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Strongly correlated topological insulators  

Interaction dominated phases as topological insulators? 

Move away from the crutch of free fermion Hamiltonians and band 
topology. 

 



 Some questions about interacting topological 
insulators 

1.  Are there new phases that have no non-interacting counterpart? 

2.  Physical properties? 

3. Experimental realization? 
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How to generalize 3d topological insulators to 
interacting electrons?  

Minimal interacting generalization:

Strongly correlated spin-orbit coupled insulators 

- a bulk gap and no exotic bulk excitations, 
i.e, no fractional charge or unusual statistics (``short range entangled”). 

Terminology: ``Symmetry Protected Topological” (SPT) phases. 

 
 

 



 Some questions about interacting topological 
insulators 

1.  Are there new phases that have no non-interacting counterpart? 

2.  Physical properties? 

3. Experimental realization? 

First refine
the question

Refined question:  Phases and properties of interacting `Symmetry Protected 
Topological’ electronic  insulators* 

* Symmetry: Charge conservation, time reversal.   



Plan of talk

1.  Lightning summaries:  (i) free fermion topological insulators in 3d

                                    (ii) bosonic topological insulators in 3d 

2. 3d interacting electron TIs 

- new Z23 classification 

- description of the new interacting TIs

4. 3d fermionic interacting TI/TSc with other symmetries: Beyond the 10-fold 
way. 

 

 



Review: free fermion 3d topological insulators

Surface states:  Odd number of Dirac cones

Trivial gapped/localized insulator not possible at surface
so long as symmetry is preserved (even with disorder) 



Review: Free fermion topological insulators 
Axion Electrodynamics

Qi, Hughes, Zhang, 09
Essin, Moore, Vanderbilt, 09

EM response of any 3d insulator

L
eff

= L
Max

+ L
✓

(1)

L
✓

=
✓

4⇡2
~E. ~B
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Ordinary band insulator: ✓ = 0.
Topological band insulator: ✓ = ⇡.



Consequences of axion response: Witten effect

External magnetic monopole in EM field:

θ term => monopole has electric charge θ/2π. 

(``Witten dyons”). 
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A very useful detour: Bosonic topological insulators 

Useful stepping stone to interacting fermionic TIs. 

Many new and useful non-perturbative ideas to discuss topological insulator/SPT 
states. 

Old example: Haldane spin-1 chain 
(Symmetry protected dangling spin-1/2 edge states). 

 



Bosonic SPT phases 

d = 1:  Classification/physics
Pollman, Turner, Berg, Oshikawa, 10; Fidkowski, Kitaev, 11;  Chen, Gu, Wen 11; Schuh, Perez-Garcia, Cirac, 11. 

d > 1: Progress in classification
1. Group Cohomology  (Chen, Gu, Liu, Wen, 2012)

2. Chern-Simons approach in d =2 (Lu, Vishwanath, 2012). 

Physics:
d = 2: Levin, Stern, 2012; Lu, Vishwanath, 2012; Levin, Gu, 2012; TS, Levin, 2013

d = 3:  Vishwanath, TS, 2013;     Wang, TS, 2013;     Xu, TS, 2013; 
Metlitski et al, 2013;   Burnell, Chen, Fidkowski, Vishwanath, 2013; ..... 

Here we will need some physical ideas on d = 3 boson TI/SPTs. 

Reviews: 
Turner,Vishwanath, 12, 
TS, 14



Physics of 3d boson topological insulators 

 1.  Quantized magneto-electric effect (eg: axion angle θ = 2π, 0)

2.   Emergent exotic (eg: fermionic, Kramers or both) vortices at surface

3.   Related exotic bulk monopole of external EM field (fermion, Kramers, 
or both) (Wang, TS, 2013; Metlitski, Kane, Fisher, 2013). 

 

Explicit construction in systems of coupled layers: Wang, TS (2013). 

Vishwanath, TS, 2012



Surface topological order of 3d SPTs

 3d SPT surface can have intrinsic topological order though 
bulk does not (Vishwanath, TS, 2012). 

Resulting symmetry preserving gapped surface state realizes 
symmetry `anomalously’ (cannot be realized in strict 2d; 
requires 3d bulk). 
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Electronic topological insulators

The problem: Phases and properties of correlated spin-orbit coupled electronic SPT 
insulators*?

