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Abstract

This paper characterizes the optimal way for a principal to structure a rank-order
tournament in a moral hazard setting (as in Lazear and Rosen (1981)). We find that
it is generally optimal to give rewards to top performers that are smaller in magnitude
than corresponding punishments to poor performers. The paper identifies four reasons
why the principal might prefer to give larger rewards than punishments: (i) R is small
relative to P (where R is risk aversion and P is absolute prudence); (ii) the distribution
of shocks to ouput is asymmetric and the asymmetry takes a particular form; (iii) the
principal faces a limited liability constraint; and (iv) there is agent heterogeneity of
a particular form. An intuition is given as to why these factors affect the optimal
prize schedule. Using the theory developed by Green and Stokey (1983), we relate the
results about tournaments to the structure of the optimal individual contract. The
optimal individual contract typically punishes low output more than it rewards high
output. We also give conditions under which the optimal individual contract will be

a concave function of output.

*Akerlof: Department of Economics, Harvard University, 1875 Cambridge Street, Cambridge MA 02139.
email: akerlof@fas.harvard.edu. Holden: Massachusetts Institute of Technology, Sloan School of Manage-
ment. E52-410, 50 Memorial Drive, Cambridge MA 02142. email: rholden@mit.edu. We are grateful
to Philippe Aghion, George Akerlof, Edward Glaeser, Jerry Green, Oliver Hart, Bengt Holmstrom, Emir
Kamenica, Lawrence Katz, Barry Nalebuff, and Emily Oster for helpful comments and discussions.



1 Introduction

Lazear and Rosen (1981) argue that rank-order tournaments help to solve a moral hazard
problem faced by firms. Lazear-Rosen tournaments have been interpreted as explaining
many features of firms, such as within-firm job promotions, wage increases, bonuses, and
CEO compensation (Prendergast (1999)).

This paper attempts to characterize the optimal way to structure a tournament that is
set up by a principal to deal with a moral hazard problem. These results have considerable
practical significance. They allow us to test whether aspects of employee compensation arise
because of or in spite of the moral hazard theory of tournaments.

We find that, typically, the optimal prize schedule gives special rewards to a few of the
best performers, special punishments to a few of the worst performers, and somewhat smaller
rewards/punishments for those whose performance is neither at the top nor bottom of the
distribution. Furthermore, the reward for placing ¢th in the tournament rather than (i41)th
is smaller than the punishment for placing (n — ¢ 4+ 1)th rather than (n — i)th (where n is
the number of agents in the tournament) when i < ”T_l In particular, this means that the
punishments for the worst performers are greater in magnitude than the rewards for the best
performers.

The particular shape of the optimal prize schedule depends greatly upon the distribution
of the shocks to agents’ output. We find that a set of weights, {f,}!,, which can be
calculated solely based upon the shock distribution, encapsulates the effect of the shock
distribution on the optimal prize schedule. The weight 3, is equal to the marginal change
in placing ith in the tournament from a marginal change in effort. In fact, when agents’
utility for wealth is logarthmic, the optimal prize schedule is simply an affine transformation
of the weight schedule.!

While, in general, optimal tournaments punish more than they reward, there are four

factors that lead the rewards to be large relative to the punishments. We find that the

"When utility for wealth is logarithmic and the shock distribution is symmetric (in the sense that F'(—z) =
1 — F(z)), we find that the rewards for the best performers are exactly equal to the punishments for the
worst performers.



amount of punishment relative to reward depends upon the size of R relative to P, where
R is Arrow-Pratt risk aversion and P is the coefficient of absolute prudence. When R is
sufficiently low relative to P, it may be optimal for the principal to give larger rewards than
punishments.? If the principal faces a limited liability constraint (a constraint on how much
agents can be punished), this may limit the principal’s ability to punish and lead the principal
to rely more heavily upon rewards to incentivize agents. The optimal size of rewards relative
to punishments also depends upon the distribution of the shocks to agents’ output. If the
shock distribution is asymmetric (F'(x) # 1 — F'(x)) in a manner to be defined below, it may
be optimal to give large rewards relative to punishments. Finally, if the agents participating
in the tournament are heterogeneous in a manner to be defined below, the principal may
wish to give large rewards. Associated with each of these four factors is a distinct intuition
that we will attempt to convey below.

While it is generally optimal for the principal to punish more than reward, the principal
still gives special rewards to top performers in such cases. In order to examine the importance
of rewards relative to punishments as tools to the principal for incentivizing agents, we look
at tournaments that give a prize w; to the top j performers and a prize ws to the bottom n—j
performers. We find that, in general, the principal chooses j > 5. Furthermore, a winner-
take-all tournament (j = 1) is usually a less profitable way to structure a tournament than
a loser-lose-all tournament (j = n — 1). When the shocks to agents’ output are uniformly
distributed, j* = n — 1. While j* is not necessarily equal to n — 1 when the shocks follow a
non-uniform distribution, it is often the case.

These results speak, to some extent, to the importance of punishment as a tool to the
principal. Perhaps more importantly, however, we find that the optimal two-prize tourna-
ment returns a profit to the principal that closely approximates the profit from the optimal
n-prize tournament. The profits to the principal from non-optimal choices of j are gen-

erally far from the profits from the optimal n-prize tournament. A consequence of this

2The concept of absolute prudence is due to Kimball (1990) who analyzes its role on precautionary saving
in a dynamic model. The relationship between risk aversion and absolute prudence has been explored in a
variety of settings different to ours (see, for example, Carroll and Kimball (1996) and Caplin and Nalebuff
(1991)).



finding is that the optimal loser-lose-all tournament often returns a profit that is close to
the profit from the optimal tournament. This cannot be said of the optimal winner-take-all
tournament.

Using the theory developed by Green and Stokey (1983), we are able to relate our results
about the optimal tournament prize structure to the structure of the optimal individual
contract. When optimal tournaments gives larger punishments than rewards, the optimal
individual contract also uses more punishment than reward. In the special case where the
shocks to output follow a normal distribution, the optimal individual contract is generally
concave.

The paper will proceed as follows. Section 2 provides a brief review of the existing
literature.  Section 3 gives the basic setup of the model and states the problem of the
principal designing the tournament. Section 4 establishes the main results of the paper,
giving a partial characterization of the optimal prize schedule. Section 5 considers the case
in which the principal is limited to awarding only two types of prizes. Section 6 considers
the factors that might make it optimal to give larger rewards to winners than punishments
to losers. Section 7 considers the implications of our results for the structure of the optimal

individual contract. Section 8 contains some concluding remarks.

2 Brief Literature Review

Classic treatments of tournaments are given by Lazear and Rosen (1981), Green and
Stokey (1983) and Nalebuff and Stiglitz (1983). The two papers most closely related to
this one are Krishna and Morgan (1998) and Moldovanu and Sela (2001). They also focus
on optimal prize structures in rank-order tournaments. While the assumptions made in
these papers differ from those of Lazear and Rosen (1981), the results are generally seen
as applicable to the Lazear-Rosen context. Both of these papers conclude that optimally
designed tournaments give a special prize to top performers. In fact, they suggest that
roughly the same prize should be given to all but a few of the best performers.

In contrast, we find that it is often optimal for the principal to rely more heavily on



punishing poor performers than rewarding those who perform well. In fact, we find that the
principal would often prefer a loser-lose-all tournament (in which only the worst performer
receives a different prize from others) to a winner-take-all tournament (in which only the
best performer receives a different prize from others). We see our difference in results as due
to important deviations that Krishna and Morgan (1998) and Moldovanu and Sela (2001)
have made from the standard moral hazard setting.

Krishna and Morgan (1998) have an ex post participation constraint rather than the
standard ex ante participation constraint. This means that the principal must make sure
that an agent receives a certain utility ex post rather than in expectation. With an ex
ante participation constraint, giving more to agents with high rank in the tournament allows
the principal to give less to agents with low rank.> This is not the case with an ex post
participation constraint.

In an elegant paper, Moldovanu and Sela (2001) seek to explain prize structures in tour-
naments within the framework of private value all-pay auctions. This is formally similar to
models analyzed by Weber (1985), Glazer and Hassin (1988), Hillman and Riley (1989), Ki-
ishna and Morgan (1997), Clark and Riis (1998) and Barut and Kovenock (1998). Moldovanu
and Sela (2001) analyze a model where contestants have different costs of exerting effort,
which is private information. The contest designed seeks to maximize the sum of the efforts
by determining the allocation of a fixed purse among the contestants. They show that if the
contestants have linear or concave cost of effort functions then the optimal prize structure
involves allocating the entire prize to the first-place getter. With convex costs, entry fees,
or minimum effort requirements, more prizes can be optimal.

With this approach, there is a deterministic relationship between action choice and out-
put. Therefore, agents’ attitudes to risk play no role. This contrasts sharply with the

stochastic relationship which is present in the Lazear-Rosen framework.

3Since an agent has some chance of achieving any rank, giving more for high rank increases an agent’s
expected utility. Since the PC is binding in equilibrium, this allows the principal to give less for low rank.



3 The Model

In this section, we will give the setup of the problem. The assumptions that we make
should be very familiar: they are the same assumptions as those made by Lazear and Rosen

(1981), Green and Stokey (1983) and Nalebuff and Stiglitz (1983).

3.1 Statement of the Problem

We will consider a world in which there are n agents available to compete in a rank-order
tournament. This tournament is set up by a principal whose goal is to maximize her expected
profits. The principal pays a prize w; to the agent who places ith in the tournament. The
profits which accrue to the principal are equal to the sum of the outputs of the participating
agents minus the amount she pays out: 7 = > " (¢; — w;). We assume that the principal
is risk neutral. At least for now, we will assume that agents are homogeneous in ability. If
agent j exerts effort e;, her output is given by ¢; = e; + ¢; + 1, where €; and 7 are random
variables with mean zero and distributed according to distributions F' and G respectively.
We assume that the ¢;’s are independent of one another and . We will refer to 7 as the
“common shock” to output and ¢; as the “idiosyncratic shock” to output. Since rank-order
tournaments filter out the noise created by common shocks but individual contracts do not,
rank-order tournaments are considered most advantageous when common shocks are large.*

We will assume that agents have utility that is additively separable in wealth and effort®.
If agent j places ith in the tournament, her utility is given by: u(w;) — c¢(e;) where u' >
0,u” <0,¢ >0,c¢” >0. Agents have an outside option which guarantees them U, so unless
the expected utility from participation is at least equal to U, agents will not be willing to
participate.

The timing of events is as follows. Time 1: the principal commits to a prize schedule

*See Holmstrom (1982) for a definitive treatment of relative performance evaluation individual contracts.
He shows that an appropriately structured individual contract with a relative performance component dom-
inates a rank-order tournament for n finite. Green and Stokey (1983) prove convergence of optimal tourna-
ments to the individual contract second-best as n — co when there are no common shocks.

This implies that preferences for income lotteries are independent of action and that preferences for action
lotteries are independent of income (Keeney (1973)). Among other things, this rules out the possibility that
stochastic contracts are optimal.



{w;}?_;. Time 2: agents decide whether or not to participate. Time 3: if everyone has
agreed to participate at time 2, individuals choose how much effort to exert. Time 4:

output is realized and prizes are awarded according to the prize schedule set at time 1.°

3.2 Solving the Model

We will restrict attention to symmetric pure strategy equilibria (as do Green and Stokey

(1983) and Krishna and Morgan (1998)). While we cannot rule out the possibility of other

7

equilibria, a unique symmetric pure strategy equilibrium generally exists.” In a symmetric

equilibrium, every agent will exert effort e*. Furthermore, every agent has an equal chance

of winning any prize. Thus, an agent’s expected utility is

> uw) — o)

In order for it to be worthwhile for an agent to participate in the tournament, it is necessary

that

1 _
— Zu(wz) —cle)>U
n =
(2
An agent who exerts effort e while everyone else exerts effort e* receives expected utility

Ule,e) = Z%(eve*)U(wi)—C(e)

where ¢;(e,e*) = Pr(ith placele, e*),

The problem faced by an agent is to choose e to maximize U(e, e*). The first-order condition

for this problem is
: 9 )
¢e) = 3 4 eile e ulw)

By assumption, the solution to the agent’s maximization problem is e = e*. If the

6Tt is sometimes assumed that agents learn the size of the common shock after choosing to participate.
This makes a difference when the principal incentivizes agents with individual contracts but makes no
difference when the principal incentivizes agents with a tournament, which filters out common shocks.

"The appendix to Nalebuff and Stiglitz (1983) contains a detailed discussion of mixed strategy equilibria
in tournaments.



first-order condition gives the solution to the agent’s maximization problem, it follows that

) = Y Buw)

e=e*

2

We will often refer to the (,’s as “weights.” The (3,’s do not depend upon e* but simply
upon the distribution function F'. Proposition 1 gives a formula for 3, and some additional

properties.

Proposition 1 The following is a formula for B, as a function of F' and the corresponding

pdf, f:

5= (121) [ P @) (i) - (0= DF@) flofds

For all F, Y ,5, =0, 8, >0, and B,, < 0. If F is symmetric (F(—z) = 1— F(z)),

Bi= —Bn_ip1 for all i.

If F is a uniform distribution on [—%,%], f; = =53, = % and B; =0 for 1 <i<n.

n

Proposition 1 shows that the weight schedule for the uniform distribution is completely
flat in the middle and spikes at the top and bottom. We find that many other distributions
have weight schedules that are relatively flat in the middle and spike at the top and bottom.
The normal distribution has this pattern. Figure 1 gives a plot of the weights for a normal

distribution with standard deviation of 1 and n = 200.
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Figure 1: Weights for the Normal

While the weights associated with uniformly-distributed and normally-distributed noise
are always decreasing in 7, the weights need not be monotonic. When the noise distribution
is not single-peaked, non-monotonicities tend to arise. It should be noted that, while the
weights can be increasing in ¢ over some range, the weights cannot be increasing over the
entire range. As Proposition 1 shows, 8, > /3, unless 8, = 3,, = 0. As we will see in the
next section, non-monotonicities in the weights lead to non-monotonicities in the optimal
prize schedule.

In general, the agents’ first-order condition may or may not give the solution to the
agents’ maximization problem. In order for the first-order condition to give the solution,
the second-order must be satisfied. Proposition 2 gives conditions under which the second-

order condition will be satisfied at e = e*.

Proposition 2 Suppose that F' is symmetric (F(—x) = 1—F(z) ), w(w;)—u(w;) < u(w,—j41)—

w(wy—i11) for alli < j < ™2 and Zgzlfyi >0 for all j < %, where

(n—i)(n—i—1)
o= (121) [ E@r s ey | - - 29Fw) | P
: +(n — 1)(n - 2)F(x)

n—1 n—i=1 (1 _ (V)2 ((n —4) — (n — x x)f (x)dx
+(i_l)R/m) (1 F(2))2((n — i) — (n— DF () f(2) f'(2)d

Then, the agents’ second-order condition is satisfied at e = e*.

