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ABSTRACT

Consider the well-studied decentralized Bayesian detection problem
with the twist of anundirectednetwork topology, each edge repre-
senting a bidirectional (and perhaps unreliable) finite-rate communi-
cation link between two distributed sensor nodes. Every node oper-
ates in parallel, processing any particular local measurement in two(a) Undirected Topology
(discrete) decision stages: the first selects the symbols (if any) trans-

mitted to its immediate neighbors and the second, upon receivingijg 1. |llustration of the key step in our analysis of the decentral-
the symbols (or lack thereof) from the same neighbors, decides thgeq detection problem with bidirectional inter-sensor communica-

value of its local state. We adapt the team solution already known fofion: () an undirected topology and (b) its directed counterpart.
directed acyclic networks and establish conditions such that the iter-

ative numerical algorithm to collectively optimize the local decision

rules admits an efficient message-passing interpretation, featuring an . . . )
asynchronous distributed implementation in which total computatiof!®de adjusts its local decision rule (for subsequent online process-
and communication overhead scales only linearly with the number df'9) based on incoming messages from its neighbors and, in turn,
nodes. In sharp contrast to the directed case, this message-passpfgdS adjusted outgoing messages to its neighbors. The messages

algorithm retains its global correctness and convergence guarante@m upstream neighbors define a “likelihood function” for the sym-
without restrictions on the network topology. bols the node may receive online (e.g., “what does the information
T ) ~ from my parents mean to me”), while the messages received from

Index Terms— Bayes procedures, Distributed algorithms, Dis- gownstream neighbors define a “cost-to-go function” for the sym-

(b) Equivalent Directed Topology

tributed detection, Markov processes, Message passing bols the node may transmit online (e.g., “what does the informa-
tion from me mean to my children, their children and so on”). Each
1. INTRODUCTION node need only be initialized with local statistics and iterative local

computation is invariant to the number of nodes (yet scales exponen-
Existing research literature on the decentralized detection problentially with the number of neighbors, so large networks are taken to
formally introduced in [1], focuses almost exclusively on the case obe sparsely-connected) [7].

unidirectional inter-sensor communication defined on a directed net-  \ye adapt the Bayesian formulation in decentralized detection
work topology [2, 3]. The analysis is particularly well-developed for for the case of bidirectional inter-sensor communication defined on
a binary hypothesis test in which a set of remote sensors each trang, undirectednetwork topology. An undirected architecture is ar-
mit a finite-alphabet symbol to a common *fusion center” that, ingyably more compatible with emerging concepts in ad-hoc network-
turn, makes the minimum-error team decision. So-called person-byﬁg [8, 9], since designating a common fusion center or enforcing a
person optimality conditions analytically reduce to solving a set ofgjrected acyclic topology “on the fly” may require expensive non-
nonlinear fixed-point equations, providing a certain conditional in-jocal coordination among the distributed nodes [10-14]. The key
dependence assumption is upheld [4]. These team fixed-point equgep in our analysis is illustrated in Fig. 1, where we “unravel” the
tions are known to apply for any directed acyclic network topology;pjdirectional communication implied by an undirected topology into
moreover, in the special case of a polytree topology, the iterativgn equivalent directed topology in which each node appears both
algorithm for solving these equations offline (i.e., before processas a transmitter and a receiver. Though the resulting directed net-
ing actual measurements) admits an efficient message-passing int@fork is a polytree, because the node replication violates the critical
pretation [5-7]. Specifically, in each offline iteration, every sensorconditional independence assumption, we cannot readily conclude
This work was supported by U.S. ARO under MURI grants W911NF- that the tractabl_e solution' k_nown f_or dire'cted networ_ks is applica-
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Measurements Decisions U, observing only the local measureméff and then its stage-two
T ;

? decision X; upon also receiving the informatiof; described by
nNode | 1S a conditional distribution(z; |z, y, u.(;)) based on the information

Undirected & Uyiy = {Uj | j € v(7)} collectively transmitted by neighborg)
Nework | 5 ¢ ¢ in G. Altogether, any particulastrategyy : YV x 2 — U x X
| Tn € dn induces a global decision proce@s X) = (Y, Z). Denote byl’

