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SC in correlated materials
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Quantum criticality in metals 

 Small changes of external parameters - quantum phase 
transitions between different competing states. 

A common phase diagram
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Is quantum criticality good for SC? 
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Many examples where superconducting  Tc is optimized near QCP. 

(Some heavy fermions,  iron SC, cuprates?)
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The elephant in the room: Non-fermi liquids

Confusion (opportunity?): 

Metallic state above Tc near QCP is often not a Fermi 
Liquid. 

T

Tuning 
parameter

Phase A Phase B

Non
Fermi Liquid

Thursday, August 14, 14



Non-Fermi liquids, quantum criticality, and 
superconductivity

Are non-Fermi liquids more unstable to SC than Fermi liquids?

Relationship of either with quantum criticality? 
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Experiment? 

Some but not all quantum critical non-FLs are 
apparently unstable to SC. 

Examples: 
1.  CePd2Si2 , CeIn3, iron arsenide, 
(cuprates? ): SC enhanced near QCP. 

2. YbRh2Si2, CeCu6-xAux: no SC near QCP
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FIG. 1. Pressure-temperature phase diagram of CePd2Si2.
Magnetic (TN) and superconducting (Tc) transition tempera-
tures have been determined from the mid-points of dρ/dT and
ρ, respectively. The inset shows the superconducting part of
the phase diagram in more detail. As can be inferred from
Fig. 4, the transition width, ∆Tc, is typically of the order of
50 mK, but rises towards the high- and low-pressure borders
of the superconducting region.

CeNi2Ge2, the isoelectronic relative of CePd2Si2 has been
found to display at ambient pressure a behaviour anal-
ogous to that of CePd2Si2 just beyond the critical pres-
sure [23–25]. Studies on CeNi2Ge2 enable us to extend
the phase diagram of CePd2Si2 to higher effective pres-
sure and to examine the evolution of the normal state
and novel ordered states in greater detail [24–29]. The
resulting phase diagram shows not only a low pressure
superconducting phase, limited to a small pressure range
similar to that observed in CePd2Si2, but also an unex-
plored magnetic phase arising at high pressures of the
order of 1.5 GPa and coinciding with a further super-
conducting region at high pressure, which extends up to
at least about 3 GPa. This leads us to expect a simi-
lar second superconducting region in the sister comound
CePd2Si2 starting at pressures about 1.5 GPa above pc,
i.e above 4 GPa and stretching up to about 3 GPa above
pc, up to about 6 GPa. Unfavourable sample or pressure
conditions may in some cases cause the two supercon-
ducting ranges to merge, giving rise to the impression of
a single, wide superconducting phase.

The merging of two superconducting ranges under non-
hydrostatic pressure would offer an explanation for the
drastic contrast between Bridgman-cell measurements on
CePd2Si2 using a solid pressure medium [30], which show
a wide superconducting region above pc, and both our
original determination of the phase diagram in a hydro-
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FIG. 2. Pressure-temperature phase diagram of CeIn3.
Magnetic (TN ) and superconducting (Tc) transition temper-
atures have been determined from the mid-points of dρ/dT
and ρ, respectively. The solid triangles have been taken from
[22], scaling the pressure-axis by a fixed factor of about 90%.
The different absolute pressure scale evident from [22] is at-
tributed to differences in the pressure calibration. The inset
shows the superconducting part of the phase diagram in more
detail. The transition width, ∆Tc, is only weakly pressure de-
pendent and remains smaller than 20 mK where it could be
determined.

static pressure cell [31] and its recent independent con-
firmation [32,33]. While unsuitable for detailed studies
of the critical region, where under hydrostatic conditions,
a very narrow superconducting region can clearly be re-
solved, the Bridgman-cell measurements give a first indi-
cation of the possible presence of a second high pressure
superconducting phase in CePd2Si2, as anticipated from
earlier findings on CeNi2Ge2 [24–29].

