
ment can be used for the average rate case. The decaylloén we can write
|(TFR)!|| is determined by the largest eigenvalue Bf. -1

The largest eigenvalue is given hytax; 2(~Fitlog[Xi(A)), L(t) = (TFR)Z(O)+Z(TFR)t‘1‘jh(j).
There exists a constanty such that ||(TFg)!| < - .

1

=0
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As in proposition 5.1 we have We will construct an encoder and decoder that asymptoti-
cally observes the observer stdfe. The observer’s estimation
lecl2 error goes to zero hence the encoder and decoder will asymp-
< @@ 1FRL()|l2 totically observeX,. The observer’s state estimate evolves as
< -1 _ _
< N2 12 1 %) A%y BUL L 4 Mo
t—
x | I(TFR) L(0)]|2 + || z:(TFE)“lfjh(j)||2 We will treat theM Ce;_, term as a process disturbance.
§=0 First we treat the fixed rate scheme. As in proposition 5.2
< VA |9)7Y ||Fr| x we updateL(t) as follows:
t—1 1
I(TFR)'L(O0)l2 + Y DI(TFr) || H ][]l - 1
B Jz:(; B L(t+1) = TFRL(t) + ca’ [ MC]| |[eol| [@(t+ D] | .
< Vo) | Fel 1
t—1
_ _ , -1
« | I1FFR)LO) 2 + D] Z I(TFR)7)| wherec = L. Denote the second addend byh(t). Then
7=0 t—1
_ L(t) = (TFR)'L(0) + YFR) 1 alh(j
The matrix (YTFg) is stable. Hence the first (t) = (TFa)L(0) ]Z:(:)( ) b

term goes to zero ast — oo. For the second _
term note that there exists a constamt such that Since YFg is stable the first term goes to zero. Because

[(TFR)|| <  ktldma—Dg—tmini(Ri-log\(A)])  Thys limi—c alh(t) = 0 (h(t) is uniformly bounded irt) lemma
the series is summable. Hence there existsyasuch that 5.1 implies that the second term goes to zero. Thus-asco
limy o0 E?:}) |(TFg)7| < oy - There- the error in the decoder’s estimate of the encoder’s observer
- N nvad D state converges to zero. Thus the rate condition is sufficient
()[R Frll-

fore_ h.mt_’oo el < 12— mini (R ~los %) for asymptotic observability. A time-sharing argument can be
A similar argument can be used for the average rate ¢ase.
used for the average rate cage.

Due to the noise terri; there will always be a NONZET0 e general prescription for observability in encoder class

then we see thalt | — 9-R: _, 0 and. as we expect ¢ is to transmit a finer and finer description of the zero con-
Rl = Mhax; ' PECL ol input response state trajectory. If there are no disturbances

;hoeeg(ignzig)n the estimation error in the previous prOpOSItI('t)ﬁliS is equivalent to successively refining the initial position.

. Specifically if we allow the encoder “infinite” memory then
Example: Cc;]r?&der thﬁ sI(;aIgr ?yﬁtel’ﬂ(t+1. :b aXaJ:j it pneed or)1/Iy transmit a finer and finer description 329’5
ﬁ(ﬁ + W?e |In<t I% case the limit of the error Is bounde aBut assuming that the encoder can have in memory a perfect
t=00 %] = 3R —[a[" . . description ofX, for all time ¢ is unrealistic. Furthermore it is
. Now we consider system (1) with g_eneral pbservatlon €AYt robust to disturbances. For this reason we have proposed
tion Y* = CXy. Assumg that the_ paif4, C) is qbse_rvable. recursive structure for the encoders in encoder class one. As
We will need the following technical lemma which is prove@e have shown this recursive structure can be used for systems

in the appendix. . : :
. with process disturbances and output observations.
Lemma 5.1:Let A be a stable matrix. LeB; be a set of P P

matrices such thatB;|| < K < oo and thelim;_, ., || Bt|| = 0.
Let S, = Y-y A" 17'B;. Thenlim;_.. || Se|| = 0. B. Stabilizability

Proposition 5.3:For system (1), encoders restricted t0 For encoder class one we can combine the properties of
encoder class one, and bounded initial sk§ a suf- asymptotic observability and full state feedback stability to
ficient condition for asymptotic observability iS? > get output feedback stability. Assume that the [ait B) is
> x4y max{0, log [A\(4)[}. stabilizable and the pait4, C) is observable.

