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2d electrons in the ``quantum Hall” regime   

  

Filling factor ν =  1,2., 3, ...... (IQHE)

ν = 1/3, 1/5, ...... (FQHE)

ν = 1/2, 1/4,…???

Experiment: Metal with ρxx ≠0, ρxy ≠ 0, 
but ρxx≪ρxy. 
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The theoretical problem

Non-interacting electrons - highly degenerate Landau levels

Integer effect:  electrons fill integer number of Landau levels. 

Incompressible FQHE states: fill certain rational fractions of a 
Landau level. 

Large degeneracy is split by electron-electron interactions to give  
a gapped ground state. 

Compressible metallic states: ``unquantized quantum Hall effect” 

?? How do interactions manage to produce a metal ??

~!c



Composite fermi liquid theory 
(Halperin, Lee, Read (HLR) 1993)    

Assume (Jain 89) each electron 
captures two flux quanta to form a 
new fermion
(“Composite fermions” ) 

See reduced effective field 
B* = B - (2h/e)ρ 

At ν = 1/2, B* = 0

=> form Fermi surface of composite 
fermions

kth, it generates a phase of magnitude 2p × 2p. By defi-
nition, a closed loop around a unit vortex generates a
phase of 2p. Thus the product in equation 4 attaches 2p
vortices to each electron in the noninteracting Slater-
determinant wavefunction.

So we see that the flux quanta of our “Bohr theory”
represent the microscopic vortices of the many-particle
wavefunction, and the composite fermion is actually the
bound state of an electron and 2p quantum vortices. A flux
quantum is topologically similar to a vortex; it also pro-
duces an Aharonov–Bohm phase of 2p for a closed path
around itself. Therefore it is often useful to model the vor-
tices as flux quanta and envision the composite fermion as
an electron carrying 2p flux quanta.

How do the vortices cancel part of the external B
field? Consider a path in which one particle executes a
counterclockwise loop enclosing an area A, with all the
other particles held fixed. Equating the sum of the
Aharonov–Bohm phase 2pBA/v0 and the phase ⊗2p2prA
coming from the encircled vortices to an effective
Aharonov–Bohm phase 2pAB*/v0, we get the new field B*

of equation 2. Of course a magnetometer will still measure
simply B. But, as far as a composite fermion is concerned,
B* is the real field, as we shall see.

The form of the wavefunction C provides an insight
into why the repulsive interaction between electrons
might force vortices on them. The wavefunction is very
effective in keeping the electrons apart. The probability
that any two will come within a distance r of each other
vanishes like r2(2p+1). Contrast that with the r2 vanishing
for a typical state satisfying the Pauli principle. In
essence, then, electrons transmute into composite fermi-
ons by capturing 2p vortices because that is how they best
screen the repulsive Coulomb interaction. The interaction
between composite fermions is weak because most of the
Coulomb interaction has been screened out—or used up—
in making them.

Equations 2, 3, and 4 are the master equations
describing the quantum fluid of composite fermions. Since
the first two are the same and can be derived from the third,
everything ultimately stems from a single equation. The
quantum numbers of the composite fermion follow straight-
forwardly from the observation that each one is produced by

a single electron. It has the same
charge and spin as the electron, and it
is also a fermion.

Seeing composite fermions
The crucial, non-perturbative respect
in which composite fermions distin-

guish themselves from electrons is that they experience
an effective magnetic field, B*, that is drastically different
from the external magnetic field. The effective magnetic
field is so central, direct, and dramatic a consequence of
the formation of composite fermions that its observation is
tantamount to an observation of the composite fermion
itself.

At filling factors n less than 1, the experiments clear-
ly show us composite fermions subject to the magnetic
field B* rather than electrons subject to B. The most com-
pelling experimental evidence for the composite fermion
comes simply from plotting the high-field magneto-
resistance as a function of 1/n*, which is proportional to B*.
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FIGURE 2. CAPTURING TWO FLUX

quanta transforms each electron in the
plane into a composite fermion that
experiences, in effect, a reduced residual
magnetic field.

FIGURE 3. COMPARING INTEGRAL AND FRACTIONAL

quantum Hall regimes, top and bottom panels, respectively.16, 3

Blue curve (shown only in the top panel) is the Hall resistance
with quantum plateaus. Red curves are ordinary longitudinal

resistivity with a dip, labeled by its electron filling factor n, for
each plateau. The filling factor n = n/(2n + 1) corresponds to

a composite-fermion filling factor n* = n. Thus the two red
curves, despite their very different electron filling factors, are

remarkably similar.
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Some experimental verification of  composite fermions  

Examples: 

1.  Slightly away from ν = 1/2, B* =  B - (2h/e)ρ ≠ 0 but much reduced from external  
field B.

=> composite fermions move in cyclotron orbits with radius >> electron cyclotron 
radius

 

2. Confirmation of composite fermion Fermi surface 
(eg,  Shubnikov-deHaas oscillations)

 
 
3. Successful description (Jain 89) of the prominent FQHE states at ν = n/(2n+1) as 
``integer quantum hall states” of the composite fermions. 

