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Lesson of topological insulators

Symmetry can protect distinction between two symmetry unbroken phases. 

Magnetic field, 
…….

Ordinary Band insulatorTopological Band insulator



Quantum spin liquids and symmetry

Broad question:  

Quantum spin liquid phases distinguished purely by (unbroken) symmetry? 

Symmetry can be ``fractionalized” :  symmetry distinctions more severe than for band insulators !

Symmetry removing 
perturbation

Spin liquid BSpin liquid A



This talk:  Focus on U(1) spin liquids with time reversal symmetry

0th order questions: 

What is a U(1) spin liquid? 
Why bother with time reversal? 



Let there be (artificial) light..... 

 

 

19th century dream:
Light as a collective mode of some material (``ether”)

21st century(*): 
??Quantum phases of spin/boson systems with an emergent excitation that behaves like a 
photon??

Such phases can indeed exist as 
`quantum spin liquids’ of spin/boson systems in 3d. 

Terminology: U(1) quantum spin liquid (as there is an emergent U(1) gauge field associated 
with the photon). 
 

 (*)See however Foerster, Nielsen, Ninomiya, 1983



Microscopic models with emergent photons

 

 

1. O. Motrunich and T. Senthil, Phys. Rev. Lett.  (2002)
   (Boson Hubbard models - a quantum ice)
 
2. Michael Hermele, Matthew P. A. Fisher, and Leon Balents, Phys. Rev. B (2004). 
(Quantum spin ice models)

3. R. Moessner and S. L. Sondhi, Phys. Rev. B (2003) 
 (Quantum dimer models)

Numerical simulations: 

1.  Argha Banerjee, Sergei V. Isakov, Kedar Damle, and Yong Baek Kim
Phys. Rev. Lett. (2008). 

2.  Nic Shannon, Olga Sikora, Frank Pollmann, Karlo Penc, and Peter Fulde
Phys. Rev. Lett. (2012). 



Excitations of U(1)  quantum liquids

Excitations: 

1. Gapless artificial photon 

2. Gapped `magnetic monopole’ (eg, 3 in - 1 out defect 
tetrahedra in quantum spin ice) - the `M’ particle

3. Other gapped point particles carrying internal `electric’ 
charge  - the `E’ particle

Emergence of photon necessarily accompanied by emergence of E and M particles. 



Possibility of U(1) quantum spin liquids in ``quantum spin ice” 
materials
Yb2Ti2O7, Pr2Zr2O7, Pr2Sn2O7...?

Experiment? 
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S. Curnoe, 2008
S. Onoda, 2010

1. Complicated! Hard to reliably solve even numerically except in special limits. 
2. No symmetry except time reversal, space group.  



Quantum spin ice Hamiltonian for Yb2Ti2O7

Jzz = 0.17±0.04 meV

J± = 0.05±0.01 meV

Jz± = 0.14±0.01 meV

J±± = 0.05±0.01 meV

See however recent revision due to Coldea (KITP talk, 2015)  

Ross, Savary, Gaulin, Balents, 2011

1. Complicated! Hard to reliably solve even numerically except in special limits. 
2. No symmetry except time reversal, space group.  



Quantum spin ice, quantum spin liquids, and symmetry

Some crucial questions for theory: 

1. What distinct kinds of U(1) quantum spin liquids with symmetry are possible? 

Only physical symmetry - Time reversal x space group. 

2. How to theoretically access these distinct quantum spin liquids? 

3.  How to distinguish in experiments? 

 



Quantum spin ice, quantum spin liquids, and symmetry

 
Some crucial questions for theory: 

1. What distinct kinds of U(1) quantum spin liquids with symmetry are possible? 

Only physical symmetry - Time reversal x space group. 

2. How to theoretically access these distinct quantum spin liquids? 

3.  How to distinguish in experiments? 

This talk: Focus on time reversal alone (leave space group for future).  

Surprisingly, this question is intertwined with many other profound  issues in 
condensed matter physics.  
 



Deep connections between 3 apparently different 
problems   

Half-filled Landau level of 
2d electron gas: 

Composite fermi liquids

Effects of strong correlations on 3d 
topological insulators/superconductors

Quantum spin liquids in 3d 
(eg, in quantum spin ice)

Many new insights/results. 

