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   Fermi Liquid Theory (FLT) of conventional metals

Electron retains integrity at low energies as a `quasiparticle’

Sharp Fermi surface satisfying Luttinger sum rule

Infinite number of emergent conservation laws: quasiparticle number 
at each point of Fermi surface

Landau FL: hydrodynamic theory of low energy conserved densities

FLT beyond Landau: Universal short distance physics (2Kf 
singularities)

Size and shape of Fermi surface: important defining 
feature of a Fermi liquid
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Luttinger’s theorem for Fermi liquids
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Focus of this talk: strange metals

Many interesting metals where Landau’s Fermi Liquid 
Theory breaks down. 

``Non-Fermi Liquid” metals:  Very little theoretical 
understanding though many interesting scattered ideas 
exist
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A common phase diagram 

T

Tuning 
parameter

Phase A Phase B

Non
Fermi Liquid
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Example 1: high temperature superconductors

Strange 
non-Fermi liquid
metal
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Example 1: high temperature superconductors

mΩcm
Strange 
non-Fermi liquid
metal

Saturday, October 22, 2011



Example 2: Magnetic ordering in heavy fermion alloys
CePd2Si2, CeCu6-xAux, YbRh2Si2,……

Metal

Non –fermi liquid
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Origin of Non-Fermi Liquid (NFL)  physics? 

T

Tuning 
parameter

Phase A Phase B

Non
Fermi Liquid

NFL: universal singularities of putative quantum critical point between phases A 
and B 
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Alternate (less common?) phase diagram

9

T

Phase A Phase B

Non-Fermi
Liquid Phase

Certainly possible theoretically. 

Experiment? 

Some tantalizing examples: beta-YbAlB4, may be also with Ir substitution for Rh in 
YbRh2Si2, MnSi?, hiTc? 

Conventional Conventional
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Approach from Fermi liquid

10

Crucial question: 

Fate of the Fermi surface as a Fermi liquid metal undergoes a quantum 
phase transition?
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Approach from Fermi liquid

Crucial question: 

Fate of the Fermi surface as a Fermi liquid metal undergoes a quantum 
phase transition?

Two general possibilities

Mutilate Kill

Fermi surface evolves 
continuously but is distorted
in some way.
(Ferromagnet, nematic, SDW, 
CDW,.....)

Original Fermi surface 
completely disappears. 
(Mott transition, Kondo 
breakdown,.....)
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Mutilate versus Kill

12

Mutilate: Typically associated with development of broken symmetry 
characterized by Landau order parameter. 

Model: Fermi surface + X 
(X = gapless bosons associated with singular order parameter fluctuations).

Kill: No Landau order parameter; physics beyond Landau-Ginzburg-Wilson 
paradigm. 
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Outline

13

1. Killing the Fermi surface: concept of critical FS, scaling theory, and 
some calculations

2. New results on quantum critical points where FS is mutilated

(i) Controlled expansion for nematic and other similar (i.e 
Pomeranchuk) quantum critical points in 2d

(ii) QPT between an antiferromagnet and a spin liquid in a metal - non-
trivial scaling at an itinerant QCP. 
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Killing a Fermi surface

At certain such T = 0 phase transitions in metals, an entire 
Fermi surface may disappear. 

Eg: (i) Heavy fermion `Kondo breakdown’ 

(ii) Transition from metal to (Mott) insulator

(iii) High-Tc cuprates as function of doping?

IF second order, non-fermi liquid very natural! 
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Geometry of Fermi surface of CeRhIn5 

H. Shishido, R. Settai, H. Harima, & Y. Onuki, JPSJ 74, 1103 (2005)

Example: Evolution of Fermi surface across the 
magnetic phase transition in CeRhIn5
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Geometry of Fermi surface of CeRhIn5 

H. Shishido, R. Settai, H. Harima, & Y. Onuki, JPSJ 74, 1103 (2005)

Example: Evolution of Fermi surface across the 
magnetic phase transition in CeRhIn5
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A simpler example: the metal- insulator transition

Insulators do not have Fermi surfaces!

When a metal evolves into an insulator (eg by carrier 
doping, or by tuning pressure), it must lose its Fermi 
surface. 
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How does Fermi surface die when a metal evolves into an 
insulator? 

Simplest possibility: Fermi surface shrinks in size and 
disappears.

Question more interesting if insulation is due to Coulomb repulsion, i.e, a `Mott’ insulator
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How does Fermi surface die when a metal evolves into a 
Mott insulator? 

 
Not fully understood……

Central to some of the most mysterious phenomena in 
quantum condensed matter physics. 

Mott insulator: simple in real space (electrons are particles)

Metal with Fermi surface: simple in momentum space 
(electrons are waves)

Vicinity of Mott metal-insulator transition: neither 
wave nor particle points of view superior.
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Possible experimental realization of a 
second order Mott transition
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Evolution from metal to insulator

No Fermi surface Fermi surface with size
fixed by fixed electron density
(1 per lattice site)
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Another example: High temperature 
superconducting materials

T

x

Pseudo
gap AF Mott

insulator

Non-fermi 
liquid metal

Fermi liquid
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Basic question for theory

How can an entire Fermi surface disappear 
continuously?
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Even more basic: What is the Fermi 
surface?
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How might the Fermi surface die?

Brinkman, Rice, 1970

Concrete examples in dimensions d = 2,3: TS, Vojta, Sachdev, 2004; TS 2008
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Electronic structure at criticality: ``Critical 
Fermi surface”

TS, 2008
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Why a critical Fermi surface?
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Evolution of single particle gap
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Why a critical Fermi surface?
Evolution of momentum distribution 
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Killing a Fermi surface
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Some obvious consequences/questions
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Scaling phenomenology at a quantum critical point with a 
critical Fermi surface?                                     TS, 2008

Saturday, October 22, 2011



Critical Fermi surface: scaling for single 
particle physics
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New possibility: angle dependent exponents
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Leaving the critical point
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Implications of angle dependent exponents
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Finite T crossovers
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? Calculational framework ?

1. Slave particle methods

View electron as composite of `slave’ particles with fractional quantum numbers

Reformulate electron model in terms of slave particles interacting 
through gauge forces. 

Provides concrete examples of phase transitions where an entire Fermi surface 
disappears continuously. 

Successes: Demonstrate critical Fermi surface, 
emergence of non-fermi liquids   (TS, 2008)

Important as proof of principle, application to experiment with caution. 

2. A loooooooong shot: `Dual gravity’ calculations AdS/CMT
(Faulkner, Liu, McGreevy, Vegh, 2009)
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40

Mutilating a Fermi surface
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 Onset of electronic nematic order from a Fermi 
liquid

Electronic nematic: break lattice rotational symmetry without 
breaking translational symmetry. 

Growing number of examples in experiments. (Review: Fradkin et al, arXiv:0910.4166)

In a metal this leads to distortion of Fermi surface

Order parameter O =
�

�K (CosKx − CosKy) c
†
KcK .

Right at the quantum phase transition, Fermi surface of 
electrons are coupled to critical fluctuations of nematic 

order parameter. 
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Generic model action
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A controlled expansion for certain non-Fermi liquid metals

David F. Mross, John McGreevy, Hong Liu, and T. Senthil
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

(Dated: March 4, 2010)

The destruction of Fermi liquid behavior when a gapless Fermi surface is coupled to a fluctuating
gapless boson field is studied theoretically. This problem arises in a number of different contexts
in quantum many body physics. Examples include fermions coupled to a fluctuating transverse
gauge field pertinent to quantum spin liquid Mott insulators, and quantum critical metals near
a Pomeranchuk transition. We develop a new controlled theoretical approach to determining the
low energy physics. Our approach relies on combining an expansion in the inverse number (N) of
fermion species with a further expansion in the parameter ε = zb−2 where zb is the dynamical critical
exponent of the boson field. We show how this limit allows a systematic calculation of the universal
low energy physics of these problems. The method is illustrated by studying spinon fermi surface
spin liquids, and a quantum critical metal at a second order electronic nematic phase transition.
We calculate the low energy single particle spectra, and various interesting two particle correlation
functions. In some cases deviations from the popular Random Phase Approximation results are
found. Some of the same universal singularities are also calculated to leading non-vanishing order
using a perturbative renormalization group calculation at small N extending previous results of
Nayak and Wilczek. Implications for quantum spin liquids, and for Pomeranchuk transitions are
discussed. For quantum critical metals at a nematic transition we show that the tunneling density
of states has a power law suppression at low energies.

PACS numbers:

I. INTRODUCTION

This paper is concerned with the destruction of Fermi
liquid behavior in two dimensional systems where a gap-
less Fermi surface is coupled to a fluctuating gapless bo-
son field. This problem arises in a number of differ-
ent contexts in quantum many body physics. A well
known example is where the fermions are coupled to a
gapless transverse gauge boson. This describes the low
energy effective theory of certain quantum spin liquid
phases1,2, the theory of the half-filled Landau level3, and
various non-fermi liquid metallic phases4–8. A different
and equally well known example is as a description of
quantum critical metals at a ‘Pomeranchuk’ instability.
The classic example is the Stoner transition associated
with the onset of ferromagnetism in a metal. In recent
years attention has focused on a different example of a
Pomeranchuk transition: that associated with the onset
of electronic nematic order9–15 from a Fermi liquid metal.
Here electronic nematic order means a phase where the
lattice point group symmetry but not translation sym-
metry is broken. Such order has been observed with in-
creasing frequency in a number of different correlated
metals16–21 giving rise to an interest in the associated
quantum phase transition. At such a quantum phase
transition the nematic order parameter is described as a
gapless fluctuating Bose field, and its coupling to the gap-
less Fermi surface destroys Fermi liquid behavior10,12,13.
The purpose of this paper is to formulate a new con-

trolled theoretical approach to this class of problem, the
need for which has been emphasized recently22,23. The
low energy physics of the resulting non-fermi liquid metal
is characterized by universal scale invariant behavior.
Our approach provides a systematic method of calculat-

ing the exponents and other universal properties asso-
ciated with this scale invariant behavior. We illustrate
this by studying many physical properties of the gauge
field model and of the nematic quantum critical metal in
detail.
Quite generally the low energy physics of problems of

this sort is conveniently described by restricting attention
to fermionic modes in the immediate vicinity of the Fermi
surface, and the long wavelength, low frequency modes
of the fluctuating boson field. The model is described by
the Euclidean action

S = Sf + Sint + Sa (1)

Sf =

∫

!k,ω
f̄kα

(

−iω − µf + ε!k
)

fkα (2)

Sint =

∫

!k,ω
a(#k,ω)O(−#k,−ω) (3)

Sa =

∫

!k,ω

1

e2
k2|a(k,ω)|2 (4)

Here fkα, α = 1, ....N , is a fermion field with N possible
flavors and a is the boson field. In the gauge model a
is the transverse component of a U(1) gauge field, and
O(#x, τ) is the transverse component of the current den-
sity of fermions. At a nematic quantum critical point a
will be taken to be the nematic order parameter field,
and O(#k,ω) is the fermion bilinear with the same sym-
metry. For instance, on a two dimensional square lattice
with lattice constant & a uniform nematic order parame-
ter couples to N−1/2

∑

k (cos(kx&)− cos(ky&)) f̄kαfkα.
Much prior work of course exists on this problem. In a

number of early papers3,4,24–26 the problem was analysed
in a Random Phase Approximation (RPA) and various

Nematic quantum criticality: O = nematic order parameter. 
Exactly same structure in different problem - Fermi surface coupled to 

transverse gauge field: O = transverse current density
For nematic criticality mass term for a prohibited by gauge invariance. 

For gauge model mass term tuned away by going to critical point. 
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Preliminary look: Random Phase Approximation

5

by its self energy which at one-loop level takes the form

Σ = −i
1

λN
sgn(ω)|ω|

2
zb (10)

The constant λ is given by

λ = 4π sin
2π

zb
γ

zb−2

zb (11)

and thus vanishes linearly as zb → 2. In terms of the scal-
ing form in Eqn. 7 this implies the fermionic dynamical
critical exponent z = zb

2 and α = 1 as promised.

k

k + q

k

q

FIG. 3: 1-loop boson self-energy.

k k − q

q

k

FIG. 4: 1-loop fermion self-energy.

