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Orientation

Conventional ordered phases of matter: 

Concepts of broken symmetry/ Long Range Order (LRO)

Characterize by Landau order parameter. 

| ↑↑↑↑ .........�

Examples

| ↑↓↑↓ .........�

Ferromagnet Antiferromagnet

Landau Order

Known for several millenia
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Non-Landau order I: Topological order

Examples:  FQHE, gapped quantum 
spin liquids in d > 1, ...........

Emergence of sharp quasiparticles 
with fractional quantum numbers, long 
range statistical interactions. 

Low energy effective theory: a 
topological field theory

+

+ .........

Known only since 1980s
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 Non-Landau order II: Beyond topological order

Some known examples:  Gapless quantum spin liquids,  1/2 filled Landau level

Most familiar: Landau fermi liquid

Others: all non-fermi liquid states in d > 1, bose metals, ,,,,,,,

Protected gapless excitations: in simple cases these can be given a quasiparticle 
description. 

But in some such phases elementary excitations may not exist, 
i.e, no quasiparticle description of 
excitation spectrum.  

Probably crucial to understand current experiments on candidate spin liquid materials, 
non-fermi liquid `strange’ metals in cuprates and other systems. 

Slowly evolving understanding in last 20 years. 
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Landau versus non-Landau order

Landau order captured by LRO in correlation function of local order parameter 
field. 

Non-Landau order: non-local global property of ground state wavefunction 
protects universal properties. 

Non-locality enables emergence of quasiparticles with fractional quantum 
number or in some cases death of any quasiparticle structure. 
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Entanglement in many body ground states

Landau ordered  phases:  prototypical ground state 
wavefunction is direct product of local degrees of 
freedom. 

``Fixed point” wavefunction for ordered state only has 
Short Range  Entanglement (SRE).  

 

| ↑↓↑↓ .........�

| ↑↑↑↑ .........�
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Entanglement in many body ground states

 
Non-Landau phases: non-local structure in ground state 
wavefunction; 
Cannot deform smoothly to direct product 
of local degrees of freedom

Describe as Long Range Entanglement (LRE) +

+ .........

Key question:  how to directly characterize LRE? 

Topological order: Topological entanglement 
entropy (Levin Wen; Kitaev, Preskill, 06)

Beyond topological order: ??
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Landscape of quantum phase transitions

LRO, no LRE no LRO, no LRE

LRE, no LRO no LRO, no LRE

Eg:  Topological quantum spin liquid 
- trivial paramagnet

LRE  LRE’

Eg:   FQHE plateau transitions

LRO, no LRE LRO’, no LRE

Eg:   AF - VBS in spin-1/2 square 
lattice

LRO, no LRE LRE, no LRO

Eg:   AF - quantum spin liquid

Landau-Ginzburg-Wilson paradigm only works here!

Note:  quantum critical points have Long Range Entanglement
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Landau-forbidden phase transitions between Landau-
allowed phases

Naive expectation: Breakdown of LGW paradigm at QCP  when 
one of the two proximate phases has non-Landau order. 

Very interesting that LGW can also break down at critical point 
between two Landau-allowed phases. 

LRO, no LRE LRO’, no LRE

Eg:   AF - VBS in spin-1/2 square 
lattice

Landau-forbidden critical point: Critical theory described 
in terms of emergent gapless spinons coupled to 
emergent gauge fields. 

``Deconfined Quantum Critical Points”

Many other proposed examples by now. 

TS, Vishwanath, Balents, Fisher, Sachdev,  2004
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Theories of quantum phase transitions:
Landau transitions - field theory/numerics

LRO, no LRE no LRO, no LRE

Prototype: quantum Ising/O(N) models 

Extremely well understood (see Sachdev book). 

Field theory: Continuum LGW field theory analyzable by 
epsilon/1/N expansions
Scaling structure clear. 

Numerics: sign-problem free models in right universality 
class typically exist. 

Most important utility: benchmark for modern numerical 
approaches (eg: real space RG algorithms etc). 

QC

T
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Non-Landau criticality: a simple example

LRO, no LRE LRE, no LRO

Eg:   Boson superfluid - 
fractionalized Mott 
insulator

 

Boson Hubbard model at 
integer/half integer filling 
on a 2d lattice. 

Simple Fractionalized Mott insulator 

Excitation spectrum:  gapped charge-1/2 boson (b)
and gapped Z2 vortex (vison) with mutual semion statistics. 

Deconfined phase of Z2 gauge theory with topological order. 

Transition to superconductivity when charge-1/2 bosons condense. 

In terms of b, transition is in 2+1- XY universality class. 
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 XY* transition (not XY)

Physical superfluid order parameter ∼ b2.
=> superfluid order parameter has large anomalous dimension η ≈ 1.4 (com-

pare with 0.03 for XY ).

Only physical operators with critical correlations are Z2 gauge invariant

combinations of b
=> only a subset of local operators of XY fixed point are allowed.

New XY ∗ fixed point.

Exponents v, z same as for XY but η, and hence β very different.
Universal critical boson conductivity smaller by factor of 4.

Despite appearances a non-Landau transition with unusual but simply derived 
properties. 
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Other similar transitions

1.  AF - quantum spin liquid: spinon condensation (Chubukov, TS, Sachdev, 94; Isakov, TS, Kim, 06; 
Ghaemi, TS, 06)

2. Valence Bond Solid with broken lattice symmetry - gapped quantum spin liquid:

Describe as vison condensation in a dual LGW theory (Blankshtein et al 1980s, Jalabert, Sachdev, 
91, Moessner, Sondhi, 99)

Despite appearances this is actually an LGW* not LGW transition. 