— the set of all such strategies and BY the admissible subset of de-
cEn) = (Y1, Yn) centralized strategies implied 6 specifically, denoting byM; all

————————————————————————————————————————————————————————— stage-one communication rules of the foun: ); — U; and byA;
all stage-two detection rules of the fordn: V; x U; x Z; — X,

Nodei

Y ‘ definel’; = M, x A, for each nodé and letl'¥ = T'; x --- x T',,.
| Stagel | * Symbols to The final ingredient to the formulation is the real-valued function
1 one ;47 "\*neighbors/(i)

c(u, &,x) = (2, z) + Ae(u, ),

%%ﬁ&@\dmm o

1) = H N . . .

9 / v zo | L0 g expressing a (weighted) sum of the costs incurred over the two stages.
Any fixed strategyy € I' is then penalized by its expected cost,

(b) Decentralized: (ui, &) = vi(yi, zi),i=1,...,n
J() = E[eU, X, X)| = BE[B[c(/(Y, 2), 0|V, 2]]. ()
Fig. 2. Our global detection model assuming (a) a centralized strat-
egy and (b) a decentralized strategy for processing measurementsln turn, the decentralized design problem is expressed by

J(v") = melp Ja(7) + AJe(v) subjecttoy € T'Y, @)
Y
adjusting its stage-two rule and outgoing “cost-to-go” messages. In

sharp contrast to the directed case [7], this message-passing alg¥bere the functiong/. : T' — R and.J; : ' — R quantify the

rithm retains its correctness and convergence guarantees without 2ge-oneommunication penaltgnd stage-twaletection penalty

strictions on the network topology. respectively. By construction, fixing the rules = (u:, d;) local to
The remainder of this paper is organized as follows. Section f0de: is equivalent to specifying the distribution

and Section 3 adapt the formulation and analysis, respectively, of N e V(s s s 2 6

the Bayesian detection problem starting with an undirected network Plui, ilys, zi571) = pluilys; pa)p(@ilys, wi, 245 64),

topology. For brevity, we omit proofs and emphasize the aspectgfiecting the two-stage causal processing impliedbyt follows

that are in clear' contrast WI'['h what is known for the MOre CONVeNyat fixing a strategy € I'Y specifies the distribution

tional case of directed acyclic networks. We conclude in Section 4

with suggestions for future research, looking towards distributed de- A n .
tection applications in which performance specifications render the  P(u, 2, 2z, 4;7) = [ [ P (2:l2, ¥, (i) p(wi, Elyi, 255 7:)
particular processing constraints considered here too severe. i=1

and, in turn, the distribution that determinégy) in (1) becomes
2. BAYESIAN FORMULATION N

Our centralized and decentralized processing models are illustrated Pl ,237) = /163/ P@y) Hp(w’mi‘x’ b3 )
in Fig. 2, both assuming that (i) the hidden statand observable ! =t
measuremeny take their values in, respectively, a discrete vec-where the summation ovéf is taken inside the product i.e,
tor spaceX = A; x --- x X, and Euclidean vector spagé =
V1 X -+ x Yp; and (i) the network is to generate a global esti- p(u;, 2;|x, y, u,(i); 1) = Z p(zi|T, Y, o)) D(wis Tiyi, 23 73)
matez € X based on the spatially-distributed measurement vector 2,€2;
y € Y. The decentralized model in Fig. 2(b) further assumes each
component of; is determined by an individual sensor in thenode ~ for each node.
network defined by an undirected gragh each edg€:, j) indi-
cating a (perhaps unreliable) low-rate bidirectional communication 3. TEAM SOLUTION
link between nodes andj. Every node;, initially observing only
the component measuremeyt operates in two distinct stages: the This section summarizes the results of applying the team-theoretic
first stage decides upon the symbals(if any) transmitted to its analysis already known for directed network topologies (as presented
neighbors/(i) = {j | edge(s, j) in G} and the second stage, upon in [7], for example) to the problem formulated in Section 2. As al-
receiving the symbols; (or lack thereof) from the same neighbors, ready depicted in Fig. 1, the key idea is to map thaSeof all two-
decides upon the local estimatg. The collections of transmitted stage strategies defined on an undirected topalbgyo an equiva-
symbolsu and received symbolstake their values in discrete vec- lent set of strategies defined on a particular two-level directed topol-
tor spaced! = U, x ---xU, andZ = Z; x --- X Z,,, respectively.  ogy. In contrast to known results for the directed case, our firsttresu

