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Why study SPT? 

 

 

 1. Because it may be there.......

Focus on electronic systems with realistic symmetries in d = 3, 2, 1. 

Eg: Symmetries of usual topological insulator (charge conservation, time reversal). 

Previous week talk: new Z23 classification of interacting topological insulators in 3d
(Wang, Potter, TS, 2013). 
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Studies of `short range entangled’ SPT phases give surprising new insights into 
various `long range entangled’ quantum phases. 

 

Sunday, July 21, 13



Why study SPT? 

 

 

Studies of `short range entangled’ SPT phases give surprising new insights into 
various `long range entangled’ quantum phases. 

Example: 
1. d = 2: Duality between SPT and Symmetry Enriched Topological (SET) ordered 
phases (Levin-Gu 2012). 

2. d = 2: Surface topological order of 3d SPT not realizable in strict 2d with same 
symmetry (Vishwanath, TS, 2012; Wang, TS 2013)

Important no-go theorem constraining classification attempts of 2d SET phases. 

3. Interesting implications for gapless quantum spin/non-fermi liquids in 2d or 3d. 
(Wang, TS 2013)
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Why study SPT? 

 

 

Studies of `short range entangled’ SPT phases give surprising new insights into 
various `long range entangled’ quantum phases. 

Example: 
1. d = 2: Duality between SPT and Symmetry Enriched Topological (SET) ordered 
phases (Levin-Gu 2012). 

2. d = 2: Surface topological order of 3d SPT not realizable in strict 2d with same 
symmetry (Vishwanath, TS, 2012; Wang, TS 2013)

Important no-go theorem constraining classification attempts of 2d SET phases. 

3. Interesting implications for gapless quantum spin/non-fermi 
liquids in 2d or 3d. 
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SPT: a window into gapless quantum matter 

 

 

Three examples: 

1. Gapless spin liquids in quantum spin ice

2. Absence of certain gapless 2d quantum vortex liquids 

eg: `algebraic vortex liquids’ proposed as theory of  Kagome magnets like 
Herbertsmithite.

3. New insights into deconfined quantum criticality
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Gapless quantum matter 

 

 

Gapless excitations in many body systems: 

1. Old story: Goldstone modes related to broken symmetry

2. `New’ story: Gapless excitations protected by long range entanglement + unbroken 
symmetry

Familiar examples: Fermi liquids, nodal superconductors
Gapless fermionic quasiparticles

Modern examples: Quantum critical points, gapless quantum spin liquids, non-fermi liquids 
Often have no quasiparticles of any kind 
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Symmetry and gapless quantum matter 

 

 

Symmetry obviously plays crucial role in a gapless state. 

1. Explicitly breaking symmetry may lead to relevant perturbations at IR fixed point. 

2.  More general question: Can such a fixed point exist at all in the first place? 

Is symmetry realized consistently at the fixed point? 

Can fixed point theory be lattice regularized while preserving symmetry in same 
dimension? 

Alternate: Fixed points with `anomalous’ symmetry

Sunday, July 21, 13



Famous example  

 

 

Gapless odd number of Dirac cones:

Impossible in `acceptable’ strict 2d with   T-reversal 
symmetry. 

Can occur in 2d if we give up T-reversal. 

Odd Dirac cone: Gapless 2d IR fixed point forbidden 
in strict 2d by symmetry. 

Allowed at surface of a 3d bulk with SPT order. 
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SPT and gapless quantum matter 

 

 

1. Gapless 2d surface states of interacting 3d SPT phases
=> strongly interacting IR fixed points prohibited in strictly 2d with same symmetry. 

SPT generates useful no-go constraint on acceptable gapless states with symmetry. 

2. Gapless 3d phases with emergent photons - gauged versions of 3d SPT phases 
(illustrate with quantum spin ice example). 
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Quantum spin ice, quantum spin liquids, and symmetry

Next few slides: stolen and adapted from L. Balents
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 Classical spin ice 

 

 

Spin ice: Ising spins on 3d pyrochlore lattice with interactions enforcing 2 in - 2 out 
`ice rule’  

H ⇡ Jzz
X

hiji

Sz
i S

z
j

Materials:  Ho2Ti2O7, Dy2Ti2O7
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Classical spin ice: `artificial magnetostatics’

⇥⇥ ·⇥b = 0

⇤S � ⇤b

Defect tetrahedra (3 in - 1 out or 3 out- 1 in) in 
spin ice manifold: `magnetic monopoles’ 

Castelnovo 
et al, 2008
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Quantum spin ice

New spin ice materials where quantum effects on the Ising spins  are clearly 
important.   