Many groups: Willett, Stormer, Tsui, Shayegan, Goldman,.....



Unsatisfactory aspects of the  theory  

1. Flux attachment mean field is uncontrolled 
(unreasonable?) approximation. Should we 
really trust it? 

2.  Theory should make sense within 
the Lowest Landau Level (LLL) but HLR  not 
suited to projecting to LLL.  

Mean field effective mass = bare electron mass 
in HLR

LLL limit: take m to zero; what happens??
Many refinements in the late 90s (Shankar, Murthy; Read; Halperin, Stern, 

Simon, van Oppen;  D.-H. Lee, Pasquier, Haldane,.......) but dust never settled.

3.   LLL theory has an extra symmetry (at ν = 
1/2) that HLR is blind to. 

Issue identified in the 90s (Grotov, Gan, Lee, Kivelson, 

96; Lee 98) but no resolution. 

~!c

Vint ⌧ ~!c: project to LLL

~!c

Vint ⌧ ~!c: project to LLL



Particle-hole symmetry  in LLL

At ν = 1/2, regard LLL as either ``half-empty or half-
full”: 

Start from empty level, fill half the LLL

or start from filled LL and remove half the electrons



Particle-hole symmetry: formal implementation

Electron operator  (x, y) '
P

m �m(x, y)cm after restriction to LLL.

(�m(x, y): various single particle wave functions in LLL).

Particle-hole: Antiunitary symmetry C

C C

�1
=  

†
=

P
m �

⇤
m(x, y)c

†
m

Symmetry of 1/2-LLL with, eg, 2-body interaction is (at least) U(1) X C 

Numerical work:  Metallic ground state at  ν = 1/2 preserves the C symmetry.  (Rezayi, Haldane, 00, 
Geraedts et al, 16)

HLR theory: Not in Lowest Landau Level; p/h not within its scope. 

 



Related theoretical problems
 

1. Electrons at ν = 1/4, 1/6,…..

No p/h but issue of nature of a LLL theory remains. 

2. Useful to consider problem of bosons in the quantum Hall regime. 

At fillings ν = 1/(2p+1), HLR procedure leads to a compressible metallic state. 

Fate of such a state in the LLL? 

For bosons, microscopically there is no p/h. 



Progress - some old, some new
 

1. Bosons at ν = 1  

LLL theory of metallic Composite Fermi Liquid state (Read 1998)

2.  Particle-hole symmetric theory for electronic CFL at ν = 1/2

Suggestion by Son (2015): Is the composite fermion at ν = 1/2 a Dirac particle?

- Field theoretic justification: Connection to surface of 3d topological insulators  
(C. Wang, TS, arXiv:1505.05141;  M. Metlitski, A. Vishwanath, 1505.05142.)

-  Simple physical picture of the particle-hole symmetric composite fermion 
(C. Wang, TS, arXiv:1507.08290)

- Numerical calculations
(Scott D. Geraedts, Michael P. Zaletel, Roger S. K. Mong, Max A. Metlitski, Ashvin Vishwanath, Olexei I. Motrunich, arXiv:1508.04140)

http://arxiv.org/abs/1505.05141
http://arxiv.org/abs/1507.08290
http://arxiv.org/find/cond-mat/1/au:+Geraedts_S/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Zaletel_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Mong_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Metlitski_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Vishwanath_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Motrunich_O/0/1/0/all/0/1


 Plan of talk

A. Understanding the p/h symmetric composite fermi liquid of electrons at ν = 1/2 

- physical picture; field theoretic derivation

B. Composite Fermi liquid of bosons at ν = 1: 
-   review of Read’s Lowest Landau Level theory 

- comparison with electrons at ν = 1/2

C. Composite Fermi liquids in LLL at generic ν:   
Quantum vortex liquids with Fermi surface Berry phases  
(Wang, TS, 1604.06807)



Particle-hole symmetric composite fermions at ν = 1/2: a physical picture (Wang, TS, 
2015)  



Old physical picture of Composite Fermion (CF) in LLL
 

Bind vortices to particles (as opposed to flux)   (Jain 89; Read 89)

Amplitude of wavefunction suppressed in vortex core (unlike with flux 
attachment)

Vortex => correlation hole 

 Composite fermion = electron bound to 4π-vortex which 
has charge depletion -e

=> Composite fermions in LLL are electrically neutral

LLL wave function (Rezayi-Read 94)

 (z1, ........, zN ) = PLLLdet(e
i~ki·~rj

)

Y

i<j

(zi � zj)
2

Read 94;……



Old physical picture of Composite Fermion (CF) in LLL
Neutral dipolar fermions  

N. Read, 1994; many subsequent papers in late 90s
(Shankar, Murthy; Haperin, Stern; D.-H. Lee; 
Pasquier-Haldane,…..)

e -e

4π
Neutral CF has a dipole moment perpendicular to it’s momentum. 