 

* Symmetry group U(1)o ZT
2



The answer 

 

 

3d electronic insulators  with charge conservation/T-reversal classified by Z23

(corresponding to total of 8 distinct phases). 

3 `root’ phases: 
Familiar topological band insulator, two new phases obtained as electron Mott insulators 
where spins form a spin-SPT (``topological paramagnets”). 

 
Obtain all 8 phases by taking combinations of root phases. 



Proof  

 

 



Bulk EM response 

 

 

Start with EM response of any 3d insulator
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Under T -reversal, ✓ ! �✓.
Periodicity ✓ ! ✓ + 2⇡: only ✓ = 0,⇡ consistent with T -reversal.

If there are 2 distinct insulators with ✓ = ⇡, can combine to make ✓ = 0

insulator.

=> To look for new insulators, su�cient to restrict to ✓ = 0.



Bulk magnetic monopole

 

 

Witten e↵ect => monopole charge

✓
2⇡ .

At ✓ = 0, monopole has charge 0.

Time reversal:

T �1mT = m†
(1)

T �1m†T = m (2)

=> Monopole transforms trivially under T-reversal.

Symmetries of monopole fixed.

Remaining possibilities:

Bosonic versus fermionic statistics of the monopole.



 Claim 

Bosonic monopole: 

Only allow for topological paramagnets* as new root states (simple proof 
next few slides)

Fermionic monopole: 

Impossible in strictly 3d interacting topological insulators (somewhat 
difficult proof, see Wang, Potter, TS Science paper Supplement). 

*Topological paramagnet = electronic Mott insulator where spins form a 

bosonic SPT phase. 



Bosonic magnetic monopole: implications for surface 
effective theory

 

 

Tunnel monopole from vacuum into bulk

Tunneling event leaves behind surface 
excitation which has charge-0 and is a 
boson. 

A convenient surface termination- a surface 
superconductor

Monopole tunneling leaves behind hc/e 
vortex which is a boson.

Vacuum Insulator

Interface

Monopole

More details :  Appendix of Wang, Potter, TS, Science 2014. 



Symmetry preserving surface

 

 

Disorder the superconducting surface: 

Condense the bosonic hc/e vortex. 

Result: symmetry preserving insulating surface with distinct topological sectors. 

hc/e vortex condensate => Charge quantized in units of e. 

=> Surface theory: every topological sector can be made neutral 
(integer charge => bind physical electrons to make neutral). 

Surface theory = (1, ε, ......) x (1,c) = (Neutral boson theory) x (1,c)

=> Bulk SPT order is same as for neutral boson SPT (supplemented by physical electron). 



 Neutral boson SPTs in electronic systems 

From electrons form neutral composites which are bosons, and let these 
bosons form a boson SPT. 

Describe as electron Mott insulators where spins form an SPT. 

Strong spin-orbit => spin system only has T-reversal symmetry. 

 ``Topological paramagnets” protected by time reversal symmetry. 

Classification of 3d electron TI: 

(band insulator classification) x (such topological paramagnets classification)

   =         Z2 x (such topological paramagnets classification)



Time reversal invariant Topological paramagnets

 

 

Classified by Z22 with two root states conveniently characterized by surface 
topological order (Vishwanath, TS, 2012, Wang, TS, 2013) of  deconfined Z2 gauge 
theory. 

1. Topological paramagnet-I (Label: eTmT)

 Z2 topological order where both e and m are Kramers 
 
2. Topological paramagnet-II (Label: ef mf)

Beyond `cohomology’ 

``All fermion” Z2 topological order where all topological particles are 
fermions

 

 

e

Phase of  π

m



Classification of 3d electron TI

 

 

(Band insulator classification) x (T-reversal symmetric topological paramagnets 
classification)

   =         Z2 x (such topological paramagnets classification)

   =         Z2 x Z22       =          Z23

 



Explicit construction of 3d time reversal invariant  
Topological Paramagnets 

Strategy: stack layers of Z2 topological ordered (``toric code”) phases with 
symmetry allowed in strict 2d. 

Transition to confine all bulk topological quasiparticles but leave deconfined 
surface topological order. 

Engineer surface topological order specific to SPT surface. 