The condition on the v,’s holds when F' is a uniform, normal, or Cauchy distribution.
In the next section we will give conditions under which the principal will choose a prize
schedule for which u(w;) — u(w;) < u(wp—j11) — u(wy_iqq) for all ¢ < j < ”T“ when agents
act according to the first-order condition.

Proposition 2 gives a necessary but not sufficient condition for the agents to act according
to the first-order condition. When F' has sufficiently low variance, the prize schedule the

principal would choose under the assumption that agents act according to their first-order

9



condition leads the agents to exert zero effort (which violates the agents’ first-order condi-
tion).® In this case, the second-order condition may be satisfied at e = e* but is not satisfied
for all e. This issue stems from the fact that, when F' has low variance, it is difficult to
tell whether the agent with the lowest rank has slightly low output or very low output. For
a given F'| rank becomes an increasingly informative signal of output as n increases (this
result is due to Green and Stokey (1983)). We believe, therefore, that this particular issue
disappears either when n is large or when the variance of F' is high. This said, however,
we will not offer a sufficient condition in the paper for the agents to act according to the
first-order condition.

Now that we have elaborated the agents’ problem, we turn to the principal’s problem. We
have assumed that the principal is risk neutral. This implies that the principal’s objective

is to maximize expected profits

E(m) :Zej—Zwi:n (e*—%ZwZ) :

If the agents’ first-order condition is equivalent to the agents’ incentive compatibility con-

straint, the problem of the principal can be stated as follows

. 1
max| e — — Ww;
subject to

% > ulw) - cfe’) 2 U (IR)
¢e) = Y Bl 10

Substituting (')~ (3, B;u(w;)) for e*, and u=*(u;) for w;, we can rewrite the principal’s

8For a detailed discussion of this issue, see Nalebuff and Stiglitz (1983), Theorem 4.

10



problem as:

max (@—1 (Z @-um)) -2y u*(ui))
subject to

U— %Zul + ()™ <Z Biu(wi)) <0

The Lagrangian associated with this maximization problem is:

(i (g2 (o2 (250)

Just as the agents’ first-order condition does not necessarily solve the agents’ maximiza-
tion problem, the first-order conditions of the Lagrangian may not solve the principal’s
maximization problem. The following Lemma gives a condition under which the principal

will act according to the first-order conditions of the Lagrangian.

Lemma 1 Let s(uq,...,u,) = ()71 (X, Bwi)—1 3o u™Hw;) and l(uy, ..., up) = U—2 37w+

n

c(() 1 Biw)). If " >0 and ‘;—',/ > %, then s is concave and | is convex. Therefore,
if " <0, & > %, and (U, ..., un, \) satisfies the Kuhn-Tucker conditions of L, (uy, ..., uy,)

e

solves the principal’s problem.

These conditions on the cost of effort function are somewhat restrictive, but they do hold

for all functions of the form ¢(e) = de® for which « > 2.

4 The Optimal Prize Schedule

We will begin by giving a partial characterization of the principal’s optimal prize sched-
ule. It will be shown that, when u has the property that R > g (R is risk aversion and P is
absolute prudence), the noise distribution is symmetric, and the weights are monotonic, the

rewards given at the top of the prize schedule are smaller than the punishments given at the
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bottom of the prize schedule. When R < g, the noise distribution is symmetric, and the
weights are monotonic, the rewards given at the top of the prize schedule are larger than the
punishments given at the bottom. R > g for all CARA utility fuctions and CRRA utility
functions with 6 > 1.

For many common noise distributions, the prize schedule is relatively flat except at the
top and at the bottom. In particular, when the noise distribution is uniformly distributed,
we find that there is a special prize for first place, a special prize (or punishment) for last
place, and a single prize for everyone else. We also show that, when agents have CRRA
utility with a coefficient of relative risk aversion equal to one, the principal’s optimal prize
schedule is an affine transformation of the weights, j3;.

The first-order conditions of the Lagrangian lead to the following proposition, which tells

us a great deal about the optimal prize schedule.

Proposition 3 Suppose w* = (w5, ..w?) is the optimal prize schedule and let v; = u'(w}).

If the agents act according to their first-order condition, " > 0, and ‘;—l,/ > %, then

1 1

vi Vigk _ Bi—Biyk .
i foralli,j, k, and l.

Vi Vi

It should be noted that the equations of the proposition plus the individual rationality
constraint captures almost everything about the optimal tournament. They are just one
equation short of a complete characterization.

Consider the implications of Proposition 3 when F' is a uniform distribution. Because
the weights are constant for the uniform distribution for 1 < ¢ < n, it follows that the
prize schedule is flat except at the top and the bottom. Therefore, it is optimal for the
principal to give one prize for the best performance, one prize (or punishment) for the worst

performance, and a prize for everyone else.

111

Corollary 1 If F is uniformly distributed, ¢ > 0, CC—,,/ > %, and agents act according to
their first-order condition:

w; =wj;, 1<i,j<n

12



As mentioned above, many distributions (such as the normal) have weight schedules that
are relatively flat for 1 < ¢ < n and spike at the top and bottom. The optimal prize
schedules associated with these distributions will be relatively flat for 1 < ¢ < n, although
they will not be perfectly flat.

Proposition 3 allows us to bound the slope of the prize schedule. Proposition 4, which

is the main result of this section, summarizes what we can conclude about the slope.

Proposition 4 Suppose i,j7 > 0 and min(i,i + k) > max(j,j + 1) (k and | can be positive

or negative). Suppose further that B; — B, > 0 and 5; — B;,;, > 0. Let R = —Z—',/ denote

the Arrow-Pratt measure of risk aversion. Let P = —% denote the coefficient of absolute
prudence.  Suppose ¢ > 0, c—, > %, and the agents act according to their first-order
condition.

(i) IfR>1%:

@;&ﬂ<Cﬂ@m><ww> e

Bi=Bim — \ W'(wy) ul(w;H)) Bj=Bjn — wj —wj,

u”(wz-‘rk)

(i) IfR<Z:

=Ty

2@—%%<W—MM<(UW®)(MTW)6 Bk
ﬂ B]—l—l

() () e < M

(iii) Let u} =u(w}). IfR>%:

S.x

Wik < (“H(w;ﬂ)) o' (wy) ’ Bi — Bivk < Bi — Bivk
wiy "~ u(wf) U'(w;ﬁrl) Bi =B~ Bj— Bin

Bi — Bivr < <u”(w;+l)> u'(wy) ’ Bi = Bivk < Uy — Uj < ( u”(w}‘) ) (u( z+k)) Bi — Bisk
ﬁj - 5j+l =\ u(wy) Ul(w;ﬂ) ﬁj - /8j+l N “}k - U;H N U”(“’fm) u'( j) Bj - ﬁj+l

(iv) IfR<Z:

( u’(wy) ) (u( z+k:>> Bi = Bt < Ui — Uiy < <u”(w;+l)) u'(wy) ’ Bi — Bivk < Bi — Bisk
u”(wz-i-k) u'(wy) 5 5;+l Uy —uiy u’ (wy) u'(w ]+l) ﬁj - 5j+l B ﬁj - 5j+l

Notice that R > % is a stronger condition than R > %. We will explain why the size of

R relative to P is important in Section 5 in a case where the intuition is easy to see. For
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most utility functions of interest, R > g. R> g for all CARA utility functions and CRRA
utility functions with § > 1. R > % for all CARA utility functions and CRRA utility
functions with 6 > % R < % for CRRA utility functions with 6§ < %, and R < g for CRRA
utility functions with § < 1. This makes § =1 and 6 = % interesting cases since R = g for

HzlandRzgforezl.

[\

In the previous section, Proposition 2 gave a condition on the prize schedule under which
the agents’ second-order condition will hold for certain F' at e = e*. The following corollary
to Proposition 4 gives us conditions under which the principal will choose a prize schedule

that meets the condition of Proposition 2.

Corollary 2 If F' is symmetric, {3} is decreasing in i, R > %, d">0,% > <, and agents

act according to their first-order condition:

n+1

) —u(wj) < U(w:;—j+1) —uw(wy,_;4q) foralli < j <

Therefore, when the principal assumes that agents act according to the first-order con-
dition, F' is symmetric, {3;} is decreasing in i, Zgﬂ%‘ >0forj <3, R> g, A" >0, and
Cc—/,/ > %, the principal will choose a prize schedule that satisfies the agent’s second-order
condition at e = e*.

When F' is symmetric, Proposition 4 allows us to compare the size of punishments inflicted
at the bottom of the prize schedule (w; — w,, i > ") to corresponding rewards given at
the top of the prize schedule (w}_,—w}_;,;). We find that when R is large relative to P, the

punishments (w; — wy, ;) will be larger than the rewards (w};_, —w?_;.;). When R is small

relative to P, the punishments (w; —wj, ;) will be smaller than the rewards (w},_;, —w}_; ).

oy wi—w ul—ul . . .
Proposition 5 Let r; = ———*— and ¢; = =———. Suppose F is symmetric, {3;} is
—1 n—i+1 n—i n—i+1

w*_ . —w
! I

. . . / /11 . . ..
decreasing in i, " > 0, 5 > <, and agents act according to their first-order condition.
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(i) fR>£:
1
r; > 1f0ri2n+
2
riy1 > r; forall
(i) fTR< %
1
r < 1f0ri2n+
2
riv1r < r; forall ¢
(i) fR> £
1
¢ > 1fori2n+
2
¢iv1 > g foralli
(iv) IfRSg:
1
g < 1forz'2n+
2
giv1 < g foralli

As an illustration of this result, consider the optimal prize schedule when n = 200, F'is a
normal distribution with standard deviation 1, ¢(e) = %, and the utility function is CRRA
with # = 2. For this case, R > %. Figure 2 shows the prize schedule in money (as opposed

to utils). We observe that the punishments at the bottom of the prize schedule (w} —wy, ,,

7> "TH) are greater than the corresponding rewards at the top (w}_;

i —wh_;.q). Figure 3

gives the ratios, ;.
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Figure 2: Optimal Prize Schedule

Figure 3: r;

As mentioned, if the utility function is CRRA with 6 =1, R = g. If the utility function

is CRRA with 6 = %, R = g. Therefore, these are interesting special cases. This yields the

following corollary.

i

Corollary 3 If u(w) = log(w), " > 0, CC—/,' > %, and the agents act according to their
first-order condition, then

Wi — Wiy - Bi — Bivk

wi —wiy B =B

* *

for alli,j, k, and l. Furthermore, the vector w* = (wj,...,w) is an affine transformation

of the vector 5 = (B4, ...,3,). If F is also symmetric,

* *
W; — Wiy q

=1

*

*
Wy — Wy i1

for all 7.
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/1 g

> %, and the agents act according to their first-order

Q

If u(w) = w2, " > 0,

- C

condition, then
* *
Uy —Uipg Bi = Bitk

*

uj—uiy By =B

*

*) is an affine transformation of

for alli,j k, and 1. Furthermore, the vector u* = (uj, ..., u

the vector = (By,...,5,). If F is also symmetric,

* *
U, —U;

i i+1 o
n—i n—i+1

for all 1.

In this sense, optimal prize schedules tend to look similar to affine transformations of the
weight schedules. When R is large relative to P, the optimal prize schedule differs from
an affine transformation of the weight schedule in that the prizes at the top are revised in
the direction of the median prize while the prizes at the bottom are revised in the opposite
direction from the median prize. We see this in comparing the prize schedule in Figure 2 to
the corresponding weights shown in Figure 1. When R is small relative to P, the optimal
prize schedule differs from an affine transformation of the weight schedule in that the slope
of the prize schedule at the top is revised upward relative to the slope of the prize schedule

at the bottom.

5 Two-Prize Tournaments

In the previous section, we found that when R is large relative to P, the principal relies
more heavily on punishment than on reward. To examine how important punishments are
relative to rewards, we will consider what happens when the principal is limited to using
just two prizes. That is, suppose she can only give a prize w; to the top j performers and a
prize ws to the bottom n — j performers. When the principal is restricted in this way, where
would she like to set j7 One possibility would be to set j = 7, so that the top half earns

one prize and the bottom half earns another. Another possibility would be to set j = 1,
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which gives a special prize to the best performer. The opposite would be to set j = n — 1,
so that there is a special punishment in store for the worst performer.

We will find that, when R > § and F' is symmetric, it is always optimal to set j > %
and it is often optimal for the principal to set j = n — 1, giving a special punishment to
the worst performer. This is somewhat indicative of the importance of punishments to the
principal relative to the importance or rewards.

In order to further examine the importance of punishment relative to reward, we will
compare the profits to the principal from the optimal n-prize tournament and two-prize
tournaments for different choices of j. We find that, when R is large relative to P and F
is symmetric, the principal’s profits from the optimal j = n — 1 tournament are frequently
close to her profits from the optimal n prize tournament while the profits from a 7 = 1
tournament are usually far from optimal. These results contrast with the notion that it is
optimal or nearly optimal for the principal to implement a winner-take-all tournament (see

Moldovanu and Sela (2001), and Krishna and Morgan (1998)).

“y

Definition 1 We will call a tournament a “j tournament” when the principal pays a prize
wy to the top j performers and a prize wo to the bottom n—j performers. Letu; = u(w,) and
us = u(wsy). We will call a tournament a “winner-prize tournament” if j < 5 and a “strict
winner-prize tournament” if 7 = 1. We will call a tournament a “loser-prize tournament”

is ] > 5 and a “strict loser-prize tournament” if j =n — 1.

We will consider when the principal prefers to implement a loser-prize tournament rather
than a winner-prize tournament. To answer this question, we will compare a j tournament
and an n — j tournament that induce the same level of effort and both meet the individual
rationality constraint. It will be shown that, when R is large relative to P, F' is symmetric,
and j < 7, the payment made to agents by the principal is greater when she uses the j
tournament. When R is small relative to P, F' is symmetric, and j < ¢, the payment made
to agents by the principal is smaller when she uses the j tournament.

First, we must know when a j tournament and an n — j tournament induce the same

effort. The following lemma provides the answer.
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Lemma 2 If F' is symmetric and agents act according to the first-order condition, a j tour-
nament and an n — j tournament for which u; — uy is the same induce the same level of

effort. This level of effort is given by

d(e) = (Z @) (ur — ug)

Using this lemma, we will now establish the main result of this section.

Proposition 6 Suppose the principal is restricted to use a j tournament (but has a choice
over wy and wy) and that the principal is restricted to implementing a tournament that
induces effort level e. Let m; denote the expected profits from the optimal choice of w;

and wo. Suppose further that F is symmetric and agents act according to the first-order

condition.