Proof: At time ¢ the encoder has received’, U'~'. We Proposition 5.4: For system (1), encoder restricted to en-
will assume that the encoder has access to an observer #ttfer class one, and the initial set, bounded a suf-
produces a state estimalg. Specifically the encoder appliesficient condition for asymptotic stabilizability isR >
a Luenberger observer: ZQ(A) ?afao}?ip\mﬂt}_b_l. . voller fed 4 BK |

- - - roof: Le e a stabilizing controller, i. is

Xe = AXia + BUp1 + M(Yioy = CXi) stable. Apply the certainty quivalent controllef = K X,
where M is chosen so thatt — M C is stable. The estimation where X; is the decoder’s state estimate. We need to show
error of this observer is; = X; — X; = (A— MC)é;_;. Thus that under this control law the system is stable. As before let
& = (A-MC)eo and|le;|| < [[(A=MO)| |leo|| < natlleo]| er = Xz — X¢. Then
for some constany and0 < a < 1. The observer’s initial -1

state error|ég|| is bounded becausk, is bounded. Hence as X, =(A+BK)'X, — Z(A + BK)'""'"IBKe;,
t — oo the observer's state err@ef goes to zero. =0
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By proposition 5.3 we can asymptotically observe the statet )y = {X : || X[l < L} € A, and that theA matrix
Thus thelim; .« ||et]l2 = 0. Since A+ BK is stable and\, contains only marginally stable and unstable eigenvalues. The
is bounded the first addend in the above equation goes to zesgt of points thatX; can take contains the following s@; =
By lemma 5.1 so does the second. Hetiag .., || X;|2 =0. {X : X = A'X,, Xy € Qo).
Thus we have shown the uniform attractivity condition in the If there exists an encoder and decoder in encoder class two
definition of asymptotic stabilizability holds. Furthermore, fosuch that the estimation error is bounded then there must be
any e > 0 we can find anL small enough so that for alla § < oo and aT'(L) such that|le;||s < g for ¢t > T(L).
t > 0 we have||X¢|l2 < e. Thus the stability condition in the A lower bound on the rate can be computed by counting the
definition of asymptotic stabilizability holds as welll number of regions of diameter less thaf it takes to cover
This result is related to a general result of Vidyasagét; for ¢t > T'(L).
that states if a system is state feedback stabilizable andAt any timet¢, > T'(L) we know that anyX;, € €, is
output observable then it is output feedback stabilizable [1&].realizable state. To insure an error of sizat timety we
Furthermore the certainty equivalent controller applied to tiveould need to transmit a total of at least
state estimate is a stabilizing controller. The difference here is volume(€2;, ) L
that due to the encoder and decoder the “observation equation” 108 ——=—7— K57 =to Z log [A(A)[ + dlog 3
will depend on the past states and controls. A(4)
We can treat the case whei is bounded but the encoderpits over thet, time steps. Thus for the first, steps we
does nota priori know that bound. would need to transmit bits at a rate of at least >
Corollary 5.3: For system (1), encoder restricted to encod(g:A ) log [A(A)| + ti log %. By the same argument, at time
class one, and’ = I a sufficient condition for asymptotic¢, =" ¢, + N we Would need to transmit a total of at
stabilizability is & > 3 4) max{0,log [A(A)]}. least 1 Y, 4 log[\(A)| + dlog & bits overt; time steps.
Proof: Apply the zero control until the encoder, using th&ncoders in encoder class two are memoryless hence the
technique in corollary 5.2, “captures” the state. Then procegficoder at any given time cannot depend on any of the
as in proposition 5.4.] previous encodings of the state. Thus we cannot use any of the
Example: Consider the scalar systemY;;1 = aX; + bits transmitted during the firgt time steps to help aid the
bU;, a > 1, |Xo| < L. Choose controllek such thatla + reconstruction ofX,,. Therefore over the time interval from
bk| < 1. Then under full state feedback the magnitude of ﬂ't%‘ to ¢; we would need to transmit bits at a rate of at least
state is strictly decreasing to the origi;| = |a + bk|*|Xo|. R > Lt S log [M(A)] + dlog %) For fixed N we see
Under a rateR > loga and the scheme proposed in the laghq¢ the right hand side grows to infinity &s and hence;,