Eg: Yb2Ti2O7, Pr2Zr2O7, Pr2Sn2O7...?

Experiment:  (Yb2Ti2O7  Gaulin et al , Pr2Zr2O7 Nakatsuji, Broholm et al) : Many 
deviations from classical spin ice behavior at low-T. 

Eg: Large weight at ω >> T in inelastic neutron scattering in Pr2Zr2O7(Nakatsuji, 
Broholm et al, Nat. Comm. 2013). 
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Hzz = Jzz
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classical NN spin ice

+ quantum 
fluctuations

= “quantum spin ice”

+ dipolar

S. Curnoe, 2008
S. Onoda, 2010
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Quantum spin ice Hamiltonian for Yb2Ti2O7

Jzz = 0.17±0.04 meV
J± = 0.05±0.01 meV Jz± = 0.14±0.01 meV J±± = 0.05±0.01 meV

Reliably extracted from fitting spin wave dispersion in high field state. 

Parameters => appropriate to call this quantum spin ice. 

Ross, Savary, Gaulin, Balents, 2011
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Quantum spin ice and quantum spin liquids

Quantum fluctuations in spin ice manifold: 

Magnetic field lines quantum fluctuate. 

If field lines have zero tension => quantum spin 
liquid with an emergent U(1) gauge field. 

3d ``U(1) quantum spin liquid”

Excitations: 1. Gapless artificial photon 

2. Gapped `magnetic monopole’ (3 in - 1 out defect 
tetrahedra)

3. Other gapped point particles carrying internal `electric’ 
charge  

⇥⇥ ·⇥b = 0

⇤S � ⇤b

Many ongoing experiments 
to look for this! 
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Quantum spin ice, quantum spin liquids, and symmetry

Some crucial questions for theory: 

1. What distinct kinds of quantum spin liquids with symmetry are possible for this 
Hamiltonian? 

Note: Only physical symmetry - Time reversal x space group. 

2. How to theoretically access these distinct quantum spin liquids? 

3.  How to distinguish in experiments? 
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SPT as a tool

 
Some crucial questions for theory: 

1. What distinct kinds of quantum spin liquids with symmetry are possible for this 
Hamiltonian? 

Note: Only physical symmetry - Time reversal x space group. 

2. How to theoretically access these distinct quantum spin liquids? 

3.  How to distinguish in experiments? 

Insights from understanding interacting SPT insulators 
enable us to answer these questions!!
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Aside: Role of Kramers 

 

 

In band theory, topological insulation relies on Kramers structure of electron. 

What precisely is role of Kramer’s structure of electron in enabling θ = π response in 
an interacting TI? 

Prove that θ = π requires Kramers structure  (Wang, Potter, TS 13; Metlitski, Kane, 
Fisher 13). 

Bulk monopoles are ``dyons” with charge ±1/2. 

Consider bound state of charge-1/2  ``dyon” with charge-1/2 ``antidyon”. 

Bound state carries electric charge-1 and magnetic charge-0 => identify with electron. 

What are its time reversal properties? 
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Role of Kramers (cont’d)  

These two see each other as relative monopoles. 

=> In bound state, EM field angular momentum is 
half-integer. 

Under T2 action, this `orbital’ part leads to T2 = -1. 

=> Bound state (= electron) must be Kramers doublet. 

End of proof. 

``Dyon” and  ``Anti-dyon” with same electric charge 
transform into each other. 

T �1d(1,1/2)T = d(�1,1/2) (1)

T �1d(�1,1/2)T = d(1,1/2)

d(qm,qe) is dyon operator with magnetic charge qm and electric charge qe.
4

of an SPT in (d+ 1) dimensions) must admit a physical
edge to the vacuum. We will show that time reversal
symmetric electronic systems with a fermionic monopole
are not edgable.

First we construct a bulk state with the desired prop-
erties. Consider a Bose-Fermi mixture, with both the
boson b and the electron c carrying charge-1. Now put
the electron into a trivial band insulator, and the bo-
son into a boson SPT state (labelled by its surface topo-
logical order eCmC). Then the charge-neutral external
monopole source becomes a fermion12,14. We initially
consider such a system in a geometry with no bound-
aries. We then tune the boson charge gap to infinity, so
that the charged bosons disappear from the spectrum,
and we are left with a purely electronic theory. But since
the fermionic monopole does not carry any boson charge,
it survives as the only charge-neutral monopole. Now the
bulk theory is exactly what we were looking for, but we
need to examine its boundary and see if it is consistent
with a time-reversal invariant electronic system.