P

(Z) [fR > 3
.on
mj <y for g < 5

P

(“) IfR < 3
.on
;> Ty for j < 5

The following is an immediate corollary.

Corollary 4 Suppose the principal is restricted to implementing a j tournament, but can
choose whatever j she likes.  Suppose F' is symmetric and agents act according to the
first-order condition. If u satisfies R > g, then the optimal j tournament is a loser-prize
tournament (a tournament with j > % ). If u satisfies R < %, then the optimal j tournament

is a winner-prize tournament (a tournament with j < 5 ).

Let us consider the intuition behind Proposition 6. Suppose the j tournament gives
payments u; and us in utils while the n — j tournament gives payments %; and sy in utils.

Because the individual rationality constraint will bind for both tournaments and because
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they induce the same effort level, we can conclude that: 4 < us < @7 < u; and that
Jluy — i) = (n — j)(uy — ua).

The principal pays the dollar equivalent of #; rather than the dollar equivalent of uy to
n — j agents when using the n — j tournament. This is a cost to using the n — j tournament.
But, the principal also pays the money equivalent of s rather than the money equivalent of
uy to j agents. This is a benefit to using the n — j tournament.

The cost will be small if the utility function is relatively vertical between uy and ;. The
benefit will be large if the utility function is relatively flat between u, and us and between
and u;. Of course, we assume that u” < 0. Therefore, the utility function must be flatter
between uy and #%; than between 4, and us. What this means is that for the benefit to be
large relative to the cost, the utility function must get flatter and get flatter at an increasing
rate. Furthermore, the more quickly the utility function flattens, the more important it is
that the utility function is flattening at an increasing rate (the flattening from bottom to
middle favors the j tournament, which needs to be made up for by extra flattening from
middle to top in order for the n — j tournament to dominate).

R gives a measure of the flattening of the utility function and P gives a measure of
whether the flattening takes place at an increasing or decreasing rate. This explains why R
large relative to P leads the n — j tournament to be favored. As we showed in Proposition
5, when the principal uses n prizes and R is large relative to P, it is also optimal to punish
more than reward. The reason for this is exactly the same.

So far, we have given conditions under which the optimal two-prize tournament is a loser-
prize tournament. We can go further and make comparisons between loser-prize tournaments

when we assume that the idiosyncratic noise distribution is uniform.

Proposition 7 Suppose the principal is restricted to use a j tournament, that F' is a sym-
metric uniform distribution, and that agents act according to the first-order condition. If u
satisfies R > =, the optimal j tournament is the strict loser-prize tournament. If u satisfies

R< %, the optimal j tournament is the strict winner-prize tournament.

When the noise distribution is not uniform, the optimal j depends upon the utility func-
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tion as well as the distributional weights. However, as mentioned above, many distributions
(including the normal distribution) have weight schedules that are similar to the uniform
distribution: they are relatively flat for 1 < ¢ < n and spike at the top and bottom. The
strict loser-prize tournament tends to be optimal when R > % and the noise distribution
has weights that look similar to those of a uniform distribution. In the numerical examples

that we have considered, we have generally found j = n — 1 to be the optimal two-prize

tournament when F'is normal and R > g.

5.1 Numerical Examples

Our results above give no sense of how much the choice of j matters to the principal’s
profits. In a case where j = n — 1 is optimal, we would like to know how much worse off
the principal would be if she chose j = 1 instead. We have looked at numerical examples in
order to get a sense of the magnitude of the loss.

The numerical examples we have considered suggest that the profits from the optimal j
tournament are generally close to the profits from the optimal n prize tournament. The
induced effort level is also similar. However, we find that the choice of j matters a great
deal. When j is not chosen optimally, the principal’s profit may be quite far from the profit
from the optimal j tournament and the profit from the optimal n-prize tournament.

Since j = n — 1 is often the optimal j when R > %, we find that there are many cases
where the optimal j = n—1 tournament closely approximates the optimal n prize tournament
while the optimal j = 1 tournament returns a profit that is markedly worse. Therefore, in
many cases, punishing the worst performer is the most important incentive the principal has
at her disposal.

Table 1 gives the results of a particular numerical example in order to give a sense of our

findings. Table 1 considers the profits from tournaments in which F' is a normal distribution

2

with standard deviation of 1, u(w) =1 — 1 (CRRA with = 2), ¢(e) = &, and U = —2.

For different values of n, it compares the profits from the optimal n prize tournament, the

optimal j = n — 1 tournament, the optimal j = 7 tournament, and the optimal j = 1
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tournament. This is a case where R > § and F' is symmetric, so Proposition 6 implies
that the optimal j tournament is a loser-prize tournament. In fact, we find that in all of
the cases considered in Table 1, the strict loser-prize tournament (j = n — 1) is the optimal

two-prize tournament.

Table 1: Prize Structures

n T first—best  Toptimal T j=n—1 Tj=1 Tj=n/2
2 1.076 0.288 0.288  0.288 0.288
4 1.076 0.514 0.492  0.152 0.377
6 1.076 0.582 0.552  0.061 0.409
8 1.076 0.617 0.583  -0.000 0.426

10 1.076 0.639 0.603  -0.044 0.436
20 1.076 0.689 0.652  -0.155 0.456
50  1.076 0.733 0.699  -0.245 0.469
100 1.076 0.757  0.728  -0.283 0.473
200 1.076 0.777  0.752  -0.306 0.475

We see in Table 1 that the principal’s profit from the j = n — 1 tournament is similar
to the principal’s profit from the optimal n prize tournament (7optimar). The profits from
the j = 1 and j = 7 tournaments are considerably lower. We also see that the profit from
the optimal n prize tournament is increasing in n and appears to be converging. This is
an illustration of the finding of Green and Stokey (1983) that the profits from the optimal
rank-order tournament converge, as n increases, to the individual contract second-best level

of profits (in the case where there is no common shock to output).

6 When is it optimal to give winners large rewards?

Our analysis above suggests that, in many instances, the principal will choose a tour-
nament that gives larger punishments to losers than rewards to winners (in the sense of
—wy,_; 4, fori > ”T“) In this section, we will explore the circumstances

* * *
Wi — Wiy = Wy,

in which it is optimal for the principal to give large rewards relative to punishments.
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We see four reasons why a principal might want to give larger rewards than punishments.
The first, which we have already considered, is that R may be low relative to P. Proposition
5 says that, if R < %, F'is symmetric, and the weights are decreasing in 7, w; — wj,; <
wi_; — wj_; 4 for i > " The other reasons to reward winners are: the presence of a
limited liability constraint, a noise distribution which is asymmetric in a particular way, and
agent heterogeneity.

Having already addressed the first reason, we will consider the other three in turn. We

will attempt to give an intuition as to why each of these factors plays a role in determining

the size of rewards relative to punishments.

6.1 Limited Liability

Suppose the principal faces a limited liability constraint (a limit on how much the
agents can be punished). We might write this constraint, for example, as: w; > w for all
7. A limited liability constraint may lead the principal to implement a tournament in which
winners are rewarded more than losers are punished. The reason is that such a constraint
makes it comparatively more difficult to incentivize agents through punishment.

Consider an example. Let us suppose the principal is trying to induce an effort level e
and is choosing between a j = 1 tournament and a j = n — 1 tournament. Suppose, in the
absence of a limited liability constraint, it is optimal to choose prizes w; and wy in the j =1
tournament and prizes w; and ws in the j = n — 1 tournament. Suppose the profit from
these tournaments are m and 7 respectively. If F'is symmetric and R > %, Proposition 6
implies that 7 > .

We know that wy < wy < w; < wy;. Now suppose that there is a limited liability
constraint such that wy < W < we < Wy < wy. The optimal 7 = 1 tournament is the same
with or without the limited liability constraint, so 7;, = w. The limited liability constraint
does have an effect, though, on the optimal j = n — 1 tournament. The amount given to
the loser must be increased to meet the limited liability constraint. To induce effort level e,

the prize for everyone else must be increased as well. These changes are costly. So, 7, < 7.
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When F' is symmetric and R > %, 7 > m. However, it is possible that 7, > 7. This
gives a sense of why a limited liability constraint might matter.

A limited liability constraint ensures agents a certain amount ex post. In this sense,
it is similar to the ex post participation constraint in Krishna and Morgan (1998). If the
limited liability constraint makes the ex-ante participation constraint non-binding, this is
equivalent to the Krishna and Morgan case. They find that, in this case, it is generally
optimal for the principal to implement a winner-take-all tournament. This is consistent
with our observation that limited liability constraints tend to increase rewards relative to
punishments.

Our results from Section 4 of the paper can easily be extended to cases where the principal

faces a limited liability constraint. The following Lemma is a generalization of Proposition

3.

Lemma 3 Suppose that the principal faces a limited liability constraint of the form: w; > w

for all i. Suppose w* = (wy,...w}) is the optimal prize schedule and let v; = u'(w}). If

1 1
. . PR 1! 11 P
the agents act according to their first-order condition, ¢ > 0, and 5 > %7, then 7—3% =

Vi Vi

Bi—Bitk

R for alli, j, k, and | whenever w;,w;, w, w; > 0.
=B+

Lemma 3 shows that the results of Section 3 hold whenever the limited liability constraint
is nonbinding. In particular, Proposition 5 can be extended to the case where the principal

faces a limited liability constraint.

wF—w uf—u’ . . .
Corollary 5 Let r; = ——2— and q; = ——=*—. Suppose F is symmetric, {5} is
wnfz_wnfi#»l nfi_unfz?i»l
’

/11

> <7, and agents act according to their first-order condition.

ﬁ\

decreasing in i, " >0, &
Suppose that the principal faces a limited liability constraint of the form: w; > w for all i.
Then the optimal prize schedule, {w}} is decreasing in i. Let j be such that w; > w and

, . .
either wj,; =w or j =n.
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This corollary gives us a good picture of when punishments will be large relative to
rewards and when rewards will be large relative to punishments.

It should be noted that, in the absence of a limited liability constraint, in cases where
R > g and F' is symmetric, losers are not necessarily boiled in oil (for an example, see Figure

2). Since the punishments for losers are typically not exorbitant, it is possible to imagine
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cases in which a limited liability constraint might be non-binding.

6.2 Asymmetric Noise Distribution

Corollary 3 shows that, when u is logarthmic, the optimal prize schedule is an affine
tranformation of the weights, 8;,. When F'is symmetric, 3; = —3,,_,,;. This means that,
when F'is symmetric, the optimal prize schedule rewards winners and punishes losers equally.

But, when F'is asymmetric, 3; may be larger or smaller than —3,_,,,. There are I’ for
which the weight schedule—and hence the prize schedule—is steep for low ¢ and flat for high
1. The prize schedule in this case clearly rewards winners more than it punishes losers.

Why does a weight schedule that is flat at the bottom lead to a prize schedule that is
flat at the bottom? Suppose, for the sake of argument, that 5, ; = 3,. What this says
is that a marginal change in agent effort does not affect the probability of placing (n — 1)th
relative to nth. Therefore, placing nth rather than (n — 1)th is a matter of luck rather
than effort. In punishing agents for placing nth rather than (n — 1)th, the principal gives a
reward for luck without giving a reward for effort. Since agents are risk averse, it is costly to
the principal to reward luck. Therefore, it does not make sense for the principal to reward
agents for placing nth rather than (n — 1)th. So, w}_, = w}. If, in contrast, 8,,_; > 3,
punishing nth place relative to (n — 1)th place rewards effort as well as luck. So, it makes
sense for the principal to punish nth place in this case.

It should be noted that there are asymmetric F' that produce weight schedules that are
steeper for high ¢ than for low 7. Such F' lead to prize schedules that reward winners less
than they punish losers. Therefore, asymmetry of the noise distribution can lead to more

or less reward for winners depending upon the particular type of asymmetry.

6.3 Heterogeneity

Agent heterogeneity can have an effect on the optimal size of rewards relative to punish-
ments. Whether heterogeneity increases rewards relative to punishments, decreases rewards

relative to punishments, or is neutral depends, however, on the exact type of heterogeneity
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that exists.

First, there is a question of how an agent’s type, 6, affects her output. We will consider
two cases. We will say that there is additive heterogeneity if agent i’s output is given by
¢ = e; +0; +¢; +n, where 6, is agent i’s type, ¢; is idiosyncratic noise, and 7 is a common
shock to output. We will say that there is multiplicative heterogeneity if agent i’s output is
given by ¢; = 0;e; + ¢; +n. Multiplicative heterogeneity is perhaps a more relevant type of
heterogeneity to consider, but we will examine both cases.

A second question is whether the principal ever learns the agents’ types, and if so, whether
the principal can contract upon type. If the principal becomes aware of the agents’ types
and can contract upon it, then the principal can handicap the tournament. Handicapping
effectively restores agent homogeneity and eliminates any effects of heterogeneity on the
optimal prize schedule. For this reason, heterogeneity only affects the optimal prize schedule
when the principal does not observe agents’ types or cannot contract upon it. We will assume
in this section that the principal does not observe agents’ types. It is potentially interesting
to assume that the principal observes but cannot contract upon type, but we will not analyze
this case in this section.

The third important question is when agents become aware of their types. There are
three cases to consider. Case 1: agents learn their types after deciding whether to participate
in the tournament and after choosing an effort level. Case 2: agents learn their types before
choosing an effort level but after deciding whether to participate. Case 3: agents learn their
types before deciding whether to participate. We will consider cases 1 and 2 in some detail
and briefly discuss case 3.

In case 1, since agents only learn their types after choosing their effort levels, agents
have the same individual rationality and incentive compatibility constraints. When there is
additive heterogeneity in case 1, 0; is just additional idiosyncratic noise. Hence, this case is
identical to the homogeneous case we have already considered. Therefore, we only need to

consider multiplicative heterogeneity in case 1. The following proposition gives an analysis.

Proposition 8 Consider a tournament with n heterogeneous agents. Agents learn their
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ability after signing a contract and after choosing an effort level. The output of an individual
i exerting effort level e; is q; = 0;e; + €; + 1 where ; is an idiosyncratic shock (distributed
according to F'), 1 is a common shock (distributed according to G ), and 0; is the agent’s ability
level (0;— E(0;) distributed according to H). We assume that the €;’s are independent of one
another, the 0;’s, and n. We further assume that the 0;’s are independent of one another
and 1. For all individuals participating in the tournament, utility is given by u(w) — c(e)
where w 1is the prize received, e is the effort exerted, and u' > 0,u” < 0, <0,¢" > 0. All
agents have the same outside option, which gives them wutility U. If we restrict attention to
symmetric equilibria, when the principal offers the agents a tournament awarding prize w;

for ith place, the first-order condition for the agents’ problem can be written as

dle) = Bu(w)

where
Zj:l fi=0

And, if F' and H are both symmetric, then

5z’ = _6n—i+1

The effect of the distribution of § — E(f) on the optimal prize schedule is therefore
analogous to the effect of the idiosyncratic noise distribution on the optimal prize schedule.
When 6 — E(6) is distributed according to H and H is symmetric, heterogeneity will not
lead to large rewards relative to punishments. However, a particular type of asymmetry of
H can lead to large rewards relative to punishments.