The probabilistic model starts with a distributigiiz, y) that  is a negative one: specifically, the usual conditional independence
jointly describes the hidden state procéssand noisy measurement assumption doesot by itself imply that the team-optimal strategy
processY. The decentralized decision process implied by undi-admits a finite parameterization. Our second result establishes that
rected graphg consists of just two stages, all nodes operating inanother assumption is needed, namely that the Bayesian cost func-
parallel with every node generating firstly its stage-one decision tion is separable across the nodes. When both assumptions hold,



the team optimality conditions reduce analytically to a nonlineawhere the parameter values e R **>*:l depend on all other
fixed-point equation with identical structure to that which arises forfixed rules through a nonlinear operatgy of the form
the “unraveled” directed counterpart. In turn, the forward-backwar

message-passing algorithm developed for directed polytrees imme- aj = f(57,77)- ®)
diately applies, translating into a parallel message-passing algorithg) Assume the stage-one rule local to nads fixed at its optimal
on the original (and perhaps “loopy”) undirected topology. valuep! € M;. The optimal stage-two rule reduces to

The basic idea of viewing bidirectional inter-sensor communi-
cation as a sequence of unidirectional decision stages has appeared §; (Y;,U;, Z;) = arg min b; (24, 2; Ui, Zi)p(Yi|z),
in earlier research literature. A detailed analysis of two sensor nodes e TR

performing a global binary hypothesis test appears in [15]. Their . 12, % 2 XU X Zi |
model assumes one node is a primary decision-maker and the oth&pere parameter values; < R'™ =11 depend upon all
acts as a (costly) consultant, the latter only providing input wherPther fixed rules through a nonlinear operatgyf of the form

the former explicitly requests for it. Indeed, their formulation satis- b= fg(u* 7). (6)
fies the assumptions we require for tractability of the two-stage team oo
solution in arbitraryn-node network topologies (and our analysis It is instructive to contrast each part of Proposition 1 with (3) in

also accounts for the possibility of unreliable links). More generala directed network topology. The only difference in the stage-two
topologies or more than two decision stages (but still for a globalule §; is that the stage-one communication decidibracts as side
binary hypothesis test and with reliable links) are considered in [164nformation (in addition to local channel informatidh); in particu-

19], but distinctly assuming that each node processes only a nelar, parameters; depend only on local measurememnthrough the
measurement in every stage, essentially “forgetting” all of its precedeiscrete symbol;; = 4 (y;), so the likelihood functiom(Y;|z) is

ing measurements and preserving the critical conditional indepenhe sufficient statistic for measuremérit However, in the stage-
dence assumption. Our formulation, however, assumes each nodeae ruleu;, parametera; are seen to depend explicitly on the local
processes the same local measurement over successive deeiges) Smeasuremeny;, implying a likelihood-ratio test need not be team-
and it is interesting that this subtle difference in the model leads t@ptimal. That is, Proposition 1 tells us that (4) still applies given the

the dramatic algorithmic ramifications of our negative result. undirected model, taking; = (a;,b;) and f; = (f#, f7), but that
the parameter vectdr need not necessarily be finite-dimensional.
3.1. Necessary Optimality Conditions This theoretical complication is equivalent to that arising when As-

