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ABSTRACT

Point process models have been shown to be useful in character-

izing neural spiking activity (NSA) as a function of extrinsic and

intrinsic factors. Most point process models of NSA are paramet-

ric as they are often efficiently computable. However, if the actual

point process does not lie in the assumed parametric class of func-

tions, misleading inferences can arise. Nonparametric methods

are attractive due to fewer assumptions, but computation grows

with the size of the data. We propose a computationally efficient

method for nonparametric maximum likelihood estimation when

the conditional intensity function, which characterizes the point

process in its entirety, is assumed to be a Lipschitz continuous

function but otherwise arbitrary. We show that by exploiting much

structure, the problem becomes efficiently solvable and we com-

pare our nonparametric estimation method to the most commonly

used parametric approaches on goldfish retinal ganglion neural

data. In this example, our nonparametric method gives a superior

absolute goodness-of-fit measure than all parametric approaches

analyzed.

1. INTRODUCTION

Characterizing neural spiking activity as a function of en-
vironmental stimuli, and intrinsic effects such as a neuron’s
own spiking history and concurrent ensemble activity is im-
portant in neuroscience. Such a characterization is com-
plex and there is increasing need for a broad class of mod-
els to capture such details. Point process models have been
shown to be useful in characterizing neural spiking activity.
For example, they have successfully characterized stimulus-
response relationships computed from data recorded in hip-
pocampal cells of a rat [1], retinal ganglion cells in sala-
mander, rabbit, and cat, as well as from lateral geniculate
nucleus neurons in cat [16]. These models also captured
the dynamics of supplementary eye field cells of a macaque
monkey [15], the influence of one neuron’s spiking activ-
ity on another’s in sea hare (Aplysia californica) [4], and
ensemble activity in hippocampal cells of rats [12].

Most point process models developed to date are para-
metric. That is, the conditional intensity function is as-
sumed to belong to a class of parametric functions. Para-
metric models have several advantages. First, they are often
efficiently computable. Second, the parameters may be re-
lated back to physiological and environmental factors. Fi-

nally, they have nice asymptotic properties when the actual
distribution lies in the assumed parametric class. However,
if the true conditional intensity function does not lie in the
assumed class, large errors may occur resulting in mislead-
ing inferences. In contrast, there are very few computable
nonparametric methods for estimating the conditional inten-
sity function of a point process model. Furthermore, even
if a method is computable, it is very difficult to show nice
asymptotic properties of the estimate. Yet, nonparametric
estimation methods have the advantage of not assuming that
the conditional intensity function lies in some known class
of functions.

We propose a computationally efficient method to build
nonparametric point process models, which only involves
computing a convex optimization problem subject to lin-
ear constraints. We show that point process estimation is a
simple application of a nonparametric nonlinear regression
problem [5]. The only restriction on the conditional inten-
sity function is that its logarithm must be Lipschitz contin-
uous.

Although this method is nonparametric, it does require
an assumption of the Lipschitz continuity constant. Enforc-
ing the constant to be too small results in over-constraining
the estimate of the function, while making the constant too
large results in overfitting the data. Thus, model selection
[2] is fundamentally required to develop an estimate of the
constant based upon the data. We use the time-rescaling the-
orem [11, 8] and the Kolmogorov-Smirnov statistic [14] as
a principled method to perform model selection in this sce-
nario. We compare our nonparametric estimation method
to the most commonly used parametric approaches on gold-
fish retinal ganglion neural data. In this example, our non-
parametric method gives a superior absolute goodness-of-fit
measure than all parametric approaches analyzed.

2. POINT PROCESSES

2.1. Definition and Examples

A point process is a stochastic process that describes a col-
lection of binary events in a given continuum (eg. number
of bus arrivals, number of neural spikes in some time inter-
val), and is characterized entirely by the conditional inten-
sity function (CIF) defined below.
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Consider the time interval (0, T ] as the continuum, and
events as neuronal spike times. Let t1, t2, ..., tS denote the
times of each neural spike such that 0 < T1 < t2... <
tS ≤ T . Then, if N(t) is the sample path of the associ-
ated counting process (i.e. N(t) ∈ Z+ ∀ t,N(0) = 0 and
N(t) ≥ N(τ) for t ≥ τ ), the conditional intensity function
is defined as follows:

λ (t|Ht) , lim∆→0
Prob(N(t,t+∆)=1|Xt)

∆
⇔ Prob(N(t, t+∆) = 1|Xt) ≃ λ (t|Ht)∆,

whereXt is a vector of real-values in general whose compo-
nents carry information about intrinsic and extrinsic factors
that impact the probability that a neuron fires at time t. Also

note that for (a, b], N(a, b) , N(b) −N(a) is the number
of counts in the interval (a, b]. See [11] for more on point
process theory.

One can also compute the inter-spike interval (ISI) prob-
ability density at time t, p(t), in terms of the conditional in-
tensity function and the previous spike time tprev as follows

p(t) = λ(t|Xt) exp{−
∫ t

tprev
λ(u|Xu)du}.

In turn, the CIF can also be written in terms of p(t) as fol-
lows

λ(t|Xt) =
p(t)

1−
∫ t

0
p(u)du

. (1)

When modeling neural spike train data as a point pro-
cess, one is ultimately interested in estimating either the
conditional intensity function or the ISI distribution. As
mentioned in the introduction, most point process models of
NSA have been parametric. We highlight commonly used
models below.