C. Wang, TS, 2013



 Topological Paramagnet I (eTmT)

Surface topological order:

Z2 gauge theory (``toric code”) where both e and m are Kramers 
doublets (not possible in 2d with T-reversal). 

Coupled layer construction: 
1. Each layer: conventional 2d Z2 spin liquid where ei is Kramers doublet, mi is singlet. 

2. Condense ei mi+1 ei+2 (all self and mutual 
bosons)

=> confine all bulk quasiparticles

3. Surface: e1, m1e2 survive (at top surface)

These are mutual semions, and self-bosons
=> surface Z2 topological order, both e1, m1e2 are Kramers. 

 

 
 

8

densed, where i is the layer index running from 1 to
N − 2. Note that the eimi+1ei+2 all have bosonic self
and bosonic mutual statistics so that they may be si-
multaneously condensed. As illustrated in Figure 1, this
procedure confines all the non-trivial quasi-particles in
the bulk. However four particles on the surfaces survive
as the only deconfined objects: e1,m1e2, eN ,mNeN−1.
Notice that e1 and m1e2 are mutual semions and have
self-boson statistics. Thus they form a Z2 liquid at the
top surface. Similarly eN and mNeN−1 are self bosons,
have mutual semion statistics and form a Z2 liquid at the
bottom surface. The key point however is that all these
particles have T 2 = −1. Thus either surface is in the
eTmT state though the bulk has no exotic excitations.
By the analysis above we identify this with the 3d SPT
state with ZT

2 symmetry.
This construction can be immediately generalized to

other SPT states. For example, to get the eCmC (or
eCTmCT ) state with U(1) ! ZT

2 or U(1) × ZT
2 symme-

try, just stack layers of eC (or eCT ) states and condense
eimi+1ei+2.
Most interestingly, the all-fermion Z2 surface topologi-

cal state with global ZT
2 symmetry, which is quite hard to

construct using other methods, can also be constructed in
this way: simply start with stacked 2d Z2 liquids where
all particles e,m, ϵ are invariant under T -reversal. Such a
Z2 state is obviously allowed in strict 2d. Now condense
ϵimi+1ϵi+2 instead of eimi+1ei+2 in the above construc-
tions, where ϵi = eimi is the fermion in the 2d Z2 gauge
theory. Again the ϵimi+1ϵi+2 have both self and mutual
boson statistics so that they may be simultaneously con-
densed. This confines all bulk topological quasiparticles.
The surviving surface quasi-particles will be ϵ1,m1ϵ2 at
the top surface and ϵN ,mN ϵN−1 at the bottom surface.
These particles are all fermions, and the two particles at
either surface have mutual semion statistics. It follows
that either surface realizes the all-fermion Z2 topological
order but now in the presence of ZT

2 symmetry. We have
thus explicitly constructed the SPT phase discussed in
Section. III.
This coupled layer construction gives very strong sup-

port to the results of Ref. 8 on the various SPT phases.
In particular it removes any concerns on the legitimacy
of the state of Sec. III with ZT

2 symmetry not currently
present in the cohomology classification.

V. RELATION WITH BULK TOPOLOGICAL
FIELD THEORIES

Here we provide an understanding of the results ob-
tained above from topological field theories in the bulk.
It was shown in Ref. 8 that bosonic topological insulators
in 3d with (U(1))N symmetry has a bulk response to ex-
ternal ‘probe’ gauge fields AI characterized by a θ-term
with θ = π:

Lθ =
θ

8π2
KIJϵ

ijkl∂iA
I
j∂kA

J
l . (16)
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e m
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FIG. 1. Coupled-layer construction of SPT states. The parti-
cle composite in the ellipses are condensed, and only the four
surface particles in the dotted ellipses survived as deconfined
topological quasi-particles.

If under symmetry transformations (e.g. time-reversal)
the θ-angle transforms as θ → −θ, then the θ = π term
is symmetric in the bulk, but on the boundary it re-
duces to a (mutual) Chern-Simons term with symmetry-
violating responses. This was a familiar issue in the non-
interacting fermionic topological insulator, where a single
Dirac cone was introduced on the boundary to cancel the
time-reversal violating response through parity anomaly.

