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Theory of quantum spin liquids: new paradigms for collective behavior in quantum 
condensed matter

 - emergence of gauge interactions

 - emergence of fractional quantum numbers 

Though not directly related, study of topological insulators teach us many useful 
things about spin liquids. 



Lesson of topological insulators

Symmetry can protect distinction between two symmetry unbroken phases. 

Magnetic field, 
…….

Ordinary Band insulatorTopological Band insulator



Quantum spin liquids and symmetry

Broad question:  

Quantum spin liquid phases distinguished purely by (unbroken) symmetry? 

Symmetry can be ``fractionalized” :  symmetry distinctions more severe than for band insulators !

Symmetry removing 
perturbation

Spin liquid BSpin liquid A



Crucial for this talk: quantum spin liquids in 3d with an emergent ``photon”. 



Let there be (artificial) light..... 

 

 

19th century dream:
Light as a collective mode of some material (``ether”)

21st century(*): 
??Quantum phases of spin/boson systems with an emergent excitation that behaves like a 
photon??

Such phases can indeed exist as 
`quantum spin liquids’ of spin/boson systems in 3d. 

Terminology: U(1) quantum spin liquid (as there is an emergent U(1) gauge field associated 
with the photon). 
 

 (*)See however Foerster, Nielsen, Ninomiya, 1983



Microscopic models with emergent photons

 

 

1. O. Motrunich and T. Senthil, Phys. Rev. Lett.  (2002)
   (Boson Hubbard models - a quantum ice)
 
2. Michael Hermele, Matthew P. A. Fisher, and Leon Balents, Phys. Rev. B (2004). 
(Quantum spin ice models)

3. R. Moessner and S. L. Sondhi, Phys. Rev. B (2003) 
 (Quantum dimer models)

Numerical simulations: 

1.  Argha Banerjee, Sergei V. Isakov, Kedar Damle, and Yong Baek Kim
Phys. Rev. Lett. (2008). 

2.  Nic Shannon, Olga Sikora, Frank Pollmann, Karlo Penc, and Peter Fulde
Phys. Rev. Lett. (2012). 



Possibility of U(1) quantum spin liquids in ``quantum spin ice” 
materials
Yb2Ti2O7, Pr2Zr2O7, Pr2Sn2O7,  Tb2Ti2O7..?

Experiment? 

1. Complicated microscopic models! Hard to reliably solve even numerically except in special limits. 
2. No symmetry except time reversal, space group.  

Expt: Gaulin, Broholm, Ong,  …..
Theory: Gingras, Balents, 



Quantum spin ice, quantum spin liquids, and symmetry

 
An interesting  conceptual question for theory: 

What distinct kinds of U(1) quantum spin liquids with 
symmetry are possible? 

Only physical symmetry - Time reversal x space group. 

 

  

Surprisingly, this question is intertwined with many 
other profound  issues in condensed matter 
physics.  
 

Symmetry 
removing 

perturbation

Spin 
liquid B

Spin 
liquid A
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1/2-filled Landau level: the problem   

 2d electron gas in a strong magnetic 
field in the ``quantum Hall regime” 

Filling factor ν =  1,2., 3, ...... (IQHE)

ν = 1/3, 1/5, ...... (FQHE)

ν = 1/2 ???

Experiment: Metal with ρxx ≠0, ρxy ≠ 0, 
but ρxx≪ρxy. 
 



Composite fermi liquid theory 
(Halperin, Lee, Read (HLR) 1993)    

Bind 2 flux quanta to electron: 
Form composite fermions (Jain 89)  
moving  in effective field 
B* = B - 4πρ 

At ν = 1/2, B* = 0

=> form Fermi surface of composite 
fermions

kth, it generates a phase of magnitude 2p × 2p. By defi-
nition, a closed loop around a unit vortex generates a
phase of 2p. Thus the product in equation 4 attaches 2p
vortices to each electron in the noninteracting Slater-
determinant wavefunction.