Physical VBS order parameter is a composite of basic vison field 
=> has large anomalous dimension; 

Spinon gap of spin liquid finite at transition. 
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Models and numerics for the XY* transition

2

system. Based on the idea that the spin liquid state is
a type of collective paramagnet, the topological EE is
designed to pick up non-local correlations in the ground-
state wavefunction that are not manifest as conventional
long-range order. However, these correlations contribute
to the total entanglement between di!erent subregions
of the system A and its complement B (where A ! B is
the entire system). The EE between A and B can be
quantified by the Renyi entropies,

Sn(A) =
1

1" n
ln [Tr(!nA)] , (1)

where !A is the reduced density matrix of region A.
In a topologically ordered state, the non-local entangle-
ment gives a topology-dependent subleading correction
to “area-law” scaling of the EE of subregion A. In 2D,
Sn(A) = a""#j+· · · where a is a non-universal constant,
" is the boundary length between A and B, and j is the
number of disconnected boundary curves. In Levin and
Wen’s [9] construction (used in the calculations in this
paper), the topological contribution can be isolated from
the area-law scaling (plus any corner contributions) by
considering separately the Renyi [11] entropies on four
di!erently shaped subregions (Figure 1),

2# = lim
r,R!"

["Sn(A1) + Sn(A2) + Sn(A3)" Sn(A4)] .

(2)
Naively, since calculating # requires complete knowl-

edge of the groundstate wavefunction (through !A), pre-
vious e!orts to calculate it have been restricted to models
which can be solved exactly either analytically (e.g. the
toric code) or through numerical exact diagonalization
on small size systems (e.g. the triangular lattice dimer
model [12]). The ability to use # as a general tool to
search for and characterize non-trivial topologically or-
dered phases has been hindered by the inability to ac-
cess the wavefunction in large-scale numerical methods,
namely QMC, currently the only scalable quantum sim-
ulation method in 2D and higher. However, with the
recent introduction of measurement methods based on
the replica trick, QMC is now able to access Sn(A) for
n # 2 [13], therefore giving one a method to calculate #
in large-scale simulations of quantum spin liquids.
Using Stochastic Series Expansion QMC [14, 15], we

simulate a hard-core Bose-Hubbard model on the kagome
lattice, with nearest-neighbor hopping and a six-site po-
tential around each lattice hexagon,

H = "t
!

#ij$

[b†ibj + bib
†
j] + V

!

!

(n!)2, (3)

where b†i (bi) is the boson creation (annihilation) opera-

tor, and n! =
"

i%! ni, where ni = b†i bi is the num-
ber operator. As mentioned above, variations of this
model with more complicated spin interactions are known
to harbour a robust spin liquid groundstate [6–8]. In

this paper, we consider the simplified Hamiltonian (3),
with only nearest-neighbor hopping, which may be more
amenable to construction for example in real cold atomic
systems. We observe a transition at low temperature
between a superfluid phase and an insulating phase for
(V/t)c $ 7.0665(15) (Figure 2). For V/t > (V/T )c
the superfluid density scales to zero, and density and
bond correlators are featureless (similar to Ref. 7). This
strongly suggests that the insulating phase is a spin liq-
uid. To characterize it, we calculate the topological EE,
Equation (2) with n = 2, which for a Z2 topological
phase should approach 2 ln(2) in the limit T % 0 [9].
The regions Ai are shown in Figure 1 for an L = 8 sys-
tem; these are scaled proportionally for the other systems
sizes studied in this paper, where L is always a multiple
of 8. Results for # as a function of inverse temperature
$ = t/T are shown in Figure 3 for several V/t.
In the topological phase (V/t = 8) we see two dis-

tinct plateaus, at di!ering temperatures, with a non-zero
topological EE as T % 0. The phenomenon is known to
occur in other models such as the toric code [16], where
the topological EE at zero temperature of 2 ln(2) can be
viewed as a sum of electric and magnetic contributions,
each contributing ln(2). If the electric and magnetic de-
fects have di!erent energies, theory predicts two distinct
plateaus corresponding to these individual crossover tem-
peratures [16], as seen in our data. However, at any fixed
non-zero temperature, in the limit of large L, the topolog-
ical EE vanishes, as the probability of having thermally
excited defects in the annulus A1 (Figure 1) tends to
unity. Indeed, under the assumption that the probabil-
ity of having a defect is proportional to L2 exp("E/kBT ),
where E is the defect energy, the temperature required
to see accurate plateaus in the topological EE scales log-
arithmically with L. In Figure 3, we show finite-size scal-
ing data consistent with this logarithmic scaling. Note
that our value for the topological EE at the higher-T
plateau is indeed very close to ln(2), and becomes more
accurately quantized at larger system sizes. The value of
2 ln(2) at the lower-T plateau for L = 8 is not as accu-
rately quantized, but is still approached.
In the superfluid phase, the topological EE tends

to zero as T % 0 (Figure 3). However, surprisingly,
for V/t = 6 we observe a plateau in the topological
EE at intermediate temperatures, T & t. One possi-
ble explanation for this plateau can be understood by
thinking of a simpler phase transition present in the
toric code, induced by adding a parallel magnetic field.
Consider a square-lattice toric code Hamiltonian H =
"U

"
+

#
i%+ Sz

i " g
"

!

#
i%!

Sx
i " h

"
i S

z
i , where the

first vertex term term penalizes vertices that do not have
an even number of up spins on the legs of the neighboring
bonds, and the second sum is over plaquettes. Suppose
U ' g. By increasing h/g, we induce a phase transition
from a topological phase to a trivial phase. In a non-zero
temperature regime where U ' T ' g, the problem be-

A Kagome Bose Hubbard model (Isakov, Melko, Hastings 
2011)

Closely related model: Balents, Fisher, Girvin, 2002. 

t � V : superfluid
V � t: fractionalized Mott insulator
Numerics at transition consistent with ν, z of 3D XY.
Future: distinguish between XY ∗ and XY .