The arguments of Ref. 22 show that a minimal Eu-
clidean action that enables correct description of the low
energy physics is given by

S = Sf + Sint + Sa (12)

Sf =

∫

d2xdτ
∑

sα

f̄sα
(

η∂τ − is∂x − ∂2
y

)

fsα (13)

Sint =

∫

d2xdτ
s√
N

af̄sαfsα (14)

Sa =

∫

#k,ω
|ky|zb−1|)a()k,ω)|2 (15)

Here s = +1 for the patch R and −1 for the patch L. The
parameter η is taken to be small and positive. The field a
represents just the x-component of the vector field ai. In-
deed it is just this component that couples strongly to the
patches with normals along ±x. Note in particular that
the boson field couples with opposite sign to the two an-
tipodal patches. If on the other hand we were interested
in the critical theory for a Pomeranchuk transition (such
as a transition to an electronic d-wave nematic state in a
two dimensional metal which microscopically has square
lattice symmetry), the minimal action will have a very
similar form except that the boson will couple with the
same sign to antipodal patches. While this difference is
unimportant for some properties it plays a crucial role
in others. For instance the structure of the 2Kf singu-
larities is completely altered between the gauge field and
nematic models.

III. ONE PATCH THEORY

We begin by focusing attention only on one patch, say
the right one, and completely ignoring the other one. In-
deed Ref. 22 showed that the standard large-N expansion
leads to an apparently strongly coupled theory already in
this simplified model. The main point is that a high loop
diagram may formally look like it is high order in the
1/N expansion. However for many such diagrams the
corresponding loop integral diverges in the η → 0 limit.
This divergence may be regularized by using the one loop
self energy in the fermion propagator. As this is of or-
der 1/N , the singular η dependence is traded for an en-
hanced power of N in the numerator. Consequently the
naive 1/N counting is modified and an infinite number
of diagrams survive in each order of 1/N . A systematic
way to keep track of the true power of 1/N is obtained by
using a “double-line” representation for the boson field
that was previously used in the treatment of the electron-
phonon interaction in metals33,34. It was shown that the
1/N expansion could be organized as a genus expansion
with all “planar” diagrams surviving to leading order.
Ref. 22 further established that in the large-N limit the
boson propagator is unrenormalized beyond 1-loop - in
other words all higher loop diagrams that survive in the
large-N limit give vanishing contributions. Each indi-
vidual term contributing to the fermion self energy is (if
one calculates using the 1-loop fermion propagator) fi-
nite, and has the same functional form as the 1-loop self
energy: formally (at zb = 3),

Σ = −i
1

λ
sgn(ω)|ω|

2
3

∑

n

anNn−1

Nn
(16)

The nth term in the sum comes from diagrams that are
formally of order 1/Nn in the large-N expansion. How-
ever for all planar diagrams there is a compensating en-
hancement factor Nn−1 in the numerator so that each
term is of order 1/N . The worry is whether the sum over
the infinite contributing diagrams leads to something sin-
gular or not.
It is straightforward to see that these results carry over

to general zb. Indeed the kinematics leading to the diver-
gences in the small η limit depend only on the existence
of the gapless Fermi surface and not on the detailed form
of the boson propagator. When the divergence is regu-
larized with the one loop fermion self energy, every 1

η is
traded for a factor λN . Eqn. 16 is accordingly modified
to

Σ = −i
1

λ
sgn(ω)|ω|

2
zb

∑

n

bn (λN)n−1

Nn
(17)

Here the coefficients bn are all independent of N but in
general depend on zb. The utility of the small zb − 2
limit where λ ∝ zb− 2 is now apparent. So long as zb− 2
is of order 1/N , the enhancement factor (λN)n−1 in the
numerator of each term above is finite. If further the

Boson self energy

5

by its self energy which at one-loop level takes the form

Σ = −i
1

λN
sgn(ω)|ω|

2
zb (10)

The constant λ is given by

λ = 4π sin
2π

zb
γ

zb−2

zb (11)

and thus vanishes linearly as zb → 2. In terms of the scal-
ing form in Eqn. 7 this implies the fermionic dynamical
critical exponent z = zb

2 and α = 1 as promised.
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FIG. 4: 1-loop fermion self-energy.

The arguments of Ref. 22 show that a minimal Eu-
clidean action that enables correct description of the low
energy physics is given by

S = Sf + Sint + Sa (12)

Sf =

∫

d2xdτ
∑

sα

f̄sα
(

η∂τ − is∂x − ∂2
y

)

fsα (13)

Sint =

∫

d2xdτ
s√
N

af̄sαfsα (14)

Sa =

∫

#k,ω
|ky|zb−1|)a()k,ω)|2 (15)

Here s = +1 for the patch R and −1 for the patch L. The
parameter η is taken to be small and positive. The field a
represents just the x-component of the vector field ai. In-
deed it is just this component that couples strongly to the
patches with normals along ±x. Note in particular that
the boson field couples with opposite sign to the two an-
tipodal patches. If on the other hand we were interested
in the critical theory for a Pomeranchuk transition (such
as a transition to an electronic d-wave nematic state in a
two dimensional metal which microscopically has square
lattice symmetry), the minimal action will have a very
similar form except that the boson will couple with the
same sign to antipodal patches. While this difference is
unimportant for some properties it plays a crucial role
in others. For instance the structure of the 2Kf singu-
larities is completely altered between the gauge field and
nematic models.

III. ONE PATCH THEORY

We begin by focusing attention only on one patch, say
the right one, and completely ignoring the other one. In-
deed Ref. 22 showed that the standard large-N expansion
leads to an apparently strongly coupled theory already in
this simplified model. The main point is that a high loop
diagram may formally look like it is high order in the
1/N expansion. However for many such diagrams the
corresponding loop integral diverges in the η → 0 limit.
This divergence may be regularized by using the one loop
self energy in the fermion propagator. As this is of or-
der 1/N , the singular η dependence is traded for an en-
hanced power of N in the numerator. Consequently the
naive 1/N counting is modified and an infinite number
of diagrams survive in each order of 1/N . A systematic
way to keep track of the true power of 1/N is obtained by
using a “double-line” representation for the boson field
that was previously used in the treatment of the electron-
phonon interaction in metals33,34. It was shown that the
1/N expansion could be organized as a genus expansion
with all “planar” diagrams surviving to leading order.
Ref. 22 further established that in the large-N limit the
boson propagator is unrenormalized beyond 1-loop - in
other words all higher loop diagrams that survive in the
large-N limit give vanishing contributions. Each indi-
vidual term contributing to the fermion self energy is (if
one calculates using the 1-loop fermion propagator) fi-
nite, and has the same functional form as the 1-loop self
energy: formally (at zb = 3),

Σ = −i
1

λ
sgn(ω)|ω|

2
3

∑

n

anNn−1

Nn
(16)

The nth term in the sum comes from diagrams that are
formally of order 1/Nn in the large-N expansion. How-
ever for all planar diagrams there is a compensating en-
hancement factor Nn−1 in the numerator so that each
term is of order 1/N . The worry is whether the sum over
the infinite contributing diagrams leads to something sin-
gular or not.
It is straightforward to see that these results carry over

to general zb. Indeed the kinematics leading to the diver-
gences in the small η limit depend only on the existence
of the gapless Fermi surface and not on the detailed form
of the boson propagator. When the divergence is regu-
larized with the one loop fermion self energy, every 1

η is
traded for a factor λN . Eqn. 16 is accordingly modified
to

Σ = −i
1

λ
sgn(ω)|ω|

2
zb

∑

n

bn (λN)n−1

Nn
(17)

Here the coefficients bn are all independent of N but in
general depend on zb. The utility of the small zb − 2
limit where λ ∝ zb− 2 is now apparent. So long as zb− 2
is of order 1/N , the enhancement factor (λN)n−1 in the
numerator of each term above is finite. If further the

Fermion self energy

∼ |ω|
|k|

Landau damping; overdamped 
boson

∼ −i|ω| 23 sgn(ω)

Momentum independent

Fermi liquid 
destroyed!

Many papers: ’89 - present
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Beyond RPA

Controlled expansions to access legitimacy of RPA and otjer 
approaches? 

Does scale invariant structure persist with same/modified 
exponents?
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Large-N?

Generalize to model with N fermion species- attempt to develop 
systematic 1/N expansion (Polchinski ’94, Altshuler, Ioffe, Millis 
’94, ..........)

Hope that RPA can be formally justified at infinite N.  
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A useful observation

Bosons with momentum �k primarily couple with patches of Fermi surface
that are tangent to �k.

�a(�k)

k̂

True even for a non-isotropic Fermi surface

A scattering off such a boson keeps the 
fermion close to the  Fermi surface. 
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Divide and conquer: The patch construction

Divide Fermi surface into patches; in the low energy limit only 
patches with parallel normals are strongly coupled together. 

Check a posteriori that short range four fermion interactions that 
couple different patches are irrelevant at low energies. 

Simple nearly circular Fermi surface: focus on two antipodal patches 
of Fermi surface. 

Polchinski, ’94
Altshuler et al, ’94

Motrunich, Fisher, ’07
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Patch action

Kx

Ky

L R

Focus on R/L patches: s = +1 for R, -1 for L

5

by its self energy which at one-loop level takes the form
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The arguments of Ref. 22 show that a minimal Eu-
clidean action that enables correct description of the low
energy physics is given by
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Sf =

∫

d2xdτ
∑

sα

f̄sα
(

η∂τ − is∂x − ∂2
y

)

fsα (13)
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d2xdτ
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N

af̄sαfsα (14)
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∫
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Here s = +1 for the patch R and −1 for the patch L. The
parameter η is taken to be small and positive. The field a
represents just the x-component of the vector field ai. In-
deed it is just this component that couples strongly to the
patches with normals along ±x. Note in particular that
the boson field couples with opposite sign to the two an-
tipodal patches. If on the other hand we were interested
in the critical theory for a Pomeranchuk transition (such
as a transition to an electronic d-wave nematic state in a
two dimensional metal which microscopically has square
lattice symmetry), the minimal action will have a very
similar form except that the boson will couple with the
same sign to antipodal patches. While this difference is
unimportant for some properties it plays a crucial role
in others. For instance the structure of the 2Kf singu-
larities is completely altered between the gauge field and
nematic models.

III. ONE PATCH THEORY

We begin by focusing attention only on one patch, say
the right one, and completely ignoring the other one. In-
deed Ref. 22 showed that the standard large-N expansion
leads to an apparently strongly coupled theory already in
this simplified model. The main point is that a high loop
diagram may formally look like it is high order in the
1/N expansion. However for many such diagrams the
corresponding loop integral diverges in the η → 0 limit.
This divergence may be regularized by using the one loop
self energy in the fermion propagator. As this is of or-
der 1/N , the singular η dependence is traded for an en-
hanced power of N in the numerator. Consequently the
naive 1/N counting is modified and an infinite number
of diagrams survive in each order of 1/N . A systematic
way to keep track of the true power of 1/N is obtained by
using a “double-line” representation for the boson field
that was previously used in the treatment of the electron-
phonon interaction in metals33,34. It was shown that the
1/N expansion could be organized as a genus expansion
with all “planar” diagrams surviving to leading order.
Ref. 22 further established that in the large-N limit the
boson propagator is unrenormalized beyond 1-loop - in
other words all higher loop diagrams that survive in the
large-N limit give vanishing contributions. Each indi-
vidual term contributing to the fermion self energy is (if
one calculates using the 1-loop fermion propagator) fi-
nite, and has the same functional form as the 1-loop self
energy: formally (at zb = 3),

Σ = −i
1

λ
sgn(ω)|ω|

2
3

∑

n

anNn−1

Nn
(16)

The nth term in the sum comes from diagrams that are
formally of order 1/Nn in the large-N expansion. How-
ever for all planar diagrams there is a compensating en-
hancement factor Nn−1 in the numerator so that each
term is of order 1/N . The worry is whether the sum over
the infinite contributing diagrams leads to something sin-
gular or not.
It is straightforward to see that these results carry over

to general zb. Indeed the kinematics leading to the diver-
gences in the small η limit depend only on the existence
of the gapless Fermi surface and not on the detailed form
of the boson propagator. When the divergence is regu-
larized with the one loop fermion self energy, every 1

η is
traded for a factor λN . Eqn. 16 is accordingly modified
to

Σ = −i
1

λ
sgn(ω)|ω|

2
zb

∑

n

bn (λN)n−1

Nn
(17)

Here the coefficients bn are all independent of N but in
general depend on zb. The utility of the small zb − 2
limit where λ ∝ zb− 2 is now apparent. So long as zb− 2
is of order 1/N , the enhancement factor (λN)n−1 in the
numerator of each term above is finite. If further the

Sa =

�

�k,ω
|ky|2|a(�k,ω)|2

For the nematic phase transition, the fermion-boson interaction 
does not have the factor of s => some differences in physics with 

gauge model, particularly in 2Kf and Cooper response
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Difficulties with large-N: study just one patch

S.S. Lee (2009) argues that the theory 
remains strongly coupled at 

large-N. 