So we see that the flux quanta of our “Bohr theory”
represent the microscopic vortices of the many-particle
wavefunction, and the composite fermion is actually the
bound state of an electron and 2p quantum vortices. A flux
quantum is topologically similar to a vortex; it also pro-
duces an Aharonov–Bohm phase of 2p for a closed path
around itself. Therefore it is often useful to model the vor-
tices as flux quanta and envision the composite fermion as
an electron carrying 2p flux quanta.

How do the vortices cancel part of the external B
field? Consider a path in which one particle executes a
counterclockwise loop enclosing an area A, with all the
other particles held fixed. Equating the sum of the
Aharonov–Bohm phase 2pBA/v0 and the phase ⊗2p2prA
coming from the encircled vortices to an effective
Aharonov–Bohm phase 2pAB*/v0, we get the new field B*

of equation 2. Of course a magnetometer will still measure
simply B. But, as far as a composite fermion is concerned,
B* is the real field, as we shall see.

The form of the wavefunction C provides an insight
into why the repulsive interaction between electrons
might force vortices on them. The wavefunction is very
effective in keeping the electrons apart. The probability
that any two will come within a distance r of each other
vanishes like r2(2p+1). Contrast that with the r2 vanishing
for a typical state satisfying the Pauli principle. In
essence, then, electrons transmute into composite fermi-
ons by capturing 2p vortices because that is how they best
screen the repulsive Coulomb interaction. The interaction
between composite fermions is weak because most of the
Coulomb interaction has been screened out—or used up—
in making them.

Equations 2, 3, and 4 are the master equations
describing the quantum fluid of composite fermions. Since
the first two are the same and can be derived from the third,
everything ultimately stems from a single equation. The
quantum numbers of the composite fermion follow straight-
forwardly from the observation that each one is produced by

a single electron. It has the same
charge and spin as the electron, and it
is also a fermion.

Seeing composite fermions
The crucial, non-perturbative respect
in which composite fermions distin-

guish themselves from electrons is that they experience
an effective magnetic field, B*, that is drastically different
from the external magnetic field. The effective magnetic
field is so central, direct, and dramatic a consequence of
the formation of composite fermions that its observation is
tantamount to an observation of the composite fermion
itself.

At filling factors n less than 1, the experiments clear-
ly show us composite fermions subject to the magnetic
field B* rather than electrons subject to B. The most com-
pelling experimental evidence for the composite fermion
comes simply from plotting the high-field magneto-
resistance as a function of 1/n*, which is proportional to B*.
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FIGURE 2. CAPTURING TWO FLUX

quanta transforms each electron in the
plane into a composite fermion that
experiences, in effect, a reduced residual
magnetic field.

FIGURE 3. COMPARING INTEGRAL AND FRACTIONAL

quantum Hall regimes, top and bottom panels, respectively.16, 3

Blue curve (shown only in the top panel) is the Hall resistance
with quantum plateaus. Red curves are ordinary longitudinal

resistivity with a dip, labeled by its electron filling factor n, for
each plateau. The filling factor n = n/(2n + 1) corresponds to

a composite-fermion filling factor n* = n. Thus the two red
curves, despite their very different electron filling factors, are

remarkably similar.
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Some experimental verification of  composite fermions  

Examples: 

1.  Slightly away from ν = 1/2, B* =  B -  4 πρ ≠ 0 but much reduced from external  
field B.

=> composite fermions move in cyclotron orbits with radius >> electron cyclotron 
radius

(see. eg, in frequency shift of surface acoustic wave, focusing,..)

2. Confirmation of composite fermion Fermi surface 
(geometric resonances, Shubnikov-deHaas oscillations)

 
 
3. Successful description of many FQHE states at ν = n/(2n+1) in terms of filled 
composite fermion Landau levels (Jain) and prediction of activation energy gaps (as 
composite fermion cyclotron frequency) (HLR) 

Many groups: Willett, Stormer, Tsui, Shayegan, Goldman,.....