These findings on CeNi2Ge2 and CePd2Si2 raise the
intriguing possibility that some tetragonal Cerium heavy
fermion compounds could be nearly critical over a wide
region in parameter space, pressure or composition,
maybe as a result of the competition between different
types of magnetic order. This scenario may present the
simplest and most intuitive explanation for the surprising
stability of superconductivity in CeCu2Si2.

A. CePd2Si2 and CeIn3

The heavy fermion antiferromagnets CePd2Si2 and
CeIn3 offer an interesting opportunity for studies of the
antiferromagnetic heavy fermion critical point. CePd2Si2
is isostructural to the heavy fermion superconductor
CeCu2Si2 [1] and its larger volume relative CeCu2Ge2 [5]

2
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Non-Fermi liquids, quantum criticality, and 
superconductivity

Are non-Fermi liquids more unstable to SC than Fermi liquids?

Relationship of either with quantum criticality? 

Urgent need: controlled theory of some examples of non-Fermi liquids permitting 
access to these questions. 
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Two classes of quantum critical metals
Crucial:  Fate of Fermi surface as a Fermi liquid metal undergoes a quantum 
phase transition?

Two general possibilities

Mutilate Kill

Fermi surface evolves 
continuously but is distorted
in some way.
(Ferromagnet, nematic, SDW, 
CDW,.....)

Discontinuous Fermi surface 
evolution through a 
continuous transition  
(2nd order Mott transition, 
Kondo breakdown,.....)

Framework: Fermi surface + critical order 
parameter fluctuations

(Only known) framework: Slave 
particle methods. 
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Two case studies

10

1. Continuous Fermi surface change: Nematic quantum 
criticality in a metal

 

2. Discontinuous Fermi surface change: `Kondo breakdown’ 
criticality in Kondo lattices.  

 

Metlitski, Mross, Sachdev, Senthil, 14
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A case study:
Onset of electronic nematic order in a metal

11

Electronic nematic order in a crystal 

Break lattice rotation symmetry without breaking translation symmetry 

Eg: Tetragonal - orthorhombic change of symmetry. 

Growing number of examples in experiments. 

1. Quantum Hall regime in GaAs (Eisenstein, 1998)

2. Ruthenate Sr3Ru2O7 (A. MacKenzie, 2004)

3. Cuprates (Ando 2003, Keimer 2009, Taillefer 2010, Davis 2010), Iron pnictides

 
Sometimes nematic is a `half-way’ house toward developing some other 
order (charge/spin stripes,.....)
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 Electronic nematic order and the Fermi surface

Electronic nematic in a metal  leads to distortion of Fermi surface

Order parameter O =
P

�K (CosKx � CosKy) c
†
KcK .

Right at the quantum phase transition, Fermi surface of electrons are 
coupled to critical fluctuations of nematic order parameter. 
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Physics at the critical point

 
Two competing effects

1. Landau quasiparticle destroyed by critical order parameter fluctuations
- non-fermi liquid physics 

2. Order parameter fluctuations mediate an attractive interaction 
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Physics 

 
Two competing effects

1. Landau quasiparticle destroyed by critical order parameter fluctuations
- non-fermi liquid physics (bad for pairing) 
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Physics 

 
Two competing effects

1. Landau quasiparticle destroyed by critical order parameter fluctuations
- non-fermi liquid physics (bad for pairing) 

2. Order parameter fluctuations mediate an attractive interaction 
(good for pairing)😃
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Physics 

 
Two competing effects

1. Landau quasiparticle destroyed by critical order parameter fluctuations
- non-fermi liquid physics (bad for pairing) 

2. Order parameter fluctuations mediate an attractive interaction 
(good for pairing)😃

Our work: Disentangle this competition within systematic renormalization 
group methods. 
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Model

Fermi surface coupled to  critical bosonic order parameter fluctuations. 

First look: RPA predicts destruction of Fermi liquid. 

How to really treat? 