O(2) quantum rotor models with cluster charging: Motrunich, TS, 2002. 
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FIG. 1: Josephson junction array on a 2D bond-centered
square lattice modeled by the Hamiltonian Eq. (1). Each
shaded area indicates schematically cluster charging energy
UN

2
r .

r! ! r sums over all such bonds emanating from r.
The w2 term is a boson hopping between the neighbor-
ing bond-centered sites as indicated with dashed lines in
Fig. 1. The ub and u! terms represent on-site boson re-
pulsion, while the U term is the cluster charging energy
that favors charge neutrality in each cluster. The opera-
tor Nr associated with each cluster is defined through

Nr = 2nb
r +

!

r!"r

n!
rr! . (2)

The total boson number of the system is Ntot = 1
2

"

r Nr.
Both the b-bosons and the !-bosons are assigned charge
qb. The model has only a global U(1) charge conservation
symmetry.

For large w1, w2 " ub, u!, U the system is a superfluid.
In the opposite limit, ub, u!, U " w1, w2, the system is
a conventional Mott insulator with charge quantized in
units of qb. We argue below that when the charging ener-
gies U and ub, u!, are varied separately, there is an inter-
mediate regime U " w1, w2 "

#
ubU,

#

u!U , in which
the system is a stable fractionalized insulator with charge
qb

2 excitations and charge 0 visons above a ground state
with no conventional broken symmetries. A schematic
phase diagram of our model is shown in Fig. 2.

The analysis in the limit of large cluster interaction
U " w1, w2, ub, u! is similar to that in the large U limit
of the electronic Hubbard model at half-filling. If the
other terms are all zero, there is a degenerate manifold
of ground states specified by the requirement Nr = 0
for each r. This ground state sector is separated by a
large charge gap U from the nearest sectors. Including
the w1, w2, ub, u! terms lifts the degeneracy in each such
zeroth-order sector, and this is best described by deriv-
ing the corresponding e!ective Hamiltonians for small
perturbing couplings.

Consider the ground state sector Nr = 0 for all r. An
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FIG. 2: Schematic phase diagram of the boson Hubbard
model Eq. (1) for a particular cut w ! w1 " w2 and ub " u!

through the parameter space.
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FIG. 3: Diagram of the large U insulating phases of the boson
model Eq. (1) in two dimensions. The e!ective Hamiltonian
Eq. (3) is equivalent to the (2 + 1)D compact QED gauge
theory coupled to a charge 2 scalar. The Mott insulator is
conventional or fractionalized depending on whether the ef-
fective gauge theory is confined or deconfined.

elementary calculation gives

H(0)
e! = Hub,u!

$ Jbond

!

#rr!$

$

(!†
rr!)2brbr! + h.c.

%

$Kring

!

!

&

!†
12!23!

†
34!41 + h.c.

'

, (3)

where Hub,u!
stands for the on-site repulsion terms as in

Eq. (1), Jbond = w2
1/U , and Kring = 2w2

2/U .

A simple change of variables shows[4] that H(0)
e! to-

gether with the constraint Nr = 0 can be regarded as
the well-studied[10] (2 + 1)D compact U(1) gauge the-
ory coupled to a charge 2 scalar field. In (2 + 1)D,
there are two distinct phases shown in Fig. 3. For
Jbond, Kring

<% ub, u!, the gauge theory is “confined”,
and all excitations carrying non-zero “gauge charge” are
confined. Zero gauge charge excitations carrying physi-
cal charge quantized in units of qb of course exist with a
gap of order 2U . This is the conventional Mott insulator
of our boson model.
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where Hub,u!
stands for the on-site repulsion terms as in

Eq. (1), Jbond = w2
1/U , and Kring = 2w2

2/U .

A simple change of variables shows[4] that H(0)
e! to-

gether with the constraint Nr = 0 can be regarded as
the well-studied[10] (2 + 1)D compact U(1) gauge the-
ory coupled to a charge 2 scalar field. In (2 + 1)D,
there are two distinct phases shown in Fig. 3. For
Jbond, Kring

<% ub, u!, the gauge theory is “confined”,
and all excitations carrying non-zero “gauge charge” are
confined. Zero gauge charge excitations carrying physi-
cal charge quantized in units of qb of course exist with a
gap of order 2U . This is the conventional Mott insulator
of our boson model.

Schematic phase diagram

XY*

XY

Others: Dimer liquid - Dimer solid (VBS) in 2d non-bipartite quantum dimer models. 
Can large eta of solid order be demonstrated? 
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Comments 

Despite its simplicity the XY* and related transitions provide valuable 
examples of non-Landau transitions that can be studied quite completely. 

Interplay of gaplessness and non-trivial topological structure. 

Readily generalized to 3d to provide example of a non-Landau 3+1-d QCP 
with large non-zero anomalous dimensions. 
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Comments (cont’d) 

 

Platform to make progress on otherwise difficult questions in quantum 
criticality. 

Two examples:

1. Tractable models of strongly coupled quantum criticality in a metallic 
environment (Grover, TS, 10; Mross, TS, to appear)

2. Understanding how to characterize entanglement structure of non-Landau 
QCPs (Swingle, TS)

Thursday, September 22, 2011



 Detour: quantum criticality in metals 

Many difficult problems associated with quantum criticality in metals, 
particularly in two dimensions. 

Interplay between Fermi surface and criticality

Most (interesting) experiments on quantum criticality are in metallic systems 
- heavy fermion critical points, criticality in cuprates, the Mott transition, etc. 

This talk:  a simple tractable example of a non-Landau quantum critical point 
associated with a continuous melting transition of stripes in a correlated 
metal. 