(Classical drift of electric dipole in a magnetic field) 

Heuristic wave function argument: Plane wave factors push vortex away 
from electron 

However this picture misses some physics and further is not p/h 
symmetric (charge changes sign but vorticity does not). 

~d

~d ? ~k

LLL wave function (Rezayi-Read 94)

 (z1, ........, zN ) = PLLLdet(e
i~ki·~rj

)

Y

i<j

(zi � zj)
2



 New picture of composite fermion in LLL 

Fermion wavefunctions in LLL  (z1, z2, ......, zN ) =

Y

i<j

(zi � zj)f(z1, ......., zN )

f(z1, . . . .., zN ): a symmetric polynomial.

=> one vortex is exactly on electron due to Pauli. 

 

e/2 -e/2

2π2π

Only second vortex is displaced from first in direction perpendicular 
to CF momentum. 

Each vortex has charge -e/2 => single vortex exactly on electron has 
charge +e/2 and the displaced vortex has charge -e/2. 

~k

Wang, TS 15



Internal structure  of composite fermion(*) in LLL 

Semion

e/2 -e/2

2π2π

Anti-semion

Two ends have mutual statistics of π  
e/2

-e/2
Phase of π

* Assume ends are well separated compared to vortex size. 

Bound state (of course) is a fermion. 



New picture of composite fermion in LLL (cont’d) 

Anti-unitary C interchanges relative coordinates of the two ends. 

e/2 -e/2

2π2π
C: 

-e/2 +e/2

2π2π

e/2

-e/2
Phase of π

Solve QM of relative motion => 
 
ground state ``spin”-1/2 doublet which 
is Kramers under C. 



New picture of composite fermion in LLL (cont’d) 

Non-zero CF momentum => non-zero dipole moment

=> ``spin” of composite fermion polarized perpendicular to it’s 
momentum

(spin-momentum locking expected of Dirac fermion). 

Composite fermion goes around FS => momentum  rotates by 2π
=> spin rotates by 2π => Berry phase of π as expected for a 
Dirac fermion.  

e/2 -e/2

2π2π ~d

~d ? ~k
=> h~�i ? ~k

~k



1/2-filled LL and correlated TI surfaces  

Derivation of and more insight into p/h symmetric 
composite fermi liquid theory

 
(C. Wang, TS, 15; M. Metlitski, A. Vishwanath, 15)



p/h symmetric LL as a surface of a 3d fermionic 
topological insulator: 

Preliminaries

Consider (initially free) fermions with ``weird” action of time-reversal (denote C):

C ρ C-1 = - ρ

ρ = conserved ``charge” density. 

Full symmetry = U(1) x C 
(called class AIII in Topological Insulator/Superconductor literature*)

Eg: Triplet time reversal-invariant superconductor where physical Sz is conserved and plays 
the role of such a ρ. 

*distinct symmetry from usual spin-orbit coupled insulators which have U(1) ⋉ C symmetry (i.e, ρ is usually even 
under time reversal). 



p/h symmetric LL as a surface of 3d fermion SPT 
(cont’d)

 

Surface: Single massless Dirac fermion 

C symmetry guarantees that surface Dirac cone is exactly at neutrality. 
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to K. It’s Kramers partner is the state at �K which
has exactly the opposite “spin” polarization. When the
composite fermion goes around it’s Fermi surface the ro-
tation of the momentum by 2⇡ thus forces a Berry phase
of ⇡.

We can see that this ‘new’ dipole is the natural fate of
the ‘old’ dipolar picture when ⌫ = 1/2 and particle hole
symmetry is taken into account.

Thus we now have a very simple physical picture of
the structure of the particle-hole symmetric composite
fermion. This physical picture also establishes a conti-
nuity between the theory of the particle-hole symmetric
composite fermi liquid with the earlier descriptions.

We turn next to a di↵erent understanding of the
particle-hole symmetric half-filled Landau level which
yields powerful insights.

V. THE HALF-FILLED LANDAU LEVEL AS A
TOPOLOGICAL INSULATOR SURFACE STATE

It is important to emphasize that the C symmetry at
⌫ = 1

2 is not an exact ultra-violet (UV) symmetry of the
theory. Further it does not act locally in the microscopic
Hilbert space. It is an emergent non-local symmetry of
just the lowest Landau level at half-filling with the re-
striction to a two-body interaction (or more generally to
2n-body terms). As a matter of principle an exact pro-
jection from higher Landau levels will also have three-
body terms, etc which will break the C symmetry. A
useful approximation, in the limit of weak Landau level
mixing, is to ask about the ground state in the lowest
Landau level with exact C symmetry, and then under-
stand the C-breaking e↵ects as a perturbation.

Can we find a UV completion of the half-filled Lan-
dau level that retains C as an exact microscopic local
symmetry? We turn next to this question.