Infinite number of diagrams contribute at 
each order. 

Book-keeping device: a ``double” line 
notation for boson propagator. 

All `planar’ diagrams survive in large-N limit. 

use !If −2L+n" which is 0 if If ! #2L−n$. By using the rela-
tion between L and If, If =2L+

Ef+2Eb

2 −2, where Ef#Eb$ is the
number of external fermion #boson$ lines, one can write the
enhancement factor as

N!n+#Ef+2Eb$/2−2". #19$

As a result, the net order of a Feynman diagram is given
by NQ with

Q = −
V

2
+ Lf + %n +

Ef + 2Eb

2
− 2& , #20$

where V is the number of vertices and Lf is the number of
fermion loops.

Now let us classify Feynman diagrams based on the ex-
pression, Eq. #20$, starting from vacuum diagrams. Classifi-
cation of nonvacuum diagrams with external lines naturally
follows from that of vacuum diagrams, as will be shown
shortly. The leading-order vacuum diagram is the one fer-
mion loop diagram which is on the order of N. In the next
order of N0, there are infinitely many diagrams. A typical
diagram on the order of N0 is shown in Fig. 7. For the dia-
gram in Fig. 7, we have V=38, n=15, Ef =Eg=0, and Lf =6,
which gives

Q = − 19 + 6 + !15 − 2" = 0. #21$

Actually, there is a simple geometrical way of interpreting
the result. First, we turn fermion propagators into double
lines as well by drawing additional single-line loops for each
fermion loop as in Fig. 8. In this way, we can include the
factor NLf from fermion loops by counting the additional
closed loops of single lines. We will refer to this way of
drawing a “full double line representation.” If n"2, which is
always the case for sufficiently large V if there are not too
many crossings, we can remove the bracket in Eq. #20$ and
the power can be rewritten as

Q = V − I + F − 2. #22$

Here we use the identity 3V=2I, where I is the number of
total internal propagators and F=n+Lf is the total number of
single-line loops including the additional single-line loops
added to each fermion loop. In this full double line represen-
tation, one can think of a closed 2D surface formed by join-
ing the patches of single-line loops. The 2D surface is the
surface on which a Feynman diagram can be drawn without
any crossing in the full double line representation. The factor
#=V− I+F is nothing but the Euler number of the 2D closed
surface and the power Q becomes

Q = − 2g , #23$

where g is the genus of the 2D surface. The diagrams of the
N0 order are the planar diagrams which can be drawn on a
sphere.

For nonplanar diagrams, such as the one shown in Fig. 9,

FIG. 7. A typical vacuum planar diagram which is on the order
of N0. In planar diagrams, all fermion propagators which face to
each other flow in the opposite direction. In this way, fermions can
stay on the Fermi surface before and after scatterings.

FIG. 8. The full double line representation of the planar diagram
shown in Fig. 7. One can draw this diagram on the sphere without
any crossing. The solid double lines represent the boson propagator
and double lines made of one solid and one dotted lines represent
fermion propagators. Loops of dotted lines are added to each fer-
mion loops. In this representation, there is a factor of N for each
closed single-line loop whether it is a loop made of a solid or dotted
line.

FIG. 9. A nonplanar diagram which is on the order of N−2.
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What is the correct 
low energy physics?
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Further difficulties with large-N: 2-patch theory

Metlitski, Sachdev (arxiv:1001.1153) find three loop graphs 
that contribute o(N3/2) to boson propagator => failure of large-N 

expansion? 

a) b)

q q

lp1

p1 + l

l + q

p1 − q p2 + q

p2

p2 − l
q q

p1 − q

p1 l

p1 + l

l + q

p2 + l

p2

p2 − q

FIG. 6: Aslamazov-Larkin type three loop contributions to the boson self-energy.

a) b)

FIG. 7: Double line representation of Ref. 40 applied to the Aslamazov-Larkin diagrams in Fig. 6.
The fermions in the two loops are assumed to come from opposite patches. We have reversed the

directions of the fermion propagators from the second patch, and the dotted arrows indicate the
true directions of the fermion momenta.

The diagrams where the fermions in the two loops come from the same patch give a vanishing

contribution to Π(qτ = 0, !q). Thus, to three loops,

δ3Π(qτ = 0, !q) = −
1

2

∫

dlτd2!l

(2π)3
Γ3
+(q, l,−(l + q))Γ3

−(−q,−l, l + q)D(l)D(l + q) + (q → −q)

= −λ3
+λ

3
−N

2

∫

dlτd2!l

(2π)3

[

f+(q, l,−(l + q))(f−(−q,−l, l + q)

+ f−(−q, l + q,−l))D(l)D(l + q)
]

+ (q → −q). (5.5)

The two terms in brackets in the equation above originate respectively from diagrams in

Figs. 6 a) and b). Converting these diagrams into the double line representation of Ref. 40,

we obtain Figs. 7 a) and b). [We remark that the genus expansion of Ref. 40 was developed

for a theory with only a single Fermi-surface patch. The extension to the present case of

22

Text

Also at three loops, singular momentum dependence of fermion 
self energy: qualitative difference with RPA
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Other controlled approaches?

An epsilon expansion: Nayak, Wilczek ’94 - leading order answers 
consistent with RPA; higher orders difficult?

This talk: combine 1/N with small epsilon cures difficulties with 
large-N; non-perturbative in epsilon. 

Controlled calculations of singular scaling structure of  
all physical quantities. 

Examples: Boson, fermion Greens functions; universal 2Kf 
singularities. 

Mross, McGreevy. Liu, TS, arXiv:1003.0894
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A family of models

2

related approaches. This showed that the fermions and
gauge bosons stay strongly coupled in the low energy
limit. In the RPA, the boson propagator is overdamped
due to Landau damping by the gapless Fermi surface.
The fermion self energy has a power law non-fermi liq-
uid frequency dependence. Further the long wavelength
density response function retains its Fermi liquid form.
In the gauge field problem, some of the RPA results

were further substantiated27 through a quantum Boltz-
mann approach which considered the fate of various pos-
sible shape fluctuations of the Fermi surface. Smooth
shape deformations of the Fermi surface (which deter-
mine long wavelength density response and the gauge
propagator) were shown to retain Fermi liquid behav-
ior while “rough” deformations have the potential to be
non-fermi liquid like. The latter determine the behavior
of the single fermion Green’s function and the structure
of the 2Kf singularities (i.e at wavevectors connecting
antipodal tangential portions of the Fermi surface) in re-
sponse functions. These main results were further sup-
ported in comprehensive diagrammatic analyses28 of the
model which suggested that the leading RPA answers
for many quantities were in fact exact in the low energy
limit. In particular the structure of the gauge field prop-
agator, the fermion self energy, and the long wavelength
density response were argued to have the same form as
the RPA result. Similar diagrammatic analyses with the
same conclusions have also been reached13 for the ne-
matic quantum critical point. In the gauge field case the
2Kf singularities in the density response function were
argued to have specific non-fermi liquid like power law
forms28.
Is there a controlled limit in which the reliability

of these results may be assessed? One attempted
approach28,29 is to take the limit of N (the number of
fermion species) large, and expand in powers of 1/N . In
the early work it was argued29 that at low energies in
the large-N limit only patches of the Fermi surface with
parallel normals are strongly coupled to each other. Any
such patch couples strongly to a boson whose momen-
tum is perpendicular to the normal to the Fermi surface.
The low energy physics is therefore correctly described
by focusing attention on patches with parallel normals.
In some remarkable recent work, Sung-Sik Lee22 reex-

amined the model of N fermion species coupled to a U(1)
gauge field in the large-N limit. He showed that even at
large-N the theory remains strongly coupled, and that
its solution requires non-trivial summation of an infinite
number of Feynman diagrams. When only a single patch
of the Fermi surface is considered, a book-keeping device
was introduced to show that the 1/N expansion could be
organized in terms of the genus of the surface in which
the Feynman diagrams were drawn. Based on this the
general validity of the physical picture built up by RPA
and the other earlier analyses for small N has been ques-
tioned.
Even more recently in another very interesting paper

Metlitski and Sachdev23 studied the fate of the theory

with both a Fermi surface patch and its antipodal part-
ner included. This is believed to be fully sufficient to
correctly describe the asymptotic low energy physics of
the system. They found a number of further difficulties
with the large-N expansion. Specifically higher loop cor-
rections for the gauge propagator involved higher powers
of N than the leading order one loop RPA result. This
unpleasant finding led them to question the existence of
a well-defined large-N limit to control the theory. These
authors also showed that in a perturbative loop expan-
sion the self energy acquires singular momentum depen-
dence at three loop order. However the loop expansion
has no apparent control parameter.
In light of these results it becomes important to search

for alternate reliable methods to judge the validity of
RPA and other diagrammatic approaches to the problem.
In this paper we introduce a new controlled expansion
to determine the low energy physics of this model. We
consider a family of models where the ‘bare’ boson action
is modified to

Sa =

∫

!k,ω

|!k|zb−1

e2
|a(!k,ω)|2 (5)

The number zb (the boson “dynamical critical expo-
nent”) equals 3 in the original model in Eqn. 1. The case
zb = 2 arises in the theory of the half-filled Landau level
with long range 1/r Coulomb interactions between the
electrons3, and in the theory of the bandwidth controlled
Mott transition of the half-filled Hubbard model devel-
oped in Ref. 30. We show that the large-N expansion
can be controlled in the limit of small ε = zb − 2. Specif-
ically we show that the limit N → ∞, ε = zb − 2 → 0
such that εN is finite leads to reliable answers for the
low energy behavior of the system. We demonstrate that
the RPA answers for the fermion and boson propagators
are indeed exact in this limit. A systematic expansion in
powers of 1/N is possible for small ε. Deviations from
RPA emerge at higher orders in the 1/N expansion. Fur-
thermore differences between the gauge model and the
nematic critical point also appear. At order 1/N2, we
find a singular momentum dependent correction to the
fermion self energy - however, in the gauge model, this
singularity is subdominant to the leading order momen-
tum dependence, so that the fermion self energy retains
its RPA form, at least to this order. Further we calculate
the exponent characterizing 2Kf particle-hole singulari-
ties, and show in the gauge model that (depending on
the value of εN), they may be enhanced compared to a
Fermi liquid. For a quantum critical metal at a nematic
transition the fermion propagator again retains its RPA
form at leading order but at o(1/N2) acquires a singu-
lar correction to the self energy that dominates over the
RPA form. This modification from the RPA is in ac-
cord with the calculation of Ref. 23 but is now performed
in a controlled expansion. A further difference with the
gauge field problem is in the structure of the 2Kf singu-
larities. We present calculations and physical arguments
that show that the 2Kf singularities are weakened at the

Replace original `bare’ boson action by 

zb = 3: original model.

zb = 2 arises in some contexts.

Examples

• Theory of half-filled Landau level with long range 1/r Coulomb repulsion

(Halperin, Lee, Read 1993)

• Theory of bandwidth tuned continuous Mott transition on a 2d lattice

(TS, 2008).
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Physics at z_b = 2

Within RPA gauge propagator

D(�k,ω) =
1

γ |ω|
|k| + |k|

(1)

Fermion self energy

Σ ∼ −iωln
1

|ω| (2)

Fermi liquid preserved by a log (“marginal Fermi liquid”).
Actually holds beyond RPA (many papers in the 90s)
Justify through detailed diagrammatics or through perturbative RG (see

later)
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Small epsilon: one loop

4

large N

zb−2∼ 1
N

small
zb−2

unstable?
3

1
2

2
0

zb

N−1

zb = 3

N = 2

FIG. 1: (color online) Our suggested phase diagram. Above
the indicated curve, the putative critical theory is likely pre-
empted by some other broken-symmetry state. The behavior
of the proposed phase boundary at small N is one possible
extrapolation.

large N

zb−2∼ 1
N

small
zb−2

unstable?
3

1
2

2
0

zb

N−1

zb = 3

N = 2

FIG. 2: (color online) An alternate possible phase diagram.
Here the interesting point zb = 3, N = 2 is in the unstable
regime; in this case, it would be best accessed starting from
the correct mean field theory for the new broken-symmetry
state.