In our cases let us understand how this works out when
the surface is in a symmetry preserving gapped topolog-
ical ordered phase of the kind studied in this paper. We
will show that the symmetries of the topological order
on the boundary are such as to cancel the Chern-Simons
response arising from the θ-term. To illustrate the idea
we take KIJ = σx which applies to a large class of SPT
phases in 3d. This will give a mutual Chern-Simons term
on the boundary

LCS =
1

4π
ϵijkA1,i∂jA2,k. (17)

This term alone would give a response that breaks time-
reversal symmetry. To cure it we put a Z2 topological
liquid on the boundary, with the e and m particles cou-
pling to A1,2 respectively. The Lagrangian is given by

LZ2 =
1

π
ϵijka1,i∂ja2,k+

1

2π

!
ϵijkA1,i∂ja1,k + ϵijkA2,i∂ja2,k

"
.

(18)
Integrating out a1,2 induces a mutual Chern-Simons term
for A1,2 which exactly cancels what arose from the bulk
θ-term and hence restores time-reversal symmetry.

The topological ordered states with symmetry that
are forbidden in strict 2d realize the symmetry in an
‘anamolous’ way. The corresponding topological field
theories cannot be given consistent lattice regularizations
which implement the symmetry in a local manner. The
discussion in this section illustrates how these theories
can nevertheless be given a higher dimensional regular-
ization as the boundary of a non-anomalous field theory.
This has the same essence with the anomaly cancellation
in free fermion TI. It will be interesting for the future to
have criteria to directly identify such ‘anamolous’ sym-
metry in a topological field theory.

AV, TS 12
C. Wang, TS, 13



Topological Paramagnet-II (efmf)

Surface topological order: 
T-reversal invariant `all fermion’ Z2 gauge theory where all three topological 
quasiparticles are fermions

Not possible in strict 2d with T-reversal (has chiral central charge 4 mod 8). 

Coupled layer construction: Start with trivial realization of T-reversal in each 
2d layer, condense εimi+1εi+2      (εi = fermion quasiparticle in layer i)

T-broken `confined’ surface: quantized thermal Hall effect (in units of quantum 
of thermal conductance)

 


xy

= ±4.

AV, TS 12
C. Wang, TS, 13
Burnell, Fidkowski, Chen, AV 13 



Physical characterization of the 8 interacting 3d TIs 

 

 

 
How to tell in experiments? 

Symmetry preserving surface topological order?

Conceptually powerful characterization of surface but not very practical 

Alternate:  Break symmetry at surface to produce a simple state without topological 
order (eg: deposit ferromagnet or superconductor)

 Unique experimental fingerprint!



 Depositing a ferromagnet: domain wall structure

 Topological band insulator:  Charged one-way mode
(= edge of 2d electron IQHE)

 Topological paramagnet-I (eTmT):  Gapped domain wall

 Topological paramagnet-II (ef mf):  Neutral one-way modes
(= edge of 2d E8 bosonic IQHE)



 Depositing s-wave superconductor: induced 
quasiparticle nodes

Topological band insulator: depositing s-wave SC leads to a gapped surface 
SC with interesting Majorana zero modes on vortices (Fu, Kane 08)

Topological paramagnets (both eTmT and ef mf ): 

Deposit s-wave SC => get a gapless nodal SC with 8 gapless Majorana 
cones protected by time reversal symmetry!  (Wang, Potter, TS 2013)

Probe by Angle Resolved Photoemission (and tunneling, etc)

 

 



 Understanding induced quasiparticle nodes

Start with surface SC theory with 4 Dirac nodes:

L
free

=

4X

i=1

 †
i

(p
x

�x

+ p
y

�z

) 
i

, (1)

with time-reversal acting as

T  
i

T �1
= i�

y

 †
i

. (2)

Time reversal symmetric free fermion perturbations cannot gap the nodes

(same as surface of certain free fermion topological SC).

But interactions can induce a gap while preserving symmetry.

Argue in reverse: 

Wang, Potter, TS, Science 2014
Wang, TS, PR B 2014



 Understanding induced quasiparticle nodes

 

 

Enlarge symmetry to U(1)⇥ T with U(1) acting as

U✓ U
�1
✓ = ei✓ (1)

Consider pairing mass that breaks U(1) and T but preserves a combination:

Lgap = i�
4X

i=1

 i�y i + h.c. (2)

Now attempt to disorder the broken symmetry => proliferate vortices in
the pairing order parameter.