Transport phenomenology of composite fermi liquids  

Electrical current = current of composite fermions

but the motion of attached flux induces additional transverse voltage drop.  
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⇢⇤ij : resistivity tensor of composite fermions.
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Heat transport and Wiedemann-Franz violation in 
composite fermi liquids  

Wang, TS, 2015
When composite fermions move, they directly transport heat => very 
different heat and electrical transport

Conventional metal @ T ! 0 (even at B 6= 0, with disorder, interactions):

Heat conductivity 
xx

= L0T�xx

(“Wiedemann-Franz law”)

Lorenz number L0 =
⇡

2
k

2
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Huge violation of conventional Wiedemann-Franz !



Unfinished business in theory  

1. Theory should be defineable within 
the Lowest Landau Level (LLL) but HLR is not 
in the LLL.  

Many refinements in the late 90s (Shankar, Murthy; Read; Halperin, Stern, 

Simon, van Oppen;  D.-H. Lee, Pasquier, Haldane,.......) but dust never settled.

2. Particle-hole symmetry

A symmetry of the LLL Hamiltonian (with eg, 2-
body interactions) but not manifest in HLR. 

Issue identified in the 90s (Grotov, Gan, Lee, Kivelson, 

96; Lee 98) but no resolution. 

~!c

Vint ⌧ ~!c: project to LLL

~!c

Vint ⌧ ~!c: project to LLL



Particle-hole symmetry  in LLL

At ν = 1/2, regard LLL as either ``half-empty or half-
full”: 

Start from empty level, fill half the LLL

or start from filled LL and remove half the electrons



Particle-hole symmetry: formal implementation

Electron operator  (x, y) '
P

m �m(x, y)cm after restriction to LLL.

(�m(x, y): various single particle wave functions in LLL).

Particle-hole: Antiunitary symmetry C

C C

�1
=  

†
=

P
m �

⇤
m(x, y)c

†
m

Symmetry of 1/2-LLL with, eg, 2-body interaction is (at least) U(1) X C 



Particle-hole symmetric CFL: a proposal   

Is the Composite Fermion a Dirac Particle?    (Son , 2015)

 

Composite fermion ψv forms a single Dirac cone tuned away 
from neutrality: 

Anti-unitary p/h (C) acts in same way as time reversal usually 
does on Dirac fermion: 

C vC�1
= i�y v => C2 vC�2

= � v

Composite fermion is Kramers doublet under C.



Particle-hole symmetric CFL: a proposal (cont’d)  
(Son, 2015)  

Low energy theory: focus on states near Fermi surface. 

Meaning of Dirac? 

As CF goes around FS, pick up π Berry phase. 
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III. PARTICLE-HOLE SYMMETRY AND THE
COMPOSITE FERMI LIQUID

It has been appreciated for some time[17, 18] that
the e↵ective field theory proposed by HLR for the half-
filled Landau level is not manifestly particle-hole sym-
metric, and is perhaps even inconsistent with it. On the
other hand numerical calculations performed in the low-
est Landau level show that with the projected 2-body
Coulomb interaction the Fermi-liquid like state at half-
filling preserves particle-hole symmetry(see for instance
[48]). It is therefore important to construct a descrip-
tion of the composite fermi liquid theory which explic-
itly preserves the particle-hole symmetry. A very inter-
esting proposal for such a theory was made recently by
Son[5]. The composite fermion was proposed to be a two-
component Dirac fermion field  v at a finite non-zero
density, and with the e↵ective (Minkowski) Lagrangian:

L = i ̄v

�
/@ + i/a

�
 v � µv ̄v�0 v +

1

4⇡
✏µ⌫�Aµ@⌫a� (7)

Here aµ is a fluctuating internal U(1) gauge field and Aµ

is an external probe gauge field. The 2 ⇥ 2 � matrices
are �0 = �y, �1 = i�z, �2 = �i�x. µv is a composite
fermion chemical potential that ensures that its density
is non-zero. The physical electric current is

jµ =
1

4⇡
✏µ⌫�@⌫a� (8)

Here the 0-component is actually the deviation of the full
charge density ⇢ from that appropriate for half-filling the
Landau level, i.e

j0 = ⇢� B

4⇡
(9)

Here and henceforth (unless otherwise specified) we will
work in units where the electron charge e = 1 and ~ = 1.
In the presence of long range Coulomb interactions, the
above Lagrangian must be supplemented with an addi-
tional interaction term

R
x,x0 j0(x)V (x� x

0)j0(x0) where
V is the Coulomb potential.