We turn now to case 2. In case 2, since agents learn their types after deciding whether
to participate but before choosing their effort levels, agents will have the same individual
rationality constraint but different incentive compatibility constraints. Agents of different
types will therefore choose to exert different levels of effort.

Let us begin by considering additive heterogeneity of agents. A high 6 agent needs to
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receive a considerably worse draw from the idiosyncratic noise distribution or exert consid-
erably less effort in order to place below a low 6 agent in the tournament. Therefore, high
0 agents have a low probability of placing in the bottom of the tournament. As a result,
rewards for placing well in the tournament incentivize high 6 agents more than punishments
for placing poorly in the tournament. In contrast, low 6 agents are given a greater incentive
to exert effort by punishments than by rewards.

If the principal were to switch from a tournament structure in which rewards are large
relative to punishments to a tournament structure in which punishments are large relative to
rewards, the principal would find a decline in the effort level of high 6 agents but an increase
in the effort level of low 6 agents.

Whether this is advantageous to the principal depends in part upon the distribution of
0. This is analogous to the effect of the distribution of H in case 1. For example, imagine
a setting in which one agent always receives a 6 far below any other but no agent ever
receives a f far above any other. A strict loser-prize tournament (which punishes more
than it rewards) will induce virtually no effort in this setting since the agent who receives
the lowest 6 is all-but-certain to rank at the bottom. In contrast, a strict winner-prize
tournament (which rewards more than it punishes) will induce a group of agents with high
0’s to compete for first place in the tournament. A strict winner-prize tournament clearly
dominates a strict-loser prize tournament in this case. If, instead, one agent always receives
a f far above any other but no agent ever receives a 6 far below any other, a strict loser-prize
tournament will be preferred to a strict winner-prize tournament.

In order to examine a separate issue, let us assume that the ability distribution is sym-
metric. It turns out that, in this context, switching from a tournament that rewards more
than punishes to a tournament that punishes more than rewards leads to an increase in effort
among low # agents that is generally greater than the decrease in effort among high 6 agents.
In this setting, heterogeneity increases the desire to give punishments that are large relative
to rewards.

We will illustrate this result under somewhat restrictive assumptions, but we believe that

the result applies widely. We will show that a principal can induce more effort with a strict-
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loser prize tournament in which w; — ws = A than with a strict-winner prize tournament in
which w; — ws = A. Recall that Lemma 2 shows that, in the homogeneous case, two-prize
tournaments for which w; — ws = A induce the same effort level.

We begin by giving a careful definition of the moral hazard setting.

Definition 2 A tournament is called a 0-Additive tournament when: there are n individuals

(where n is even), § of whom are low ability and 5 of whom are high ability. Agents learn

2
their ability after signing a contract but before choosing an effort level. The output of a
low ability individual exerting effort e; is q; = e; + €; +n where €; is an idiosyncratic shock
and 1 is a common shock.  The output of a high ability individual exerting effort e; is
q; = e; + 0 +¢j+n where €; is an idiosyncratic shock and 1 is a common shock, and 6 > 0.
All of the idiosyncratic shocks are independent and are distributed according to F. For all
individuals participating in the tournament, utility is given by u(w) — c¢(e) where w is the
prize received, e is the effort exerted, v' > 0, u” < 0, ¢ <0, and " > 0. All individuals

have the same outside option, which gives them utility U.

Proposition 9 gives the result.

Proposition 9 Consider a 0-Additive tournament with c(e) = % If F is symmetric and
the agents act according to their first-order conditions, the strict loser-prize tournament
which pays out prizes wy and wy induces a higher level of effort than the strict winner-prize

tournament which pays out prizes wy and ws.

Unlike the homogeneous case, which induces the same level of effort when the prizes
are the same in the loser- and winner-prize tournaments (Lemma 2), the heterogeneous
case results in greater effort in the loser-prize case. It follows from the same logic as that
in the proof of Proposition 6, that the strict loser-prize tournament dominates the strict
winner-prize tournament when R > g. Furthermore, the strict loser-prize tournament may

dominate even when R < %.

Corollary 6 Consider a 0-Additive tournament with c(e) = % Suppose that F' is symmet-

ric and the agents act according to their first-order conditions, and that R > § foru. Then,
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the principal’s profits are greater when she implements a strict loser-prize tournament than
when she implements a strict winner-prize tournament. Furthermore, the strict winner-prize

tournament does not necessarily dominate when R < g.

We conclude from these results that additive heterogeneity in case 2 increases punishment
relative to reward when the ability distribution is symmetric.

Multiplicative heterogeneity in case 2 has a different impact on the optimal tournament.
Multiplicative heterogeneity introduces a new effect. Because, high 0 agents are more
productive than low 6 agents, the principal cares more about inducing effort among high ¢
agents than low 6 agents.

As with additive heterogeneity, high 6 agents have a low probability of placing at the
bottom of the tournament and low 6 agents have a low probability of placing at the top.
Therefore, high 6 agents are given a greater incentive to exert effort by rewards than by
punishments and low 6 agents are given a greater incentive to exert effort by punishments
than by rewards.

Unlike the additive heterogeneity case, the effort of high 6 types is more valuable to the
principle than the effort of low 6 types. This gives the principal a strong reason to rely more
upon rewarding winners than punishing losers. We will give an illustration of this effect.

As in all of the cases we have considered, the ability distribution can have an impact on
the optimal tournament. We will therefore assume a symmetric ability distribution in order

to illustrate the effect.

Definition 3 A tournament is called a 0-Multiplicative tournament when: there are n indi-
viduals (where n is even), § of whom are low ability and § of whom are high ability. Agents
learn their abilities after signing a contract but before choosing an effort level. The output
of a low ability individual exerting effort e; is q; = e; + €; +n where ; is an idiosyncratic
shock and 1 is a common shock. The output of a high ability individual exerting effort e; is
q; = Oej + €; +n where 5 1s an idiosyncratic shock and n is a common shock, and 60 > 1.
All of the idiosyncratic shocks are independent and are distributed according to F. For all

individuals participating in the tournament, utility is given by u(w) — c(e) where w is the
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prize received, e is the effort exerted, v' > 0, u” <0, ¢ <0, and " > 0. All individuals

have the same outside option, which gives them utility U.

A strict winner-prize tournament is effective at incentivizing high ability types while a
strict loser-prize tournament is effective at incentivizing low ability types. We know that
when there is no heterogeneity (f = 1) and R > %, the principal prefers the strict loser-prize
tournament to the strict winner-prize tournament. But, as 6 increases, the importance of
incentivizing high ability types relative to low ability types increases and the strict winner-
prize tournament does a better and better job of incentivizing high ability agents relative
to the strict loser-prize tournament. This means that when 6 is very large, it is better for
the principal to implement a strict winner-prize tournament even if R > g. Proposition 10

illustrates this result.

Proposition 10 Consider a 0-Multiplicative tournament with c(e) = de®, d > 0 and o >
1. If F is symmetric and the agents act according to their first-order conditions, then
for sufficiently large 0, the principal will prefer a strict winner-prize tournament to a strict

loser-prize tournament.

We conclude, therefore, that multiplicative heterogeneity can lead it to be optimal for
the principal to give rewards that are large relative to punishments.

Finally, we turn to case 3, in which agents learn their types before deciding whether to
participate in the tournament. In case 3, the tournament that the principal offers affects
which agents will choose to participate in the tournament. Therefore, the principal also
faces a screening problem.

The major way in which the screening problem affects the structure of the optimal tour-
nament is that it affects the distribution of types participating in the tournament. Screening
is likely to result in a distribution of types that is asymmetric. The type of screening that
the principal can engage in screens out agents with # < §. Therefore, screening may cut off
the left-hand tail of the ability distribution.

Agents are therefore likely to be more clumped at low # than at high 6. If this is the

case, punishment will tend to give more incentivization to low 6 agents than reward will give
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to high 6 agents. Therefore, we believe that screening on the part of the principal is likely

to lead to larger punishments relative to rewards.

7 Individual Contracts

In this section, we will relate our results about the shape of the optimal tournament
prize schedule to the shape of the optimal individual contract.

Let us return to the moral hazard setting from Section 2, in which agents are homoge-
neous. Let us suppose that there is no common shock to output (n = 0). Under these
assumptions, Green and Stokey (1983) have shown that incentivizing agents with the optimal
individual contract, which gives agents w*(q), yields a profit that is greater than the profit
from the optimal n-person tournament.

The reason for this result is that an agent’s rank is a noisy signal of an agent’s output.
Therefore, the tournament gives agents a more variable payoff for a given effort level than
the individual contract. Since agents are risk averse, the principal needs to compensate
agents for this additional risk, which is costly.

Green and Stokey observe, however, that as n increases, an agent’s rank gives an increas-
ingly informative signal of an agent’s output. Rank becomes a less and less noisy signal of
output. As a result, they find that the profit from the tournament approaches the profit
from the individual contract as n approaches infinity. We will use this result to relate the
structure of the optimal tournament to the structure of the optimal individual contract. We
will show that the optimal individual contract, like the optimal tournament, generally gives
smaller rewards than punishments. Furthermore, we will be able to give conditions under
which the optimal individual contract is concave or convex.

Let us construct an individual contract, w,(g), that is continuous and for which w,(E(q(;))) =
w}® where I/ (qg)) is the expected output of the agent who ranks 7th in an n-agent tournament

and w! is the optimal prize to give for ith place in the n-agent tournament. We can define
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Figure 1: Figure 4: wgo(q)

wy(q) as follows:
Bl (<) \ (g—¢") E(ew))) . . .
(repseig o) wia + (—E( - M wl, q— e € (B, B)
wn(q) = wy + (E(E(Zl)_g%5(2))> <(q N 8 1) ) e 2 Bl “a ))
n wn 1~ Wn n * n
Wy, — (E(s?n - E(E(n))) (E(g(n)) —(q— en)) y =€, < E(g(nﬂ

where e is the effort induced by the optimal n-agent tournament and £l 18 the ith order
statistic of the idiosyncratic shocks.

Figure 4 shows wsgo(q) in the case where F' is a normal distribution with standard de-
viation of 1, u(w) = 1 — L (CRRA with § = 2), c(e) = % and U = —2. Figure 5 gives
the slope. Notice that the shape is not identical to the shape of the optimal tournament
prize schedule. The optimal tournament prize schedule has a slope that is increasing at
low i (equivalent to high ¢). In contrast, wago(q) has a slope that is decreasing at high ¢
(equivalent to low 7). The reason for this result is that E(e{}, o 1)) — E(E{f,/a7) < o <

E(e@)) _ E(g?g)) < E(g?l)) — E(»s&)) for F' normal.
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Figure 5: Slope of wyg(q)

In fact, it can be shown that, when F is a normal distribution, w,(q) is concave if R > g
and w,(q) is convex if £ > R > L. This result relies upon the fact that £ (ely) = no?g;
for the normal distribution.

In general, we cannot determine whether w,(q) will be concave or convex, but we can

determine whether the w,(q) gives larger rewards or punishments. When F is symmetric

and the optimal n-prize tournament gives larger punishments than rewards:
wy(er + (01 4 02)) —wy (e, +601) < w,(e), —61) —wy(er — (01 + 62))

for 61,605 > 0. Similarly, if F'is symmetric and the optimal n-prize tournament gives larger

rewards than punishments:
wy (el + (01 4 02)) —wy (e + 01) > wy(er —61) —wy(elr — (01 + 0s))

for ‘91, 02 2 0.
Green and Stokey (1983) implies that w,(q) converges pointwise to w*(q) as n approaches
infinity. As a result, we can apply our findings about the shape of w,(q) to w*(¢q). This

gives us the following proposition.

Proposition 11 Suppose that the optimal individual contract for the principal is w*(q),

n=0,c">0, %> %, F is symmetric, { B}, is decreasing in i for all n, g:l v >0 for

c/
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all j < 5 and all n, and that the agents’ second-order conditions are satisfied for sufficiently

large n. Then w*(q) is increasing in q. Suppose 01,05 > 0 and e* is the effort induced by

w*(q)-
IfR>%,
w*(e* + 01 + 0y) —w*(e" +01) < w*(e* —01) —w*(e" — 01 — 03)
If£>R>Z,
w*(e* + 01 + 0y) —w*(e" +01) > w*(e* —01) —w*(e" — 01 — 03)
IfR>Z,

u(w*(e* + 01+ 02)) —u(w*(e* +601)) < u(w*(e* —61)) —u(w*(e* — 01 — 65))

Suppose, additionally, that F' is a normal distribution (which implies that the conditions
on B and 4! hold). If R > £, u(w*(q)) is concave. If R > £, w*(q) is concave. If

g > R> g, w*(q) is convex.

In the standard principal-agent model, one can obtain an implicit expression for the slope
of optimal incentive scheme. For instance, Holmstrom (1979) shows that where the first-
order approach is valid (and the principal is risk-neutral) the optimal individual contract

has the following form
1 g — e
@ e
where A\ and p are Lagrange multipliers on the participation and incentive compatibility
constraints respectively. We find that the results of Proposition 11 can also be derived

using this framework. While Holmstrom’s approach is well known, these results do not

appear to be.
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8 Conclusion

This paper gives a framework and an intuition for thinking about how prizes should
be structured in rank-order tournaments created to deal with moral hazard. These results
allow us to test whether aspects of employee compensation are explained by the moral
hazard theory of tournaments or arise for other reasons. Within-firm job promotions, wage
increases, bonuses, and CEO compensation have often been interpreted as prizes for top
performers in Lazear-Rosen rank-order tournaments. Our results, for example, cast some
doubt on the idea that tournaments that reward winners without punishing losers exist
purely to solve a moral hazard problem.

The paper identifies four key factors that influence the size of rewards for top performers
relative to punishments for poor performers: (i) the size of R relative to P, (ii) the shape
of the idiosyncratic noise distribution, (iii) limited liability constraints, and (iv) agent het-
erogeneity. When R is sufficiently large relative to P, the noise distribution is symmetric,
agents are homogeneous, and the principal does not face a limited liability constraint, it is
generally optimal to give larger punishments than rewards.

The paper also attempts to determine how important punishment is as a tool to the
principal relative to reward. We find that a loser-lose-all tournament often returns a profit
that closely approximates the profit of the optimal tournament. In contrast, the winner-take-
all tournament usually returns a profit that is far from the profit of the optimal tournament.