proposition we see that goes to infinity. Thus there does not exist a finite rate scheme
t—1 that will insure bounded errok]
| X¢| < |a+ bk|*| Xo| + Z |a+bk|t*1*j|bk|ﬁL. In summary, the encoder at timecannot depend on the
§=0 previous encodings and hence cannot compute the innovation

There can exist trajectories that initially are not strictly deVith respect to the previous encodings. Thus there can be no
creasing to the origin. One can consider this the price Brfnte rate encoder in encoder class two such that the estimation

error is bounded.

This result may seem like bad news. However in most cases
we are interested in observability when the controls being
applied are in the closed loop. We will nhow show that we

In this section we examine observability and stabilizabilitgan achieve asymptotic observability and as a by-product of
for encoders restricted to encoder class two. For this encodgymptotic stabilizability.
class we assume that the encoder knows the control law though
not the actual control signals. B. Stabilizability

N Assume(A, B) is a stabilizable pair. Because the encoders
A. Observability in encoder class two do not observe the control signals they
For encoder class one we showed there exist encoders tiegd to operate with the closed loop dynamicsdof- BK
can asymptotically observe the state. Furthermore, becauseghéd not the open loop dynamics df We have assumed that
encoder observed the controls, asymptotic observability hette encoder knows the control lal@. Computing the minimal
independently of the control signals chosen. Here we will shawate is difficult for this class of encoders because in general
that the condition of observability for encoders in encodéhe rate will depend on the particular controller polisy.
class two depends on the control signals chosen. Proposition 6.2: For system (1), encoder restricted to en-
Proposition 6.1: For system (1) with unstabld, encoder coder class two¢' = I, and bounded initial set, there exists
restricted to encoder class two, initial sk, C = I, and a finite rate such that the system is asymptotically stabilizable.
controls set to zero there is no finite rate encoder in encodeProof: Choose K such thatA + BK is stable. Let®
class two such that the estimation error is bounded. diagonalize{ A+ BK) into real Jordan canonical forn#(A+
Proof: As in proposition 3.1 we can assume without loss dBK)®~! = Y. AssumeA, C {X : || X||o < L}. For X € Ag
generality that the initial uncertainty set contains the boundeg have||[®X||s < ||®[|[| X2 < ||®||L. At time zero choose

learning the state under a rate constraint. See [7].

VI. ENCODERCLASS TWO
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a (c(0), R, L(0), ®(0))-quantizer where:(0) is the origin and the encoder, decoder, and controller schemes. We characterized
®(0) = ®. Let L;(0) = ||®||L Vi. The rate vectolR will be two different encoder structures based on whether the encoder
determined shortly. Apply this quantizer t§, and transmit observed the control signals or not. Under the added structural
oo. Note thatoy will not be the overflow symbol. assumptions of equi-memory and use of a primitive quantizer

The encoder does not have access to the controls or e showed that encoders in encoder class one can achieve
past channel symbols. Thus it can only evolve according tatese lower bounds. For encoders in encoder class a weaker
schedule based on the control law. The state evolves as: result was provided.