Consider fermions in 3d with a symmetry group U(1)⇥
C. For now we define C acting on these fermions to be
an anti unitary operator which is such that the generator
of the U(1) symmetry is odd under C. As an example
consider a lattice tight binding Hamiltonian

H3d =
X

ij

X

s

tijc
†
iscjs + h.c

+�ij

⇣
c†i"c

†
j# + c†i#c

†
j"

⌘
+ h.c

Here i, j are sites of a 3d lattice, s =", # is the electron
spin. The triplet Cooper pairing term breaks charge con-
servation, and SU(2) spin rotations but leaves a U(1)
subgroup of rotations generated by Sz invariant. So
long as the hopping and pairing parameters are real the
Hamiltonian is also invariant under an anti unitary time
reversal operation which we denote C that acts locally
and takes cis ! i (�y)ss0 cis0 .

Consider gapped free fermion Hamiltonians with this

symmetry1 . The progress on topological insula-
tors/superconductor shows that in 3d such systems are
classified[58, 59] by the group Z corresponding to an inte-
ger topological invariant which we label n. Correspond-
ingly at the two dimensional interface with the vacuum
there is a gapless surface state with n Dirac cones with
the Lagrangian:

L =
nX

↵=1

 ̄↵

�
�i/@

�
 ↵ (15)

with the following symmetry action

U(�) ↵U
�1(�) = ei� ↵ (16)

C ↵C
�1 = i�y 

†
↵ (17)

The fermions  ↵ are each 2-component and the corre-
sponding � matrices are �0 = �y, �1 = �z, �2 = �x.
The fermion density  †

↵ ↵ is odd under C. Thus the
symmetry action on the surface is U(1)⇥C as required.
Further the oddness under C implies that we cannot add
a chemical potential term so that the Dirac fermions are
necessarily at neutrality.

Recent work[35, 36] shows that with interactions this
Z classification is reduced to Z8 (so that only n =
0, 1, ...., 7 are distinct phases)2. We will henceforth fo-
cus on the n = 1 state which is stable to interactions.

We will take the liberty of calling the generator of the
global U(1) symmetry as ‘charge’ irrespective of its mi-
croscopic origins in an electron model. This charge is
odd under the anti unitary C operation. We will fur-
ther take the liberty of occasionally referring to C as
“time reversal”. When the results are applied to the
half-filled Landau level discussed in the previous section
the C operation will be interpreted physically precisely
as the anti-unitary particle-hole symmetry transforma-
tion (hence the same symbol as in the previous section).
In that context C should of course not be confused with
physical time reversal which is not a symmetry of the
half-filled Landau level.

Consider coupling the surface theory, at n = 1, to
external static “electromagnetic” fields that couple to
the U(1) charge and current densities. As the charge is
odd under C the current is even. Then electric fields are
C-odd while magnetic fields are C-even. We can thus
perturb the surface theory by introducing an external
magnetic field while preserving the U(1)⇥C symmetry.
We will work in a limit in which we assume that the
continuum approximation (Eqn. 15) is legitimate. The
resulting Lagrangian takes the form

L =  ̄
�
�i/@ + /A

�
 + .... (18)

1
This symmetry class is denoted AIII in the topological insulator

literature.

2
There is an additional Symmetry Protected Topological phase

which cannot be described within free fermion theory so that

the full classification[35] is Z8 ⇥ Z2.

external probe  gauge field

2-component fermion



p/h symmetric LL as a surface of 3d fermion  SPT 
(cont’d)

ρ is odd under C => `electric current’ is 
even. 

External E-fields are odd but external B-
fields are even. 

=> Can perturb surface Dirac cone with 
external B-field. 

μ
ν = 0

⇠
p
B

ν = 1

ν = -1

C-symmetry: ν = 0 LL is exactly half-filled.   

Low energy physics:  project to 0LL

With interactions => map to usual half-filled LL



Comments

Vacuum
Gapped  
Topological 
Insulator   

Interface 
composite fermi  
liquid

 Easy

 Hard

Exploit understanding of relatively trivial bulk TI to learn about non-trivial correlated surface 
state.

Implication:  Study p/h symmetric half-filled LL level by studying correlated surface 
states of such 3d fermion topological insulators. 



Theories of TI surface
Charge-vortex duality for Dirac fermions in 2+1-D

 

Two different surface theories for the topological insulator: 

Standard surface theory:
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to K. It’s Kramers partner is the state at �K which
has exactly the opposite “spin” polarization. When the
composite fermion goes around it’s Fermi surface the ro-
tation of the momentum by 2⇡ thus forces a Berry phase
of ⇡.

We can see that this ‘new’ dipole is the natural fate of
the ‘old’ dipolar picture when ⌫ = 1/2 and particle hole
symmetry is taken into account.

Thus we now have a very simple physical picture of
the structure of the particle-hole symmetric composite
fermion. This physical picture also establishes a conti-
nuity between the theory of the particle-hole symmetric
composite fermi liquid with the earlier descriptions.

We turn next to a di↵erent understanding of the
particle-hole symmetric half-filled Landau level which
yields powerful insights.