The Lagrangian above describes the dynamics of the
composite fermions, and their coupling to external probe
electromagnetic fields. To obtain the full response of
the lowest Landau level to the electromagnetic field, this
Lagrangian must be supplemented by a ‘background’
Chern-Simons term which accounts for the �xy = e2

2h
demanded by particle-hole symmetry. This background
term takes the form

Lbg =
1

8⇡
✏µ⌫�Aµ@⌫A� (10)

Note the similarity of Eqn. 8 with the usual HLR
theory. There are however some important di↵erences
between Son’s proposal and the HLR theory. Under the
original particle-hole symmetry operation C, the com-
posite fermion field  v is hypothesized to transform as

C vC
�1 = i�y v (11)

Thus  v goes to itself rather than to its antiparticle un-
der C. Further this transformation implies that the two
components of  v form a Kramers doublet under C (re-
call that C is anti unitary). With this transformation,
the Lagrangian is manifestly invariant under C so long
as we choose a0 ! a0, ai ! �ai and let the time t ! �t.
The deviation j0 of the physical charge density from half-
filling (see Eqn. 8) is then odd under C as required.

These composite fermions are at a non-zero density B
4⇡

and fill states upto a Fermi momentum Kf . This should
be compared with the HLR theory where the prescrip-
tion for the composite fermion density is just the electron
density ⇢. At half-filling we have ⇢ = B/4⇡ and the two
prescriptions agree. . However these two prescriptions
are di↵erent on going away from half-filling. We will see
later (in Appendix C) that this slight di↵erence actually
plays a crucial role.

Returning to the particle-hole symmetric theory, the
“Diracness” of the composite fermion is manifested as
follows: when a composite fermion at the Fermi surface
completes a full circle in momentum space its wave func-
tion acquires a Berry phase of ⇡. This is a “low-energy”
manifestation of the Dirac structure that does not rely
on the specifics of the dispersion far away from the Fermi
surface.

Finally notice that unlike in the original HLR theory
(but actually similar to subsequent work[49, 50] on the
related problem of bosons at ⌫ = 1) there is no Chern-
Simons term for the internal gauge field aµ.

If we ignore the gauge field, Eqn. 7 actually describes
a single Dirac cone that arises at the surface of 3d spin-
orbit coupled topological insulators. Interestingly, in this
e↵ective theory, C plays the role of time reversal as is
clear from Eqn. 11. Thus the proposed particle-hole
symmetric composite fermi liquid theory is this single
Dirac cone coupled to an emergent U(1) gauge field.

In the sections that follow we will build an understand-
ing of the correctness of Son’s proposal through physical
arguments and by relating the half-filled Landau level to
topological insulator surface states. An alternate recent
discussion[18] of particle-hole symmetry in the half-filled
Landau level proposes an “anti-HLR” state as a particle-
hole conjugate of the HLR state. We will however not
describe it here.

IV. PHYSICAL PICTURE OF THE
PARTICLE-HOLE SYMMETRIC COMPOSITE

FERMION

We now provide a very simple physical picture of these
particle-hole symmetric composite fermions by relating
them to previous constructions of the composite Fermi
liquids. Subsequent to the original HLR theory through
a process of intense reexamination[49, 51–56] a picture
of the composite fermion as a neutral dipolar particle
emerged. This is illustrated by considering the compos-
ite fermion at a filling ⌫ = p

2p+1 slightly di↵erent from 1
2 .

+Lbg[Aµ]

Effective Lagrangian
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1/2-filled LL and correlated TI surfaces  

Derivation of p/h symmetric composite fermi 
liquid theory

 
(C. Wang, TS, 15; M. Metlitski, A. Vishwanath, 15)



p/h symmetric LL as a surface of a 3d fermionic 
topological insulator: 

Preliminaries

Consider (initially free) fermions with ``weird” action of time-reversal (denote C):

C ρ C-1 = - ρ

ρ = conserved ``charge” density. 