Xt+1 = (A + BK)Xt — BKet.
) APPENDIX
Update the quantizer parameters as folloa) = 0 for all

time and®(t+1) = Hd(t). WhereH is defined as in section Let A € R¥?. Then by theorem 4.4 has a real Jordan
4 but in this case it is with respect to the matix+ BE. canonical form.

Then the state in the new coordinates evolves as: Lemma 4.1H'YH ™" = T.
Proof: H*YH ! is the product of three block diagonal
Zipr = HYZ, — ®(t +1)BKe, matrices. Thus we need only check that the result holds for
wheree, = X, — X;. Let f, = Z; — 7, = d(t)e;. Then each _of the blocks. The blocks come in two type_s: thosv_e
associated with real eigenvalues and those associated with
Zyyr = HYZ; — ®(t + 1)BK® (1) f;. complex eigenvalues. For the real eigenvalue cabeis

identity. Thus clearly/*J; 1" = J,. Let us examine the

Observe thatZ, is in the box determined by.(¢) and the : .
complex conjugate eigenvalue case:

error f, is in the box determined b¥'z L(¢). Let the boundary
lengths of the dynamic range evolve as:

L(t+1) = {T + |®(t + )BED ()| Fr} L(t). HJ;Hj

The operatorY is stable becaus& is stable. We can pr() p/@

then find a rate vectorz with components large enough so —  djiagr ()] ! diagr(6)']
that T + ||®(t + 1)BK®1(¢)||Fr is uniformly stable in
t. Thuslim;_ ., L(t) = 0 and the system is asymptotically pr(6)
stabilizable.[J or(0) I

Example:Consider the scalar systei;. 1 = aX; + bU;. pr(0) I
Let k£ be such thata + bk| < 1. Then
|bk|
IR

1
I
=

L(t +1) = (Ja + bk| + —=")L(t) | pr(6)

Letting R > max{0,log 1_!Z’ﬂbk|} is sufficient to ensure

asymptotic stabilizability. Ifa + bk = 0 then the rate bound matrices such thdtB; || < K and the limitlim 1B = 0
becomesR > max{0, log |al}. D Ul . foo 171 '
Let St = Z.:(] A Bl Thenhmt_,oo ||StH =0.
For both encoder class one and two our strategy has beeBroof' Sir;ceA is stable there exists > 0 and0 < A < 1
to keep track of a region in which the state lies. The size o ; = =
: . g . -such that|| A*|| < ¢A’. For all e > 0 there exists & (¢) such
and location of this region are recursively updated. One mi i

wonder how these regions, determined by the dynamic ra%tagt 1Bill < € ¥t = T(e). Lett > T(e). Then

Lemma 5.1Let A be a stable matrix. LeB; be a set of

and support of the quantizer, are related to the Lyapunov level t—1 ‘
sets used in Lyapunov theory. In Lyapunov theory one finds 1Y AR,
a suitable Lyapunov functio such that the value of” j=0

decreases along trajectories [7] [4]. For a finite channel rate i1 ‘

it is impossible to insure that’ decreases at every time step. < > |47 [|||Bj]|
This is because there is always a region around the origin that J=0

is not under the influence of any control.

t—1
e NI B|

<
VII. CONCLUSION j=0
. . . . T —
In this paper we formulated a discrete time, linear systems e \t-Te-1 z(e:) A©O-ig 4 tzﬁ NIl
control problem with a noiseless digital communication link. — rt o~
J= J=T(e)+

We discussed the role of information patterns and control
policy knowledge in this context. < & {At*T(f)*lK + e}

We first provided lower bounds on the rates required to 1=A
achieve asymptotic observability and asymptotic stabilizabldow ¢ > 0 can be chosen arbitrarily small and> T'(¢)
ity. These bounds hold independently of the information patan be chosen arbitrarily large hence the bound can be made
tern chosen. To compute upper bounds we explicitly describarbitrarily small.[]
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