It is instructive to consider the behavior of the model
in a two dimensional plane spanned by zb and 1/N . We
show our proposed ‘phase diagram’ in Figs. 1 and 2. It
is clear that the approach developed in this paper is ide-
ally suited to describing the gauge model or the nematic
quantum critical point for N = 2 if it is not part of the
unstable region, i.e if Fig. 1 is realized. If on the other
hand zb = 3, N = 2 belongs to the unstable region as
depicted in Fig. 2, we may still hope that the approach
in this paper is useful in describing the physics at tem-
peratures above the onset of the instability.
The rest of the paper is organized as follows. In Sec-

tion. II, we begin with some preliminaries and briefly
discuss the patch construction for the Fermi surface that
is used in the rest of the paper. Some subtle but im-
portant aspects of the patch construction are relegated
to Appendix A. Then in Section III we warm up by
studying the theory of just one patch and ignoring any
coupling with the other antipodal patch, and show how
our expansion provides a controlled answer in this sim-
plified problem. We then study the full two patch the-

ory in Section IV and determine the singular structure
of the boson and fermion propagators. In Section V we
present a calculation of the exponent characterizing 2Kf

singularities within our approach. Next in Section VI we
explore the connections with the perturbative RG calcu-
lations of Ref. 31 and extend their results to 2Kf singu-
larities. In Section VII we discuss simple physical inter-
pretation of the results of the calculations and their con-
sequences. Section VIII describes our suggestions on a
possible phase diagram. We conclude in Section IX with
a general discussion on how our results fit in with var-
ious other related problems and theoretical descriptions
of non-fermi liquid metals. Various appendices contain
details of calculations.

II. PRELIMINARIES

As mentioned above the low energy physics is cor-
rectly described by focusing attention on Fermi surface
patches with parallel normals8,23,28,29. This is because
the interactions mediated by the boson field are predom-
inantly small-angle scattering processes. Furthermore
short range four fermion interactions that couple differ-
ent patches become unimportant at low energies8,28,29 as
can be checked a posteriori after the two patch theory is
solved. Thus the universal low energy physics of the sys-
tem is correctly captured by a theory that focuses on two
opposite patches of the Fermi surface. We focus hence-
forth on two opposite patches of Fermi surface; there are
a number of subtle and important points related to the
patch construction that we elaborate on in Appendix A.
The patch construction also has a number of immediate
consequences for the behavior of many physical proper-
ties. These will be discussed in Section VII.

Consider patches of the Fermi surface with normals
along ±x. We will denote the corresponding fermion
fields fR/L where R denotes the right patch and L the
left one. It is useful to begin by considering the boson
and fermion propagators in perturbation theory keeping
just the leading one loop diagrams (Figs. 3 and 4). The
imaginary frequency boson propagator D(!k,ω) becomes

D(!k,ω) =
1

γ |ω|
|ky| +

|k|zb−1

e2

(9)

with1 γ = 1
4π . Unless otherwise mentioned we will hence-

forth set e = 1. The fermion propagator is determined

1 For the case of the nematic, we absorb the dependence on the
angle between the nematic ordering vector and the patch in ques-
tion into the coupling e. This coupling e specifies an energy scale
below which our low energy theory is applicable. Since this en-
ergy scale vanishes at the ‘cold spots’, we must restrict attention
to a patch of the Fermi surface away from this direction.

 Gauge propagator
5

by its self energy which at one-loop level takes the form

Σ = −i
1

λN
sgn(ω)|ω|

2
zb (10)

The constant λ is given by

λ = 4π sin
2π

zb
γ

zb−2

zb (11)

and thus vanishes linearly as zb → 2. In terms of the scal-
ing form in Eqn. 7 this implies the fermionic dynamical
critical exponent z = zb

2 and α = 1 as promised.

k

k + q

k

q

FIG. 3: 1-loop boson self-energy.

k k − q

q

k

FIG. 4: 1-loop fermion self-energy.

The arguments of Ref. 22 show that a minimal Eu-
clidean action that enables correct description of the low
energy physics is given by

S = Sf + Sint + Sa (12)

Sf =

∫

d2xdτ
∑

sα

f̄sα
(

η∂τ − is∂x − ∂2
y

)

fsα (13)

Sint =

∫

d2xdτ
s√
N

af̄sαfsα (14)

Sa =

∫

#k,ω
|ky|zb−1|)a()k,ω)|2 (15)

Here s = +1 for the patch R and −1 for the patch L. The
parameter η is taken to be small and positive. The field a
represents just the x-component of the vector field ai. In-
deed it is just this component that couples strongly to the
patches with normals along ±x. Note in particular that
the boson field couples with opposite sign to the two an-
tipodal patches. If on the other hand we were interested
in the critical theory for a Pomeranchuk transition (such
as a transition to an electronic d-wave nematic state in a
two dimensional metal which microscopically has square
lattice symmetry), the minimal action will have a very
similar form except that the boson will couple with the
same sign to antipodal patches. While this difference is
unimportant for some properties it plays a crucial role
in others. For instance the structure of the 2Kf singu-
larities is completely altered between the gauge field and
nematic models.

III. ONE PATCH THEORY

We begin by focusing attention only on one patch, say
the right one, and completely ignoring the other one. In-
deed Ref. 22 showed that the standard large-N expansion
leads to an apparently strongly coupled theory already in
this simplified model. The main point is that a high loop
diagram may formally look like it is high order in the
1/N expansion. However for many such diagrams the
corresponding loop integral diverges in the η → 0 limit.
This divergence may be regularized by using the one loop
self energy in the fermion propagator. As this is of or-
der 1/N , the singular η dependence is traded for an en-
hanced power of N in the numerator. Consequently the
naive 1/N counting is modified and an infinite number
of diagrams survive in each order of 1/N . A systematic
way to keep track of the true power of 1/N is obtained by
using a “double-line” representation for the boson field
that was previously used in the treatment of the electron-
phonon interaction in metals33,34. It was shown that the
1/N expansion could be organized as a genus expansion
with all “planar” diagrams surviving to leading order.
Ref. 22 further established that in the large-N limit the
boson propagator is unrenormalized beyond 1-loop - in
other words all higher loop diagrams that survive in the
large-N limit give vanishing contributions. Each indi-
vidual term contributing to the fermion self energy is (if
one calculates using the 1-loop fermion propagator) fi-
nite, and has the same functional form as the 1-loop self
energy: formally (at zb = 3),

Σ = −i
1

λ
sgn(ω)|ω|

2
3

∑

n

anNn−1

Nn
(16)

The nth term in the sum comes from diagrams that are
formally of order 1/Nn in the large-N expansion. How-
ever for all planar diagrams there is a compensating en-
hancement factor Nn−1 in the numerator so that each
term is of order 1/N . The worry is whether the sum over
the infinite contributing diagrams leads to something sin-
gular or not.
It is straightforward to see that these results carry over

to general zb. Indeed the kinematics leading to the diver-
gences in the small η limit depend only on the existence
of the gapless Fermi surface and not on the detailed form
of the boson propagator. When the divergence is regu-
larized with the one loop fermion self energy, every 1

η is
traded for a factor λN . Eqn. 16 is accordingly modified
to

Σ = −i
1

λ
sgn(ω)|ω|

2
zb

∑

n

bn (λN)n−1

Nn
(17)

Here the coefficients bn are all independent of N but in
general depend on zb. The utility of the small zb − 2
limit where λ ∝ zb− 2 is now apparent. So long as zb− 2
is of order 1/N , the enhancement factor (λN)n−1 in the
numerator of each term above is finite. If further the

Fermion self energy

(γ =
1

4π
)

(λ ∝ zb − 2)

Suggests using � = zb − 2 as a control parameter to approach zb = 3.
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FIG. 1: (color online) Our suggested phase diagram. Above
the indicated curve, the putative critical theory is likely pre-
empted by some other broken-symmetry state. The behavior
of the proposed phase boundary at small N is one possible
extrapolation.
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FIG. 2: (color online) An alternate possible phase diagram.
Here the interesting point zb = 3, N = 2 is in the unstable
regime; in this case, it would be best accessed starting from
the correct mean field theory for the new broken-symmetry
state.

It is instructive to consider the behavior of the model
in a two dimensional plane spanned by zb and 1/N . We
show our proposed ‘phase diagram’ in Figs. 1 and 2. It
is clear that the approach developed in this paper is ide-
ally suited to describing the gauge model or the nematic
quantum critical point for N = 2 if it is not part of the
unstable region, i.e if Fig. 1 is realized. If on the other
hand zb = 3, N = 2 belongs to the unstable region as
depicted in Fig. 2, we may still hope that the approach
in this paper is useful in describing the physics at tem-
peratures above the onset of the instability.
The rest of the paper is organized as follows. In Sec-

tion. II, we begin with some preliminaries and briefly
discuss the patch construction for the Fermi surface that
is used in the rest of the paper. Some subtle but im-
portant aspects of the patch construction are relegated
to Appendix A. Then in Section III we warm up by
studying the theory of just one patch and ignoring any
coupling with the other antipodal patch, and show how
our expansion provides a controlled answer in this sim-
plified problem. We then study the full two patch the-

ory in Section IV and determine the singular structure
of the boson and fermion propagators. In Section V we
present a calculation of the exponent characterizing 2Kf

singularities within our approach. Next in Section VI we
explore the connections with the perturbative RG calcu-
lations of Ref. 31 and extend their results to 2Kf singu-
larities. In Section VII we discuss simple physical inter-
pretation of the results of the calculations and their con-
sequences. Section VIII describes our suggestions on a
possible phase diagram. We conclude in Section IX with
a general discussion on how our results fit in with var-
ious other related problems and theoretical descriptions
of non-fermi liquid metals. Various appendices contain
details of calculations.

II. PRELIMINARIES

As mentioned above the low energy physics is cor-
rectly described by focusing attention on Fermi surface
patches with parallel normals8,23,28,29. This is because
the interactions mediated by the boson field are predom-
inantly small-angle scattering processes. Furthermore
short range four fermion interactions that couple differ-
ent patches become unimportant at low energies8,28,29 as
can be checked a posteriori after the two patch theory is
solved. Thus the universal low energy physics of the sys-
tem is correctly captured by a theory that focuses on two
opposite patches of the Fermi surface. We focus hence-
forth on two opposite patches of Fermi surface; there are
a number of subtle and important points related to the
patch construction that we elaborate on in Appendix A.
The patch construction also has a number of immediate
consequences for the behavior of many physical proper-
ties. These will be discussed in Section VII.

Consider patches of the Fermi surface with normals
along ±x. We will denote the corresponding fermion
fields fR/L where R denotes the right patch and L the
left one. It is useful to begin by considering the boson
and fermion propagators in perturbation theory keeping
just the leading one loop diagrams (Figs. 3 and 4). The
imaginary frequency boson propagator D(!k,ω) becomes

D(!k,ω) =
1

γ |ω|
|ky| +

|k|zb−1

e2

(9)

with1 γ = 1
4π . Unless otherwise mentioned we will hence-

forth set e = 1. The fermion propagator is determined

1 For the case of the nematic, we absorb the dependence on the
angle between the nematic ordering vector and the patch in ques-
tion into the coupling e. This coupling e specifies an energy scale
below which our low energy theory is applicable. Since this en-
ergy scale vanishes at the ‘cold spots’, we must restrict attention
to a patch of the Fermi surface away from this direction.

 Gauge propagator
5

by its self energy which at one-loop level takes the form

Σ = −i
1

λN
sgn(ω)|ω|

2
zb (10)

The constant λ is given by

λ = 4π sin
2π

zb
γ

zb−2

zb (11)

and thus vanishes linearly as zb → 2. In terms of the scal-
ing form in Eqn. 7 this implies the fermionic dynamical
critical exponent z = zb

2 and α = 1 as promised.

k

k + q

k

q

FIG. 3: 1-loop boson self-energy.

k k − q

q

k

FIG. 4: 1-loop fermion self-energy.