 

Wang, TS, 2015
Metlitski, Vishwanath, 2015



Sample of some advances (all just in 2015)

1. Quantum spin liquids: 

Classification of time reversal invariant U(1) quantum spin liquids in 3d (with gapped 
matter)

2. Half-filled Landau level: resolution of an old (1996) conceptual issue; 
many new results on composite fermions 

3. Strongly correlated topological insulators in 3d: 
new surface state resolving theoretical questions left dangling in previous 3 years work.

4. New dualities of Dirac fermion theories in 2+1-d: 
fermionic generalization of usual (Dasgupta-Halperin ’81) charge-vortex duality of bosons 
in 2+1-d. 

Wang, TS

Son
Wang, TS
Metlitski, Vishwanath

Wang, TS
Metlitski, Vishwanath



Time reversal symmetric U(1) quantum spin liquids

Restrict to phases where only the photon is gapless. 

E and M excitations are gapped. 

To distinguish different phases focus on these E and M particles. 

Claim:  There are precisely 7 distinct families* of such phases which however 
become equivalent if time reversal is broken.  

Each family - same universal structure of excitations. 

Different families are separated by phase transitions. 

(*) Within each family, multiple phases with some subtle differences (combine with QSL and ``SPT”). 
In total there are 22 phases. 

 



Some trivial observations

 Microscopic Hilbert space: 
All excitations created by local (i.e physical) operators must be bosons. 

Emergent excitations - the E and M particles - are not created by local operators. 

To create, eg,  an electric charge, must also create associated electric field lines.

E (or M) particle may be either boson or fermion. 



Time reversal (T)

 For spin/boson systems, time reversal acts on physical states in a simple way. 

In particular T2 = + 1  on all physical states. 

Contrast with electronic systems where T2 = -1 and there is a Kramers degeneracy. 



Time reversal (T) on emergent particles

Electric charge is even under time reversal. 

Magnetic charge is odd under time reversal.  

=> E and TE (its time reversed partner) differ only by a local operator. 

But as E itself is not local it could have  T2 = -1 and the associated  Kramers 
degeneracy. 

M and TM are not related by a local operator and there is no meaning to whether it 
is Kramers or not (T2 acting on M can be shifted by a gauge transformation). 



More trivial observations

 E or M may be fermion, and E may be Kramers. 

But composite particles with zero electric and zero magnetic charge are `local’. 
=> Must be bosons, and must transform trivially under time reversal. 



A (highly) non-trivial observation

 E and M cannot both simultaneously be fermions in any 3+1-d U(1) spin liquid. 

Proof (will not describe here):

Biproduct of recent classification of interacting electronic topological insulators: 
Wang, Potter, TS, Science 2014 (Appendix). 

  

Can arise at boundary of a 4+1- d theory (Kravec, McGreevy, Swingle, 14). 



Time reversal symmetric U(1) quantum spin liquids

E is boson/fermion, Kramers/non-Kramers

M is boson/fermion

Naively 8 distinct possibilities: 
 but since E and M cannot both be fermions we lose 2 phases. 



Preliminary list (6 phases)

Name e particle m particle

EbMb boson, T2 = 1 boson

EfMb fermion, T2 = 1 boson

EbTMb boson, T2 = -1 boson

EfTMb fermion, T2 = -1 boson

EfMb boson, T2 = 1 fermion

EbTMf boson, T2 = -1 fermion

 EfMf fermion, T2 = 1 fermion

 EfTMf fermion, T2 = -1 fermion

Questions: 1. Are all these 6 phases really possible?
2. Are there any other phases?  



Some of these are phases obtained through familiar constructions. 

Eg: EbMb   - constructed in almost all existing microscopic models for the spin liquid

(realized for instance by XXZ spin-1/2 model on pyrochlore lattice). 

EbTMb,   EfTMb: constructed by Schwinger boson/Schwinger fermion representation 
of physical spins. 

Actually can modify these constructions to produce all 6 phases

 

Are these 6 phases really possible? 



Understanding the phases: wavefunctions

Useful to think in terms of fluctuating electric/
magnetic field lines. 

 
EbMb :  Electric picture.

E-field lines form oriented loops at low 
energies. 

Ground state - superposition of oriented 
electric loops with positive weights. 

 

+

+ .........



Kramers E-particle: Haldane loops

 If in addition E is a Kramers doublet ( EbTMb), then 
E-field lines are stuffed with Haldane spin-1 chains. 