V. THE HALF-FILLED LANDAU LEVEL AS A
TOPOLOGICAL INSULATOR SURFACE STATE

It is important to emphasize that the C symmetry at
⌫ = 1

2 is not an exact ultra-violet (UV) symmetry of the
theory. Further it does not act locally in the microscopic
Hilbert space. It is an emergent non-local symmetry of
just the lowest Landau level at half-filling with the re-
striction to a two-body interaction (or more generally to
2n-body terms). As a matter of principle an exact pro-
jection from higher Landau levels will also have three-
body terms, etc which will break the C symmetry. A
useful approximation, in the limit of weak Landau level
mixing, is to ask about the ground state in the lowest
Landau level with exact C symmetry, and then under-
stand the C-breaking e↵ects as a perturbation.

Can we find a UV completion of the half-filled Lan-
dau level that retains C as an exact microscopic local
symmetry? We turn next to this question.

Consider fermions in 3d with a symmetry group U(1)⇥
C. For now we define C acting on these fermions to be
an anti unitary operator which is such that the generator
of the U(1) symmetry is odd under C. As an example
consider a lattice tight binding Hamiltonian

H3d =
X

ij

X

s

tijc
†
iscjs + h.c

+�ij

⇣
c†i"c

†
j# + c†i#c

†
j"

⌘
+ h.c

Here i, j are sites of a 3d lattice, s =", # is the electron
spin. The triplet Cooper pairing term breaks charge con-
servation, and SU(2) spin rotations but leaves a U(1)
subgroup of rotations generated by Sz invariant. So
long as the hopping and pairing parameters are real the
Hamiltonian is also invariant under an anti unitary time
reversal operation which we denote C that acts locally
and takes cis ! i (�y)ss0 cis0 .

Consider gapped free fermion Hamiltonians with this

symmetry1 . The progress on topological insula-
tors/superconductor shows that in 3d such systems are
classified[58, 59] by the group Z corresponding to an inte-
ger topological invariant which we label n. Correspond-
ingly at the two dimensional interface with the vacuum
there is a gapless surface state with n Dirac cones with
the Lagrangian:

L =
nX

↵=1

 ̄↵

�
�i/@

�
 ↵ (15)

with the following symmetry action

U(�) ↵U
�1(�) = ei� ↵ (16)

C ↵C
�1 = i�y 

†
↵ (17)

The fermions  ↵ are each 2-component and the corre-
sponding � matrices are �0 = �y, �1 = �z, �2 = �x.
The fermion density  †

↵ ↵ is odd under C. Thus the
symmetry action on the surface is U(1)⇥C as required.
Further the oddness under C implies that we cannot add
a chemical potential term so that the Dirac fermions are
necessarily at neutrality.

Recent work[35, 36] shows that with interactions this
Z classification is reduced to Z8 (so that only n =
0, 1, ...., 7 are distinct phases)2. We will henceforth fo-
cus on the n = 1 state which is stable to interactions.

We will take the liberty of calling the generator of the
global U(1) symmetry as ‘charge’ irrespective of its mi-
croscopic origins in an electron model. This charge is
odd under the anti unitary C operation. We will fur-
ther take the liberty of occasionally referring to C as
“time reversal”. When the results are applied to the
half-filled Landau level discussed in the previous section
the C operation will be interpreted physically precisely
as the anti-unitary particle-hole symmetry transforma-
tion (hence the same symbol as in the previous section).
In that context C should of course not be confused with
physical time reversal which is not a symmetry of the
half-filled Landau level.

Consider coupling the surface theory, at n = 1, to
external static “electromagnetic” fields that couple to
the U(1) charge and current densities. As the charge is
odd under C the current is even. Then electric fields are
C-odd while magnetic fields are C-even. We can thus
perturb the surface theory by introducing an external
magnetic field while preserving the U(1)⇥C symmetry.
We will work in a limit in which we assume that the
continuum approximation (Eqn. 15) is legitimate. The
resulting Lagrangian takes the form

L =  ̄
�
�i/@ + /A

�
 + .... (18)

1
This symmetry class is denoted AIII in the topological insulator

literature.

2
There is an additional Symmetry Protected Topological phase

which cannot be described within free fermion theory so that

the full classification[35] is Z8 ⇥ Z2.

external probe  gauge field

2-component fermion

Dual surface theory(*): 
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U(1) to distinguish between the ‘electric’ and ‘magnetic’
U(1) rotations.

IX. DUALITY OF SURFACE STATES

It is interesting to translate this bulk duality into a
dual perspective of the surface states. The simplest case
is the superconducting surface. We recall that the sur-
face avatar of the (0, 2) monopole is the v4 vortex. We
thus seek a dual description of the superconducting state
in terms of the physics of the v4 vortex.

Let us first quickly review pertinent aspects of
the standard charge-vortex duality of two dimensional
systems[66, 67]. The simplest example is for bosonic
superfluids. Then the superfluid phase may be fruitfully
viewed as a Mott insulator of vortices in the phase of the
boson. The zero sound mode of the superfluid can conve-
niently be represented as a gapless photon in 2+1 dimen-
sions, and the vortices couple to this photon as ‘electric
charges’. . This leads to a dual Landau-Ginzburg theory
of the superfluid in terms of vortex fields coupled min-
imally to a fluctuating non-compact U(1) gauge field.
The magnetic flux of this gauge field corresponds physi-
cally to the physical boson number density.