The arguments of Ref. 22 show that a minimal Eu-
clidean action that enables correct description of the low
energy physics is given by

S = Sf + Sint + Sa (12)

Sf =

∫

d2xdτ
∑

sα

f̄sα
(

η∂τ − is∂x − ∂2
y

)

fsα (13)

Sint =

∫

d2xdτ
s√
N

af̄sαfsα (14)

Sa =

∫

#k,ω
|ky|zb−1|)a()k,ω)|2 (15)

Here s = +1 for the patch R and −1 for the patch L. The
parameter η is taken to be small and positive. The field a
represents just the x-component of the vector field ai. In-
deed it is just this component that couples strongly to the
patches with normals along ±x. Note in particular that
the boson field couples with opposite sign to the two an-
tipodal patches. If on the other hand we were interested
in the critical theory for a Pomeranchuk transition (such
as a transition to an electronic d-wave nematic state in a
two dimensional metal which microscopically has square
lattice symmetry), the minimal action will have a very
similar form except that the boson will couple with the
same sign to antipodal patches. While this difference is
unimportant for some properties it plays a crucial role
in others. For instance the structure of the 2Kf singu-
larities is completely altered between the gauge field and
nematic models.

III. ONE PATCH THEORY

We begin by focusing attention only on one patch, say
the right one, and completely ignoring the other one. In-
deed Ref. 22 showed that the standard large-N expansion
leads to an apparently strongly coupled theory already in
this simplified model. The main point is that a high loop
diagram may formally look like it is high order in the
1/N expansion. However for many such diagrams the
corresponding loop integral diverges in the η → 0 limit.
This divergence may be regularized by using the one loop
self energy in the fermion propagator. As this is of or-
der 1/N , the singular η dependence is traded for an en-
hanced power of N in the numerator. Consequently the
naive 1/N counting is modified and an infinite number
of diagrams survive in each order of 1/N . A systematic
way to keep track of the true power of 1/N is obtained by
using a “double-line” representation for the boson field
that was previously used in the treatment of the electron-
phonon interaction in metals33,34. It was shown that the
1/N expansion could be organized as a genus expansion
with all “planar” diagrams surviving to leading order.
Ref. 22 further established that in the large-N limit the
boson propagator is unrenormalized beyond 1-loop - in
other words all higher loop diagrams that survive in the
large-N limit give vanishing contributions. Each indi-
vidual term contributing to the fermion self energy is (if
one calculates using the 1-loop fermion propagator) fi-
nite, and has the same functional form as the 1-loop self
energy: formally (at zb = 3),

Σ = −i
1

λ
sgn(ω)|ω|

2
3

∑

n

anNn−1

Nn
(16)

The nth term in the sum comes from diagrams that are
formally of order 1/Nn in the large-N expansion. How-
ever for all planar diagrams there is a compensating en-
hancement factor Nn−1 in the numerator so that each
term is of order 1/N . The worry is whether the sum over
the infinite contributing diagrams leads to something sin-
gular or not.
It is straightforward to see that these results carry over

to general zb. Indeed the kinematics leading to the diver-
gences in the small η limit depend only on the existence
of the gapless Fermi surface and not on the detailed form
of the boson propagator. When the divergence is regu-
larized with the one loop fermion self energy, every 1

η is
traded for a factor λN . Eqn. 16 is accordingly modified
to

Σ = −i
1

λ
sgn(ω)|ω|

2
zb

∑

n

bn (λN)n−1

Nn
(17)

Here the coefficients bn are all independent of N but in
general depend on zb. The utility of the small zb − 2
limit where λ ∝ zb− 2 is now apparent. So long as zb− 2
is of order 1/N , the enhancement factor (λN)n−1 in the
numerator of each term above is finite. If further the

Fermion self energy

(γ =
1

4π
)

(λ ∝ zb − 2)

Suggests using � = zb − 2 as a control parameter to approach zb = 3.
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Fixed N, small epsilon: Nayak-Wilczek RG

Perturbative 1-loop RG for coupling constant 

de2

dl
=

�e2

2
− e4

4π2N

10

Thus the inverse fermion propagator takes the form

iω

(

1 +
e2

4π2N
ln b

)

− px − p2y (56)

The correction to the fermion-boson vertex (see Fig. 8)

FIG. 8: One loop correction to the fermion-boson vertex.

at order e2 vanishes as the qx integral has poles only
on one side of the complex plane. Finally the change
to the boson propagator is also zero if only modes with
high |qy| are integrated out. Thus the only change is in
ω dependence of the fermion propagator. This may be
incorporated into a modified scaling

ω′ = ω

(

1 +
e2

4π2N
ln b

)

(57)

= ωb1+
e2

4π2N (58)

This implies

τ ′ =
τ

b1+
e2

4π2N

(59)

x′ =
x

b
(60)

y′ =
y√
b

(61)

f ′(x′, y′, τ ′) = b
3
4
+ e2

8π2N f(x, y, τ) (62)

a′(x′, y′, τ ′) = b
3
2
− zb

4
+ e2

8π2N a(x, y, τ) (63)

The modification to the flow of the coupling e is now
readily obtained to be

e′ = eb
zb−2

4
− e2

8π2N (64)

In differential form this implies the flow equation

de2

dl
=

εe2

2
−

e4

4π2N
(65)

Thus we indeed find a fixed point when

e2∗ = 2π2Nε (66)

Right at the fixed point the scaling equations above are
identical (to within order ε) to those found earlier in Sec-
tion III and indeed to that expected based on RPA. The
differences from RPA discussed in earlier sections in the
fermion propagator come from three loop calculations,
and hence are not expected to show up till order ε3.

The singularities of many physical quantities can be
usefully calculated within this ε expansion and provides
an alternate controlled limit to the one we have discussed.
As an illustration let us calculate the boson propagator
and the fermion self energy. Let the bare value of the
electric charge at the cut-off scale be e0. The boson prop-
agator is given by the usual one loop diagram and takes
the form

D(qy,ω) =
1

e20
4π

|ω|
|qy| + |qy|1+ε

(67)

The Landau damping term does not acquire any correc-
tions from this perturbative answer at least upto the or-
der to which the RG has been performed. To obtain the
frequency dependence of the fermion propagator we ex-
amine the flow of the coefficient of the iω term calculated
above. Let us denote this coefficient η(l) at an RG scale
l. The calculation above gives the flow equation

dη

dl
=

ηe2

4π2N
(68)

Combining with the equation for e2 we obtain

d
(

ηe2
)

dl
=

ε

2
ηe2 (69)

Thus we find

η(l)e2(l) = e20e
εl
2 (70)

where we set η(l = 0) = 1, and e20 is the bare coupling
at the cut-off scale. The frequency dependence of the
fermion self energy is then obtained by setting l = ln Λ2

ω .
In the limit ω → 0, we may set e2(l) = e2∗ so that

η(ω) =
e20

2π2Nε

(

Λ2

ω

)
ε
2

(71)

Then at order ε the self energy becomes

Σ(ω) = −i
e20

2π2Nε
|ω|1−

ε
2 sgn(ω) (72)

Here we have ignored a term Λε in the numerator to this
order in ε.
To compare with the results of previous sections we

need to set the bare coupling e20 = 1. Note in particular
that the prefactor to the frequency dependence is exactly
1

λN consistent with the earlier analysis. On the other
hand to calculate the scaling dimensions of any opera-
tor directly within this epsilon expansion we need to sit
right at the fixed point and perturb the theory with that
operator. The fixed point theory corresponds to setting
the bare coupling e0 = e∗. Thus the boson propagator
and fermion self energy right at the fixed point take the
forms

D∗(qy,ω) =
1

e2∗
4π

|ω|
|qy| + |qy|1+ε

(73)

Σ∗(ω) = −i|ω|1−
ε
2 sgn(ω) (74)

e2 marginally irrelevant for zb = 2: log correction to fermion self energy.
For � > 0, fixed point at e2∗ = 2π2N�. Resulting fermion self energy same as

in RPA.

Higher orders in epsilon? Necessary for some phenomena. 
Other singularities? 
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Large N at small epsilon
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 A ``phase diagram”

4

large N

zb−2∼ 1
N

small
zb−2

unstable?
3

1
2

2
0

zb

N−1

zb = 3

N = 2

FIG. 1: (color online) Our suggested phase diagram. Above
the indicated curve, the putative critical theory is likely pre-
empted by some other broken-symmetry state. The behavior
of the proposed phase boundary at small N is one possible
extrapolation.

large N

zb−2∼ 1
N

small
zb−2

unstable?
3

1
2

2
0

zb

N−1

zb = 3

N = 2

FIG. 2: (color online) An alternate possible phase diagram.
Here the interesting point zb = 3, N = 2 is in the unstable
regime; in this case, it would be best accessed starting from
the correct mean field theory for the new broken-symmetry
state.

It is instructive to consider the behavior of the model
in a two dimensional plane spanned by zb and 1/N . We
show our proposed ‘phase diagram’ in Figs. 1 and 2. It
is clear that the approach developed in this paper is ide-
ally suited to describing the gauge model or the nematic
quantum critical point for N = 2 if it is not part of the
unstable region, i.e if Fig. 1 is realized. If on the other
hand zb = 3, N = 2 belongs to the unstable region as
depicted in Fig. 2, we may still hope that the approach
in this paper is useful in describing the physics at tem-
peratures above the onset of the instability.
The rest of the paper is organized as follows. In Sec-

tion. II, we begin with some preliminaries and briefly
discuss the patch construction for the Fermi surface that
is used in the rest of the paper. Some subtle but im-
portant aspects of the patch construction are relegated
to Appendix A. Then in Section III we warm up by
studying the theory of just one patch and ignoring any
coupling with the other antipodal patch, and show how
our expansion provides a controlled answer in this sim-
plified problem. We then study the full two patch the-

ory in Section IV and determine the singular structure
of the boson and fermion propagators. In Section V we
present a calculation of the exponent characterizing 2Kf

singularities within our approach. Next in Section VI we
explore the connections with the perturbative RG calcu-
lations of Ref. 31 and extend their results to 2Kf singu-
larities. In Section VII we discuss simple physical inter-
pretation of the results of the calculations and their con-
sequences. Section VIII describes our suggestions on a
possible phase diagram. We conclude in Section IX with
a general discussion on how our results fit in with var-
ious other related problems and theoretical descriptions
of non-fermi liquid metals. Various appendices contain
details of calculations.

II. PRELIMINARIES

As mentioned above the low energy physics is cor-
rectly described by focusing attention on Fermi surface
patches with parallel normals8,23,28,29. This is because
the interactions mediated by the boson field are predom-
inantly small-angle scattering processes. Furthermore
short range four fermion interactions that couple differ-
ent patches become unimportant at low energies8,28,29 as
can be checked a posteriori after the two patch theory is
solved. Thus the universal low energy physics of the sys-
tem is correctly captured by a theory that focuses on two
opposite patches of the Fermi surface. We focus hence-
forth on two opposite patches of Fermi surface; there are
a number of subtle and important points related to the
patch construction that we elaborate on in Appendix A.
The patch construction also has a number of immediate
consequences for the behavior of many physical proper-
ties. These will be discussed in Section VII.

Consider patches of the Fermi surface with normals
along ±x. We will denote the corresponding fermion
fields fR/L where R denotes the right patch and L the
left one. It is useful to begin by considering the boson
and fermion propagators in perturbation theory keeping
just the leading one loop diagrams (Figs. 3 and 4). The
imaginary frequency boson propagator D(!k,ω) becomes

D(!k,ω) =
1

γ |ω|
|ky| +

|k|zb−1

e2

(9)

with1 γ = 1
4π . Unless otherwise mentioned we will hence-

forth set e = 1. The fermion propagator is determined

1 For the case of the nematic, we absorb the dependence on the
angle between the nematic ordering vector and the patch in ques-
tion into the coupling e. This coupling e specifies an energy scale
below which our low energy theory is applicable. Since this en-
ergy scale vanishes at the ‘cold spots’, we must restrict attention
to a patch of the Fermi surface away from this direction.