However vortices have zero modes which restrict which kinds can condense.



 Understanding induced quasiparticle nodes

For N = 4 Dirac nodes, can condense strength-2 vortices.

Result: Z2 topological order where e and m are both Kramers (eTmT)

= surface topological order of Topological Paramagnet-I.

(Can now get rid of auxiliary U(1)).

Closely related to a result using other methods: Classification of interacting

topological SC with time reversal by Fidkowski, Chen, Vishwanath (2013)



Other symmetries: Beyond the 10-fold way  

Ideas discussed above enable us to determine stability to interactions of all the 3d 
free fermion topological insulators/SC represented in ``10-fold way” and in many 
cases to get the full classification.                                  (Wang, TS, PR B 2014)

SC with time reversal (class D III): Free fermion classification:  Z

Interactions reduce this to Z16  (`Walker-Wang’ methods: Fidkowski, Chen, 
Vishwanath (2013)). 

Our arguments (Wang, Potter, TS, 14; Wang, TS, 14) give elementary understanding of 
this result*, and generalize to other symmetries. 

 
 
 

 * See also Metlitski et al, arxiv:1406.3032



Results for other symmetries  (Wang, TS, 14)
3

Symmetry class
Reduction of free
fermion states

Distinct boson
SPT

Complete
classification

U(1) only (A) 0 0 0
U(1)o Z

T
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2 with T 2 = �1 (DIII) Z ! Z16 0 Z16 (?)

SU(2)⇥ Z

T
2 (CI) Z ! Z4 Z2 Z4 ⇥ Z2 (?)

TABLE I. Summary of results on classifications of electronic SPT states in three dimensions. The second column gives free
fermion states that remain nontrivial after introducing interactions. The third column gives SPT states that are absent in the
free fermion picture, but are equivalent to those emerged from bosonic objects such as electron spins and cooper pairs. For
symmetries containing a normal U(1) subgroup, we can find the complete classification. In all such examples the complete
classifications are simple products of those descending from free fermions and those obtained from bosons. For symmetry class
CI, we give suggestive arguments but not a proof that the classification in the last column is complete.

(but not always) the domain walls between opposite T -
breaking regions hosts chiral modes, which prohibits the
domain walls to proliferate and restore T . The chiral
modes in the domain wall are related to quantized Hall
conductance (say, of charge, spin or heat) in each of the
domains. We will discuss Hall transport in more detail
in Sec.II B.

The second example is a surface that breaks U(1) sym-
metry. If the U(1) symmetry corresponds to charge-
conservation, this can be realized by depositing a super-
conductor on the surface. Below we will use the termi-
nology of superconductivity to describe the U(1) symme-
try breaking more generally (even if the U(1) symmetry
does not actually correspond to charge conservation). It
is well known that the U(1) symmetry can be restored
by proliferating (condensing) vortices. Therefore if the
“superconductor” is gapped (and has no intrinsic topo-
logical order), the fundamental (hc/2e) vortex must be
non-trivial. Otherwise it can be proliferated to restore
a trivial insulator on the surface. However, there always
exist some higher vortices that are trivial in terms of
statistics and symmetry representation, and thus can be
condensed. In this case a topologically ordered surface
arises, which will be discussed further in Sec.II A 2 and
throughout the paper.

2. Symmetry preserving surface topological order

Powerful insights into the SPT phase are provided by
a surface termination which is fully gapped and preserves
the symmetry at the price of having intrinsic topological
order just at the surface. This was first demonstrated
in the context of bosonic SPT phases12. Conceptually
such a topologically ordered surface state provides a nice
and non-perturbative characterization of the bulk SPT
order12,14–16,20,26–29. We point out here that it is not
always guaranteed that such a symmetry preserving sur-

face topological ordered phase will exist. Indeed later in
the paper we will discuss an example where a symmetry
preserving surface is necessarily gapless. When a sym-
metric surface topologically ordered state exists, it too
must realize symmetry in a manner forbidden in strictly
two dimensional systems.