Many interesting phenomena: 
1. Strongly coupled quantum criticality in a metal
2. Reconstruction of Fermi surface across the transition. 
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Why study stripe criticality?  
Stripes seem remarkably common in almost all families of 
underdoped cuprates 
(most recently evidenced in YBCO in high field NMR (Julien et al, 
11)). 

Stripes absent in overdoped cuprates. 

Many theories invoke fermi surface reconstruction by stripe 
ordering to explain low-T quantum oscillations in high field in 
underdoped cuprates. 

Very popular idea: stripe criticality and associated Fermi surface 
reconstruction responsible for observed strange metal 
phenomenology. 

Challenge: work out theory of stripe ordering quantum phase 
transition in a metal
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Theories of stripe criticality

Weak coupling approach: couple Fermi surface to stripe order parameter.

Dynamics of stripe order parameter dominated by Landau damping of p/h 
pairs of Fermi surface at low energies. 

Old theory: ``Hertz-Millis”, z = 2 criticality, upper critical dimension 2

Modern developments (Abanov, Chubukov, Metlitski, Sachdev): theory is 
strongly coupled in 2d, standard 1/N expansion methods spiral out of 
control. 

No reliable description of low energy physics. 
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Alternate approach

Strong coupling point of view: start from the stripe ordered phase 
and describe quantum melting of stripe order.  

Concrete example: charge stripes in a layered orthorhombic 
metallic crystal with period 4 lattice spacings. 

Stripe ordering reconstructs band structure `large’ Fermi surface. 

Melt stripes by proliferating topological  defects = dislocations in 
stripe pattern. 

4

FIG. 1: A stripe dislocation: gray scale plot of !"(r) !
cos(2Kx · r + 2#x) (see (2.2) and (2.4)) with #x = $/2 +
(1/2) tan!1(y/x) containing a half vortex. As noted below
(2.2) !"(r) should not be literally interpreted as the electron
charge density, and the modulation about could be associ-
ated with e.g. the exchange per link. The quantum phase
transitions discussed in this paper involve a transition from
a Fermi liquid state in which these dislocations proliferate to
one in which they are suppressed; there is no long-range spin
or charge density wave order in either state (see also Fig. 2).

maintain !!x!" = 0, !!2
x!" = 0. In the cuprates we imag-

ine that the increase in K is associated with the decrease
in carrier concentration towards the Mott insulator. At
a critical value of Kc, the Z2 gauge theory undergoes
a transition into a deconfined state in which the stripe
dislocations are suppressed. The transition at K = Kc

is the focus of interest in this paper. In this deconfined
state, the nx! and ei"x fluctuations become independent
collective excitations: i.e. the single spin/charge collec-
tive mode, !x!, has fractionalized into two independent
modes. The bond order, (2.2), fluctuations are now given
by the ‘square’ of the ei"

x collective mode, while the spin
fluctuations, (2.1), are the product of the nx! and ei"x

collective modes.
We reiterate that there is no long range spin or charge

density wave order on either side of this fractionalization
transition, and it is entirely associated with the suppres-
sion of the defects in Fig 1; see Fig 2. At dopings lower
than those shown in Fig 2, the cuprates possess phases
with a variety of possible long range orders (e.g. SDW or
CDW) which were reviewed in Ref. 23. These transitions
are associated with conventional order parameters, and
we will not consider them in this paper, as theories are
already available in the literature.

III. QUANTUM FIELD THEORIES

We are interested in describing the universal proper-
ties of the transition at K = Kc. These turn out to be

K-1K-1
c

Confining phase of 
Z2 gauge theory;

Dislocations 
proliferate

Deconfined phase of 
Z2 gauge theory;

Dislocations 
suppressed

< !" >=0< !" >=0

< !" >=0
2

< !" >=0
2

< #x,y >=0 < #x,y >=0

FIG. 2: The quantum phase transition at K = Kc is the one
studied in this paper. The phases on both sides of Kc have
well defined electronic quasiparticles near a Fermi surface and
no long range spin or charge order ("!x,y!# = 0, "!2

x,y!# = 0).
The order parameters %x,y are defined in Section III: these
are Ising order parameters dual to the Z2 gauge theory. The
phase on the right is a conventional Fermi liquid; that on the
left is a Fermi liquid with local stripe correlations with ran-
dom phases and spin orientations, and a ‘topological rigidity’
associated with the suppression of stripe dislocations. In the
application to the cuprates, the horizontal axis represents in-
creasing doping and the critical point is near optimal doping.
States with long range spin or charge density wave order do
appear at smaller doping but these have not been shown. The
phase transition at K = Kc should be distinguished from the
conventional SDW ordering transition in a superconductor;
this occurs at lower doping and was used recently by one of
us22,23 to predict and explain the results of neutron scattering
and STM experiments.

controlled by two distinct characteristics of the electronic
system.
(i) Tetragonal or orthorhombic crystal symmetry: With
tetragonal symmetry we have to simultaneously consider
the separate Z2 gauge theories associated with fraction-
alization transitions in both !x! and !y!. With or-
thorhombic symmetry, only one of these will be selected
(the “stripes” have a preferred direction).
(ii) Presence or absence of long-range Coulomb interac-
tions: As we argue below, an important coupling of the
critical Z2 gauge degrees of freedom to the fermions arises
from long-wavelength deformations of the shape of the
Fermi surface. As is well known, in the presence of long-
range Coulomb interactions the “dilatational” mode, in-
volving local changes in the area of the Fermi surface,
is strongly suppressed. For completeness we will also
consider the case of fermions with only short-range in-
teractions (perhaps the Coulomb interactions have been
screened by a metallic gate), where the coupling to the
dilatational mode has to be included.

With these two criteria, four distinct categories
emerge, which we label A, B, C, D, as summarized in
Table I. We will describe these cases in the subsections
below.