We are able to apply our results about optimal tournaments to analyze the structure of
the optimal individual contract. We find that when R is sufficiently large relative to P and
the noise distribution is symmetric, the optimal individual contract generally gives larger
punishments for low output than rewards for high output. In the special case where F' is a
normal distribution, the optimal individual contract is concave when R is sufficiently large

relative to P.
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9 Appendix

Proof of Proposition 1.

@;(e,e*) = Pr(ith placele,e®)
- / (?: 11> (Fle—e* +z))" "(1— F(e—e* + )" f(z)dzx
R
*) n—1 (n—i)(Fle—e*+z))" " (1 —Fle—e*+z)) " )
g otee) R/ <Z - 1) [ —(i—1)(Fle—e* +2))" (1 - Fe — e* + z))" 2 f@)fle—e" +a)dx
= / <z :11> (F(e — e 4 m))n—z’—l (1— F(e et x))i—Q
R
(n— i) (1~ Fle—¢* + 1) *
e ) e e s
- / (7;__11> (Fle—e* +a)" " (1 - Fle—e* +x))?
R
[n—1)—(n—=1)(F(e—e*+a))] f(x)f(e — e* + z)dx
0

b= peeiec)| = (12)) @0 POY (00 - (0 DP0) P
R

Since Y i @i(e,e*) =1, Y70, %%(eae*) =0. Hence, 3 1, B; =3, %%(676*)‘626* =0.

B = (n— 1)/F(a:)”_2f($)2dx >0

R
B, = —(n-1 /(1 — F(x))" 2f(x)?dz <0
R

If F is symmetric, F(—z) = 1 — F(z). Differentiating both sides, it follows that f(—x) = f(x).

_ (! )" 1 - F@) 2 ((n—1i)— (n— x z)%dz
6= (12)) [ @m0 F@) 2 (-0 - (- DFW) S

Therefore,

o= (1) [ F@ 20 = F@ (- 1) - (0= V(@) S0

7
R
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Hence, 3, ;.1 = —f; for F' symmetric. If F' is symmetric, F(—z) = 1 — F(z). Differentiating

both sides, it follows that f(—z) = f(z). Suppose F is uniform on [-%,9]. F(z) = "% on

~2.2]. f(z)="Lon[-2, %] and f(z) =0 on [-Z,]°. ’

n—1
1—1

F(z)"" (1= F(2)) 7 ((n— 1) = (n = ) F(z)) f(z)*dz

(55 () oo ()
) ) e () b

o
2

_ (n—=1\[(z+5 iz + 2\ 1|?
N 1—1 o o o
x

- g

M

From this, we see that

Q|+~

Bl = _Bn:

~

Proof of Proposition 2.  Suppose that F' is symmetric and u(w;) — u(w;) < w(wp—j41) —
w(wp—iy1) for all i < j < "TH
The second-order condition of the agent’s problem is:

3 orfereulw) — ¢"(e) < 0
izlaeQ% e, e u(w;) — ’(e) <
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Since ¢’ < 0 by assumption, the second-order condition will hold at e = e* if:

n
Z%U(wi) <0
i=1
82
where ;= @%‘(676*)

e=e*

In the proof of Proposition 1, a formula was given for %gpi(e, e*). Differentiating this expression
with respect to e, we find that:

82
Vi = @%’(67 e’)

e=e*

~ (n—1 i i (n—i)(n—1—1)
= (120) [ @m0 | o e D mey | @
R

n—1 n—i=l] _ F(z)) 2 [(n—1) — (n— T ) f(z)dz
+(. )/F(az) (1= F()) 2 [(n — 1) — (n — DF ()] f(2) ' (@)d

71— 1
R

. 2
Since Z?:l pi(e,e) =1, Z?:l %%’(67 e*)
Since F' is symmetric:

_ (n—1 i n—i— (i —1)(i—2)
e = (000) fErta-rar | o SN ey | s

~=0and 37 ;7;=0.

e=e

[r@ra-reyt| 0 roree

R
)
= (1)) [reay o peay | DGR TN DG AR ] 5oy

R
- (f‘ - 1) [ FCay 0= Peo) =) - (0= DL~ F(-a))) f(-2)1(~2)da
= (12)) [y a s pye | G DR B B0 ] s
R
i (7? - 1) [ FCay - Feo)y =) - (0 - - F(-2))) f@)f (@)do
R

- (7)) [ - rey ) e T ] s

)

F2)" "1 (1= F(@)[(n — i) — (n = )F(2)] f(2) f'()da

Let us define 7} as follows. ~; =, for i # 2. If i =2 of = 14,
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Notice that, since v; = v, ;1 1,

[n/2] 1
SRS o8
i=1 i=1

=0
Let P = {i < [n/2] |y, >0} and N = {i < [n/2] |y, < 0}. By assumption Zgzl v; > 0 for all
Furthermore, Z[n /21 v; = 0. As aresult, for i € P it is possible to write 7} as:

/=
== Z&WZ

keN

J< 3.

where §;;, > 0 for ¢ > k, d; = 0 for k < i, and

Z(sik: 1 forallk e N
iceP

[n/2]

n
Z%‘U(wz‘) = Z ¥ (w(wi) + w(wp—it1))
i=1

= Z% w(wi) + w(wn—it1) +ZW¢ (wk) + u(wn—k+1))

i€P keN
= - Z Z 5zk7k wz + u(wn H—l + Z ’71 wz) + u(wn—i+1))
1€P keN ieN
= Z —7k) Zézk u(w;) + u(wp—it1)) — (w(wg) + w(wp—g+1))
keN i€P

Forz'gkg”TH,

u(wn—k—H) - u(wn—i—i-l)
w(wg) + w(wp—g+1)

u(w;) — u(wg)

<
u(w;) + u(wn—it1) <

Since i <k < "T“ when §;; > 0, it follows that

Z —Vk) Z‘Sm u(w;) + u(wn—i+1)) — (w(wk) + w(wp—g11)) <0

keN ieP
Therefore, Y | v;u(w;) < 0. Hence, the second-order condition holds at e = e*. ®

Proof of Lemma 1. s(ug,...,u,) = (¢/)7} (> Biwi) — = Zz u™(w;)

Since u” < 0 and v’ > 0, (u™1)"(z) = W > 0. Therefore, —u~! is concave. Hence,

—1 5 ul(u;). Since Y, Byu; is linear in u;, (¢/) 71 (3, Byu;) is concave if (¢/) 71 is concave. For

simplicity of notation, let z1(z) = (¢)71(x). 2{(x) = M Therefore, (¢/)~! is concave

if and only if ,,I > 0. Since ¢’,¢” > 0, (¢)7! is indeed concave. Since (¢)7! (Y, B;u;) and
—1 5™ u7(u;) are both concave, s is a concave function.
QCur, s tim) = —2 S+ ¢ () (2, Byue)) + 0
—15u + U is hnear and therefore both concave and convex. ¢ ((¢)™! (3, B;ui)) will be
convex if ¢ ((¢)7! (z)) is convex since Y, B;u; is linear. For simplicity of notation, let 2o(z) =
n-1 vy (U H@))) (D) @) (¢ () @)
¢ ()7 (@) (@) = (@ (@) T@))° ‘

Since —% > —Cc—l,/, it follows that
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2 > 0. Hence, c((¢)71 (X, Buwi)) is convex. Since —1 3 u; 4+ U and ¢ ((¢)71 (X, Bui)) are
both convex, ¢ is convex. m

Proof of Proposition 3.

L= ((c’)l (Z Biui> - izi:ul(ui)> - (U - - Z“l te ( <Z Bu)»

Let h(z) = ()~ Y(z), v(z) = v/ (z), and v; = v/ (w;) = o' (v (w;)).

The first order condition for wu; is as follows:

(o () st ) 2 (o (o) e (£ = o

1
It follows that, for any ¢ and k,

11’ vik = (B; = Bix)nh' (Z 5“@') (1 — A (h (Z 51“1’) >>

Similarly, for any j and [,

: ! ! ! ! ) N A
Vi Vj4 - Vi Uitk = (Bj — Bjy)nh (ZZ: 51‘%) (1 Ac <h (ZZ: 511%)))

Therefore,
11
v; Vitk Bz - ﬁi+k
1 1
v v B = Bjn
]
Proof of Corollary 1. Assume that agents act according to the first-order condition, F' is

uniform, and 1 < < j <n. It follows from Proposition 3 that:

1
v vj _Bi_ﬂj

+ =

v.

% - 61 - Bn
Since F' is uniform, 8; = 3; = 0. Hence, v— = vij, which implies that wi = w;. =
Proof of Proposition 4. Let r(w) = Uéu) = u,(lw)
o
r(w) = “ >0

T”(w) —




Where R = —’;—/,/ is the Arrow-Pratt measure of risk aversion and P =

"o, .
—%5 is the coefficient of

absolute prudence. Since v’ > 0 and v” < 0 by assumption, % > 0. Therefore, R > g implies

" >0and R < g implies 7/ < 0. Let us now consider two cases.

Case 1: R > P

Since (3; > ﬁwk and r is increasing, it follows that w; > wy, ;. Because 7" > 0 (since R > g),
it follows that:
r(wip) (W] —wipy) < r(w)) —r(w]y,) < r'(w))(w] —wiy)
Similarly, since 3; > 8,4, wj > fw;'-‘H and:
r' (Wi (wj —wjyy) < r(w)) —r(wjy) < r'(w))(w) —wjy)
Hence,
r(wie) | wi —wiy, _ r(w]) —r(w],) < r'(wy) \ wi —wiy
Pwp) ) e S ) =g S\ ) e e,
And,
r(wig)\ r(wf) —r(wfy,) _ wf —wi, rw) \ r(wp) = r(wiy)
r(wp) ) or(wy) —r(wiy,) = wi —wiy T\ r(wiy) ) or(w)) —r(wiy,)
r(wy) T(w1+k) _ Bi—Bitk
By Proposition 3, T () — B —Bra Therefore,
r(Wig)\ By — Bipw _ Wi —wiy, < r'(w3) '\ Bi — Bigk
r(wy) ) By =B wi—wiy T\ (W) ) B B
r” >0 and min(¢,7 + k) > max(j,j + 1) implies that:
T/(W;H) r’(w;‘)
Tor(wy) T (w)y)
And,
* * 2
rwiy) _ (u"(wfy) ' (wy)
r(w}) v (wy) w'(wiy)
So,
" * / * 2 * * " * / * 2
Bi = Bivk _ (Y (w]1) w(wf) \ Bi—Bivk o Wi~ Wigk _ [ 4 (w) w(wig)\ By — Big
Bj =B — \ W'(w) J\w(wjy) ) B =B — wj—wiy, — \uw(wiy) ) \ «@)) | B;= B
Case 2: R< g
Since w} > w,, and r” <0 (since R < g), it follows that:
(Wi (wi = wig) < r(w]) = r(wiy) < r'(wi) (w) —wiy)
Similarly,
r'(wi)(w) —wjyy) < r(w)) —r(w)y,) < r'(w))(w) —wiy)
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Hence,

r(wp) | wi = wie _ rwi) - (i) (i (wi) | wi - iy,
r(wiy) ) wi —wiy T or(w)) —r(wiy) T\ ) ) wf-wiy,
And,
rwi) N r(wp) —r(wiy) _ wi—wiy, < r(win) \ r(wy) - rwi,)
r’(w;_k) r(w;f) — r(w;+l) w;f w;.‘_H —\ r'(wy)) r(w}f) — r(w;f_H)
o r(wf)—r(wf_‘_k) _ /31'*/3i+k

By Proposition 3, T ) — B Bra Therefore,

(W) \ Bi = Bik < Wi — Wiy < r(wi) \ Bi— Bis

r(wie) ) By — B T wi—wiy T\ r'w)) ) By = B

r” <0 and min(é,7 + k) > max(j,j + [) implies that:
7 (w?) r'(wyy) <1
T’(w;_k) - or'(wf) T
And,
* * * 2
r'(wy) _ u’ (w3) u (wf, )
(Wi ) u(wiyy) u’(w;)
So,
* * 2 * * * * 2
u' (wy) ' (wiin)\ B — Bisk < Wi T Wik _ u(wiy) u'(wy) Bi — Bis < Bi = Bitk
) )\ W) ) 8= By = wg =y =\ W) ) \f)) 5= B = By =By
_ 1
Let z(z) = TORIEDR
", —1
, —u" (v (z))
= —— 22 >
0= @) 2
!,

3(u")? —u'u

()6
<

—u
(u)*
) (3R — P)
Since v’ > 0 and u” < 0 by assumption,

—u"

(w)*

(')

—u” > ), Therefore, R > g implies 2”7 > 0 and R < g

implies 2” < 0. Following the same procedure as above with r, we consider two cases.

Case 1: R > g
Since R > g, it follows that z” > 0. Hence,

2wy p) (uf —uiyy) < 2(u) — 2(u;

Similarly,
2 (ufyp) (uj
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Hence,

Zwy) ) uj -y, T oe(ug) = 2(uy) 2(uiyy) | uy —ujy,
And,
Z(uj) \ 2(uf) — 2(ufyy) < uj — Uiy, < 2(uf) | 2(uf) = =(uiyy)
2(uy) ) oz(u]) —2(uiy) T ouy —ugy, T\ 2wy ) oa(u)) - 2(u]y,)
2up)=2(utyy) _ oy
By Proposition 3 and the definition of z, it follows that O Z(u“rk) = 4k = gig”’“ So,
j G+ Tj_“jJrl J J+l

2'(Wi)\ Bi — Bisk < Uy — Uiy < 2'(u3) \ Bi — Bisk
Z(wi) ) By =B T uj - ui Z(uig) ) By — B
2" >0 and min(i,i + k) > max(j,j + [) implies that:

!/ * /
Z(Ujﬂ) < Z(U}k)

1<
T2 (uy) T A (v
And,
* * 3
Z(ujy)  (u(wiy) u'(wy)
Z(uf) \ u(w)) w(wh)
So,

S

* * 3
Bi = Bivk u' (W) u(wi) \ Bi—Bipw U
Bj - /Bj-i—l -\ (wy) u,(w;ﬂ) /Bj - ﬂj+l u
Case 2: R< g
Since R < g, it follows that z” < 0. Hence,

SLx

Similarly,
)] — ) < 2(00) — 2 < ) (1 — )
Hence,
( () ) wf —ufy _ () - 2(ufy,) ( <u:+k>> ul =
Z(uiy) ) wy =y T oe(u)) - 2(ugy) Z(uf) ) i —ujy
And,
( 2(u3) ) o) — 2(ut) _ il —ufyy (z'(u;ul)) () ~ 2(ufyy)
2 (uf, ) z(u}") —z(u}fH) T ouj u;fH —\ 2 (u)) z(u;k) —z(u;H)
duf)—z(ui,,) o .-,
By Proposition 3 and the definition of z, it follows that ) z(u:; y = % 71;1: = 6; — ﬁ’;’; So,