B. Gauging the symmetry: ✓ terms

Another useful theoretical device is to formally gauge
all or part of the defining global symmetry to produce
a new physical system. This can be done for all unitary
symmetries or for unitary subgroups of the full symme-
try group. Two cases will be of particular interest to
us. In the first case the full symmetry group G has a
normal U(1) subgroup which we can then consistently
gauge while retaining the quotient group G/U(1) as an
unbroken global symmetry. In the second case the con-
tinuous part of the full global symmetry is SU(2). In
this case there is no normal U(1) subgroup and instead
we gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal
U(1) subgroup to which we couple a gauge field. As the
bulk is gapped we may formally integrate out the elec-
trons and obtain an e↵ective Lagrangian for the gauge
field.

L
eff

= L
Max

+ L
✓

(1)

The first term is the usual Maxwell term and the second
is the ‘theta’ term:

L
✓

=
✓

4⇡2
E ·B (2)

where E and B are the electric and magnetic fields re-
spectively of the U(1) gauge field. The allowed value
of ✓ will be constrained by the unbroken global symme-
try G/U(1). In the familiar example of the topological

Spin-orbit coupled 
insulators
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(but not always) the domain walls between opposite T -
breaking regions hosts chiral modes, which prohibits the
domain walls to proliferate and restore T . The chiral
modes in the domain wall are related to quantized Hall
conductance (say, of charge, spin or heat) in each of the
domains. We will discuss Hall transport in more detail
in Sec.II B.

The second example is a surface that breaks U(1) sym-
metry. If the U(1) symmetry corresponds to charge-
conservation, this can be realized by depositing a super-
conductor on the surface. Below we will use the termi-
nology of superconductivity to describe the U(1) symme-
try breaking more generally (even if the U(1) symmetry
does not actually correspond to charge conservation). It
is well known that the U(1) symmetry can be restored
by proliferating (condensing) vortices. Therefore if the
“superconductor” is gapped (and has no intrinsic topo-
logical order), the fundamental (hc/2e) vortex must be
non-trivial. Otherwise it can be proliferated to restore
a trivial insulator on the surface. However, there always
exist some higher vortices that are trivial in terms of
statistics and symmetry representation, and thus can be
condensed. In this case a topologically ordered surface
arises, which will be discussed further in Sec.II A 2 and
throughout the paper.

2. Symmetry preserving surface topological order

Powerful insights into the SPT phase are provided by
a surface termination which is fully gapped and preserves
the symmetry at the price of having intrinsic topological
order just at the surface. This was first demonstrated
in the context of bosonic SPT phases12. Conceptually
such a topologically ordered surface state provides a nice
and non-perturbative characterization of the bulk SPT
order12,14–16,20,26–29. We point out here that it is not
always guaranteed that such a symmetry preserving sur-

face topological ordered phase will exist. Indeed later in
the paper we will discuss an example where a symmetry
preserving surface is necessarily gapless. When a sym-
metric surface topologically ordered state exists, it too
must realize symmetry in a manner forbidden in strictly
two dimensional systems.

B. Gauging the symmetry: ✓ terms

Another useful theoretical device is to formally gauge
all or part of the defining global symmetry to produce
a new physical system. This can be done for all unitary
symmetries or for unitary subgroups of the full symme-
try group. Two cases will be of particular interest to
us. In the first case the full symmetry group G has a
normal U(1) subgroup which we can then consistently
gauge while retaining the quotient group G/U(1) as an
unbroken global symmetry. In the second case the con-
tinuous part of the full global symmetry is SU(2). In
this case there is no normal U(1) subgroup and instead
we gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal
U(1) subgroup to which we couple a gauge field. As the
bulk is gapped we may formally integrate out the elec-
trons and obtain an e↵ective Lagrangian for the gauge
field.

L
eff

= L
Max

+ L
✓

(1)

The first term is the usual Maxwell term and the second
is the ‘theta’ term:

L
✓

=
✓

4⇡2
E ·B (2)

where E and B are the electric and magnetic fields re-
spectively of the U(1) gauge field. The allowed value
of ✓ will be constrained by the unbroken global symme-
try G/U(1). In the familiar example of the topological
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TABLE I. Summary of results on classifications of electronic SPT states in three dimensions. The second column gives free
fermion states that remain nontrivial after introducing interactions. The third column gives SPT states that are absent in the
free fermion picture, but are equivalent to those emerged from bosonic objects such as electron spins and cooper pairs. For
symmetries containing a normal U(1) subgroup, we can find the complete classification. In all such examples the complete
classifications are simple products of those descending from free fermions and those obtained from bosons. For symmetry class
CI, we give suggestive arguments but not a proof that the classification in the last column is complete.