As the electrons are in a trivial insulator they do not
contribute anything special on the boundary, so we only
have to worry about surface states of the eCmC boson
SPT. We first consider a symmetric surface state with
topological order. It is known10 that one of the possible
surface states of the eCmC boson SPT is described by
a Z

2

gauge theory with both e and m carrying charge-
1/2 and the ✏ fermion being charge-neutral. By setting
the boson charge-gap to infinity, the e and m particles
disapppear from the spectrum, but the neutral ✏ fermion
survives as a gauge-invariant local object, which is not al-
lowed in a system purely made of charged fermions. An-
other way to see the inconsistency of the surface is to look
at the surface state without topological order in which
time-reversal symmetry is broken. The boson topologi-
cal insulator leads to a surface electrical quantum hall
conductance �

xy

= ±1 and thermal hall conductance

xy

= 0.10 The di↵erence of �
xy

,
xy

between the two
time-reversal broken states should correspond to an elec-
tronic state in two dimensions without topological order.
Here we have ��

xy

= 2 and �
xy

= 0, which cannot be
realized from a purely electronic system without topo-
logical order. Hence the boundary as a purely electronic
theory is not consistent with time-reversal symmetry, and
the bulk theory cannot be realized in strict three dimen-
sions, although it may be realizable at the surface of a
four dimensional system.

Kramers fermions and ✓ = ⇡ topological insula-

tors: We now discuss the role of the Kramers structure
of the electron. For the free fermion topological insula-
tor it is well known that the Kramers structure is what
allows the topological insulator in the first place. Here
we wish to address the role of the Kramers structure
non-perturbatively directly from the electromagnetic re-
sponse. What precise role, beyond free fermion band
theory, does the Kramers structure of the electron play
in enabling a ✓ = ⇡ response? On the face of it it appears
that ✓ = ⇡ is still an acceptable response in a time re-

 

 

FIG. 1. For ✓ = ⇡, a monopole and anti-monopole become
charge- e2 dyons. Acting twice with T is equivalent to rotating
the pair by 2⇡, which gives Berry-phase �1 due to the half-
angular momentum of the EM field of the dyon-pair.

versal invariant insulator of non-Kramers (integer spin)
fermions. However we now give a general argument show-
ing that any gapped insulator with a ✓ = ⇡ response and
no intrinsic topological order necessarily has charge car-
riers that are fermionic and are Kramers doublet.
Consider the fate of the state when the global U(1)

symmetry is gauged. The ✓ value of ⇡ now implies
that the monopoles of the resulting U(1) gauge field are
‘dyons’ (in the Witten sense) and have electric charge
shifted from integer by 1

2

. Let us examine these dyons
carefully.
For convenience we label particles by (q

m

, q
e

), where
q
m

is the magnetic charge (monopole strength) and q
e

is the electric charge. Consider a strength-1 monopole
(dyon) which carries charge-1/2 due to ✓ = ⇡, labeled
as (1, 1/2), which under time-reversal transforms to the
(�1, 1/2) dyon, since electric charge is even while mag-
netic charge is odd under time-reversal. More precisely,
we have

T �1d
(1,1/2)

T = ei↵d
(�1,1/2)

(5)

T �1d
(�1,1/2)

T = ei�d
(1,1/2)

where d
(qm,qe)

denotes the corresponding dyon operator.

The exact value of the phase factor ei(↵��) is not mean-
ingful since it is not gauge-invariant (see Ref. 12 for a
discussion).
Now let’s consider the bound state of d

(1,1/2)

and
d
(�1,1/2)

, it has q
m

= 0 and q
e

= 1, which is nothing
but the fundamental charge of the system. The crucial
point here is that the two dyons see each other as an ef-
fective monopole. A quick way to see this is to view the
(�1, 1/2) dyon as the bound state of the electric charge
(0, 1) and (�1,�1/2) which is the anti-particle of (1, 1/2),
hence the Berry phase seen by the (�1, 1/2) dyon is the
same as that seen by a charge from a monopole. Hence
their bound state will carry half-integer orbital angular
momentum and fermionic statistics. The half-integer an-
gular momentum can also be obtained by calculating the
angular momentum of the gauge field24 which is given by

L =
q
e,1

q
m,2

� q
e,2

q
m,1

2
= 1/2. (6)

Hence we have established that the fundamental charge
is a fermion. To determine whether or not the fermion
is a Kramers doublet, we need to consider contributions
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