E-particle: Open end of E-field line 

Haldane chain: gapped in bulk but at open end there 
is a Kramers doublet

=> achieve Kramers E-particle. 

+

+ .........spin-1/2

spin-1

spin singlet 



Fermionic E-particle ( EfMb or  EfTMb  )   

Electric field loops are 
ribbons. 

Phase (-1) for self-linking of  
any ribbon. 

Open end point of such a 
ribbon is a fermion. 
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FIG. 1: The wave function of the 3d bosonic SPT discussed in
this paper is a superposition of all the configurations of vortex
ribbons with factor (−1) associated with each self-linking.

spin chain. These results are obtained by analysing both
the sigma model effective field theory and the topological
“BF” effective field theories proposed in Ref. 14 for these
phases.
In 2d a result with a similar flavor has been derived

by Levin and Gu15 for an SPT phase with Ising, i.e Z2,
symmetry in terms of a domain wall loop gas with phase
factors. In Sec. IV we reproduce this result using our
methods. We also discuss the ground state wavefunc-
tion structure of the 2d boson topological insulator with
U(1)× ZT

2 symmetry. We use this to obtain a dual vor-
tex description of this state, and show that the physics
is correctly captured.

II. WAVE FUNCTION OF TRIVIAL 3D BOSE
MOTT INSULATOR

Let us start with briefly reviewing the trivial Mott in-
sulating phase of bosons. This is conveniently modeled
by a quantum disordered phase of interacting U(1) ro-
tors on a 3d lattice, which is described by the Hamilto-
nian H =

!

<i,j> −t cos(θi − θj) + U(n̂i)2. The boson

creation operator bi = eiθi and ni is the corresponding
U(1) charge at site i. θi and ni are canonically con-
jugate. The quantum disordered phase of the rotors is
equivalent to the familiar Mott insulator phase and oc-
curs when t/U ≪ 1. In the strong coupling limit t → 0,
the ground state wave function is a trivial direct product
state:

|Ψ⟩ =
"

i

|n̂i = 0⟩ ∼
"

i

# 2π

0
dθi|θi⟩. (1)

The wave function of the quantum disordered phase with
finite but small t/U can be derived through perturbation
on wave function Eq. 1. For our purposes it is useful to
consider a simple approximate form of the wave function

that captures the physics of the Mott phase :

|Ψ⟩ ∼

# 2π

0

"

dθ exp[
$

<i,j>

−K cos(θi − θj)]
"

l

|θl⟩, (2)

where K ∼ t/U ≪ 1. This wave function is a superposi-
tion of configurations of θi with a weight that is the same
as the Boltzman weight of the 3d classical rotor model.
The standard duality formalism of the 3d classical ro-
tor model leads to the dual representation of this wave
function:

|Ψ⟩ ∼

#

DA⃗
$

J⃗

exp[−

#

d3x
1

2K
(∇⃗ × A⃗)2 + i2πA⃗ · J⃗ ]

× |A⃗(x), J⃗(x)⟩, (3)

Vector field J⃗ takes only integer values on the dual lattice,
and it represents the vortex loop in the phase θ. In order
to guarantee the gauge invariance of A⃗, J⃗ must have no
source in the bulk: ∇⃗ · J⃗ = 0. The vortex loop J⃗ can only
end at the boundary, which corresponds to a 2d vortex.
The U(1) gauge field A⃗ induces long range interactions
between vortex loops with coupling strength K. In the
limit K → 0, i.e. the strong coupling limit of the original
rotor, the wave function Eq. 3 for quantum disordered
lattice bosons becomes a equal weight superposition of
all vortex loop configurations, with a weak long range
interaction.
Quite generally the Mott insulating phase is obtained

when the vortex loops have proliferated. Consequently
the ground state wave function can be described as a loop
gas of oriented interacting vortex loops. The discussion
above provides a derivation of this loop gas wave function
starting from a simple but approximate microsopic boson
wave function. A crucial point about the structure of the
loop gas wave function for the trivial Mott insulator is
that it has positive weight for all loop configurations.