No natural small parameter; 

Introduce artificial small parameter to organize a systematic approximation 

(example: epsilon expansion of usual critical phenomena)

Thursday, August 14, 14



Beyond RPA

18

 

A controlled approximation (Mross, McGreevy, Liu, Senthil, 2010): 
Generalize to large N with a different parameter (Nayak, Wilczek, 94) ε = zb - 2 
(taken small, of order 1/N)

zb = boson dynamical exponent. 

Framework to address non-fermi liquid and superconductivity. 

Note: Naive large-N (without small ε) fails (S.-S. Lee 2010, Metlitski, Sachdev 2010). 
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A useful observation

Bosons with momentum

�k primarily couple with patches of Fermi surface

that are tangent to

�k.

�a(�k)

k̂
A scattering off such a boson keeps the 

fermion close to the  Fermi surface. 
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Divide and conquer: The patch construction

Divide Fermi surface into patches; in the low energy limit only patches with parallel 
normals are strongly coupled together. 

Worry a posteriori about short range four fermion interactions that couple 
different patches. 

Simple nearly circular Fermi surface: focus on two antipodal patches of Fermi 
surface. 

Polchinski, ’94
Altshuler et al, ’94

Motrunich, Fisher, ’07
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Renormalization Group Analysis 

 

5

We denote the fermions (physical electrons in the Ising-
nematic case, spinons in the spinon FS case and compos-
ite fermions in the HLR case) as f

↵

. We take the flavor
index ↵ to run from 1 to N . Physically, N = 2 (two spin
flavors) for the Ising-nematic QCP and spinon FS, and
N = 1 for the spin-polarized HLR phase.

Due to Landau-damping, boson fluctuations with
wave-vector ~q ! 0 interact most strongly with fermions
in the regions of the FS to which ~q is nearly tangent.46–48

We divide the FS into pairs of antipodal patches, labelled
by an index j, with

width ⇤
y

⌧ k
F

and thickness ⇤
x

⇠
⇤2

y

k
F

⌧ ⇤
y

⌧ k
F

, (2.1)

where k
F

is the Fermi momentum; see Fig. 2. For simplic-
ity, we assume that the Fermi-surface is connected and
convex, and furthermore, that the local Fermi-surface
curvature K and Fermi momentum k

F

are comparable.

⇤
y

⇤
x

f
+f�

FIG. 2: A pair of antipodal patches, labeled by a fixed j, on
the Fermi surface. The values of ⇤

x

and ⇤
y

are constrained
as in Eq. (2.1).

Antipodal points ±~k
j

on the FS are chosen in patch
pair j and directions perpendicular (x̂

j

) and tangent (ŷ
j

)

to the FS at ~k
j

defined. The fermion operator f
↵

is then

expanded in terms of patch fields f j

±,↵

(x) as,

f
↵

(x) =
X

j

(f j

+↵

(x)ei

~

kj ·~x + f j

�↵

(x)e�i

~

kj ·~x). (2.2)

We also define boson patch fields �j(x) to include only
momenta nearly tangent to the FS in patch j:

|q
x

| < |q
y

|⇤y

k
F

, |q
y

| < ⇤
y

. (2.3)

The e↵ective action S describing the fermion-boson in-
teraction then breaks up into decoupled actions for each
patch pair,

S =
X

j

Sj , (2.4)

with12,24,48

Sj =

Z
d2xd⌧(L
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[f j ] + L
int
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) (2.7)

S
�

=
N

2g2

Z
d2~qd!

(2⇡)3
|q

y

|1+✏|�(~q, !)|2 (2.8)

Here, we have suppressed the patch index j. The Fermi-
curvature K, the Fermi-velocity v

F

and, in the case of
the Ising nematic transition, the coupling constant g2,
will generally vary along the Fermi-surface (i.e. will be
patch-dependent). The constant ⇣ = 1 for the nematic
QCP and ⇣ = �1 for the spinon FS and HLR phases.