Proliferate single dislocations:   conventional large Fermi surface FL metal;  
theory of transition not understood. 
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Alternate approach
4
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in carrier concentration towards the Mott insulator. At
a critical value of Kc, the Z2 gauge theory undergoes
a transition into a deconfined state in which the stripe
dislocations are suppressed. The transition at K = Kc

is the focus of interest in this paper. In this deconfined
state, the nx! and ei"x fluctuations become independent
collective excitations: i.e. the single spin/charge collec-
tive mode, !x!, has fractionalized into two independent
modes. The bond order, (2.2), fluctuations are now given
by the ‘square’ of the ei"

x collective mode, while the spin
fluctuations, (2.1), are the product of the nx! and ei"x

collective modes.
We reiterate that there is no long range spin or charge

density wave order on either side of this fractionalization
transition, and it is entirely associated with the suppres-
sion of the defects in Fig 1; see Fig 2. At dopings lower
than those shown in Fig 2, the cuprates possess phases
with a variety of possible long range orders (e.g. SDW or
CDW) which were reviewed in Ref. 23. These transitions
are associated with conventional order parameters, and
we will not consider them in this paper, as theories are
already available in the literature.

III. QUANTUM FIELD THEORIES

We are interested in describing the universal proper-
ties of the transition at K = Kc. These turn out to be

K-1K-1
c

Confining phase of 
Z2 gauge theory;

Dislocations 
proliferate

Deconfined phase of 
Z2 gauge theory;

Dislocations 
suppressed

< !" >=0< !" >=0

< !" >=0
2

< !" >=0
2

< #x,y >=0 < #x,y >=0

FIG. 2: The quantum phase transition at K = Kc is the one
studied in this paper. The phases on both sides of Kc have
well defined electronic quasiparticles near a Fermi surface and
no long range spin or charge order ("!x,y!# = 0, "!2

x,y!# = 0).
The order parameters %x,y are defined in Section III: these
are Ising order parameters dual to the Z2 gauge theory. The
phase on the right is a conventional Fermi liquid; that on the
left is a Fermi liquid with local stripe correlations with ran-
dom phases and spin orientations, and a ‘topological rigidity’
associated with the suppression of stripe dislocations. In the
application to the cuprates, the horizontal axis represents in-
creasing doping and the critical point is near optimal doping.
States with long range spin or charge density wave order do
appear at smaller doping but these have not been shown. The
phase transition at K = Kc should be distinguished from the
conventional SDW ordering transition in a superconductor;
this occurs at lower doping and was used recently by one of
us22,23 to predict and explain the results of neutron scattering
and STM experiments.

controlled by two distinct characteristics of the electronic
system.
(i) Tetragonal or orthorhombic crystal symmetry: With
tetragonal symmetry we have to simultaneously consider
the separate Z2 gauge theories associated with fraction-
alization transitions in both !x! and !y!. With or-
thorhombic symmetry, only one of these will be selected
(the “stripes” have a preferred direction).
(ii) Presence or absence of long-range Coulomb interac-
tions: As we argue below, an important coupling of the
critical Z2 gauge degrees of freedom to the fermions arises
from long-wavelength deformations of the shape of the
Fermi surface. As is well known, in the presence of long-
range Coulomb interactions the “dilatational” mode, in-
volving local changes in the area of the Fermi surface,
is strongly suppressed. For completeness we will also
consider the case of fermions with only short-range in-
teractions (perhaps the Coulomb interactions have been
screened by a metallic gate), where the coupling to the
dilatational mode has to be included.

With these two criteria, four distinct categories
emerge, which we label A, B, C, D, as summarized in
Table I. We will describe these cases in the subsections
below.

 

Proliferate doubled dislocations to melt stripe order

Restore Landau quasiparticles at large Fermi surface 
(visible in dHvA, ARPES, transport,.....)

but stripe fluctuations 
are ``fractionalized” (Zaanen, 1999, Sachdev, Morinari, 2002).

Stripe fractionalized metal: 

Very subtle distinction from ordinary FL 
(surely not visible to any current experimental probe). 

Might this be the overdoped cuprate metal???
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Theory of a continuous stripe melting transition
Mross, TS, to appear

Stripe melting by doubled dislocation proliferation is an XY* transition*. 

Stripe order parameter has large anomalous dimension. 

 

* No ``chemical potential” term for XY order parameter due to lattice reflection 
symmetry. 

Charge Stripe order

Reconstructed FS

Melted stripes

Large FS

Proliferate double dislocations
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Theory of a continuous stripe melting transition
Mross, TS, to appear

 
Consequences of large anomalous dimension : 

1. Lattice pinning of stripe order parameter irrelevant at 
critical point. 

2. Landau damping and other coupling to Fermi surface also 
irrelevant at criticality!

Critical stripe fluctuations are strongly coupled but 
tractable. 

Coupling to Fermi surface dangerously irrelevant: in stripe 
ordered state, scale of stripe ordering parametrically 
different from scale of Fermi surface reconstruction. 

Single electron physics Fermi liquid like even at critical point. 

QC

T

Stripe ordered 
metal, reconstructed

FS

Stripe melted 
metal, large

FS

onset of stripe order

onset of FS 
reconstruction
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As far as I know, the ONLY understood example of stripe quantum criticality in a 
2d metal. 

Can generalize to tetragonal symmetry, other period stripes etc.

End of detour
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Deconfined criticality and the Neel-VBS transition:
lightning review

Landau-forbidden continuous transitions between Landau allowed phases

Topological defects of either order parameter carry non-trivial quantum numbers. 

Many other proposed examples: 
1. Bosons at fractional filling on various lattices (Balents et al, 05,06)
2. Spin nematic - VBS of spin-1 magnets (Harada, Kawashima, Troyer, 06; Grover, TS, 07)
3. Spontaneous spin Hall Mott - SC on honeycomb (Grover, TS, 08)
4. Staggered VBS - magnetic order (Xu, Balents, 11), 
and .................
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Critical theory for Neel-VBS 
``Non-compact CP1 model’’

z = two-component spin-1/2 spinon field
aµ = non-compact U(1) gauge field.
Distinct from usual O(3) or Z4 critical theories*.