2'(u3) \ Bi — Bitk < (G < Z(uin)\ Bi — Bik
Z(uiy) ) By — Bjw — uj —uiy 2wi) ) By = Bj
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2" <0 and min(i,i + k) > max(j,j + [) implies that:

) _ ()

<1
2(ui) — 2(uf) T
And,
Zwj) [ u(w)) u' (wf, ) ’
z’(u;‘+k) u”(wz’."+k) u’(w;)
So,

’ Bi — Bitk < Bi — Bitk

W) \ (i) B Bk _ =i _ (@50 (o)
Ul’(w;‘+k) u’(w;) Bj - /Bj+l o U; - U;H o u”(wf) Ul(w;.u) 53' - Bj+l o Bj - ﬂjJrl

Proof of Corollary 2. Suppose R > %, F is symmetric, {3;} is decreasing in ¢, agents act

according to the first-order condition, and i < j < ”TH It follows from Proposition 4 that:

u:zfj#l — Up_it1 Bi — B
;g " Bnojr1 — Bnoin
B,—B;

» Brji1—Pn_i1 1. It therefore

Since F' is symmetric, 8, = —8,,_;, and —3; = 3,,_, ;. Hence
follows that:

* *
Up—jr1 — Up—it1

> 1
* * —_—
ui —uj
* * * *
Up—jr1 — Up—it1 = U; — Uy
* * * *
U(wn—j+1) - u(wn—i—i-l) < w(wy) U(U’j)
]
og 0 wF—w* u¥—u* i
Proof of Proposition 5. Let r; = —«——*— and ¢; = =—+"— and assume that i > ”T‘H
n—i n—i+1 n—i n—i+1

It follows from Proposition 4 that if R > g,

Bi — Bix1 < (rl(w;;—wl)) Bi — Bit1 < < <7"/(w;§—z'>> Bi — Bit1
—= 5 1 = B

Br—i — /Bn—i—f—l r’(w;‘) n—i = /Bn—i—i-l n—i = 5n—z‘+1

. . . Bi—Bi
Since F' is symmetric, 8; = —f3,, ;11 and 8,1 = —f3,,_;. Hence, m =1. So,

Similarly,

Hence,



1
Tn—i4+1 :
,or 71 < ;. Therefore, r; < r;y; for

Therefore, r; > 1 and 741 > r; for all ¢ > §. Now consider ¢ < 5. r; = and r,_1 =
1 1
<

P Thn—itl — Tn—i

Tn—i

Sincen —i> 5,1 <r,; <rp41. Hence
all 4.
It follows from Proposition 4 that if R > £,

Bi = Biy1 <Z,(U:L—7j+1)> Bi —Biy1 < <Z,(U:L—i)> Bi — Biv1
> 3 >4 > ¥

Br—i = Bn—i+1 2'(uy) n—i — Bn—it1 2(ui 1)) Bnei = Bnoit1
Since F' is symmetric BB g
? Bri=Bn—it1 ) ’

Similarly,
/ * /! *
Z(u Z(u
1<(, ZZ><%‘+1<< ,n*l)>
Z (uz+1) z (“z+2)
Hence,
I(a)* I( o % 1(,,%
2(u_, 2(u_, 2w
1 § < (/nfrl)) S(Ii S ( /( :z)) SQiJrl S ( (/ n*zl)>
2 (uf) z (“z’+1) z (“¢+2)
Therefore, ¢; > 1 and ¢;41 > ¢; for all © > 5. Now consider ¢ < §. ¢; = ﬁ and ¢;_1 = qn—1i+1‘
Since n —i > 3,1 < gn < gn_i1. Hence, .t — < 4 or g;_1 < ¢;. Therefore, ¢; < gi+1 for

all 1.
It follows from Proposition 4 that if R < g,

Bi — Bix1 > (rl(w:;—i—&-l)) Bi — Bit1 S > <7"/(1U:L—i>> Bi — Bit1
Boi = Br—iv1 — ; g - : B

T’(wi) n—i = ﬁn—i+1 n—i = 5n—z‘+1
Bi—Bit1 —1. So

Since F' is symmetric
y P Bp—i—Bn_it1

Similarly,

Hence,
I (ap* I (4% I( %
1 2 <’f’ (/lf)n—i—i-l)) 2 r; 2 <T/(/wz—i)> 2 Tis1 2 <T (Iwn:i—l)>
7' (wy) r (wi+1) r (wi+2)
1

Tn—i

1
Tn—it+l
or 7,—1 > r;. Therefore, r; > r;;1 for

and r;_1 =

Therefore, r; <1 and 741 < r; for all © > 5. Now consider ¢ < §. r; =
1 1
>

P Tn—itl — Tn—i’

Sincen —i > 5, 1> 7,4 > rpjp1. Hence
all 1.
It follows from Proposition 4 that if R < %,

49



Bi = Bi1 <Z,(u;;—i+1)> Bi = Bi1 o> <Z,(U2—i)> Bi — Biv1
=z 3 Zq; = ¥ 3

Br—i — Bn—i+1 2 (uy) n—i — Bn—it1 2'(uiy1) ) Brei = Bn—ita
Since F' is symmetric Bitbin g
? Bri—Bnit1 ' ’

Similarly,
/ * / *
Z(u Z(u
12(, ZZ>Z%+1Z< ,n*l)>
Z (uz+1) Z (“z+2)
Hence,
I(a)* I( o % 1(,,%
ANY) ; AN ; 2w .
1 2 < (/nfrl)) Z i Z ( /( :z)) Z it Z ( (/ n*zl)>
2 (uf) z (“z’+1) z (“i+2)
Therefore, ¢; <1 and ¢;41 < ¢; for all © > 5. Now consider ¢ < §. ¢; = ﬁ and ¢;_1 = qn—1i+1‘
Since n —1 > 5, 1> gn > gn_i+1. Hence, .t — > - or g;_1 > q;. Therefore, ¢; > gi+1 for

alli. m
Proof of Corollary 3. If u(w) = log(w), R = g. Hence,

*

Wi — Witk _ Bi— Bivk
wi —wiy B = Bjin

w:_w;: ﬂz_ﬂn
wik_w;kz /81_/871

w2‘=§i_g’;(wfw:)+w;§
c(wimw . —Bwi+ By
wz_(m—m)“ 6 B,

Uf — U g _ ﬁz Bz+k
wi =iy B B
L (u{ u:;> 5 4 hant+
! /81 - /Bn ! /8]_ - Bn

|
Proof of Lemma 2. In a j tournament, the effort exerted by the players is given by

) = 3 Butw)

J n
= (Zﬁz> up + Z Bi | u2
i=1

i=j+1
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Since Yy B; =0, 31, B; = -7, 8;. Thus,

d(el) = (Z Bz) (u1 — us)

Now, let us consider the effort exerted in an n — j tournament.

n—j n
d(e") = ( 5i> A | D B | u

i=1 i=n—j+1
n n
= | X Bifut| > Gifw
i=n—j+1 i=n—j+1
When F' is a symmetric distribution, we know that 3; = —f,,,;_;. Thus, for F' symmetric,

> in—ji1Bi=—201_1 B; and

d(e") = <Z m) (u1 — u2)
i=1

This proves the lemma. m

Proof of Proposition 6. We will begin by considering the case where R > g. We will compare
a j tournament (j < §) and an n — j tournament that both meet the IR constraint and lead to the
same exertion of effort, e, by players in the IC constraint. We will show that the sum of prizes
paid by the principal in the j tournament exceeds the sum of prizes paid by the principal in the
n — j tournament. Given this result, we know that we can obtain the same effort with an n — j
tournament as a j tournament while meeting the IR constraint and paying out less in prizes. This
shows that the optimal j tournament is dominated by the optimal n — j tournament.

Following this argument, we will now consider a j tournament and an n — j tournament that
both meet the IR constraint and lead to the same effort exertion. Let w; and wo denote the prizes
paid in the j tournament and let w; = u(w;). Similarly, let w; and w2 denote the prizes paid in
the n — j tournament and let @; = u(w;). Further, let o = % The IR constraints for the j and
n — j tournaments imply that

N

auy + (1 — a)ug

N

(1 — a)ﬁl + aty =
where
u=U+ c(e)

Lemma 1 tells us that effort is the same in the j and n — j tournaments when u; — us = %1 — Us.
These three equations tell us that

B o 1—-2a
= 1—au1+1—a
Uy = 20— uq

-« 1
w2 = 1—au1+1—au

Let W denote the sum of prizes in the j tournament and W denote the sum of prizes in the n — j
tournament. Also, let A = u~!. Then
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o

W o o= Ozwl—l-(l—Oé)wZ:Olh(ul)'f'(l_a)h(liaul—'_ 1701@)

- 1-2

W = oy + (1—a)i _ah(2a—u1)+(1—a)h(lfau1+ 1_;@)

Let g(z) = ah(z)+ (1 —a)h(%22) and A = u; —u > 0. We need to show that, for a < 3, W > W,

11—«
glu+A)—g(a—A)>0 (*)
We see that -
g(@) = all(z) - (=)

h"(y) = W Since u is concave, h” > 0. Observe that ¢’(z) > 0 for z > @ and ¢'(x) <0
for © < @ since b > 0. Let p(A) = g(u+ A) — g(a — A). A sufficient condition for (*) is that:

¢'(A) >0 VA > 0 since p(0) = 0. We see that
¢'(A) = ga+A)+g(a-2a)
= a(h/(u+A)—h(u-— %A)) Yol (@—A) - K (a+ : o) A))

a

= a(l(@+ ) = K(a+=—A) —a((i - 1=—A) — K(a - A))
Let w(0,z,y) = a[(h' (z + 0) — W' (z)) — (W' (y + 0) — W' (y))]. Then,
S(A) = w(ll__Qj,m A

Observe that % > 0 since a < % and @+ 192 A > 4 — A. Since, w(0,z,y) = 0, it is sufficient to
show thatg—‘g(ﬁ,x, y) > 0 when z > y.

%(9, z,y) = a(h'(z+0) = 1"y + )

A sufficient condition therefore for g—‘g(@, xz,y) > 0is B > 0.

h/// (y)

Thus, A’ > 0 when R > g. This proves that W > w.
Let us now turn to the case where R < g. Again, we will consider a j tournament (j < %)

and an n — j tournament that both meet the IR constraint and lead to the same effort exertion.
As before,

—Q n 1
1-alT1-q
- 1-2
W = onDz—l-(l—a)tDl:ah(Qﬂ—ul)—l-(l—a)h(la uy + 0 aﬂ)
-« -«

W = ow;+ (1 —a)ws =ah(uy) + (1 — a)h(

u)

52



We need to show that, for o < s, WL W or
gla+A)—ga—A)<0 (**)

Recall that 0 ax
/ _ / o ®
g (x) = ali'(z) - (0
' (y) = _u(”((h()g])) Since w is concave, h” > 0. As before, ¢'(z) > 0 for > @ and ¢'(z) < 0 for
r <

@ since h” > 0. Let ¢(A) = g(a+ A) — g(u — A). A sufficient condition for (**) is that:
¢'(A) <0 VA >0 since p(0) = 0. We see that
P(A) = gu+A)+gu-A)
= a(W(@+A) - F(a— —A)+a(@—A) - K(@+——A~A))
l-«a l-a
= a(h(a+A)— N (u+ A)) = a(l (@ — —2—A) — W(a— A))
—a -«
Again
, B 1—-2a _ a _
O'(A) =w( o0 l—aA’u A)

1172a > 0 since a < % and @ + 22 A > u — A. Since w(0,7,y) = 0, it is sufficient to show
that g—w(G z,y) <0 when z > y.

Ow

39 0 @:y) = a(h(z +0) = W' (y +0))

Therefore, a sufficient condition for 2% %0, z,y) <0is K" <0. R< L implies K" < 0, which proves
that W < W. m

Proof of Proposition 7. We will begin with the case where R > g. Let us consider a j
tournament and a j’ tournament with j* > j > n/2. Let a = % and o = % We will compare j
and 7’ tournaments that lead to the same level of effort exertion, e, and consider the amounts paid
out in prizes by the principal. Let w; and wg denote the prizes paid in the j tournament and w;
and w9 denote the prizes paid in the j’ tournament. Let u; = u(w;), 4; = u(w;) and let W and W
denote the sum of prizes in the j and j’ tournaments respectively. Before we proceed, we need to

define two functions:

1) = / Bla
We see that ’y(%) = 5;1 B,;. Thus, the incentive compatibility constraints for the j and j’ tour-
naments can be written as
d(e) = () (u(wr) — u(ws))
d(e) = (o) (u(@r) — u(ws))

Individual rationality implies that

S|

au; + (1 —a)uy =

S|

oty + (1 - Oél)aZ =

53



where
u=U +c(e)

Combining these four constraints, we can solve for W and W in terms of u;. Let us define a few
functions:

)= T Y@
h = ut
glea) = Bhla’)+(1-ah(—2T)

1-— CIJ(o/)u1 N P(a) —

P(a') = gl

a, )

l—«o l—«o

Then, we find that W and W can be expressed as follows:

W = ()
W= 4(a)

Let us consider ¢(x). If we find that ¢'(z) < 0 for z € [, /], then it follows that W < W. This
implies that the j/ tournament dominates the j tournament.

o) = (- u) @) (
() - n( )

Let us define

We see that T'(z) = 0. Since uy > 4, ¥'(z) = T(uy) < 0 if IV(u) < 0 for u > @.

_ _1 _
F/(’u,) = <1; : Z) x (h”(u) . ‘I)’](_x)_ mxh//(ul—_.’l;u)>
N (1 —z(1 —|—<I>’(:Jc))> <h'(u) B h,(ﬁ— :L'u))

1—=x 1—=x

Suppose it were the case that ®'(z) = 1. Then,

M) = (Y28 o (W) - w2
(1) )

1—=x 1—=x

1—-2x U — TU
h'(u) — R
+<1$)( () (1$)>
Recall that we are assuming 1 > x > % and v > 4. Since R > g, it follows that A", h"” > 0 (to
see the argument, see the proof of Proposition 6). It therefore follows that the above expression is
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less than zero. Thus, if ®'(z) =1, ¥/(z) < 0. From the definition of @, it follows that

Since, y(z) = n [y B(x)dz, 7' (z) = nbB(z) = nBng1- Thus,

Suppose that F'is a symmetric and uniform distribution. It follows from Proposition 1 that 8; = 0
for 1 < i < n. This implies that ®'(z) = 1 for « € [1, 2=1). Hence, when F is a symmetric uniform
distribution, the j' tournament dominates the j tournament where j' > j > n/2. If follows from
this and Corollary 3 that, for F' a symmetric uniform distribution, the optimal j tournament is the
strict loser prize tournament.

Now, we will consider the case where R > g.