(but not always) the domain walls between opposite T -
breaking regions hosts chiral modes, which prohibits the
domain walls to proliferate and restore T . The chiral
modes in the domain wall are related to quantized Hall
conductance (say, of charge, spin or heat) in each of the
domains. We will discuss Hall transport in more detail
in Sec.II B.

The second example is a surface that breaks U(1) sym-
metry. If the U(1) symmetry corresponds to charge-
conservation, this can be realized by depositing a super-
conductor on the surface. Below we will use the termi-
nology of superconductivity to describe the U(1) symme-
try breaking more generally (even if the U(1) symmetry
does not actually correspond to charge conservation). It
is well known that the U(1) symmetry can be restored
by proliferating (condensing) vortices. Therefore if the
“superconductor” is gapped (and has no intrinsic topo-
logical order), the fundamental (hc/2e) vortex must be
non-trivial. Otherwise it can be proliferated to restore
a trivial insulator on the surface. However, there always
exist some higher vortices that are trivial in terms of
statistics and symmetry representation, and thus can be
condensed. In this case a topologically ordered surface
arises, which will be discussed further in Sec.II A 2 and
throughout the paper.

2. Symmetry preserving surface topological order

Powerful insights into the SPT phase are provided by
a surface termination which is fully gapped and preserves
the symmetry at the price of having intrinsic topological
order just at the surface. This was first demonstrated
in the context of bosonic SPT phases12. Conceptually
such a topologically ordered surface state provides a nice
and non-perturbative characterization of the bulk SPT
order12,14–16,20,26–29. We point out here that it is not
always guaranteed that such a symmetry preserving sur-

face topological ordered phase will exist. Indeed later in
the paper we will discuss an example where a symmetry
preserving surface is necessarily gapless. When a sym-
metric surface topologically ordered state exists, it too
must realize symmetry in a manner forbidden in strictly
two dimensional systems.

B. Gauging the symmetry: ✓ terms

Another useful theoretical device is to formally gauge
all or part of the defining global symmetry to produce
a new physical system. This can be done for all unitary
symmetries or for unitary subgroups of the full symme-
try group. Two cases will be of particular interest to
us. In the first case the full symmetry group G has a
normal U(1) subgroup which we can then consistently
gauge while retaining the quotient group G/U(1) as an
unbroken global symmetry. In the second case the con-
tinuous part of the full global symmetry is SU(2). In
this case there is no normal U(1) subgroup and instead
we gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal
U(1) subgroup to which we couple a gauge field. As the
bulk is gapped we may formally integrate out the elec-
trons and obtain an e↵ective Lagrangian for the gauge
field.
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(1)

The first term is the usual Maxwell term and the second
is the ‘theta’ term:
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4⇡2
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where E and B are the electric and magnetic fields re-
spectively of the U(1) gauge field. The allowed value
of ✓ will be constrained by the unbroken global symme-
try G/U(1). In the familiar example of the topological

Spin-orbit coupled 
insulators

Spin-rotation invariant 
insulators

Topological SC 

Topological SC with 
spin SU(2)



Results for other symmetries  

Many new insights: 
Eg:  In some cases there is no symmetry preserving surface topological order 
(minimal SC with spin SU(2) and T-reversal): ``symmetry-enforced gaplessness. 

 
 
 

3

Symmetry class
Reduction of free
fermion states

Distinct boson
SPT

Complete
classification

U(1) only (A) 0 0 0
U(1)o Z

T
2 with T 2 = �1
(AII)

Z2 ! Z2 Z

2
2 Z

3
2

U(1)o Z

T
2 with T 2 = 1
(AI)

0
Z

2
2 Z

2
2

U(1)⇥ Z

T
2 (AIII) Z ! Z8 Z2 Z8 ⇥ Z2

U(1)o (ZT
2 ⇥ Z

C
2 ) (CII) Z2 ! Z2 Z

4
2 Z

5
2

(U(1)o Z

T
2 )⇥ SU(2) 0

Z

4
2 Z

4
2

Z

T
2 with T 2 = �1 (DIII) Z ! Z16 0 Z16 (?)