Theory not in terms of usual order parameter fields
but involve fractional spin objects and gauge fields. 

*Distinction with usual O(3) fixed point due to non-compact gauge field
(Motrunich,Vishwanath, ’03)
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Deconfined criticality and the Neel-VBS transition:
microscopic models and numerics

Sandvik J-Q model

[2,22,23]), cannot a priori be ruled out for N ! 2. A first-
order transition would lead to much more dramatic devia-
tions from z ! 1.

Turning now to a quantitative discussion of the calcu-
lations, the J-Q Hamiltonian [5] can be written as

H ! "J
X

hiji
Cij "Q

X

hijkli
CijCkl; (1)

where Cij is a bond-singlet projector for S ! 1=2 spins;
Cij ! 1=4" Si # Sj. In the J term ij are nearest neighbors
on the square lattice, while ij and kl in the Q term are on
opposite edges of a 2$ 2 plaquette. Lattices of N ! L2

spins with periodic boundaries are used. Assuming z ! 1
(based on previous work [5,16]), the inverse temperature
! ! Q=T is taken proportional to L for finite-size scaling;
! ! L and ! ! L=4 will be considered for L up to 256.
Calculations for T=Q % 0:035 are also carried out for
systems sufficiently large, up to L ! 512, to give results
in the thermodynamic limit.

The focus here will be on magnetic properties. The
staggered magnetizationms is computed along the z (quan-
tization) axis. To extract the critical coupling ratio &J=Q'c,
and to address the issue of a possible first-order transition,
consider first the Binder cumulant [24],

U2 !
5

2

!
1" 1

3

hm4
szi

hm2
szi2

"
; (2)

which is defined so that U2 ! 0 and U2 ! 1 in an AFM
disordered and ordered state, respectively, when L ! 1
(stemming from a Gaussian distribution of j ~msj around
j ~msj ! 0 and a " function at j ~msj> 0, respectively). The
factors in (2) correspond to msz being one component of a
three-dimensional vector ~ms. At a continuous transition,
curves of U2 versus J=Q for different system sizes should
intersect at the critical coupling, where normally 0<U2 <
1 [24]. At a first-order transition, on the other hand, U2 !
"1 when L ! 1 [24], following from a distribution with
peaks at both j ~msj> 0 and j ~msj ! 0 when the ordered and
disordered phases coexist (with weight transferring rapidly

between the peaks as the transition is crossed for large
finite L). It should be noted thatU2 can be negative also at a
continuous transition [24,25]—only a divergence signals a
first-order transition.
As seen in Fig. 1, in the J-Q model there are no signs of

U2 becoming negative. The curves intersect at a point
which moves very slowly toward larger J=Q with increas-
ing system size. The critical coupling for L ! 1 can be
extracted by extrapolating the crossing points for systems
of size L and L=2, as shown in Fig. 2.
Figure 2 also shows results for the size-dependent criti-

cal coupling suggested by Kuklov et al. [18] and used by
Jiang et al. [17]. It is based on the winding numbers,

Wa !
1

L

Xn

p!1

Ja&p'; (3)

where Ja&p', a ! x; y, is the spin current in lattice direc-
tion a at location p in a SSE configuration containing n
operators [20]. In the case of the J-Qmodel, these currents
take the values Ja&p' 2 f0;(1;(2g. The ‘‘temporal’’
winding number is essentially the magnetization;

W# ! 2Mz; Mz !
XN

i!1

Szi : (4)

The squared winding numbers are related to two important
thermodynamic quantities: the spin stiffness,

$s !
1

2!
&hW2

x i) hW2
y i'; (5)

and the uniform magnetic susceptibility,

% ! !

N
hM2

z i !
!

4N
hW2

#i: (6)

For L ! 1 and T ! 0, in a magnetically disordered (here
VBS) phase $s ! 0 and % ! 0, while in the AFM phase
$s > 0 and %> 0. A possible definition of the transition
point (for finite L and !) is the coupling at which the
probability P0 of all the winding numbers being zero is
1=2 (or any fixed fraction) [18]. Figure 2 shows results
obtained by interpolating P0 for several J=Q values. They
extrapolate to the same &J=Q'c * 0:0445 as the Binder

0 0.02 0.04 0.06 0.08
J/Q

0.0

0.2

0.4

0.6

0.8

U
2

 L = 32
 L = 64
 L = 128
 L = 256

FIG. 1 (color online). Binder cumulant for the sublattice mag-
netization as function of the coupling ratio for different system
sizes at inverse temperature ! ! L.

0 0.01 0.02 0.03 0.04 0.05 0.06
1/L

0.036

0.038

0.040
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0.044

0.046
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(J
/Q

) c

 U2 (! = L)

 P0 (! = L)

 U2 (! = L/4)

 P0 (! = L/4)

FIG. 2 (color online). Critical couplings extracted from the
crossing of U2&L' and U2&L=2' and from the winding number
criterion P0 ! 1=2 in systems with ! ! L and L=4.
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Cij =
1
4 − �Si.�Sj

Sign problem free: large scale QMC possible. 
Important contributions from many people (Sandvik, Melko, Kaul, Prokofiev, 
Svistinov, Wiese, Chandrasekharan, Kawashima, Damle, Alet, ...........)

Early controversy on order of transition.  

Emerging picture from most extensive recent simulations: 

Second order but with unusual logarithmic correction to scaling for 
spin stiffness. (Sandvik 10, Bannerjee, Damle, Alet, 2010)

systems), along with nonrigorous analytical calculations,
has established a consensus that critical points are ubiq-
uitous. The system volumes !L2 used here for the J-Q
model are similar to those in contemporary classical
Monte Carlo simulations [27]. In the absence of any con-
crete signals of first-order behavior, the transition must
therefore be regarded as continuous.