Let us consider a j tournament and a j’
tournament with j/ < j < n/2. Let a = % and o/ = Jn—/ As before, we will compare j and j’
tournaments that lead to the same level of effort exertion, e, and consider the amounts paid out in
prizes by the principal. Let w; and wsy denote the prizes paid in the j tournament and w; and wy
denote the prizes paid in the j' tournament. Let u; = u(w;), @; = u(tw;) and let W and W denote
the sum of prizes in the j and j’ tournaments respectively. We will show that, when F is uniform,
W<W.
Again, we find that W and W can be expressed as:

W = ()
W= 4(a)

V@) = - ®e) (1) (o) + (s - o ()
R

Again, let

We see that T'(a) = 0. Since uy > 4, ¢'(z) = T(uy) > 0 if IV(u) > 0 for u > @.
U— U ﬁ - U — TU
/ _ - AN G n—
M) = (1_x>x(hao Ch h<1_x>>

.\ (1 . x(11_+mq>'(:c))> <h,(u) - h,(ﬂl—_:iu)>
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As shown above, when F is uniform, ®'(x) = 1. Thus,
U—1u U— TU
I“/ — h// _ h/l It
W = (Fo)e (v - =)
1—2x TUu
4 4
+<1—x)<() (1—:1:))
Recall that we are assuming 0 < z < % and v > 4. Since R < g, R” >0 and A" < 0 (to see the

argument, see the proof of Proposition 6). It therefore follows that the above expression is greater
than zero. Hence, W < W. m

Proof of Lemmma 3. The principal’s Lagrangian can be modified slightly to take into account
the limited liability constraint:

= ((c/)_l (; ﬁiui> —~ % ZZ: u_l(ui)> (U — - Zu@ +e < (Z BM) ) > —Zi: vi(a—u;)

where @ = u ™ (w).
Let h(z) = ()~ Hz), v(z) = ' (z), and v; = v/ (w;) = o' (v (w;)).
The first order condition for u; is as follows:

<ﬂih’ <Z Bu> - M) +A ( — (h (Z Bu)) B (Z 5u>> by = 0
Binh/ (Z ﬁu) (1 A (h (Z 5u>>> A = 5

By assumption, w; > w. This implies that u; > 4, which means that v; = 0.
Therefore

() i) <o) o)
() ) - 2

11’ vik = (B; = Bizix)nh' (Z 5“@') (1 — X (h (Z 51“1’) ))

Similarly, since w}, wy > w,

1 1 1 1 ’ /
(o) ()

Il
o

Since wy, > w,

Therefore,
1 1
V4 Vitk /81 B /Bz’+k
1 1~ 3. _RA3.
v " wa B Bin
|

26



Proof of Proposition 8. Suppose that (6 — E(0))e* + ¢ is distributed according to () (where
¢ is distributed according to F' and fe* — E(0) is distributed according to H, and 6 and ¢ are
independent). Then,

Qx) = Pr((0—E(0))e" +¢e <)
= E(F(z— (0 - E(9))e"))
= /F(ﬂf —ye)g(y)dy

R

Now suppose that F' and H are symmetric. We will show that @ will also be symmetric:

Q(-z) = / F(—z — ye*)g(y)dy

R

_ / F(—z + ye*)g(—y)d(~y)

R
— / (1— Flz— ye*))g(y)dy
R
= 1— [ F(z—ye")g(y)dy
/
~ 1 Q)

Hence @ is symmetric when F' and H are symmetric since Q(—z) =1 — Q(z). Now let us turn to
the agents’ problem. Since we are restricting attention to symmetric equilibria, an agent maximizes

Y vile e u(w) = cle)
i=1

where ¢;(e, e*) = Pr(ith placele, e*). Since agents do not know their types at the point when effort
is chosen, ¢, does not depend upon 6. The first-order condition for the agents is given by

0 =3 (e utw

i=1

Since we are considering symmetric equilibria, the solution for e is e = ¢*. Hence,

de) = 3 Bulw)
=1

where 8, = ;esoi(e, ¢")

e=e*

Let us now derive a formula for 3,.

n—1

aleey = (12,
(0 — E))e* +&/) 1

- (” - 1) [ [ @ue—E@e +7 (1= Qe — BOY +2) " f@hidrdy
R R

) Pr(fe — E(@)e* +¢ > (0' — E(0))e* +&')" " Pr(fe — E(f)e* +¢

IN

1—1
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9 *
ﬁi - %‘pi(eae )

= <77 B 1) //[(n — ) (QUy— E@)e* +2)" "1 (1 - Q((y — E(8))e* + )"

R R

~(i = 1) (Qy = E@®))e" +2))" " (1 = Q((y — B(@))e" +2))*)f (2)g(y)a((y — E(B))e" + x)dady

Now suppose that F' and H are symmetric. From above, we know that this also implies that @ is
symmetric.

.)//ﬂr&xmw—Ewmﬁ+mF%1—mw—Ewmf+@w%
R R

—(n =) (Qly — E@)e" +2)) " (1= Q((y — E(0))e* +x))" "]

))e" + x)dxdy

= | //[(n — 1) (Q(=(y — B(0))e" — ') (1 - Q(~(y — E(0))e —a))" "
R R

Bn—iz1 = <

~
—

8
S—
<
—~
<
N~—
<
—~
—~
<

|

&
—

D

—(i=1) (Q(=( = E@)e" —a")" " (1 = Q(=(y = B(0))e" —a'))"]

—(i = 1) (QUy — E(0))e" +2)"" (1= QY = E(9))e” +2)"]
F@"g(y)al(y' — E(0))e” + a')dwdy
= -5
Therefore, when F' and H are symmetric, 8, = —f3,,_;,1. ®

Proof of Proposition 9. Consider a #-Additive strict loser-prize tournament and a 0-Additive
strict winner-prize tournament, both of which pay out prizes w; and wy. Let u; = u(w;). We
will assume that F' is symmetric and that c(e) = % Let us denote the effort of the high and
low types in the winner-prize case by egV and egV respectively and let us denote the efforts in the
loser-prize case by eeL and eOL . Let us denote the sum of efforts by ¢V and e’ in the winner- and
loser-prize cases respectively We will now proceed to show that eV < el. First consider effort in

the winner-prize tournament:
Pr(win|6,e) = E, {F(e —elf +e)"* R (e—ef +0+ 6i)”/2]

62

ey = argmax Pr(win|6, e)(u; — ug) — 5
€

(5 1) FE)" 2 2F(AY +0+e)™2f(e) ], )
Fle)/? T F(AY 40+ &) 1 f(AW 4+ 0 +¢,) | 271"

where AW = ¢}V — e}V’
e/ = U(AY 4+ 0)(u; — ug)

(5 — 1) Fe)"*2F(x + )" f(e:) ]
H5E ()" F (x4 )" (o + )

egV:E&|:+

where ¥(z) = E, [
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Pr(win|0,e) = E., [F(e —e) —04¢)" F(e—el + 51-)”/2_1}
o2
el = arg max Pr(win|0, e)(u; — ug) — -5
(% . ) F(ei)"/2_2F(_AW — 0+ 5i)”/2f(5i) (w1 — )
—&-%F(Ei)n/Z*lF(—AW — 0+ Ei)n/271f(—AW — 0+ Ei)

= \I’(—AW — 9)(u1 — U2)

Now let us consider effort exertion in the loser-prize tournament

Pr(notloself,e) = 1 — Pr(lose|d, e)

=1-E [ (1-F 6_65+5i))n/2_1(1_F(6_e€+9+5i))n/2}
(E — ) ( )n/2 2F( AL — 0+ 5i)n/2f(€i)
Eavi |: +%Féz)n/2 1F( AL 0 + 5i)n/271f(—AL — 0+ Ez') (U1 - ’U,Q)

= \I’(*AL — 9)(U1 — UQ)

2

e

el = arg max Pr(notlose|6, e)(u; — up) — —
e

2
ck=E [ (5 —1) (1= F(ea)"?72(1 = F(AY + 0 + )"/ f (e:) } (u1 — us)
O 4B - Fe) (1 - F(AL + 0+ )2 (AL 40 +) |V 7
_ (5 —1) F(=e)"/>2F (=AY — 0 — &))" f (&)
= P { L P(— e R (AL — g — )2 (AL 46 <) ] (w1 —z)

- B 1) F(—e)"? 2F(~AF — 6 — &)"/? f (&)
= (u1 — u2)/ |: é‘% )21/2 lF( AL —9— 5i)”/2’1f(AL +0+¢) :| Jei)dei

R

_ 5 — 1) F(—&;)"/*" QF(—AL — 0 —e)"?f(~ei)

= (ug — uz)/ [ glg? )l/z LP(=AL — g — e/ f(—AL g~ &) ] f(—¢i)de;
R

Let z = —¢;
f—l F(2)22F (=AY — 0 + 2)"f(2)
60 = ’LL1 — U2 / |: n/2 1F( AL — 0+ Z)n/2—1f(Z_AL _Ze + Z) :| f(Z)dZ
R

(3 = 1) F(2)"/272F(=AL = 0+ 2)"/2f(2)
e / [ +%F ”/2 LF(=AF =0 4 2)" 27 f(=AF = 6+ 2) ]f(z)dz
R

_F. [ (32 —1) Fe))V*2F (= AL — 0 + )" f (=)

65 = \I/(—AL — (9)(U1 — UQ)

Pr(notlose|0,e) = 1— Pr(loseld,e)

1-E [(1 — F(e— egL — 0+ z-:i))"/Q(l — F(e— eé + si))”/Q_l

29



62

el = arg max Pr(notlose|0, e)(uy — ug) — 5
e

L - F [ (5 1) (1= F(e)"/2(1 = F(=AF =0+ )" f(&:) ]
€ = € —|—%(1—F( ))n/2 1( ( AL 9+€i))n/2_1f(—AL—9+5i)

F(-e)" 2P 40 - )" f) T )
n/2— 1F(AL+9 )n/2_1f(_AL_9+€i) Ur — u2

n _ _c\n/2— o2 (.
:(Ul—'LLQ)/ [ +§(2 D F(e)" " ER(AR £ 0 - e (—e) )}f(&)dﬁ
R

:)Dj
—
—~
|3

|
—
\v

F(—Ei)n/zle(AL + 0 — Ei)n/271f(AL + 0 — &;

Let z = —¢;

E LN s e L N PP
2)VAIR(AL + 6 4 2)" 27 (AR 460+ 2)

|
=
[
|
g
N
e
—
—+
0|3
o
/\NJ

—1) F(ei)"?72F (A" + 0 + e0)"/2 f(e3) ]( )
g2 IF(AL + 0 4 )2 LF(AL 40 + &) Uy — U2

= \I/(AL + 0)(71,1 — ’LLQ)
We see then that

Vo= eZV + eKV
= [\II(AW +0)+ ¥(-AW — 0)] (u1 — uz)
= h(AW+9)(u1 — ug)
where h(z) = U(x)+ U(—x)
el = 65 + €0L

= [\IJ(AL + 9) + \I/(—AL — 9)] (u1 — ’LLQ)
= h(AL + 9)(U1 — 'LL2)
There are two things that we need to show to complete the proof. (1) AW > A% and (2) h(z)

is decreasing. It immediately follows from (1) and (2) that "V < e’
Proof of (1):

A = [(AY +0) - U(-AY —0)] (w1 — u2)
AL = [U(-AL - 0) — V(AL +0)] (u1 — u2)

Let g(x) = [¥(z) — U(—2)] (ug — ug). Then AW = g(AW 4 0) and AF = —g(AL +0). Let us
now find a simpler expression for g:

o [ ) PE PR ()
\I’(IL’) = Eal- |: _’_%2}7(51,)71/2—1}7('r 4 gi)"/2—1f(:c + Ei) :|
= B |(5-1) Fe)* 2P (@ +)"2 (=)

Bz |G P Fwte)" T o + e
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U(—z) = E. [(3_1) F(ei)"/2_2F(—x—i—ei)”/Qf(si)]

B, [GF(E) T F(—a )2 f(—a + 20|

= E., [(g - 1) Fe)"?72F(—x + Ei)"/zf(fi)]

" / gF(Q)n/Q_lF(—ﬂE +e)"? T f(—x 4 ) f(ei)des
R
Let z=—2x+¢;

- E, [(g _ 1) Fe)V* 2 F(—a + &)"2f (<)
n / PP+ 2P () o 4 2)de

R

= B [(2 1) FE e e (o)

+Ee, | SFE) T (@ + &) (o + 21|

= B, [(5-1) Fe)! ?Fa+e)? f(e)]
_E.. [(g _ 1) F(—z+ el-)%F(ei)%—Qf(gi)}

|3

~ £ (5 - 1) Pt 260 (Pl 20F - Foat %)

oo =5 [5 (5 -1) rersseo (ot 00 )] o

So, ¢’'(x) > 0. Observe that

n

lim_g(z)| = lim ‘E [(2—1) F(Ei)g_2f(€i)< Platen)s )”

T—>00 —F(—a: + 87,)%

B (5 1) Fe)i 20 (- 0)]|
- (B (3 -0) it <

Since this limit is finite, it follows that for z sufficiently large, g(z + 6) < x. It is obvious that
g(0) = 0. Since g is increasing, it follows that g(#) > 0. Thus, for x = 0, g(z + 0) > z. By
continuity, there is a value of , z > 0, with g(x+6) = z. Hence, A" > 0. Now, suppose AW < AL,
Al solves A = —g(AF +6). Since A" +6 > 0 and ¢(0) = 0, we know that —g(A" +6) < 0.
Thus, AW > —g(AW +60). Since g is increasing, AW < A’ implies that A” > —g(AL +6), which
is a contradiction. It therefore follows that, if a solution for AL exists, AW > AL, For z = —6,
r < —g(x+0) and for z = AW, 2 > —g(x +6). Thus, by continuity, there exists a solution for A*
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with —0 < A® < AW. This proves (1).
Proof of (2): Since A = —g(AF +0), it follows that

d(AL +0) 1
- >0
o 14+ ¢ (AF+6) —

Since, AL(0) + 0 < AW (0) + 0, it follows that there exists ¢’ > 6 such that
AL@)Y+ 60 =AY () + 6

Since €' (0) = (AW (0)+0)(u1 —us2) and () = h(AF(0)+0)(u1 —uz), we see that 'V (0) = e*(¢')
where 6 > 0. We will now argue that e*(0') < e’ (0) for ¢’ > 6. From this, it immediately follows
that " (0) < e¥(6), which proves the claim.