sumption 1 is violated for even the simplest directed networks (e.g.,
We begin the team-theoretic analySiS for the detection model in F|ggN0 nodes in series)’ in which case the decentralized design prob_
by showing that the usual conditional independence assumption jgm is known to be NP-complete [4]. Thus, Proposition 1 suggests
not enough to guarantee that the optimal decentralized strafegy the same for the problem in (2), even when Assumption 1 is up-
in (2) admits a finite parameterization. In the directed case, howheld. Indeed, this negative result was already anticipated from the
ever, under this assumption the global minimizérin (2) reduces  node replication discussed in Fig. 1. It is more interesting that con-
toa CO”eCUOn Of I|ke||h00d'rat|0 teStS, ea.Ch |Oca| I’ule Of the form tinuing the ana|ysis |eads to a positive resun: the efﬁcient message_
. . . R passing interpretation is applicable despite the node replication issue
7 (Yi, Zi) = arg (s B0 el x X, > 07 (uis B0, 33 Z)p(Yilw), and without restrictions on the undirected network topology.
o : rzeX

) (s s X X 2| ' (3) Assumption 2 (Separable Costs)The global cost function in both
with rule parameterg; € R =™ ' local to each nodécou-  stages of the decision process is additive over nodes of the network,
pled to the parametes_; = {0;;j # i} at all other nodes via a
nonlinear fixed-point equation,

n

c(u,z,z) = Z [e(Z4, ) + Ae(ui, )] .

0= fi(0-), i=1,....n @) i=1

That parameter vectdr = (01, ..., 0,) is finite-dimensional is key P.rtohp055itior(1jzelf Assgr?ptigr: 2thholds, thtgn F’lr?position 1 applies
to the known theoretical correctness and convergence guarantees 1 (5) and (6) specialized to the proportionalities

block-cyclic Gauss-Seidel iterative solutions of (4). aj (s, 2 ys) o of (us, ) = p(x) Ae(us, ) + CF (us, )]

Assumption 1 (Conditional Independence)Conditioned on state and

X = z, the measuremenf; and received symbdf; local to node:

are mutually independent as well as independent of all other infor- i (%4, 3 wi, zi) oc 57 (i, 75 2:) = p(2) P (2i|z)e(@:, @),
mation observed in the network, namely the measureméntand

respectively, where (i) the likelihood functi i|z) for received
symbolsZ_; local to all other nodes i.e., for eveiy P 4 ® an (=)

informationZ; depends upon the fixed stage-one rules in the imme-
P(Yi, 2i|T, Y=y 2—is wn(iy) = P(YilT)p(2i] 2, U (2y)- diate neighborhood (i) through a nonlinear operatay; of the form

. ' . ' P (zilx) = gi(po
Proposition 1 Let Assumption 1 hold. Consider any particular node (#l2) = gipo)
< and assume both rules local to all other nodes are fixed at their opand (ii) the cost-to-go functiod; (u,, z) for transmitted informa-
timal values in (2), which we denote by, = {v; € I'; | j # i}. tion U; depends upon the fixed stage-two decision rules in the imme-
diate neighborhood as well as the fixed stage-one decision rules in
the two-step n_elghborhood, denotedibi(i) = Ujevy v(d) — 4
through a nonlinear operatoh; of the form
pi (Vi) = arg min > aj (us, 23 Yi)p(Yile), CF (i, ) = hi(py2 4y, 00(i))-

u; €U; ex

e Assume the stage-two rule local to nodis fixed at its optimal
valued; € A,. The optimal stage-one rule reduces to



3.2. Message-Passing Algorithm o ' 6

Likelihood \ Cost-to-go
The equations of Proposition 2 are in fact equivalent to those knownmessages from NC,’.de < messages to
for the “unraveled”2n-node directed (polytree) network in which ~ neighbors/(i)) 7 pk. 1 * | cF neighbors. (%)
(parentless) nodek to n employ the rules:] to u;,, while (child- w w
less) nodes: + 1 to 2n employ the rule9; to §;;. Hence, the ef- (a) Likelihood Step for Stage-Two Rule at Node
ficient message-passing interpretation presented in [7] for directed
networks is readily applicable. D @ ®