Nayak, Wilczek
This talk
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Boson and fermion propagators

RPA answers exact at large-N .
Boson propagator retains RPA structure upto at least o( 1

N2 ).
Fermion self energy acquires singular momentum dependence at o( 1

N2 ).

7

1/N as there are no enhancement factors in the limit of
small zb − 2. At zero external frequency the leading 1/N
correction comes from the two diagrams shown in Fig. 5.
These same diagrams were calculated in Ref. 23 at zb = 3.
Repeating for general zb, we find the 1/N correction

± c
f1(λN)

N
|qy|zb−1 (23)

with the − sign for the nematic critical point and the +
sign for the gauge model. The function f1 is evaluated
in Appendix C , and is readily seen to have a finite limit

when zb → 2. For large λN , we have f1(λN) ∼ (λN)
zb
2

in agreement with the result of Ref. 23 when zb = 3. We
see explicitly that when zb− 2 is o(1/N) these three loop
contributions are down by a factor 1/N compared to the
one loop term. Thus the large-N expansion is indeed well
defined in this limit.

FIG. 5: Three-loop boson self-energy diagrams.

FIG. 6: Two-loop fermion self-energy diagrams merely renor-
malize the coefficient of |ω|2/zb .

k + qk k + l k

p+ lp+ q

p

k k − q k − l k

p+ l

p

p+ q

FIG. 7: Three-loop Fermion self-energy diagrams involving
fermions on both patches. Fermions on the right patch are
denoted by solid lines, fermions on the left patch by dashed
lines.

Next we consider the fermion propagator. The one-
loop self energy is inversely proportional to λN and hence
is of order 1. It is easy to see by explicit calculation that
the two loop diagram shown in Fig. 6 is momentum inde-
pendent, and merely provides an o(1/N2) modification of
the coefficient of the frequency dependent part of the self
energy. The most important effect at this order comes
from the two graphs shown in Fig. 7. At zero exter-
nal frequency these graphs lead to singular momentum
dependence23. Details are given in Appendix C. We find

(for the right moving fermion)

δΣ(#p,ω = 0) = ±
4

3N2
J(λN)(px+p2y) ln





Λ
(

px + p2y
)

zb
2





(24)
where the function J(λN) is defined in Appendix C and
is positive definite. The + sign applies to the nematic
critical point and the − sign to the gauge model. In a
renormalization group framework this can be interpreted
as the leading terms of a singular contribution to the self
energy of the form

(px + p2y)
1∓ 4

3N2 J(λN) (25)

A similar contribution exists in the frequency dependent
part as well, consistent with the dynamical scaling. In
the gauge field case the plus sign applies, and this singu-
lar correction is subdominant to the terms that already
exist at leading order. Indeed we expect that any per-
turbation of the fixed point by irrelevant perturbations
will generate an analytic contribution to the momentum
dependence of the self energy that will then dominate
over the singular corrections found at o(1/N2). Though
the leading order frequency dependence is not analytic
we expect that if we use the large-N fermion propaga-
tors to calculate the effects of an irrelevant operator in

perturbation theory we will simply again generate a |ω|
2
zb

term. This will dominate over the singular order 1/N2

correction. Thus we conclude that in the gauge model
the leading singularities are correctly given by the RPA
forms at least to order 1/N2. We note that our interpre-
tation is different from that in Ref. 23.

In the nematic case the minus sign applies in the ex-
ponent of Eqn. 25. This is more singular than the ‘bare’
momentum dependence of the inverse Green’s function,
and consequently will dominate the low energy physics
near the Fermi surface. This singular correction can be
interpreted as a shift of the scaling of the fermion fields
from that in Eqns. 18-22. Thus to order 1/N2 we have

f ′
αs(p

′
x, p

′
y,ω

′) = b−
zb+5−ηf

4 fαs(px, py,ω) (26)

where

ηf =
4

3N2
J(λN) (27)

All the other scaling equations remain unmodified. This
implies that the fermion Green’s function satisfies the
scaling form with α = 1− ηf .

What is the physical origin of the signs and the dif-
ferences between the gauge and nematic models? We
explain this in Section VII. To set the stage we first cal-
culate singularities in some other quantities within the
general two patch theory.

For the right moving fermion

δΣ(�p,ω = 0) = ± 4

3N2
J(�N)(px + p2y) ln



 Λ
�
px + p2y

� zb
2



 (1)

+ sign for nematic, − for gauge model and J(x) a known function.
Leading term of a singular contribution

(px + p2y)
1∓ 4

3N2 J(�N) (2)

Similar ω dependent contribution.
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Fermion Greens function and scaling

Gauge model: Singular 1/N2 contribution subdominant to bare terms in
inverse fermion Green function.

RPA form unchanged to this order.
Nematic criticality: Singular 1/N2 contribution dominates over bare terms;

scaling structure modified from RPA.

G( �K,ω) ∼ c0
|ω|αz

g0

�
c1ω

kz�

�
(1)

α = 1− ηf with ηf > 0. Extrapolate to zb = 3, N = 2, ηf ≈ 0.3.
Fermion dynamical critical exponent z = zb

2 .

Saturday, October 22, 2011



Nematic quantum criticality: implications of deviation 
from RPA

Power law suppression of tunneling density of states

N(ω) =

�
d2 �K

(2π)2
A( �K,ω) (1)

A( �K,ω) = − 1

π
ImG( �K, iω → ω + i0+) (2)

�K = full momentum (not linearized near the Fermi surface).
At nematic criticality

N(ω) ∼ |ω|
ηf
z (3)

Contrast with RPA where ηf = 0.
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2Kf  and Cooper singularities: Amperean interaction 

Kx

Ky

L R

Expect singular non-Fermi liquid structure of 2Kf 
density/spin correlations (Altshuler et al, 1994) 

ρ2Kf ∼ f̄LfR: particle-hole pair formed from opposite sides of Fermi surface.
Two different effects:
(i) Loss of Landau quasiparticle tends to weaken 2Kf singularity
(ii) Amperean interaction: In gauge model such a particle and hole carry

parallel currents; so they attract => tend to enhance 2Kf singularity.
Competition determines whether 2Kf enhanced or not compared to Fermi

liquid.
Nematic criticality: R/L particle-hole repel => both effects tend to suppress

2Kf ; so definitely expect suppression.
Cooper singularity: situation reversed, enhanced for nematic, suppressed for

gauge.
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2Kf singularity exponents

18

Czb(λN) =
96

(4π)
4
zb

∞
∫

1

dx

∞
∫

0

dy

∞
∫

0

ds

∞
∫

s

dt
ts(s− t)2

(x+ szb)(y + tzb)(x+ y + (t− s)zb)
(C6)

×

(

t
(

(x− 1)
2
zb + x

2
zb + 1

)

+ s
(

(y + 1)
2
zb + y

2
zb − 1

))2
−N2λ2(4π)

−
2
zb s2t2(s− t)2

((

t
(

(x− 1)
2
zb + x

2
zb + 1

)

+ s
(

(y + 1)
2
zb + y

2
zb − 1

))2
+N2λ2(4π)

−
2
zb s2t2(s− t)2

)2

+
48

(4π)
4
zb

∞
∫

1

dx

∞
∫

1

dy

∞
∫

0

ds

∞
∫

0

dt
ts(s+ t)2

(x+ szb)(y + tzb)(|x− y|+ (t+ s)zb)

×

(

t
(

(x− 1)
2
zb + x

2
zb + 1

)

+ s
(

(y − 1)
2
zb + y

2
zb + 1

))2
−N2λ2(4π)

−
2
zb s2t2(s+ t)2

((

t
(

(x− 1)
2
zb + x

2
zb + 1

)

+ s
(

(y − 1)
2
zb + y

2
zb + 1

))2
+N2λ2(4π)

−
2
zb s2t2(s+ t)2

)2
..

The function J(λN) which appears in Eq. (24) is the
sum of the singular contributions at zb = 2, i.e.

J(λN) =

(

λN

4π2

)2

(C2(0)− C2(λN)) (C7)

(note that the prefactor is unity at zb = 3, N = 2). A
numerical estimate of this function is shown in Fig. 14.

504π210 3020

λN

C2(0)−C2(λN)

0.2

0.4

0.6

0.8

1.05

FIG. 14: Numerical integral determining the fermion anoma-
lous dimension ηf .

Appendix D: Vertex integral

p

p+ q

q + 2kF

p+ k + q

p+ k

k

FIG. 15: One loop correction to the 2kF-vertex. The dotted
line denotes a 2kF density fluctuation.

We want to evaluate the integrals shown in Fig. 15,
where all external momenta and fequencies are put to

zero. The computation is straightforward:

δu = −
1

N

∫

!k,ω

D(ky,ω)

isgn(ω) |ω|
2
zb

λN − ε+k

1

isgn(ω) |ω|
2
zb

λN − ε−k

= −
1

2N

∫

ky ,ω

1
λN |ω|

2
zb

1
λ2N2 |ω|

4
zb + k4y

|ky|
γ|ω|+ |ky|zb

= −
4

2N(2π)2

∫ Λ

Λ/
√
b
dky

1

ky

∫ ∞

0
dt

1
λN t

2
zb

1
λ2N2 t

4
zb + 1

1

γt+ 1

=
1

4π2N
ln b

∫ ∞

0
dt

λNt
2
zb

t
4
zb + λ2N2

1

γt+ 1
. (D1)

The corresponding expression at the perturbative (small
ε) fixed point is given by

δu =
1

4π2N
ln b

∫ ∞

0
dt

t1−
ε
2

t2−ε + 1

1

t+ 2
πεN

. (D2)

The integral remains finite if we take the limit ε → 0
in the first term in the integrand, so we can evaluate it
analytically. We obtain to leading order in ε

δu =
ε

8π
ln

2

πεN
ln b (D3)

Appendix E: Order of integration

Consider as a concrete example the three-loop self en-
ergy depicted in Fig. 7. We want to keep a cut-off on
they y-components of momenta and verify that we can
interchange the order in which we perform the integra-
tion over frequencies and momentum x-components. As
the only possible divergencies arise from the UV, we can
set all y-components as well as external momenta and
frequencies to zero (the y components in the numerators
of the gauge propagators are set to unity). Recall that
any two integrals are independent of the order of integra-
tion, if the double integral is absolutely convergent. So

Singular part of 2Kf density correlation function C2Kf (x, y, τ) = �ρ∗2Kf
(x, y, τ)ρ2Kf (0, 0, 0)�.

Scaling form of Fourier transform

C2Kf (px, py,ω) = ωφC
�

ω

|py|zb
,
px
p2y

�
(1)

px, py = deviation of the full momentum from 2Kf x̂.
Large-N , small �:

φ =
1

2
+

�

4

�
1− g2(2π2�N)

π�N

�
(2)

g2(v) a known function.
2Kf singularity enhanced compared to FL for �N → 0 but suppressed for

�N → ∞.
Fixed N , small �:

φ =
1

2
+

�

4

�
1− 4ln

�
2

π�N

��
(3)

Enhanced compared to FL.
Extrapolation to zb = 3, N = 2 gives supression in both expansions.
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Physics of this non-Fermi liquid-I

Gauge model: Useful point of view (Kim, Lee, Wen, ’95, Stern, Halperin ’95): smooth versus rough shape fluctuations of 
Fermi surface. 

 Smooth shape fluctuations( eg, Long wavelength density/current response)Fermi liquid like. 
Rough fluctuations (eg, 2Kf response, single particle response) non-Femi liquid like. 

Patch construction for universal low energy physics

Smooth FS shape fluctuation ∼
�
dθu(θ)f̄θfθ (θ = angle around Fermi sur-

face, u(θ) parametrizes shape).
Within single patch f̄θfθ susceptibility non-singular due to emergent low

energy gauge structure( rotate phases of fθ and fθ+π with opposite phases).
=> Smooth FS fluctuations non-singular susceptibility like in a Fermi liquid.