It has also been known for some time now[68] how
to extend this dual vortex formulation to an ordinary
gapped s-wave superconductor of fermions in two dimen-
sions. To describe the Bogoliubov quasiparticle it is con-
venient to formally strip them of their electric charge and
define neutralized fermionic particles (“spinons”) which
see the elementary h

2e vortices as ⇡-flux. The vortices are
in addition coupled minimally, exactly as in a bosonic su-
perfluid, to a fluctuating non-compact U(1) gauge field.
This dual description of an ordinary superconductor is
conceptually powerful, and enables passage from the su-
perconductor to various fractionalized Mott insulators in
two dimensions.

Returning now to the superconductor obtained at the
surface of the n = 1 TI with U(1)⇥C symmetry, from the
point of view of the v4 vortex the surface is gapped. Fur-
ther the vortex number conservation is the surface man-
ifestation of the magnetic Um(1) gauge structure present
in the bulk spin liquid. The preservation of the vortex
number conservation means that the surface preserves
the dual Um(1) o C symmetry. Thus from the point of
view of v4 what we have been calling the surface super-
conductor is really a symmetry preserving surface topo-
logical order of the bulk topological insulator formed by
the (0, 2) fermions.

It is possible to check this explicitly. Following the
logic described in the previous section we can fully de-
termine the braiding/fusion rules, and the symmetry as-

C. As C is anti-unitary this implies that U
m

(1) rotation and C
do not commute.

signment for the quasiparticles of the surface supercon-
ductor. These turn out to be identical to that of a spe-
cific surface topological order (known as T-Pfa�an[25])
obtained earlier through bulk Walker-Wang construc-
tions for the spin-orbit coupled topological insulator with
the v4 identified with the dual ‘electron’ (and thus a vor-
ticity 4⇡ identified with dual ‘electron’ charge 1).

We are now ready to describe the full dual Landau-
Ginzbuirg theory of the surface superconductor by rein-
stating the zero sound mode. As usual this zero sound
mode is described as a gapless photon in 2 + 1 dimen-
sions. The vortices will then couple minimally to this
photon. Thus a dual Landau-Ginzburg description of
the surface superconductor is simply obtained: Take the
T-Pfa�an topological order and couple all the charged
particles to a fluctuating non-compact U(1) gauge field.
aµ (Recall that the charges of the T-Pfa�an are precisely
the vortices of the surface superconductor).

This dual formulation of the surface superconduc-
tor will be extremely useful as a framework in which
to address non-superconducting states obtained through
phase fluctuations. We turn to these next.

X. VORTEX METAL SURFACE STATES

The surface superconducting order may be destroyed
to restore U(1)⇥ C symmetry by proliferating vortices.
If we condense bosonic vortices, for instance the 8⇡ vor-
tex v24 , we will get a symmetry preserving gapped sur-
face topological order. Alternately we can kill the su-
perconductivity by proliferating the fermionic v4 vortex,
i.e by making it gapless. As the dual LGW theory of
the surface superconductor is the gauged version of the
T-Pfa�an topological order, we will get a gapless vortex
liquid if we confine the non-trivial quasiparticles of the
T-Pfa�an state through a phase transition to a gapless
symmetry preserving state of the v4 fermion. But this
is precisely the famous single Dirac cone (tuned to neu-
trality) formed by v4. We thus have a dual Dirac liquid
surface state[7, 8] for the n = 1 U(1) ⇥ C topological
insulator described by the Lagrangian

L =  ̄v

�
�i/@ � /a

�
 v +

1

4⇡
✏µ⌫�Aµ@⌫a� (23)

Here  v is a fermion field representing the v4 vortex.
We have chosen units so that this couples to the non-
compact gauge field aµ with gauge charge-1. With this
choice the conserved 3-current of the original global U(1)
symmetry is

jµ =
1

4⇡
✏µ⌫�@⌫a� (24)

This is reflected in the last term of the Lagrangian which
describes the coupling of this current to the external
probe gauge field Aµ. Finally the original electron  
is obtained as 4⇡ instanton in the gauge field aµ. Im-
portantly  v is Kramers doublet under the C operation

dynamical gauge field

A new field theory duality

Wang, TS 15
Metlitski, Vishwanath 15
Mross et al 15

*Strictly speaking should work with a modified version which is more precisely defined. 



Justification of Dirac composite fermion theory
of 1/2-filled Landau level

1/2-filled Landau level:  Obtain by turing on B-field  in standard surface Dirac cone. 