III. WAVE FUNCTION OF 3D BOSONIC SPT
PHASES

A 3d SPT phase with U(1) symmetry is also a quantum
disordered phase of rotor θi, thus it is expected that its
wave function is still a superposition of vortex loop con-
figurations. However, more physics needs to be added
to the vortex loops in order to capture the novel physics
of the SPT phase. One of the central results of this pa-
per is to determine the structure of this vortex loop gas
wave function for the 3d SPT phases with U(1) and time-
reversal symmetry discussed in Ref. 14. We first focus
on one example which occurs for both U(1)×ZT

2 and for
U(1)! ZT

2 . We show that the ground state is described
by a superposition of vortex loop configurations |Cv⟩, but
each vortex loop should be viewed as a “ribbon” rather
than a line, and a self-linking of this ribbon contributes
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FIG. 2: (a). When the symmetry is U(1)×U(1) the bulk wave
function is a superposition of two flavors of vortex loops with
factor (−1) attached to each linking. (b−f), braiding between
two flavors of vortices at the boundary effectively creates one
extra linking to the bulk vortex loops, which according to
the bulk wave function would contributes factor (−1). This
implies that the two flavors of vortices at the boundary have
mutual semion statistics.

factor −1 each time the vortex loops of the two boson
species link17. Thus this two species boson Mott insu-
lator has a wave function which is a superposition of all
vortex loops of the two species with a crucial factor of
(−1)L where L is the total number of linked opposite
species vortex loops. In contrast for the trivial Mott in-
sulator of the two boson species system, the weight for all
vortex loop configurations can be taken to be positive.

It is implicit in the discussion in terms of a four com-
ponent unit vector φ⃗ that classical configurations of the
b1,2 fields are always such that b1,2 cannot simultane-
ously vanish. As the amplitude of either of these fields
vanishes in their vortex core this implies that the vortex
loops of the two species cannot intersect. Thus a config-
uration with a linking of the two vortex loops cannot be
deformed to one without a linking.

This bulk wave function Eq. 9 also implies that at the
2d boundary, the vortex of b1 and vortex of b2 (sources
of vortex loops) have a mutual semion statistics, because
when one flavor of vortex encircles another flavor through
a full circle, the bulk vortex loops effectively acquire one
extra linking (Fig. 2), which according to the bulk wave
function would contribute factor (−1).

Let us now provide an alternate derivation of this result
using the bulk topological BF theory for the SPT phase

also proposed in Ref. 14. This theory takes the form

2πL3D =
!

I

ϵµνλσBI
µν∂λa

I
σ +Θ

!

I,J

KIJ

4π
ϵµνλσ∂µa

I
ν∂λa

J
σ

(10)
Here BI

µν is a rank-2 antisymmetric tensor that is re-
lated to the current of boson of species I = 1, 2 through
jIµ = 1

2π ϵµνλσ∂νB
I
λσ. a

I
µ is a 1-form gauge field which de-

scribes the vortices of the bosons. Specifically the mag-
netic field lines of aI are identified with the vortex lines
of the boson of species I. For the SPT state of interest
the K matrix is simply σx. The parameter Θ = π (not to
be confused with the theta parameter in the sigma model
description). The crucial difference with the trivial Mott
insulator is the second Θ term. To get the ground state
wavefunction we again evaluate the Euclidean path inte-
gral with open temporal boundary conditions. Using the
well known fact that the Θ term is the derivative of a
Chern-Simons term we end up with the following ground
state wave functional:

ψ
"

aIi , B
IJ
jk

#

∼ ei
Θ

8π2

!
d3xϵijkK

IJaI
i ∂ja

J
kψ0

"

aIi , B
IJ
jk

#

(11)

Here ψ0 is the wave functional for the trivial Mott insu-
lator. The wave functional for the SPT insulator is thus
modified by a phase factor given by a 3 + 0 dimensional
Chern-Simons term. As is well known the Chern-Simons
term is related to a counting of the total linking num-
ber of the configuration of the magnetic flux lines of the
gauge fields. Specializing to the case at hand we see that
in the presence of a 2π flux line of a1, there is a phase
factor Θ = π whenever a 2π flux line of a2 links with
it. Thus we reproduce the result that there is a phase of
π associated with each linking of opposite species vortex
lines.
Finally if the U(1)×U(1) symmetry is broken down to