Full symmetry = U(1) x C 
(called class AIII in Topological Insulator/Superconductor literature*)

 

*distinct symmetry from usual spin-orbit coupled insulators which have U(1) ⋉ C symmetry (i.e, ρ is usually even 
under time reversal). 



p/h symmetric LL as a surface of 3d fermion SPT 
(cont’d)

 

Surface: Single massless Dirac fermion 

C symmetry guarantees that surface Dirac cone is exactly at neutrality. 
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to K. It’s Kramers partner is the state at �K which
has exactly the opposite “spin” polarization. When the
composite fermion goes around it’s Fermi surface the ro-
tation of the momentum by 2⇡ thus forces a Berry phase
of ⇡.

We can see that this ‘new’ dipole is the natural fate of
the ‘old’ dipolar picture when ⌫ = 1/2 and particle hole
symmetry is taken into account.

Thus we now have a very simple physical picture of
the structure of the particle-hole symmetric composite
fermion. This physical picture also establishes a conti-
nuity between the theory of the particle-hole symmetric
composite fermi liquid with the earlier descriptions.

We turn next to a di↵erent understanding of the
particle-hole symmetric half-filled Landau level which
yields powerful insights.

V. THE HALF-FILLED LANDAU LEVEL AS A
TOPOLOGICAL INSULATOR SURFACE STATE

It is important to emphasize that the C symmetry at
⌫ = 1

2 is not an exact ultra-violet (UV) symmetry of the
theory. Further it does not act locally in the microscopic
Hilbert space. It is an emergent non-local symmetry of
just the lowest Landau level at half-filling with the re-
striction to a two-body interaction (or more generally to
2n-body terms). As a matter of principle an exact pro-
jection from higher Landau levels will also have three-
body terms, etc which will break the C symmetry. A
useful approximation, in the limit of weak Landau level
mixing, is to ask about the ground state in the lowest
Landau level with exact C symmetry, and then under-
stand the C-breaking e↵ects as a perturbation.

Can we find a UV completion of the half-filled Lan-
dau level that retains C as an exact microscopic local
symmetry? We turn next to this question.

Consider fermions in 3d with a symmetry group U(1)⇥
C. For now we define C acting on these fermions to be
an anti unitary operator which is such that the generator
of the U(1) symmetry is odd under C. As an example
consider a lattice tight binding Hamiltonian

H3d =
X

ij

X

s

tijc
†
iscjs + h.c

+�ij

⇣
c†i"c

†
j# + c†i#c

†
j"

⌘
+ h.c

Here i, j are sites of a 3d lattice, s =", # is the electron
spin. The triplet Cooper pairing term breaks charge con-
servation, and SU(2) spin rotations but leaves a U(1)
subgroup of rotations generated by Sz invariant. So
long as the hopping and pairing parameters are real the
Hamiltonian is also invariant under an anti unitary time
reversal operation which we denote C that acts locally
and takes cis ! i (�y)ss0 cis0 .

Consider gapped free fermion Hamiltonians with this

symmetry1 . The progress on topological insula-
tors/superconductor shows that in 3d such systems are
classified[58, 59] by the group Z corresponding to an inte-
ger topological invariant which we label n. Correspond-
ingly at the two dimensional interface with the vacuum
there is a gapless surface state with n Dirac cones with
the Lagrangian:

L =
nX

↵=1

 ̄↵

�
�i/@

�
 ↵ (15)

with the following symmetry action

U(�) ↵U
�1(�) = ei� ↵ (16)

C ↵C
�1 = i�y 

†
↵ (17)

The fermions  ↵ are each 2-component and the corre-
sponding � matrices are �0 = �y, �1 = �z, �2 = �x.
The fermion density  †

↵ ↵ is odd under C. Thus the
symmetry action on the surface is U(1)⇥C as required.
Further the oddness under C implies that we cannot add
a chemical potential term so that the Dirac fermions are
necessarily at neutrality.