Dual description: 

B/(2h/e) = density of dual fermions 

=> Theory of 1/2-filled Landau level:  = dual Dirac fermions at finite density + U(1) gauge field
but no Chern-Simons term.  
(exactly as proposed by Son (2015))



Effective action

6

Is there an analagous heuristic picture for the compos-
ite fermion  v when the underlying particles are bosons?
Now the symmetry of the wavefunction does not force
any vortex to sit exactly on top of the particle. Never-
theless we are free to put any even number of vortices on
the particle, and displace the remaining away. Consider
the case where n � 1 vortices sit on the particle, and
the remaining vortex is displaced away. The end with
n� 1 vortices then has charge 1

n and the other end has
charge � 1

n . The Berry phase picked up when one end
goes around the other is precisely � 2⇡

n . Forming a Fermi
surface of these particles we will then get a Berry phase
of � 2⇡

n .
The picture of n� 1 vortices sitting exactly on top of

the particle while the remaining one is displaced away
actually works for any n (i.e, whether the microscopic
particles are fermions or bosons), and gives a Berry phase
of � 2⇡

n . Why make this choice as compared to say some
other way of distributing the n vortices? We do not
have a satisfactory answer to this question. However
the heuristic picture sketched above does, we believe,
help develop some intuition about the origin of the Fermi
surface Berry phase. This picture also suggests that for
any n, a useful wavefunction for the CFL is given by

 (z1, z2, ........zN ) = ⇧j<i (zi � zj)
n�1

 

b
⌫=1(z1, ......., zN )

(8)
where  b

⌫=1 is the wavefunction of the bosonic CFL at
filling factor ⌫ = 1.

A. Fermions at ⌫ = 1/2

There are two special cases in which theories of the
form of Eq. (4) are more solidly justified. The first is
fermions at ⌫ = 1/2. It is well known that fermions
at ⌫ = 1/2 in the LLL limit have an emergent particle-
hole symmetry (C), which does not seem to be preserved
by the standard RPA e↵ective field theory[27]. This was
emphasized recently[28] by the construction of a particle-
hole conjugate to the standard HLR theory which leads
to a seemingly distinct e↵ective field theory. Another
e↵ective field theory describing a compressible state was
proposed recently by Son[10], which manifestly preserves
the particle-hole symmetry. The low energy theory takes
exactly the same form as Eq. (4), with the Berry phase
�B = ⇡. A fermi surface with ⇡-Berry phase can be
conveniently represented as a Dirac fermion:

L[ , aµ] = ̄(i/@ +
/

a+ µ�

0) 

� 1

4⇡
✏

µ⌫�
aµ@⌫A� +

1

8⇡
✏

µ⌫�
Aµ@⌫A� (9)

and the particle-hole symmetry C is represented as an
anti-unitary symmetry that acts like time-reversal on the
Dirac composite fermions

 c ! i�

y
 c. (10)

We emphasize that the “Diracness” is manifested
through the ⇡-Berry phase, rather than the Dirac cone
itself, which is far from the fermi surface and has no
real physical meaning at low energy. Indeed a recent pa-
per by Balram and Jain argues (through calculations on
wavefunctions for proximate incompressible states) for
lack of evidence of the linear dispersion associated with
the Dirac cone.

The Dirac composite fermi liquid state was jus-
tified through a surprising charge-vortex duality in
(2 + 1)d between free Dirac fermion and quantum
electrodynamics[11–13, 29]. It could also be under-
stood as a critical point separating HLR and anti-HLR
states[30, 31]. The ⇡-Berry phase of the composite
fermions has been verified numerically[14] through the
absence of 2kf scattering peaks for particle-hole sym-
metric correlators. In the full theory (without the LLL
restriction), the ⇡-Berry phase can change (to trade
a Chern-Simons term) by mixing the upper and lower
Dirac band of the composite fermions, if particle-hole
symmetry is absent. However, in a strictly LLL theory,
we now argue that the ⇡ Berry phase survives even if
particle-hole symmetry is not present in the microscopic
Hamiltonian.

Consider starting initially with C symmetry present,
and go to the low energy theory near the Fermi surface of
the Dirac composite fermion. Now break the C symme-
try explicitly through some weak perturbations. Naively,
in the absence of C we can add a mass term  ̄v v to the
low energy Dirac action. This will force the Dirac ‘spin’
to tilt out of the xy plane. When the resulting fermion
goes around the Fermi surface the Berry phase will then
deviate away from ⇡, if such a mass term were allowed.
However in the LLL we can argue that such a mass term
is prohibited. The key is the understanding developed in
Ref. [13] of the x, y components of the Dirac spin as the
composite fermion dipole moment. A rigid restriction
of the LLL limit is that this dipole moment is rotated
from the composite fermion momentum by an angle of
⇡
2 in the anticlockwise direction. In the LLL the other
polarization of the composite fermion, where the dipole
moment (and hence the x, y components of Dirac spin)
are rotated by �⇡

2 from the momentum direction are
simply not there in the Hilbert space. In other words,
it is impossible in a purely LLL theory to flip the direc-
tion of the dipole moment of the composite fermion while
preserving its momentum. Equivalently we can say that
the negative energy Dirac sea does not really exist in a
purely LLL theory.