Nematic criticality similar except (of course) for order parameter l = 2 channel; 
but beware mixing with l = 0 response, i.e, compressibility (M. Metlitski)
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1/N as there are no enhancement factors in the limit of
small zb − 2. At zero external frequency the leading 1/N
correction comes from the two diagrams shown in Fig. 5.
These same diagrams were calculated in Ref. 23 at zb = 3.
Repeating for general zb, we find the 1/N correction

± c
f1(λN)

N
|qy|zb−1 (23)

with the − sign for the nematic critical point and the +
sign for the gauge model. The function f1 is evaluated
in Appendix C , and is readily seen to have a finite limit

when zb → 2. For large λN , we have f1(λN) ∼ (λN)
zb
2

in agreement with the result of Ref. 23 when zb = 3. We
see explicitly that when zb− 2 is o(1/N) these three loop
contributions are down by a factor 1/N compared to the
one loop term. Thus the large-N expansion is indeed well
defined in this limit.

FIG. 5: Three-loop boson self-energy diagrams.

FIG. 6: Two-loop fermion self-energy diagrams merely renor-
malize the coefficient of |ω|2/zb .

k + qk k + l k

p+ lp+ q

p

k k − q k − l k

p+ l

p

p+ q

FIG. 7: Three-loop Fermion self-energy diagrams involving
fermions on both patches. Fermions on the right patch are
denoted by solid lines, fermions on the left patch by dashed
lines.

Next we consider the fermion propagator. The one-
loop self energy is inversely proportional to λN and hence
is of order 1. It is easy to see by explicit calculation that
the two loop diagram shown in Fig. 6 is momentum inde-
pendent, and merely provides an o(1/N2) modification of
the coefficient of the frequency dependent part of the self
energy. The most important effect at this order comes
from the two graphs shown in Fig. 7. At zero exter-
nal frequency these graphs lead to singular momentum
dependence23. Details are given in Appendix C. We find

(for the right moving fermion)

δΣ(#p,ω = 0) = ±
4

3N2
J(λN)(px+p2y) ln





Λ
(

px + p2y
)

zb
2





(24)
where the function J(λN) is defined in Appendix C and
is positive definite. The + sign applies to the nematic
critical point and the − sign to the gauge model. In a
renormalization group framework this can be interpreted
as the leading terms of a singular contribution to the self
energy of the form

(px + p2y)
1∓ 4

3N2 J(λN) (25)

A similar contribution exists in the frequency dependent
part as well, consistent with the dynamical scaling. In
the gauge field case the plus sign applies, and this singu-
lar correction is subdominant to the terms that already
exist at leading order. Indeed we expect that any per-
turbation of the fixed point by irrelevant perturbations
will generate an analytic contribution to the momentum
dependence of the self energy that will then dominate
over the singular corrections found at o(1/N2). Though
the leading order frequency dependence is not analytic
we expect that if we use the large-N fermion propaga-
tors to calculate the effects of an irrelevant operator in

perturbation theory we will simply again generate a |ω|
2
zb

term. This will dominate over the singular order 1/N2

correction. Thus we conclude that in the gauge model
the leading singularities are correctly given by the RPA
forms at least to order 1/N2. We note that our interpre-
tation is different from that in Ref. 23.

In the nematic case the minus sign applies in the ex-
ponent of Eqn. 25. This is more singular than the ‘bare’
momentum dependence of the inverse Green’s function,
and consequently will dominate the low energy physics
near the Fermi surface. This singular correction can be
interpreted as a shift of the scaling of the fermion fields
from that in Eqns. 18-22. Thus to order 1/N2 we have

f ′
αs(p

′
x, p

′
y,ω

′) = b−
zb+5−ηf

4 fαs(px, py,ω) (26)

where

ηf =
4

3N2
J(λN) (27)

All the other scaling equations remain unmodified. This
implies that the fermion Green’s function satisfies the
scaling form with α = 1− ηf .

What is the physical origin of the signs and the dif-
ferences between the gauge and nematic models? We
explain this in Section VII. To set the stage we first cal-
culate singularities in some other quantities within the
general two patch theory.

Fermion self energy at o(1/N^2): understand in terms of two-particle 
scattering amplitudes in 2Kf/Cooper channels
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Next we consider the fermion propagator. The one-
loop self energy is inversely proportional to λN and hence
is of order 1. It is easy to see by explicit calculation that
the two loop diagram shown in Fig. 6 is momentum inde-
pendent, and merely provides an o(1/N2) modification of
the coefficient of the frequency dependent part of the self
energy. The most important effect at this order comes
from the two graphs shown in Fig. 7. At zero exter-
nal frequency these graphs lead to singular momentum
dependence23. Details are given in Appendix C. We find

(for the right moving fermion)
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where the function J(λN) is defined in Appendix C and
is positive definite. The + sign applies to the nematic
critical point and the − sign to the gauge model. In a
renormalization group framework this can be interpreted
as the leading terms of a singular contribution to the self
energy of the form

(px + p2y)
1∓ 4

3N2 J(λN) (25)

A similar contribution exists in the frequency dependent
part as well, consistent with the dynamical scaling. In
the gauge field case the plus sign applies, and this singu-
lar correction is subdominant to the terms that already
exist at leading order. Indeed we expect that any per-
turbation of the fixed point by irrelevant perturbations
will generate an analytic contribution to the momentum
dependence of the self energy that will then dominate
over the singular corrections found at o(1/N2). Though
the leading order frequency dependence is not analytic
we expect that if we use the large-N fermion propaga-
tors to calculate the effects of an irrelevant operator in

perturbation theory we will simply again generate a |ω|
2
zb

term. This will dominate over the singular order 1/N2

correction. Thus we conclude that in the gauge model
the leading singularities are correctly given by the RPA
forms at least to order 1/N2. We note that our interpre-
tation is different from that in Ref. 23.

In the nematic case the minus sign applies in the ex-
ponent of Eqn. 25. This is more singular than the ‘bare’
momentum dependence of the inverse Green’s function,
and consequently will dominate the low energy physics
near the Fermi surface. This singular correction can be
interpreted as a shift of the scaling of the fermion fields
from that in Eqns. 18-22. Thus to order 1/N2 we have

f ′
αs(p

′
x, p

′
y,ω

′) = b−
zb+5−ηf

4 fαs(px, py,ω) (26)

where

ηf =
4

3N2
J(λN) (27)

All the other scaling equations remain unmodified. This
implies that the fermion Green’s function satisfies the
scaling form with α = 1− ηf .

What is the physical origin of the signs and the dif-
ferences between the gauge and nematic models? We
explain this in Section VII. To set the stage we first cal-
culate singularities in some other quantities within the
general two patch theory.

Fermion self energy at o(1/N^2): understand in terms of two-particle 
scattering amplitudes in 2Kf/Cooper channels

2Kf Cooper
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2Kf Cooper

Signs determined by Amperean rule but 
Cooper always dominates in magnitude due to 
perfect `nesting’ in Cooper but not in 2Kf.
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ky

FIG. 9: After any scattering event in the Cooper channel, two
fermions remain perfectly nested.

The constancy of κ as the critical point is approached im-
plies that the Landau parameter F 0

s diverges in exactly
the same way as the effective mass. Applying this rea-
soning to other angular momentum channels we see that
the Landau parameters in all angular momentum chan-
nels (except the order parameter one itself) must diverge
in the same way as m∗ so as to give a constant suscepti-
bility at the critical point. This is exactly the conclusion
of Ref. 15.

In either the gauge model or the nematic critical point
the patch construction implies that the only singular
modification from RPA in the charge density response
happens at the 2Kf wavevectors (modulo the caveat dis-
cussed above for the q = 0 response in the nematic case).
As explained in detail in Section V apart from the 2Kf

particle-hole correlations the main modifications from the
Fermi liquid in the two particle response are in the struc-
ture of the pairing correlations. Whether the 2Kf and
pairing correlations are enhanced or not compared to
the Fermi liquid is largely determined by the Amperean
rules. In the gauge field case the pair correlations are
suppressed and the 2Kf potentially enhanced while the
opposite is true for the nematic critical point.

Consider now the 1/N2 calculation of the fermion self
energy described in Section IV. The singular contribu-
tion to the self energy comes the two diagrams shown in
Fig. 7. We note that both diagrams may be expressed in
terms of appropriate two-particle scattering amplitudes.
Fig. 11 is a scattering amplitude in the (particle-particle)
Cooper channel while Fig. 12 is a scattering amplitude
in the particle-hole 2Kf channel. Based on the physical
picture dictated by the Amperean rules, we expect that
in the nematic case the Cooper channel diagram by it-
self leads to a self energy that is more singular than the
‘bare’ terms in the action while the 2Kf diagram by itself
leads to a singularity that is less singular than the bare
term. The situation is clearly reversed in the gauge field
model. This physical picture thus enables us to under-
stand the signs of the contributions of the two diagrams
in the calculation.

Whether the net effect is to produce a singular cor-
rection to the self energy that dominates over the bare
one at low momenta and frequencies is determined by
the competition between the Cooper and 2Kf contribu-

kx

ky

electron band

hole band

FIG. 10: After a scattering event in the 2Kf channel, two
fermions are no longer perfectly nested.

k k− l k− q k

pp+ qp+ lp

FIG. 11: The cooper-channel scattering amplitude.

tions, i.e by the relative magnitude of the contribution
of the two diagrams. We now argue that the Cooper
channel always dominates (i.e gives the bigger contribu-
tion) consistent with the results of the actual calculation.
To see this consider both two particle scattering ampli-
tudes when the external lines are right at the Fermi sur-
face, and initially satisfy the ‘nesting’ condition. In the
Cooper channel this means that the total momentum of
the two incoming particles is zero. In the 2Kf channel
this means that the incoming particle-hole pair has mo-
mentum exactly 2Kf x̂. In the 2Kf channel exchange of
a boson with momentum qy leads to a new particle-hole
pair state which no longer satisfies the nesting condi-
tion (see Fig. 10). Thus after one such scattering event
the particle-hole pair is less sensitive to the Amperean
attraction/repulsion mediated by subsequent boson ex-
change. In contrast in the Cooper channel, exchange of a
boson with momentum qy preserves the nesting condition
for the resulting particle-particle pair (see Fig. 9). Thus
they are able to continue to reap the benefits of the Am-
perean interaction in subsequent scattering events. This
explains why the Cooper channel always dominates over
the 2Kf channel. This difference between the kinemat-

k
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k + q k + l k

p+ lp+ qp

FIG. 12: The particle-hole channel scattering amplitude.
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tions, i.e by the relative magnitude of the contribution
of the two diagrams. We now argue that the Cooper
channel always dominates (i.e gives the bigger contribu-
tion) consistent with the results of the actual calculation.
To see this consider both two particle scattering ampli-
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Cooper channel this means that the total momentum of
the two incoming particles is zero. In the 2Kf channel
this means that the incoming particle-hole pair has mo-
mentum exactly 2Kf x̂. In the 2Kf channel exchange of
a boson with momentum qy leads to a new particle-hole
pair state which no longer satisfies the nesting condi-
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the particle-hole pair is less sensitive to the Amperean
attraction/repulsion mediated by subsequent boson ex-
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FIG. 12: The particle-hole channel scattering amplitude.
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1/N as there are no enhancement factors in the limit of
small zb − 2. At zero external frequency the leading 1/N
correction comes from the two diagrams shown in Fig. 5.
These same diagrams were calculated in Ref. 23 at zb = 3.
Repeating for general zb, we find the 1/N correction

± c
f1(λN)

N
|qy|zb−1 (23)

with the − sign for the nematic critical point and the +
sign for the gauge model. The function f1 is evaluated
in Appendix C , and is readily seen to have a finite limit

when zb → 2. For large λN , we have f1(λN) ∼ (λN)
zb
2

in agreement with the result of Ref. 23 when zb = 3. We
see explicitly that when zb− 2 is o(1/N) these three loop
contributions are down by a factor 1/N compared to the
one loop term. Thus the large-N expansion is indeed well
defined in this limit.

FIG. 5: Three-loop boson self-energy diagrams.