Recent work[35, 36] shows that with interactions this
Z classification is reduced to Z8 (so that only n =
0, 1, ...., 7 are distinct phases)2. We will henceforth fo-
cus on the n = 1 state which is stable to interactions.

We will take the liberty of calling the generator of the
global U(1) symmetry as ‘charge’ irrespective of its mi-
croscopic origins in an electron model. This charge is
odd under the anti unitary C operation. We will fur-
ther take the liberty of occasionally referring to C as
“time reversal”. When the results are applied to the
half-filled Landau level discussed in the previous section
the C operation will be interpreted physically precisely
as the anti-unitary particle-hole symmetry transforma-
tion (hence the same symbol as in the previous section).
In that context C should of course not be confused with
physical time reversal which is not a symmetry of the
half-filled Landau level.

Consider coupling the surface theory, at n = 1, to
external static “electromagnetic” fields that couple to
the U(1) charge and current densities. As the charge is
odd under C the current is even. Then electric fields are
C-odd while magnetic fields are C-even. We can thus
perturb the surface theory by introducing an external
magnetic field while preserving the U(1)⇥C symmetry.
We will work in a limit in which we assume that the
continuum approximation (Eqn. 15) is legitimate. The
resulting Lagrangian takes the form

L =  ̄
�
�i/@ + /A

�
 + .... (18)

1
This symmetry class is denoted AIII in the topological insulator

literature.

2
There is an additional Symmetry Protected Topological phase

which cannot be described within free fermion theory so that

the full classification[35] is Z8 ⇥ Z2.

external probe  gauge field

2-component fermion



p/h symmetric LL as a surface of 3d fermion  SPT 
(cont’d)

ρ is odd under C => `electric current’ is 
even. 

External E-fields are odd but external B-
fields are even. 

=> Can perturb surface Dirac cone with 
external B-field. 

μ
ν = 0

⇠
p
B

ν = 1

ν = -1

C-symmetry: ν = 0 LL is exactly half-filled.   

Low energy physics:  project to 0LL

With interactions => map to usual half-filled LL



Comments

Vacuum
Gapped  
Topological 
Insulator   

Interface 
composite fermi  
liquid

 Easy

 Hard

Exploit understanding of relatively trivial bulk TI to learn about non-trivial correlated surface 
state.

Implication:  Study p/h symmetric half-filled LL level by studying correlated surface 
states of such 3d fermion topological insulators. 



Deep connections between 3 apparently different 
problems   

Half-filled Landau level of 
2d electron gas: 

Composite fermi liquids

Effects of strong correlations on 3d 
topological insulators/superconductors

Quantum spin liquids in 3d 
(eg, in quantum spin ice)

Many new insights/results. 

 

Wang, TS, 2015
Metlitski, Vishwanath, 2015
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How to study physics of strongly correlated topological 
insulators?   

Cannot use band theory - need other methods 

 
Very useful strategy: couple to a weakly fluctuating dynamical 
`electromagnetic’ field. 

 Interpretation of resulting state: a quantum spin liquid with an emergent 
photon where the `electric charge’ forms a topological insulator. 



A powerful conceptual tool 

 

 

A  `gedanken’ experiment: 

Probe the fate of a magnetic monopole inside the material
(after coupling electrons to a dynamical ``electromagnetic” field). 

Thinking about the monopole is a profoundly simple way to non-
perturbatively constrain the physics of the material. 

Reminder: Elementary monopole is a source of hc/e magnetic flux. 



Monopoles and topological insulators  

 

 

Ordinary insulator: hc/e monopoles have q = 0. 

Topological insulator with U(1) x C symmetry: 

hc/e monopoles have fractional charge q = ±e/2. 
(related to magneto-electric response θ = π, Qi, Hughes, Zhang 09; 
Rozenberg, Franz, 10)

2hc/e monopole can be electrically neutral (bind the two hc/e 
monopoles with q = ±e/2).