For general ✏, the action S
�

is non-local. For the
HLR state, this term encodes the long-range microscopic
electron-electron interation, U(~x) ⇠ 1/|~x|1+✏. The im-
portant case of a Coulomb interaction corresponds to
✏ = 0, while for a short-range interaction, ✏ = 1, and the
term (2.8) is local. In case of the nematic QCP or spinon
FS phase, the physical value of ✏ is ✏ = 1. However,
one may be able to access ✏ = 1 via an expansion around
✏ = 0.24,49 We, thus, work in the regime 0  ✏ ⌧ 1 below.

As already noted, distinct pairs of patches j 6= j0 are
decoupled in the above description and can be treated
independently. We will shortly discuss the crucial role
played by the inter-patch interactions in the pairing
physics, however, for now, let us ignore such couplings
and review the RG analysis of the two-patch theory (2.6)
- (2.8).24,49 The two-patch theory is described by a single
dimensionless coupling constant,

↵ ⌘
g2v

F

⇤�✏

y

(2⇡)2
. (2.9)

The fermion part of the action (2.6) dictates the scaling
of frequency and momenta:

! ! e�zf `!, q
x

! e�`q
x

, q
y

! e�`/2q
y

, (2.10)

with the bare dynamical exponent, z
f

= 1. As we will
see below, z

f

will generally be renormalized by inter-
actions, however, the “anisotropic” momentum scaling,
q
x

⇠ q2

y

, is exact due to the non-renormalization of the
FS curvature K.12 The full interacting fermion Green’s
function G(!, ~q) depends only on the distance to the FS,
q
x

+ q2

y

/(2K), so we may identify z
f

with the fermion
dynamical exponent. On the other hand, the full boson
propagator D(!, ~q) of the two-patch theory depends only
on the momentum tangent to the FS, q

y

, so the above

Patch action has one dimensionless coupling constant

↵ ⌘
g2vF⇤�✏

y

(2⇡)2

Perturb in ↵: 1-loop RG equations

d↵

dl
=

✏

2

↵� ↵2

N
(1)

dvF
dl

= � ↵

N
(2)

Fixed point at ↵⇤ =

N✏
2 .

Can analyze all NFL physics at this fixed point.

Mross, McGreevy, Liu, TS, 2010. 

Thursday, August 14, 14



Pairing instability? 
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 Beyond patch approximation

Must include inter-patch couplings that are generated under RG.  

Decrease patch size => some couplings that originally were intra-
patch now become inter-patch after the RG. 

=> modification of usual Shankar RG flow for Cooper interaction

(physics: attractive interaction from order parameter 
fluctuations). 
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Patch + Shankar
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FIG. 3: Top: Our RG procedure. During each RG step, each patch of the Fermi-surface is divided into two smaller patches.
The relationship between the widths and heights of the patches remains as in Eq. (2.1). Bottom: Single boson exchange
mediates a non-local intra-patch interaction (left). Here and below, solid/dashed lines are fermion/boson propagators. As high
momentum boson modes are integrated out in the RG process, a local inter-patch four-Fermi interaction in the BCS channel
�V (~k1,�~k1;~k2,�~k2) is generated (right).
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Here, V s/V a are, respectively, symmetric/antisymmetric

under exchanging ~k
1

$ ~k
2

, and ~k
3

$ ~k
4

. Only the
values of the interaction for BCS-matched momenta,
V s,a(~k

1

, �~k
1

;~k
2

, �~k
2

), play a role; furthermore, ~k
1,2

can
be taken to lie on the FS. From now on, we assume that
the system is rotationally invariant,80 so we may write
V s,a(~k

1

, �~k
1

;~k
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, �~k
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) = V s,a(✓
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), with ✓
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- angles
on the FS. Performing an expansion in angular harmon-
ics,
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m

eim(✓1�✓2) (2.21)

V s involves only even angular momentum components
and V a - odd. It is convenient to define dimensionless
BCS interaction constants,

eV s,a

m

⌘ k
F

2⇡v
F

V s,a

m

. (2.22)