Cost-to-go Likelihood
Assumption 3 (Measurement/Channel/Cost Locality)In addition messages froms: Node| : messagesto
to the conditions of Assumption 1 and Assumption 2, the measuren€ighbors(i) Choi IL° PEL neighbors(i)
ment and channel models as well as both stages of the cost function | |
local to node: do not directly depend on any of the non-local state (b) Cost-To-Go Step for Stage-One Rule at Node
processesX_; i.e.,
Fig. 3. The kth parallel message-passing iteration as discussed in
P(Yi, 2| T, Y—iy 2 iy Unay) = P(yilT)p(2il @i, U (s)) Corollary 2, each nodeinterleaving its purely-local computations
with only nearest-neighbor communications.
and
c(ui, Tiyx) = c(Zs, i) + Ae(ug, x5).
Corollary 1 implies that the rule parametedks;, 3;) local to
Corollary 1 If Assumption 3 holds, then Proposition 2 reduces to node: are completely determined by the incoming messages from
neighbors/(4) on the original undirected network topology Specif-

wi(Y;) = arg min o (ui, 2:)p(Yi|zs) ically, we see in (8) that the stage-two parametgrgepend upon
wicli T the incoming likelihood messagdy),,_,, = {P/_:;j € v(i)},
the right-hand-side summarized by operafg( P (i) —i)- Mean-
with stage-one rule parameters € R *%il given by while, we see in (7) that the stage-one parametgrsepend upon

the incoming cost-to-go messagey;,_.; = {C;_i;j € v(i)}, the

. right-hand-side summarized by operafé(CU(l _;)- Similarly, the
i (ui, xi) o< p(@i) | Ac(ui, z4) Z Cii(ui,zi) |, (7) satisfaction of Corollary 1 at all nodes other tha]‘epends upon the
jev(i) outgoing messages from nodéo its neighbors/(z7). The outgo-
ing likelihood messageB;” ., ;) = {P_.;;j € v(i)} expressed in
and (9) are summarized by operatgrn«; ), while the outgoing cost-to-
go message€’; ;) = {Ci_;;j € v(i)} expressed in (10) are
6; (Yi, Zi) = arg mml Z B (&1, 5 Zi)p(Yilw:) summarized by operatdr; (3;, P,;_.;). Altogether, we see that
@i €A Corollary 1 specializes the nonlinear fixed-point equations in (4) to
with stage-two rule parametergy e R!*i**ixZil given by Bi = f2(Puwy—i)
ey ’ ai = f(Cupiy—i
Bi (%4, 745 24 0(03717371) Z m17331/() ( O] ) : i=1, n (11)
Ty (i) = il
7 (8) Pz—w(z) gi (az)
Z p(z’i|wi7ulj(i)) H P;—M'(uj‘mj) Ci—n/(i) = (ﬁl, (i )_,Z)
Uy (4) JjEv(i)

Corollary 2 Initialize stage-one parameters” = (af,...,a%)
where each nodeé produces both a likelihood message for everyand stage-two parameters” = (37,...,4%), then generate the
neighborj € v (i) given by sequence (a*, 3%);k = 1,2,...} by iterating (11) in a parallel

message schedule defined on the undirected gfa@ach node in-

P (uila) = / pyils)p(uslys; wl)dys ) te_rleavmg Iocal_updates of stage-one an_d stage-two decision rules
vi with nearest-neighbor exchanges of likelihood and cost-to-go mes-

sages e.g., as illustrated in Fig. 3,
and a cost-to-go message for each neighper v (i) given by

Pf Ly = gi(efh) fromi=1,...,n,
Cz—>] Uj, Tj) ZZ (&4, i) Z p(Ii,my(i)|$]‘)X Bz — ( (Z)Hl) fromi=1,...,n,
Ty (i)
X . . Cf,m = hi Pk fromi=1,...,nand
Z p($1|xlvuu(l)751) H Pm—»i(u’m‘xm)v ( ( ) ) ’ 7
Uy (1) —j mewv(i)—j of = fH( Vmﬂ) fromi=1,...,n.
(10)
TilTi, w3 07 ) = . .
P(Filei, i 07) If Assumption 3 holds, the associated sequenktig/*)} converges.
ZP Zil@i, o (i) / p(yilz)p(&ilyi, 263 67 ) dys. Note that Corollary 2 applies without restrictions on the undi-

rected topology, whereas a directed topology must be a polytree for
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