diagonal U(1), then the vortex loops of the two species
will be confined to each other. The resulting common
vortex loop of the rotor b ∼ b1 ∼ b2 becomes a ribbon,
whose two edges are the vortex loops of b1 and b2. Fur-
ther for simplicity we assume that there is an energetic
constraint at short distances that prevent two vortex lines
of the same species from approaching each other. In par-
ticular we assume that the binding length scale of the
opposite species vortex loops is smaller than the allowed
separation between same species vortex loops. Then
the vortex ribbons cannot intersect each other. Such
a “hard-core” constraint on the short distance physics
should not affect the universal long distance behavior of
the wavefunction24. Note that the binding of the two
species of vortex loops gives a physical implementation
of the mathematical concept of ‘framing’ used to describe
the topology of knots. The linking between the two fla-
vors of vortex loops becomes a self-linking of the ribbon.
Thus wave function Eq. 9 reduces to wave function Eq. 4.
As we mentioned before, this bulk wave function Eq. 4
implies that the end point of a vortex ribbon at a 2d
boundary is a fermion. Similarly bulk external sources
for vortex ribbons will also be fermions.



Aside: relationship between these phases

Interesting point of view: 

Eg:  E and M are gapped - regard as time reversal symmetric insulators of either E 
or M.  

 

These distinct T-reversal symmetric U(1) spin liquids  correspond to distinct 
``interacting topological insulators” formed by either E or M particles (Wang, TS, 13, 
15)

(Many subtleties - care needed!). 



Preliminary list (6 phases)

Name e particle m particle

EbMb boson, T2 = 1 boson

EfMb fermion, T2 = 1 boson

EbTMb boson, T2 = -1 boson

EfTMb fermion, T2 = -1 boson

EfMb boson, T2 = 1 fermion

EbTMf boson, T2 = -1 fermion

 EfMf fermion, T2 = 1 fermion

 EfTMf fermion, T2 = -1 fermion

Questions: 1. Are all these 6 phases really possible? YES!
2. Are there any other phases?  



A seventh phase 

 Start with  EfTMb

 
Put the Kramers fermion E-particle in a topological band insulator 
(proposed originally for pyrochlore iridate by Pesin, Balents, 2010). 

=> new T-reversal symmetric U(1) quantum spin liquid. 

 

Key consequences:  

1. Surface Dirac cone of the E-particle. 

2. M-particle has internal electric charge-1/2 (related to axion angle θ = π)

Terminology: ``dyons" - particles with both electric and magnetic 
charge



Bulk charge-monopole spectrum

1.  (1/2, 1) and (-1/2, 1) dyons are both bosons which are interchanged under C. 

2. Their bound state (0,2) is a fermion (Wang, Potter, TS, 13; Metlitski, Kane, Fisher, 13) 

(interesting grad QM homework)

 

qm

qe(1,0)

(1/2,1)

(1/2,-1)

(0,2)

EfT 



Bulk charge-monopole spectrum

1.  (1/2, 1) and (-1/2, 1) dyons are both bosons which are interchanged under C. 

2. Their bound state (0,2) is a Kramers fermion (Wang, Potter, TS, 13; Metlitski, Kane, Fisher, 13) 

(interesting grad QM homework)

 
Denote this phase (EfTMf)θ

qm

qe(1,0)

(1/2,1)

(1/2,-1)

(0,2)

fermion Mf

EfT 



A remarkable duality 

Can view charge-monopole lattice in two equivalent ``dual” ways. 

1. TI of electric fermion  EfT 
or

2. TI of magnetic fermion Mf 

qm

qe(1,0)

(1/2,1)

(1/2,-1)

(0,2)

qm

qe(1,0)

(1/2,1)

(1/2,-1)

(0,2)



Consequences/remarks

1. Helps show that there is a unique QSL phase with axion angle θ = π 

2.  Surface duality: 
Dirac cone of E-particle         or     Dirac cone of M-particle

Gateway to other dualities, composite fermion physics in FQHE, etc.

3. Similar dualities for all the other 6 U(1) QSLs:  
many interesting viewpoints into other theoretical phenomena. 



Full list of T-reversal symmetric U(1) QSLs 
(with gapped matter)

Name E particle M particle

EbMb boson, T2 = 1 boson

EfMb fermion, T2 = 1 boson

EbTMb boson, T2 = -1 boson

EfTMb fermion, T2 = -1 boson

EfMb boson, T2 = 1 fermion

EbTMf boson, T2 = -1 fermion

(EfTMf)θ fermion, T2 = -1 (qm = 2) fermion

Questions: 1. Are all these 6 phases really possible? YES!
2. Are there any other phases?  YES - but only 1 more. 