In the absence of the coupling to the gapless boson (i.e.
in a Fermi-liquid), the RG flow of the BCS interaction
(2.20) can be determined as in Refs. 44,45. The RG in
their work involves only the rescaling of ⇤

x

, which is the
same as that in Fig. 3 (top). Our rescaling of ⇤

y

plays no
role in the renormalization of the BCS interaction, and
so we can read o↵ the renormalization of eV s,a

m

from their
results: this interaction is marginal at tree level, and
acquires the following flow at one-loop level (see Fig. 4),
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m

)2 (2.23)

Thus, in a Fermi-liquid, if the initial value of the BCS
interaction is repulsive, V s,a

m

> 0, then V s,a

m

flows loga-
rithmically to zero, while if the inital value of the inter-
action is attractive, V s,a

m

< 0, V s,a

m

runs away to �1 at
an energy scale, �

BCS

⇠ ⇤
!

exp(�1/|eV s,a

m

|), signaling an
instability to fermion pairing.

deVm

d`
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N
� (eVm)2

d↵

dl
=

✏

2
↵� ↵2

N
dvF
dl

= � ↵

N

Combine with NFL RG 
equations

Similar methods: 
Color SC in QCD at finite density,
D. Son, 1998 
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Solutions: pairing instability

BCS instability independent of initial values of ↵ or V .

Even for bare repulsive interactions,  order parameter fluctuations eventually drive attraction. 

Nematic QCP always unstable to SC!
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Pairing versus non-Fermi liquid

2

Non-Fermi-liquid

Fermi liquidSC
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x

x
c

T

Fermi liquid

SC

Coherent electrons 
Quantum critical �

Fermi liquid

h�i 6= 0
x

x
c

T

Fermi liquid

h�i = 0

FIG. 1: Top: Conventional phase diagram of a quantum crit-
ical point (QCP) associated with an order parameter �, with
a superconducting dome (SC) partially overlapping the quan-
tum critical region of the ‘bare’ QCP of a metal. Bottom:
the phase diagram obtained in the present paper, with the
SC dome fully overlapping the incipient regime of incoherent
fermionic quasiparticles, while the quantum critical � fluctu-
ations survive into higher temperatures in the normal state.

nient setting for studying the interplay between quantum
criticality, nFL and pairing physics.

We perform a systematic renormalization group (RG)
analysis of the Ising-nematic QCP. Our approach uti-
lizes an idea introduced by D. T. Son in his study of
quark pairing by the color gauge field in dense baryonic
matter.43 We combine the conventional Fermi-liquid RG
treatment of Refs. 44,45 with the so-called “two-patch”
scaling approach of Refs. 12,46–48. Analytical control is
gained through the ✏-expansion introduced in Ref. 49 and
its subsequent large-N improvement.24 We find that the
Ising-nematic QCP is always unstable to superconduc-
tivity. In particular, attractive pairing interaction medi-
ated by the order parameter fluctuations dominates over
other residual short range interactions (even if they are
repulsive) and drives a pairing instability as the QCP is
approached. However, the residual short range interac-
tions determine the angular momentum/spin channel in
which the pairing instability occurs; as a result, the pair-
ing symmetry is non-universal. The usual weak coupling
BCS formula, T

c

⇠ exp(�1/|V |), relating the supercon-
ducting T

c

to the strength of the short-range interac-
tion V clearly does not hold in the vicinity of the QCP.

Rather the superconductivity is strongly enhanced, and
T

c

at the QCP scales in a power-law manner with the
coupling between order-parameter fluctuations and the
electrons. Thus, in this example we clearly demonstrate
the importance of quantum criticality in optimizing the
superconducting T

c

. Moreover, in the regime where our
calculation is controlled (small ✏), the energy scale at
which superconductivity sets in is parametrically larger
than the energy scale at which electronic quasiparticles
are destroyed. Thus, the superconducting instability is so
strong that it preempts the nFL physics (see the bottom
figure in Fig. 1). The above results of our RG analysis are
in exact agreement with a direct solution of Eliashberg-
like integral equations, as is shown elsewhere by one of
us.50,51

We also apply the same RG treatment (albeit with
very di↵erent conclusions) to two other nFL states, as
described in the following subsections.