Consider §' > 0. High ability types are more certain to perform well relative to low ability
types than they were before. When all high types exert the same level of effort, as they will in
equilibrium, their prospects do not change at all relative to one another. Therefore, for a given
level of effort by the low types, eé, high types choose to reduce their level of effort exertion. Low
ability types, on the other hand, are more certain to perform poorly relative to high ability types
than they were before. When all low ability types exert the same level of effort, as they will in
equilibrium, their prospects do not change at all relative to one another. Therefore, low ability
types also have less incentive to exert effort for a given eg than they did before. As a result, both
types reduce their effort levels in equilibrium. Hence, e*(¢') < e¥(6), which proves the proposition.
|

Proof of Proposition 10. Let us denote the effort of the high and low types in the winner-
prize case by egv and egV respectively and let us denote the efforts in the loser-prize case by 65’
and eOL. Let us denote the sum of efforts by e and e’ in the winner- and loser-prize cases
respectively In the homogeneous case, holding u; — us constant produced the same effort in the
winner-prize and loser-prize tournaments, and this allowed us to conclude that the loser-prize
tournament dominated. We will show that, holding u; — us constant, as § — oo ee—VLV — 00. This
suggests that, for # sufficiently large, the winner-prize tournament produces higher profits than the
loser-prize tournament. Hence, ee—VLV — o0 is a sufficient condition for the result. First consider

effort in the winner-prize tournament:

Pr(winlf,e) = E, [F(e@ — eV 0 +e)* I F (el — e + z—:i)”/z}

ey = argmaxPr(win|f,e)(u; — uz) — c(e)
e

(D EGrret arye
+%F(si9)”/2_1F(AW + &) LF(AW 4 &)
(u1 — up)
where AW = ¢}V — el
deg) = 0U(AY)(u1 —us)
(5 = 1) F(e)"/* 2 F(x + &)™ (1) ]
+5F(e OVELE (x4 )2 (x4 )

‘) = o

where U(z) = Eei[
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Pr(win|0,e) = E., _F e—elV 04 e)"2F(e — eV 4+ g;)"/21
i 0 0

def) = arg max Pr(win|0, e)(u1 — ug) — c(e)
@Ay = g | B FE)PERCAY 4 e (e)
c €y - € _’_TQLF( )n/2 1F( AW+5i)n/2_1f(_AW+5i)

(u1 — u2)
= U(=AY)(ur — ug)

Now let us consider effort exertion in the loser-prize tournament:

Pr(notloseld,e) = 1—Pr(loseld,e)
= 1-FE, [(1 — F(ef — el +¢,))"/* 1 (1 — F(el — b + 51-))”/2}
el = arg max Pr(notloseld,e)(u; — uz) — c(e)
(ch) = 0E [ (3 —1) (1= F(e))"/*72(1 = F(A" + )2 f () ]
07 7 TTE L 421 - F(e)? N1 - F(AL 4+ )2 1 f(AL + &)
(u1 — ug)

= (5 -1) F(—e)"/?2F (AL —e)"2 f(e;)
= I, [ —|—%2F‘(—gi)n/2—1F(_AL — ) 2LR(AL gy ] (u1 — u2)

_ (5 —1) F(=ei)"?2F(=AF —2)"2 f(e;)
- (“1_“2)/[ FRF(—e)" 2 R (— AL—Ei)n/z_lf(AL+5i):|
f(e’:‘z)d&“z
B 7_1 - )n/2 PF(=AF — )2 f(—e;)
R

f( Ez)dgz

Let z = —¢;

n_1 ”/2 2F AL 4 /28,
=t~ )0 [ [ +g(13< ) o R(- AL+z)”/2+1f)( f(—l)-z) ]f(z)dz
R

(5 —1) Fea)"*2F(=A + )" f(e)
+%}%(€i)n/271F(—AL + gi)”/2*1f<_AL + 5i> :| (U1 — ug)

= 9\11(—AL)(U1 — 'UQ)

~ o5, |
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Pr(notlose|0,e) = 1— Pr(loseld,e)
- 1-E, [(1 — Fle—ekf+e))"?(1 - Fle— et + gi))”/H}
el = arg max Pr(notlose|0, e)(u1 — uz) — c(e)
CI(eOL) = ESi
[ (3 1) (1= F(e)"/>2(1 = F(-AL +2))"/2f (=) }
50 - P20 - PO+ e (A +e)
'(ul—uz)

_ g [ (5 — 1) F(—e)™*2F(AF — &))" 2 f (&) ]
= €; —I—%F(—Si)"/zle(AL _ Ei)n/2flf(_AL + 5i)

“(u1 — uz)

= (u1 —ug)
(5 —1) F(=e)"?2F(AF — &))" f(—¢:) e
e e o  seas

Let z = —¢
/[ (2 —1) F(2)"22F(AL + 2)"/2 f(2) ]f(z)dz
—i—ﬂF( )n/2 IF(AL—i—z)"/Q 1f(AL+Z)

- E (% - 1) F(gi)n/2_2F(AL + Ei)n/2f(€i) (u1 — up)
= i +%F(6i)n/2—1F(AL + 8i)n/2—1f(AL + 51’) Uy — u2

Let v = (<), Since c¢(z) = dz®, v(z) = 2= =+-1. Since a > 1, limy_.oc 7(x) = 00. We see then
that

Vo= e 0+ef
= (WA (w1 — u2)) + (¥ (=AY) (u1 — us))
el = 65 + eOL

= (WA (ur — u2)) +Y(P(=A%)(ur — u2))

1
eV "r(\I’(AW)92(U1—u2)) 1 Y(AW) a1
As 0 — oo, we see that - — eli)rgo AL P (wr—ua)) 6711:1010 (\I/(—AL)) . We know that

AV = (A0 (w1 — uz)) — (P (=A")(ur — u2))
AL = A(T(=AP)?(uy — ug)) — Y(T(AD) (ug — ug))

It is easily shown that lim ¥(z) = ¢ > 0 and lim W¥(z) = 0 and that U(x) is finite for

—00 r——00
all z. It therefore follows that 011m AW = o0 and olim ALY = co. From this, we conclude that
— 00 — 00
elirgo%zoo, and that Z—VZ—>ooa80—>oo.

We have shown, therefore, that for the same prizes wi and we in the strict winner- and loser-prize
tournaments, the ratio of induced efforts, ee—vf, goes to infinity as § — oco. It immediately follows
that, for 0 sufficiently large, the principal will prefer the optimal strict winner-prize tournament to
the optimal strict loser-prize tournament. m
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Proof of Proposition 11. Let

Bety)—(a=er) \ (a=e)=B(l) \ o, . n n
(E(a?))E(ayH))) Wigy T <E(5<>)(<+1>) wil, q— e, € [E(efy ), B(e()]

Wy — Wy n

wn(q) = wy' + 15((1))((2))) (q—ep) — E(&“?l))) , q— e, > E(ef)

e (n))> (E(g?@) —(g- 6;2)) . q— e < B,

n _ —1
Wn ((n e
where w} is the optimal prize to give for ith place, e;, is the induced effort level of the optimal
tournament in the case where there are n agents, and 5?1.) is the ith order statistic of the idiosyncratic
noise.

Green and Stokey (1983) implies that:

lim w,(q) = w*(q) for all g € R
lim ef = e€*

where w*(q) is the optimal individual contract and e* is the effort level induced by w*(q).

{B7}_ decreasing in ¢ implies that {w]'}? ; is decreasing in 4, which means that wy(q) is
increasing in ¢. Since wy,(q) is increasing in ¢ for all n, Green and Stokey (1983) implies that w*(q)
is increasing in q.

F symmetric implies that: F(e e )) E(s’("‘nﬂ.Jrl)). Consider 61,05 > 0. Tt is possible to write
01 and 01 + 09 as: 61 = 041E<€(i+1)) (1 — 041) (E(z)) and 01 + 03 = OJQE( (]+1)> (1 — 042) ( (]))
where 0 < aj,a2 <1 and j <i < [n/2]. The symmetry of F' implies that: —01 = a1 E(g(,—s) +
(1= a1)E(g(m—iy1)) and —(01 + 02) = aa E(e(,— )) + (1 — a2)E(g(n—j41))- As a result:

wy,(ey, + 01)
wp(ey, + (01 +602)) = awi + (1 ag)w
wp(ey, —601) = aqw,_; + (1 —a)w
) ( )

wy (e, — (61 + 02)

wp(ey, + (014 02)) —wn(e, +01) = awiy; + (1 - a2)wi — ajwiyy — (1 —ar)w;
= ai(awiy + (1 — ag)wi —wiy)
+(1 — on)(aawjy + (1 — a)wf —wy')
= on(ee(wiy —wiy) + (1 —a)(wf —wiyy))

(1 —an)(az(wiyy —wi') + (1 - ag)wj —wy)

Suppose that R > g. Since F' is symmetric and {3;} is decreasing in 4, Proposition 4 implies
that, for j < k < [n/2]
Wi — Wi < Wy_pyy — Wy
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Case 1: ¢ = j. Then, since 05 > 0, it follows that as < aj.

wp (e, + (014 02)) —wn(e, +01) = awiy; + (1 - a2)w] — ajwiyy — (1 —ar)w;
= awiy + (1 - a)w! —awjyy — (1 —a)w)
= (1 — a)w] — (1 — ag)wjy4
< (o1 —a)wy_; — (a1 — a2)wy_ iy
= aww, ;+ (1 —a)wy g —oowy ; — (1= az)wy iy
= wy(e; —01) —wyp(e), — (01 + 62))

Case 2: i > j+ 1.

wp(ey, + (01 +62)) —wn(e;, +01) = awiy; + (1 — a)w! —arwiy; — (1 —a)w]

= ai(awjyy + (1 — a)wi —wiy) + (1 — a1)(agwjyy

+(1— ag)w;‘ —w)

= ai(az(wi; —wi) + (1 — a2)(wj —wiiy))
+(1 = ar)(ez(wiy, — wi’) + (1 — az)(w] — wy'))
o (aa(wy_; —wy_j) + (1 — az)(wy_; —wy_j41))
+(1 — an)(ae(wy i1 — wy—j) + (1 — @2)(wy_ip1 — wp_j11))
= arw,_; + (1 —an)wy_; 1 —aowy_; — (1 —ag)wy_jq

wn (e, — 01) — wy(ey, — (61 + 62))

IN

Therefore, for 61,02 > 0 and R > g,

wn(ey + (01 + 02)) — wn(e, +01) < wale, — 01) —wnle, — (61 + 62))
From Green and Stokey (1983), it follows that:

w*(e* 4+ (01 +02)) —w*(e* +01) <w*(e* —01) —w*(e* — (01 + 62))

Suppose that g <R< g. Since F is symmetric and {3;} is decreasing in i, Proposition 4
implies that, for 7 < k < [n/2

_

Wi — W = Wy gy~ Wy gy
Case 1: ¢ = j. Then, since 05 > 0, it follows that as < aj.

wp(ey, + (014 02)) —wnle, +01) = awiy + (1 - ax)w] — ajwiyy — (1 —a)w;

awiyy + (1 — ag)wi — arwiyy — (1 — ap)wf

(1 — a)wj — (a1 — az)wi,y
(a1 — ag)wy_; — (o1 — a2)wy iy
onwy,+ (1 —anwy iy —oowy j — (1 —ag)wy 1y

wn(e, — 01) — wn(ey, — (61 +62))

v
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Case 2: 1 > j+ 1.

wn(ey, + (01 + 62)) —wn(e, +01) = awi, +(1—a2)w! —arwiyy — (1 —a)wy

= ai(awiy + (1 — a)w] —wily) + (1 — a1)(awiy

+(1— ozg)w? —wy')

= a(az(wfy —wiyy) + (1 — a2)(wf —wiyy))
+(1 = an)(aa(wiyy —wi') + (1 — a2)(w]f — wyi'))
a1 (ag(wy,_; —wp_j) + (1 — a2)(wy_; —wp_j44))
+(1 — ar)(@a(wy_ipq —wp_j) + (1 — a2)(wy_;pq — wy_jiq))
= aw,_;+ (1 —awy iy —awy_; — (1 —ax)wy_j 4,

= wn(e, — 01) — wnlel, — (61 + )

v

Therefore, for 61,02 > 0 and g <R

IN
0ol

wp(er + (01 4 02)) —wp(ey, + 01) > wy(e), — 01) — wy(ey, — (61 + 602))
From Green and Stokey (1983), it follows that:
w*(e* 4+ (01 + 02)) —w*(e* +01) > w*(e* — 1) —w*(e* — (01 + 62))

Consider the following function analogous to wy(q).

B(epy)—(a—eh) . (@-e)-BE)\ . . .
<E(a@()))_E( )> w(wiiy) + (E(sz))—E(eng))) w(wi), q— ey € [E(ey)), Beg)]

li+1) (i+1)

un(g) = uuf) + ( Fergeny ) (=) = Blepy) . a—en > Blepy)

n u(wy_y)—u(wy) n % " n
tw) - (FGEH ) (B - (a-) s a- e < ()

Green and Stokey (1983) implies that u,(g) converges pointwise to u(w*(g)). Since F is
symmetric and {f;} is decreasing in i, Proposition 4 implies that, when R > g,

w(wi) — w(wy) < u(wy_gy) — u(wy_jiq)
for j <k < [n/2]. Following an identical logic to that given above, we find that, when R > g,
w(wa(€f + (61 + 02))) — w(wa (el +61)) < w(wn(el — 61)) — ulwn(el, — (01 +62)))
for 61,02 > 0. From Green and Stokey (1983), it follows that:
u(w (e + (01 + 02))) — u(w*(e” +61)) = u(w*(e” — 01)) —u(w(e" — (01 + 62))).

Now let us suppose that F' is a normal distribution. It can be shown that F (E?i)> = no?B} in

this case, where o is the standard deviation of F. wy(q) is a piecewise linear function. We can
define the segments over which the function is linear:

nil = (—oo,E(e”n)))
sto= (5
Sp= (B(efy).00)

Let slope}’ denote the slope of wy,(q) on segment Si*. w,(q) is constructed so that slope:, | = slopey;
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and slopey = slope}. When 1 <1 < n:

slope}! =

slope}, | > slope] if and only if:

Wi — Wity wi'y — wy
no?(Bi, — Bi) — no?(B; — Bil1)
Wi — Wil w1 — B3
wi g —wi T B =B

Proposition 4 implies that this is true when R > g. slope}, | < slope] if and only if:

3

n n n
Wy — Wi i1 — Bi

n — n n
e =

Proposition 4 implies that this is true when % < RK g. It follows, therefore, that slope} is

increasing in ¢ when R > g and decreasing in ¢ when g <R< g. Therefore, wy,(q) is concave for
all n when R > g and convex for all n when g <R< g. Green and Stokey (1983) implies that
w*(q) is concave when R > £ and convex for all n when g <RrR<Zi.
Using the facts that u,(g) converges to u(w*(q)) and

u(wy) — U(W?Jrl) 1 — Bi

w(wiy) —w(wi') = B = By

for R > g, we can construct an analogous argument to show that u(w*(q)) is concave when R > g.
[
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