FIG. 6: Two-loop fermion self-energy diagrams merely renor-
malize the coefficient of |ω|2/zb .
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FIG. 7: Three-loop Fermion self-energy diagrams involving
fermions on both patches. Fermions on the right patch are
denoted by solid lines, fermions on the left patch by dashed
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Next we consider the fermion propagator. The one-
loop self energy is inversely proportional to λN and hence
is of order 1. It is easy to see by explicit calculation that
the two loop diagram shown in Fig. 6 is momentum inde-
pendent, and merely provides an o(1/N2) modification of
the coefficient of the frequency dependent part of the self
energy. The most important effect at this order comes
from the two graphs shown in Fig. 7. At zero exter-
nal frequency these graphs lead to singular momentum
dependence23. Details are given in Appendix C. We find

(for the right moving fermion)

δΣ(#p,ω = 0) = ±
4

3N2
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



Λ
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



(24)
where the function J(λN) is defined in Appendix C and
is positive definite. The + sign applies to the nematic
critical point and the − sign to the gauge model. In a
renormalization group framework this can be interpreted
as the leading terms of a singular contribution to the self
energy of the form

(px + p2y)
1∓ 4

3N2 J(λN) (25)

A similar contribution exists in the frequency dependent
part as well, consistent with the dynamical scaling. In
the gauge field case the plus sign applies, and this singu-
lar correction is subdominant to the terms that already
exist at leading order. Indeed we expect that any per-
turbation of the fixed point by irrelevant perturbations
will generate an analytic contribution to the momentum
dependence of the self energy that will then dominate
over the singular corrections found at o(1/N2). Though
the leading order frequency dependence is not analytic
we expect that if we use the large-N fermion propaga-
tors to calculate the effects of an irrelevant operator in

perturbation theory we will simply again generate a |ω|
2
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term. This will dominate over the singular order 1/N2

correction. Thus we conclude that in the gauge model
the leading singularities are correctly given by the RPA
forms at least to order 1/N2. We note that our interpre-
tation is different from that in Ref. 23.

In the nematic case the minus sign applies in the ex-
ponent of Eqn. 25. This is more singular than the ‘bare’
momentum dependence of the inverse Green’s function,
and consequently will dominate the low energy physics
near the Fermi surface. This singular correction can be
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′) = b−
zb+5−ηf

4 fαs(px, py,ω) (26)
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self leads to a self energy that is more singular than the
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kx

ky

electron band

hole band

FIG. 10: After a scattering event in the 2Kf channel, two
fermions are no longer perfectly nested.

k k− l k− q k

pp+ qp+ lp

FIG. 11: The cooper-channel scattering amplitude.

tions, i.e by the relative magnitude of the contribution
of the two diagrams. We now argue that the Cooper
channel always dominates (i.e gives the bigger contribu-
tion) consistent with the results of the actual calculation.
To see this consider both two particle scattering ampli-
tudes when the external lines are right at the Fermi sur-
face, and initially satisfy the ‘nesting’ condition. In the
Cooper channel this means that the total momentum of
the two incoming particles is zero. In the 2Kf channel
this means that the incoming particle-hole pair has mo-
mentum exactly 2Kf x̂. In the 2Kf channel exchange of
a boson with momentum qy leads to a new particle-hole
pair state which no longer satisfies the nesting condi-
tion (see Fig. 10). Thus after one such scattering event
the particle-hole pair is less sensitive to the Amperean
attraction/repulsion mediated by subsequent boson ex-
change. In contrast in the Cooper channel, exchange of a
boson with momentum qy preserves the nesting condition
for the resulting particle-particle pair (see Fig. 9). Thus
they are able to continue to reap the benefits of the Am-
perean interaction in subsequent scattering events. This
explains why the Cooper channel always dominates over
the 2Kf channel. This difference between the kinemat-

k

p

k + q k + l k

p+ lp+ qp

FIG. 12: The particle-hole channel scattering amplitude.
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kx

ky

FIG. 9: After any scattering event in the Cooper channel, two
fermions remain perfectly nested.

The constancy of κ as the critical point is approached im-
plies that the Landau parameter F 0

s diverges in exactly
the same way as the effective mass. Applying this rea-
soning to other angular momentum channels we see that
the Landau parameters in all angular momentum chan-
nels (except the order parameter one itself) must diverge
in the same way as m∗ so as to give a constant suscepti-
bility at the critical point. This is exactly the conclusion
of Ref. 15.

In either the gauge model or the nematic critical point
the patch construction implies that the only singular
modification from RPA in the charge density response
happens at the 2Kf wavevectors (modulo the caveat dis-
cussed above for the q = 0 response in the nematic case).
As explained in detail in Section V apart from the 2Kf

particle-hole correlations the main modifications from the
Fermi liquid in the two particle response are in the struc-
ture of the pairing correlations. Whether the 2Kf and
pairing correlations are enhanced or not compared to
the Fermi liquid is largely determined by the Amperean
rules. In the gauge field case the pair correlations are
suppressed and the 2Kf potentially enhanced while the
opposite is true for the nematic critical point.

Consider now the 1/N2 calculation of the fermion self
energy described in Section IV. The singular contribu-
tion to the self energy comes the two diagrams shown in
Fig. 7. We note that both diagrams may be expressed in
terms of appropriate two-particle scattering amplitudes.
Fig. 11 is a scattering amplitude in the (particle-particle)
Cooper channel while Fig. 12 is a scattering amplitude
in the particle-hole 2Kf channel. Based on the physical
picture dictated by the Amperean rules, we expect that
in the nematic case the Cooper channel diagram by it-
self leads to a self energy that is more singular than the
‘bare’ terms in the action while the 2Kf diagram by itself
leads to a singularity that is less singular than the bare
term. The situation is clearly reversed in the gauge field
model. This physical picture thus enables us to under-
stand the signs of the contributions of the two diagrams
in the calculation.

Whether the net effect is to produce a singular cor-
rection to the self energy that dominates over the bare
one at low momenta and frequencies is determined by
the competition between the Cooper and 2Kf contribu-

kx

ky

electron band

hole band

FIG. 10: After a scattering event in the 2Kf channel, two
fermions are no longer perfectly nested.

k k− l k− q k

pp+ qp+ lp

FIG. 11: The cooper-channel scattering amplitude.

tions, i.e by the relative magnitude of the contribution
of the two diagrams. We now argue that the Cooper
channel always dominates (i.e gives the bigger contribu-
tion) consistent with the results of the actual calculation.
To see this consider both two particle scattering ampli-
tudes when the external lines are right at the Fermi sur-
face, and initially satisfy the ‘nesting’ condition. In the
Cooper channel this means that the total momentum of
the two incoming particles is zero. In the 2Kf channel
this means that the incoming particle-hole pair has mo-
mentum exactly 2Kf x̂. In the 2Kf channel exchange of
a boson with momentum qy leads to a new particle-hole
pair state which no longer satisfies the nesting condi-
tion (see Fig. 10). Thus after one such scattering event
the particle-hole pair is less sensitive to the Amperean
attraction/repulsion mediated by subsequent boson ex-
change. In contrast in the Cooper channel, exchange of a
boson with momentum qy preserves the nesting condition
for the resulting particle-particle pair (see Fig. 9). Thus
they are able to continue to reap the benefits of the Am-
perean interaction in subsequent scattering events. This
explains why the Cooper channel always dominates over
the 2Kf channel. This difference between the kinemat-
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k + q k + l k

p+ lp+ qp

FIG. 12: The particle-hole channel scattering amplitude.

Net sign determined by Cooper => fermion Greens function singularity 
enhanced for nematic beyond RPA. 

Suppression of tunneling density of states natural in terms of enhanced pairing  
fluctuations. 
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What about z_b = 3 at large-N? 
4

large N

zb−2∼ 1
N

small
zb−2

unstable?
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2
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zb

N−1

zb = 3

N = 2

FIG. 1: (color online) Our suggested phase diagram. Above
the indicated curve, the putative critical theory is likely pre-
empted by some other broken-symmetry state. The behavior
of the proposed phase boundary at small N is one possible
extrapolation.

large N

zb−2∼ 1
N

small
zb−2
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FIG. 2: (color online) An alternate possible phase diagram.
Here the interesting point zb = 3, N = 2 is in the unstable
regime; in this case, it would be best accessed starting from
the correct mean field theory for the new broken-symmetry
state.

It is instructive to consider the behavior of the model
in a two dimensional plane spanned by zb and 1/N . We
show our proposed ‘phase diagram’ in Figs. 1 and 2. It
is clear that the approach developed in this paper is ide-
ally suited to describing the gauge model or the nematic
quantum critical point for N = 2 if it is not part of the
unstable region, i.e if Fig. 1 is realized. If on the other
hand zb = 3, N = 2 belongs to the unstable region as
depicted in Fig. 2, we may still hope that the approach
in this paper is useful in describing the physics at tem-
peratures above the onset of the instability.
The rest of the paper is organized as follows. In Sec-

tion. II, we begin with some preliminaries and briefly
discuss the patch construction for the Fermi surface that
is used in the rest of the paper. Some subtle but im-
portant aspects of the patch construction are relegated
to Appendix A. Then in Section III we warm up by
studying the theory of just one patch and ignoring any
coupling with the other antipodal patch, and show how
our expansion provides a controlled answer in this sim-
plified problem. We then study the full two patch the-

ory in Section IV and determine the singular structure
of the boson and fermion propagators. In Section V we
present a calculation of the exponent characterizing 2Kf

singularities within our approach. Next in Section VI we
explore the connections with the perturbative RG calcu-
lations of Ref. 31 and extend their results to 2Kf singu-
larities. In Section VII we discuss simple physical inter-
pretation of the results of the calculations and their con-
sequences. Section VIII describes our suggestions on a
possible phase diagram. We conclude in Section IX with
a general discussion on how our results fit in with var-
ious other related problems and theoretical descriptions
of non-fermi liquid metals. Various appendices contain
details of calculations.

II. PRELIMINARIES

As mentioned above the low energy physics is cor-
rectly described by focusing attention on Fermi surface
patches with parallel normals8,23,28,29. This is because
the interactions mediated by the boson field are predom-
inantly small-angle scattering processes. Furthermore
short range four fermion interactions that couple differ-
ent patches become unimportant at low energies8,28,29 as
can be checked a posteriori after the two patch theory is
solved. Thus the universal low energy physics of the sys-
tem is correctly captured by a theory that focuses on two
opposite patches of the Fermi surface. We focus hence-
forth on two opposite patches of Fermi surface; there are
a number of subtle and important points related to the
patch construction that we elaborate on in Appendix A.
The patch construction also has a number of immediate
consequences for the behavior of many physical proper-
ties. These will be discussed in Section VII.

Consider patches of the Fermi surface with normals
along ±x. We will denote the corresponding fermion
fields fR/L where R denotes the right patch and L the
left one. It is useful to begin by considering the boson
and fermion propagators in perturbation theory keeping
just the leading one loop diagrams (Figs. 3 and 4). The
imaginary frequency boson propagator D(!k,ω) becomes

D(!k,ω) =
1

γ |ω|
|ky| +

|k|zb−1

e2

(9)

with1 γ = 1
4π . Unless otherwise mentioned we will hence-

forth set e = 1. The fermion propagator is determined

1 For the case of the nematic, we absorb the dependence on the
angle between the nematic ordering vector and the patch in ques-
tion into the coupling e. This coupling e specifies an energy scale
below which our low energy theory is applicable. Since this en-
ergy scale vanishes at the ‘cold spots’, we must restrict attention
to a patch of the Fermi surface away from this direction.

Nayak, Wilczek
This talk

Nematic: We suggest theory is unstable toward breaking 
translation and other symmetries

=> no direct second order nematic transition. 

Evidence:
Direct 3-loop calculation (Metlitski, Sachdev, ’10) of static boson polariz-

ability gives �

k
N

�
1− c

√
N
�
|ky|2|a(�k,ω = 0)|2 (1)

For N large enough get negative coefficient of k2y: instability toward broken
translation symmetry.

Similar fate for gauge model? Hope that N = 2, z_b = 3 is not part of unstable region!
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Summary/comments on non-Fermi liquid theory

Fermi surface + X : simple, reasonably tractable, model for a non-fermi 
liquid - control by expanding in dynamical exponent and 1/N. 
Electronic spectrum has `critical Fermi surface‘ with no sharp Landau 
quasiparticle. 

Similar critical Fermi surface general feature(TS, 2008) of other quantum 
phase transitions associated with the death of a Fermi surface (Mott 
criticality, heavy electron critical points, possibly cuprates). 

Existing theoretical models for such phase transitions (TS, 2008, TS, Vojta, 
Sachdev, 2004) demonstrate critical Fermi surfaces. 

Cannot be described as Fermi surface +X.
Need fractionalized degrees of freedom; have stronger destruction of 
Landau quasiparticle at critical point. 
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