The scaling corrections will hopefully stimulate further
field-theoretical work to explain them. Scaling anomalies
that could be logarithmic have been seen in Monte Carlo
studies of the NCCP1 action [3], but it has also been
claimed that this action always leads to a first-order tran-
sition [19] (in which case a different field theory for the
J-Q model would have to be found). Marginal operators
leading to logarithms appear in systems at their upper
critical dimension, but this is not applicable here.
Logarithmic corrections have been previously found in
gauge field theories with fermions [28]. On the other
hand, conventional power-law corrections due to irrelevant
operators are always expected, but here the subleading
exponent ! would have to be very small, which has not
been anticipated (although the dangerously irrelevant op-
erator causing the VBS has a small scaling dimension [15]
and is a potential source of a small !). Studies of the
SU!N" generalization of the J-Q model would be useful
to determine whether N # 2 is a special case. QMC cal-
culations have already been carried out for N # 3 and 4
[15], but the quantities discussed here have not yet been
investigated.

A consequence of the findings presented here is that the
anomalous VBS transition in U(1) symmetric systems [7]
should be reevaluated. Scaling deviations very similar to
(but stronger than) those in the J-Q model were found,
which in [18,19] was interpreted as a first-order transition.
Considering scaling corrections, this class of models as
well may in the end have continuous transitions [6].

I would like to thank L. Balents, R. Kaul, V. Kotov, R.
Melko, F. Nogueira, S. Sachdev, and T. Senthil for useful

discussions. This work is supported by NSF Grant
No. DMR-0803510.
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Deconfined criticality and the Neel-VBS transition:
microscopic models and numerics

Field theory: controlled calculation possible only in 1/N expansion; no log scaling 
corrections visible. 

Numerics: study SU(N) J-Q models to understand correction to scaling (Lou, 
Sandvik, Kawashima, 09; Kaul, 10; Bannerjee, Damle, Alet, 10). 

Transition second order for N = 3, 4 but a significant correction to scaling persists. 

Full picture remains to be clarified..................
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Characterizing non-Landau critical points

Common theme to all non-Landau criticality: emergent non-locality captured by 
field theory in terms of gauge fields, fractional degrees of freedom etc. 

Q: Should one expect this to show up as non-trivial Long Range Entanglement at 
non-Landau critical ground states? 

Problem:  All quantum critical points have LRE. 

Long range correlations at a generic QCP necessarily imply LRE. 
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Characterizing non-Landau critical points: refine the 
question

 
Refined Q: Do non-Landau QCPs have ``stronger” LRE than Landau QCPs?

 

More refined: Do non-Landau QCPs have stronger LRE than is simply dictated by 
the long range correlations of local operators? 

Can we sharpen these questions? 

Motivates general study of entanglement structure of non-Landau QCPs. 
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Formulate simpler answerable questions
 

Does the deconfined critical point for the Neel-VBS transition have stronger 
Long Range Entanglement than the O(3) critical point? 

Suggestive evidence that answer is yes!

 Characterize entanglement by universal contribution to 
Entanglement Entropy (EE) of a spatial bipartition. A

B

SA = TrB |ψ >< ψ|
SA = αL− a (L = area of boundary)
a universal but depends on shape of spatial region.

Conjecture: (Myers, Sinha, 10; related old work by Cardy):

For any Conformal Field Theory (CFT), put system on spatial sphere and choose A to be one 
hemisphere. 

Then universal piece in EE decreases under RG flow. 

(A generalization of c-theorem of 1+1 CFT to any d)
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Does the deconfined critical point for the Neel-VBS transition have stronger Long 
Range Entanglement than the O(3) critical point? 

Deconfined critical point:  
Non-compact CP^1 CFT

O(3) CFT = compact  CP^1 

Perturbing NCCP1 by single monopole operator
leads to relevant flow to O(3) fixed point. 

General CFT conjecture of Myers and Sinha 

=> universal piece of EE between two hemispheres larger for deconfined 
critical point than O(3) critical point. 
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Entanglement entropy at the XY* transition 

Ideal case study to separate out effects of long range correlation and global topological 
structure on entanglement. 

Fractionalized Mott insulator has Topological Entanglement Entropy: what is its fate at the 
critical point of transition to superfluid? 

Further inspiration: recent numerics (Isakov, Hastings, Melko,  Nat Phys11) on Kagome 
Bose-Hubbard model

3

Super!uid
Topological
Spin Liquid

Quantum
Critical

Fan

-8 -6 -4 -2 0 2 4 6 80.1

0.2

0.3

0.4
L=6
L=12
L=18
L=24
L=30
L=36

ba

[(V/t)! (V/t)c]L1/!

"sL

V/t(V/t)c

T/t

FIG. 2: (a) The schematic phase diagram of the kagome Bose-Hubbard model (3). Insets are the structure factor (Fourier
transform of the equal-time density-density correlation function) for V/t = 6 and 8 at high T (! = 3, top) and low T (V/t = 8
and ! = 48, bottom) in the spin liquid phase. (b) Data collapse of the superfluid density, which in the vicinity of a continuous
phase transition should scale as "s(L, V/t,!) = L!1F ([V/t ! (V/t)c]L

1/! ,!/Lz). Here, F is the scaling function, z is the
dynamical critical exponent, and # is the correlation length exponent. It follows from the above equation that if we plot "sL
as a function of [V/t ! (V/t)c]L

1/! at fixed !/Lz then the curves for di!erent system sizes should collapse onto the universal
curve F for appropriate values of # and (V/t)c, as shown for # = 0.6717, (V/t)c = 7.0665, and !/L = 2.

comes classical: the quantum dynamics induced by g can
be ignored and the vertex term restricts us to states de-
scribed by closed loops of up spins. In this classical prob-
lem, there is a phase transition as h/T increases from a
topological phase with long loops to a trivial phase with
only short loops (this transition is dual to the 2D Ising
transition). Thus, at high temperatures (small h/T ) we
see a topological EE, while at lower T the topological
EE disappears. In fact, this kind of physics has been
suggested to occur as a “cooperative paramagnet” in a
related kagome lattice model [8].