SU(2)⇥ Z

T
2 (CI) Z ! Z4 Z2 Z4 ⇥ Z2 (?)

TABLE I. Summary of results on classifications of electronic SPT states in three dimensions. The second column gives free
fermion states that remain nontrivial after introducing interactions. The third column gives SPT states that are absent in the
free fermion picture, but are equivalent to those emerged from bosonic objects such as electron spins and cooper pairs. For
symmetries containing a normal U(1) subgroup, we can find the complete classification. In all such examples the complete
classifications are simple products of those descending from free fermions and those obtained from bosons. For symmetry class
CI, we give suggestive arguments but not a proof that the classification in the last column is complete.

(but not always) the domain walls between opposite T -
breaking regions hosts chiral modes, which prohibits the
domain walls to proliferate and restore T . The chiral
modes in the domain wall are related to quantized Hall
conductance (say, of charge, spin or heat) in each of the
domains. We will discuss Hall transport in more detail
in Sec.II B.

The second example is a surface that breaks U(1) sym-
metry. If the U(1) symmetry corresponds to charge-
conservation, this can be realized by depositing a super-
conductor on the surface. Below we will use the termi-
nology of superconductivity to describe the U(1) symme-
try breaking more generally (even if the U(1) symmetry
does not actually correspond to charge conservation). It
is well known that the U(1) symmetry can be restored
by proliferating (condensing) vortices. Therefore if the
“superconductor” is gapped (and has no intrinsic topo-
logical order), the fundamental (hc/2e) vortex must be
non-trivial. Otherwise it can be proliferated to restore
a trivial insulator on the surface. However, there always
exist some higher vortices that are trivial in terms of
statistics and symmetry representation, and thus can be
condensed. In this case a topologically ordered surface
arises, which will be discussed further in Sec.II A 2 and
throughout the paper.

2. Symmetry preserving surface topological order

Powerful insights into the SPT phase are provided by
a surface termination which is fully gapped and preserves
the symmetry at the price of having intrinsic topological
order just at the surface. This was first demonstrated
in the context of bosonic SPT phases12. Conceptually
such a topologically ordered surface state provides a nice
and non-perturbative characterization of the bulk SPT
order12,14–16,20,26–29. We point out here that it is not
always guaranteed that such a symmetry preserving sur-

face topological ordered phase will exist. Indeed later in
the paper we will discuss an example where a symmetry
preserving surface is necessarily gapless. When a sym-
metric surface topologically ordered state exists, it too
must realize symmetry in a manner forbidden in strictly
two dimensional systems.

B. Gauging the symmetry: ✓ terms

Another useful theoretical device is to formally gauge
all or part of the defining global symmetry to produce
a new physical system. This can be done for all unitary
symmetries or for unitary subgroups of the full symme-
try group. Two cases will be of particular interest to
us. In the first case the full symmetry group G has a
normal U(1) subgroup which we can then consistently
gauge while retaining the quotient group G/U(1) as an
unbroken global symmetry. In the second case the con-
tinuous part of the full global symmetry is SU(2). In
this case there is no normal U(1) subgroup and instead
we gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal
U(1) subgroup to which we couple a gauge field. As the
bulk is gapped we may formally integrate out the elec-
trons and obtain an e↵ective Lagrangian for the gauge
field.

L
eff

= L
Max

+ L
✓

(1)

The first term is the usual Maxwell term and the second
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spectively of the U(1) gauge field. The allowed value
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try G/U(1). In the familiar example of the topological
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Summary  

1. Interacting electron TIs in 3d have a Z23 classification

- apart from trivial and topological band insulators, 6 new TI phases with no 
non-interacting counterpart.

2.  Unique experimental fingerprint: 

Deposit ferromagnet at surface: Quantum `anomalous’ electrical and thermal Hall 
effect of surface. 
Deposit s-wave SC at surface: Presence/absence of 4 induced gapless Dirac nodes. 

3. Progress in understanding interacting 3d fermion SPTs with many symmetries. 

3. Hints to important open question: 

what kinds of real electronic insulators may be these new 3d TIs? 

 