 Can show that this neutral 2hc/e monopole a Kramers doublet 
under C, and is a fermion. (Wang, Potter , Senthil, 13; Metlitski, Kane, Fisher, 13)

- identify with composite fermion



Surface magnetic field and bulk magnetic monopoles

Build up magnetic field B at surface by moving 
magnetic monopoles from vacuum to inside of TI. 

Moving strength-n monopole => surface magnetic 
flux increases by 2πn. 

Monopoles inside TI are non-trivial => monopole 
insertion leaves behind non-trivial surface 
excitation. 

Vacuum Insulator

Surface state

nh/e monopole

nh/e  
``vortex”



A remarkable duality 

Can view  this 3d quantum state of matter in two equivalent ``dual” ways. 

1. Topological insulator of electric fermion (with no magnetic flux) 
or

2. Topological insulator of neutral 2hc/2 magnetic  monopole (= composite fermion)



Consequences for surface: Justification of Dirac CF 
theory

 

Each time surface flux increases by 2hc/e,  we add a neutral Kramers doublet fermion 
to surface - identify with composite fermion. 

Surface magnetic field B => density B/4π of neutral composite fermions.

Duality of Surface theory (fermionic version of charge-vortex duality): 

`Electric’ picture: Dirac cone of electric fermions in B-field (= Half-filled LL problem) 

Dual `magnetic’ theory: Dirac cone of neutral composite fermions at 
finite density + U(1) gauge field (= proposed Dirac composite fermion theory) 



Composite fermi liquids as vortex metals

HLR/Jain composite fermion: Charge - flux composites

Particle-hole symmetric composite fermion: Neutral vortex 

Describe CFL as a vortex liquid metal formed by neutral fermionic vortices. 

Vortex metal description: 

-  Simple understanding of transport 
(similar to other 2d quantum vortex metals, eg, in Galitski, Refael, Fisher, TS, 06)

-  Extensions to CFLs away from ν = 1/2



Transport in the CFL 

1. Longitudinal electrical conductivity / composite fermion resistivity (nat-
ural from vortex liquid point of view)

Hall conductivity = e

2

2h (exactly)

2. Longitudinal thermal conductivity = composite fermion thermal conduc-
tivity

Wiedemann-Franz violation (Wang, TS, 15)


xx

L0T�xx

=

✓
⇢
xy

⇢
xx

◆2

> 103

L0: free electron Lorenz number

(Also actually in HLR)

3. Thermoelectric transport:

Vortex metal: Nernst e↵ect from mobile vortices unlike HLR (Potter et
al, 15)



Composite Fermi liquids in LLL at generic ν:  
Quantum vortex liquids with Fermi surface Berry 

phases

General ν = 1/(2q) but with LLL restriction: 
 
Attach 2q vortices to electron. 

LLL => neutral fermionic vortex distinct from Jain/HLR composite fermion (many people in 
late 1990s)

Effective theory must have no Chern-Simons term for internal gauge field to ensure this. 

 Trade Chern-Simons term for Fermi surface Berry phase ɸB = - 2 π ν

E↵ective Lagrangian

L = L�B [ v, aµ]�
1

4q⇡
✏µ⌫�aµ@⌫A� +

1

8q⇡
✏µ⌫�Aµ@⌫A�.

Unified viewpoint on CFLs of fermions and of bosons at ν = 1 (Read 98; Alicea et al 05)  

Wang, TS, 2016



Comments/summary

1.  Old issue of p/h symmetry in half-filled Landau level: simple, elegant answer 

General viewpoint: Regard LLL composite fermi liquid as a quantum metal of neutral 
fermionic vortices (Fermi surface Berry phases even without p/h symmetry) 

2. Surprising, powerful connection to correlated 3d TI surfaces and to quantum spin liquid 
theory

3. Many other related results 

-- classification of time reversal invariant 3d spin liquids with emergent gapless photon 

- particle-vortex duality for 2+1-d massless Dirac fermions

- - clarification of many aspects of correlated surfaces of 3d TIs
……..