B. Spinon Fermi-surface phase

The spinon Fermi-surface phase is an exotic Mott-
insulating spin-liquid with emergent spin-1/2 fermionic
spinon excitations, f

↵

(x), ↵ =", #. The spinon disper-
sion is such that they form a Fermi-surface. This phase
may be accessed in the slave-particle (parton) treat-
ment, where electron spin operators ~S

i

are represented
as ~S

i

= 1

2

f†
i↵

~�
↵�

f
i�

, subject to the local constraint,

f†
i↵

f
i↵

= 1. While the spinons are neutral under the
physical electromagnetic field, they carry a charge un-
der an emergent U(1) gauge field a

µ

, hence this phase is
also often referred to as a U(1) spin-liquid. An e↵ective
Lagrangian of the spinon FS phase may be written as,

L = f†
↵

[@
⌧

� ia
⌧

+ ✏(�ir �~a)]f
↵

+
1

2g2

(✏
µ⌫�

@
⌫

a
�

)2 + . . .

(1.1)

where ✏(~k) is the spinon dispersion and the ellipses de-
note additional perturbations, such as four-spinon inter-
actions.

The presence of gapless spinon excitations in the vicin-
ity of the FS strongly a↵ects the gauge field dynam-
ics. The longitudinal fluctuations of the emergent electric
field are Debye screened by the spinon FS and become
gapped. The fluctuations of the emergent magnetic field
are Landau-damped by the FS, but remain gapless. The
coupling of these Landau-damped magnetic field fluctua-
tions to spinons is expected to lead to “non-Fermi-liquid”
behavior of the spinon FS,46,47 e.g. the anomalous scal-
ing of specific heat C ⇠ T 2/3.

The spinon FS phase is expected to naturally arise
in so-called “weak” Mott insulators - ones proximate
to a metal-insulator transition. There is numerical ev-
idence for the presence of this phase in the triangu-
lar lattice Hubbard model in the intermediate range of
U/t.52–55 Moreover, it has been proposed as a candidate
for the quasi-2d triangular lattice organic insulators  �

In regime where we can control our 
calculation (ε≪ 1), SC completely preempts 
NFL!

Scale of NFL ≪ SC. 

For ε = 1, these scales are parametrically the 
same but we cannot control the theory. 
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Two case studies

27

1. Continuous Fermi surface change: Nematic quantum 
criticality in a metal

SC enhanced. 

2. Discontinuous Fermi surface change: `Kondo breakdown’ 
criticality in Kondo lattices.  
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Two case studies
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1. Continuous Fermi surface change: Nematic quantum 
criticality in a metal

SC enhanced. 

2. Discontinuous Fermi surface change: `Kondo 
breakdown’ criticality in Kondo lattices.  

SC suppressed. 
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Two case studies

29

1. Continuous Fermi surface change: Nematic quantum 
criticality in a metal

SC enhanced. 

2. Discontinuous Fermi surface change: `Kondo 
breakdown’ criticality in Kondo lattices.  

SC suppressed. 

(Critical theory: Emergent neutral Fermi surface + gauge 
fields, etc

Pairing instability suppressed by gauge interactions)
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Back to experiments

Some but not all quantum critical non-FLs are 
apparently unstable to SC. 

Examples: 
1.  CePd2Si2 , CeIn3, iron arsenide, 
(cuprates? ): SC enhanced near QCP. 

2. YbRh2Si2, CeCu6-xAux: no SC near QCP

    Dominated by order parameter fluctuations?

    Dominated by electronic structure fluctuations?
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Summary/related problems

1. Controlled theory of examples of interplay between quantum criticality, non-fermi liquid and 
superconductivity. 

 
2.  Methodological progress: 

Solution of other related problems: 
(i) Phase transition between composite Fermi liquid and Moore-Read states of 2d FQHE
(ii) Phase transitions between  some distinct quantum spin liquid states of 2d magnets. 
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