Now the Dirac mass operator  ̄v v has the precise
e↵ect of mixing the two components of the Dirac spin
at a fixed momentum. But since only one component
exists as a physical state in the LLL this mixing term is
not allowed. The inability to add this mass term in the
LLL means that the ⇡ Berry phase is stable to breaking
C symmetry.

Thus the LLL protects the ⇡ Berry phase even in
the absence of exact particle-hole symmetry. Rather,

Anti-unitary p/h (C) acts in same way as time reversal usually 
does on Dirac fermion: 

C vC�1
= i�y v => C2 vC�2

= � v

Composite fermion is Kramers doublet under C.

Low energy theory: focus on states near Fermi surface. 

Meaning of Dirac? 

As CF goes around FS, pick up π Berry phase. 



Comments

1. Low energy theory: focus on states near Fermi surface. 

Meaning of Dirac? 

As CF goes around FS, pick up π Berry phase. 

 

2. Though particle-hole symmetric, as derived, this is not a LLL theory

(Projecting to LLL for Dirac electrons requires further limit e2/v ——> 0)



 Plan of talk

A. Understanding the p/h symmetric composite fermi liquid of electrons at ν = 1/2 

- physical picture; field theoretic derivation

B. Composite Fermi liquid of bosons at ν = 1:  
-   review of Read’s Lowest Landau Level theory  

- comparison with electrons at ν = 1/2 

C. Composite Fermi liquids in LLL at generic ν:   
Quantum vortex liquids with Fermi surface Berry phases  
(Wang, TS, 1604.06807)



Composite Fermi liquid of bosons at ν = 1 

LLL  approach:  write Hamiltonian in terms of density operators projected to LLL.

Pasquier-Haldane (98): Represent density in terms of auxiliary fermions. 

Read(98): Mean field + gauge fluctuations for CFL state. 

Effective action different from HLR!

L[ , aµ] = L[ , aµ]

� 1

2⇡
✏µ⌫�aµ@⌫A� +

1

4⇡
✏µ⌫�Aµ@⌫A� (1)

No Chern-Simons term in action. 
Theory of neutral fermionic vortex  



Comments

1.  Similar formal structure to p/h symmetric theory for electrons at ν = 1/2 
Eg, CF density = flux density (and not charge density) 

2. Relation to  HLR for bosons at  ν = 1: postulate Fermi surface Berry  
phase -2 π 

3. Read’s theory has an emergent anti-unitary particle hole symmetry.  

  !  

ai ! �ai

Same theory with  exact p/h obtained at surface of 3d boson topological insulator 
(studied previously by Vishwanath, TS, 13) 



Composite fermi liquids as vortex metals

HLR/Jain composite fermion: Charge - flux composites

Particle-hole symmetric composite fermion: Neutral vortex 

Describe CFL as a vortex liquid metal formed by neutral fermionic vortices. 

Vortex metal description: 

-  Simple understanding of transport 
(similar to other 2d quantum vortex metals, eg, in Galitski, Refael, Fisher, TS, 06)

-  Extensions to CFLs away from ν = 1/2



Transport in the CFL 

1. Longitudinal electrical conductivity / composite fermion resistivity (nat-
ural from vortex liquid point of view)

Hall conductivity = e

2

2h (exactly)

2. Longitudinal thermal conductivity = composite fermion thermal conduc-
tivity

Wiedemann-Franz violation (Wang, TS, 15)


xx

L0T�xx

=

✓
⇢
xy

⇢
xx

◆2

> 103

L0: free electron Lorenz number

(Also actually in HLR)

3. Thermoelectric transport:

Vortex metal: Nernst e↵ect from mobile vortices unlike HLR (Potter et
al, 15)



Composite Fermi liquids in LLL at generic ν:  
Quantum vortex liquids with Fermi surface Berry 

phases

General ν = 1/(2q) but with LLL restriction: 
 
Attach 2q vortices to electron. 

LLL => neutral fermionic vortex distinct from Jain/HLR composite fermion (many people in 
late 1990s)

Effective theory must have no Chern-Simons term for internal gauge field to ensure this. 

 Trade Chern-Simons term for Fermi surface Berry phase ɸB = - 2 π ν

 Proposal: Berry phases protected by LLL restriction (no need for p/h) 

E↵ective Lagrangian

L = L�B [ v, aµ]�
1

4q⇡
✏µ⌫�aµ@⌫A� +

1

8q⇡
✏µ⌫�Aµ@⌫A�.

Wang, TS, 16



Comments/summary

1.  Old issue of p/h symmetry in half-filled Landau level: simple, elegant answer 

General viewpoint: Regard LLL composite fermi liquid as a quantum metal of neutral 
fermionic vortices. 

2. Surprising, powerful connection to correlated 3d TI surfaces 

3. Many other related results 

- clarification of many aspects of correlated surfaces of 3d TIs

- particle-vortex duality for 2+1-d massless Dirac fermions

- classification of time reversal invariant 3d spin liquids with emergent gapless photon 
..........