The QMC results indicate a quantum critical point,
separating the superfluid and topological phases, for a
critical V/t located precisely by studying the finite size
scaling of the superfluid density !s (Figure 2). The data
scales very well with the dynamical exponent z = 1 and
the XY value [17] for the correlation length exponent
" = 0.6717 at (V/t)c = 7.0665(15). At T = 0 near the
quantum critical point, we expect good quantization of
the topological EE whenever L is su!ciently large com-
pared to the correlation length #, so the topological EE
may be controlled by a scaling function of L/#. At T > 0,
the scaling of the topological EE in the quantum criti-
cal fan appears not to have been considered previously;
the plateau at intermediate temperatures for V/t = 6
can perhaps also be understood as a manifestation of in-
creasing T moving one from the zero temperature trivial
phase into the quantum critical fan. Even at T = 0, the
behavior of constant terms in the entropy at a critical
point is largely unexplored, and may depend sensitively
upon the geometry used to define it [22]. Scaling pre-
dicts that near the critical point the topological EE is
a function of $/# and L/#, implying that in the topo-

logical phase, corrections to 2 ln(2) should depend upon
(L/#)2 exp(!$/#), consistent with a defect energy of or-
der 1/#. Based on the intermediate temperature plateau
at V/t = 6, it seems likely that only one type of defect,
the magnetic defect, becomes gapless at criticality.

Discussion - In order to identify a topological phase,
it is essential to perform non-local probes. Experimen-
tally, such non-local probes could involve braiding oper-
ations as in the proposal of [18]. In this paper, we have
shown that the topological entanglement entropy (EE),
calculated by QMC using the replica trick, is a practical
numerical non-local probe. Other probes might be pos-
sible, such as calculating the ground state degeneracy on
lattices of di"erent topology. However, that probe su"ers
from two drawbacks. First, studying surfaces of di"erent
Euler characteristic requires introducing defects, which
is undesirable [23]. Second, while it would be possible in
QMC to calculate the ground state degeneracy by inte-
grating the specific heat, it requires accurate simulations
at a temperature low enough to suppress all excitations
- a regime where simulation ergodicity typically becomes
a problem. In contrast, we have demonstrated that mea-
surement of topological EE yields accurate quantization
once one has suppressed all topologically non-trivial de-
fects – and indeed one even sees accurate quantization
at higher temperature where only one kind of defect is
suppressed. Thus, we expect that replica QMC measure-
ments of topological EE will be a fundamental technique
in the characterization of non-trivial topological phases
in the future.

This work has been supported by the Natural Sciences
and Engineering Research Council of Canada (NSERC),
NSF grant No PHY 05-51164 (KITP) and the Swiss
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FIG. 3: (a) The topological entanglement entropy (EE) measured on an L = 8 system as a function of inverse temperature
! = t/T . The plateaus are a measure of the total quantum dimension [9], and should be ln(2) and 2 ln(2) for a Z2 spin liquid.
(b) The approach of the topological EE to the first plateau, for di!erent system sizes. The value of the crossover temperature
(!x), measured at 2" = ln(2)/2, shows a logarithmic dependence on system size (inset).

HP2C initiative. Simulations were performed on the Bru-
tus cluster at ETH Zurich and the computing facilities
of SHARCNET.
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Useful effective model for XY* transition 

Set vison gap = ∞.
Charge-1/2 hard-core boson (chargon) condensation with static zero Z2

gauge flux.
Alternate ‘electric field’ picture: ∞ vison gap: tensionless electric field lines

(strings). Chargons are end points of open strings.

Ground state wavefunction
|ψ >=

�
R φ(R)|R�|X(R)�

|X(R)� = sum of all string configurations with open ends at R.
R = (r1, r2, ........, rN ) = set of chargon locations.
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Entanglement entropy of a simply 
connected  region

A

B

AB boundary has n sites.
Decompose wavefunction:
Partition chargon sites into RA, RB .
For each partition sum over all string configurations in A and glue to sum

over all string configurations in B.
Total 2n−1 possible boundary string configurations.
Easy to show
SA = SXY

A + (n− 1)ln2.
Universal piece
SXY ∗
univ = SXY

univ + ln2.

Apparent clean separation between gapless and topological contributions. 

Under scrutiny: multiply connected partitions of the kind required in Levin-Wen 
protocol for extracting Topological EE in fractionalized phase. 

Swingle, TS, 
forthcoming
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Other general issues 

1. A clean protocol for measuring universal quantum critical contribution 
to EE in a lattice numerical calculation?

Beware of corners!

2. Shape dependence? How universal? 

3. (More general) is there a better probe of Long Range Entanglement 
than the various entropies? 
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Summary: Landscape of quantum phase transitions

LRO, no LRE no LRO, no LRE

LRE, no LRO no LRO, no LRE

Eg:  Topological quantum spin liquid 
- trivial paramagnet

LRE  LRE’

Eg:   FQHE plateau transitions

LRO, no LRE LRO’, no LRE

Eg:   AF - VBS in spin-1/2 square 
lattice

LRO, no LRE LRE, no LRO

Eg:   AF - quantum spin liquid

Landau-Ginzburg-Wilson paradigm only works here!

Note:  typically quantum critical points have Long Range Entanglement
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