The exponential, gamma, and inverse Gaussian distri-
butions have been used to model ISI densities for neural
spiking activity [9].

• Exponential: the ISI densities are i.i.d. with distri-
bution p(t) = λe−λt t ≥ 0, which comes from a
simple stochastic model that the neuron spike times
constitute a Poisson arrival process (a special point
process) with constant CIF or rate function λ.

• Gamma: the ISI densities are i.i.d. gamma random
variables with parameters β > 0 and α > 0. That is,

p(t|β, α) = βα

Γ(α) t
α−1 exp−βt.

This is the ISI probability model obtained from a sim-
ple stochastic integrate-and-fire model in which the
inputs to the neuron are Poisson with constant rate β,
and α depends on the firing threshold of the neuron.
One can show, via transformation (1) that the corre-
sponding conditional intensity is a function of time
and parameters (β, α). For details refer to [9].

• Inverse Gaussian: Finally, if one models neural spik-
ing activity as a stochastic integrate-and-fire model in
which the membrane voltage of the neuron is repre-
sented as a random walk with drift [19], then the re-
sulting ISI densities are i.i.d. inverse Gaussian. That
is

p(t|µ, η) = ( η2πt3 )
1

2 exp{−η(t−µ)
2

2µ2t },

where the positive real parameters (µ, η) depend on
the neuron’s properties. The associated CIF can also
be computed using (1) and is a function of (µ, η) and
time.

Since the gamma and inverse Gaussian ISI probability den-
sities can be derived from elementary stochastic integrate-
and-fire models, these distributions seem more plausible than
the exponential in modeling neural spiking activity [9]. Also
note that fitting the above models with spike train data re-
quires construction of the likelihoods as a function of the
parameters and then estimating the parameters via some op-
timization algorithm. See [8, 9] for construction of condi-
tional intensity functions and likelihoods for the above ISI
distributions.

The generalized linear model (GLM), has recently been
used to model conditional intensity functions of point pro-
cesses. In its simplest form, the GLM represents the condi-
tional intensity function parametrically as follows:

log(λ(t|Xt)) =
∑

i

αig
ext
i (t) + βig

int
i (t),

where gexti (t) and ginti (t) are known basis functions that
capture the extrinsic and intrinsic effects (carried in Xt) on
the probability of spiking at time t, respectively. The ex-
trinsic and intrinsic associated parameters to be estimated
are αi, βi ∈ IR, respectively.

2.2. The Likelihood Function

As mentioned above, most estimates of the CIF and ISI den-
sity are parametric, and the parameters are estimated via al-
gorithms such as maximum likelihood (ML) or method of
moments [8]. In this paper, we compute ML estimates for
all models generated.

For any point process with conditional intensity func-
tion λ (t|Ht) and arrival times {t1, t2, . . . , tS} in [0, T ], it
can be shown [8] that the likelihood φ ({λ (t|Ht)}) can be
expressed as

φ ({λ (t|Ht)}) = fT1,... ,TS (t1, . . . , tS)

=
[

∏S

j=1
λ
(

tj |Htj
)

]

exp
{

−
∫ T

0
λ (t|Ht) dt

}

= exp
{

∫ T

0
log λ (t|Ht) dN(t)− λ (t|Ht) dt

}

.

By discretizing [0, T ] into n small discrete length ∆ inter-
vals so that
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dNi , N((i+ 1)∆)−N(i∆) ∈ {0, 1} ,

we get that the likelihood function of spike observations and
discrete samples of the CIF is

n
∑

i=1

−dNilog(λi(Xi)) +

n
∑

i=1

λi(Xi)∆. (2)

where λi(Xi) = λ(t|Xt) for t = i∆, i = 1, 2, ..., n.

2.3. Goodness of Fit Test

Before making inferences from the data, one must first check
the validity of the point process model. The time-rescaling
theorem can be used to develop goodness-of-fit tests for
point process models and is stated below.

Theorem 2.1. By defining T0 = 0 and for i = 1, . . . , S:

Λ(t) =

∫ t

0

λ (τ |Hτ ) dτ

Λk = Λ(Tk) =

∫ Tk

0

λ (t|Ht) dt

Zk = Λk − Λk−1 =

∫ Tk

Tk−1

λ (t|Ht) dt, (3)

if we observe the S arrival times {Tk} of occurrence of a

point process with conditional intensity function λ (t|Ht),
then {Λk} are arrival times of a unit-rate Poisson process.
Equivalently, the time-rescaled inter-arrival times, or inter-

spike-intervals (ISIs), {Zk}, given by (3), are i.i.d. unit-rate
exponentials.

Various proofs of the time rescaling theorem are given in [17,
18, 11, 7]

To compute how well a model λ̂(t|Xt) fits spike train
sample t = (t1, ..., tS), we first generate time-rescaled ISIs

Zk = Λk − Λk−1, which, if λ̂ = λ, are i.i.d unit-rate expo-
nential random variables. Then, the Zk’s are transformed to
uk = 1− exp(Zk), which, if λ̂ = λ, are i.i.d. uniform [0, 1]

random variables. To assess goodness-of-fit of λ̂(t|Xt), we
compute the Kolmogorov-Smirnov (KS) statistic to assess
agreement between the uk’s and a uniform distribution [14].
The KS statistic measures the difference between the em-
pirical distribution generated from the uk’s (Fempirical(t))
and the cumulative distribution of a uniform random vari-
able (Funiform(t) = t). Specifically, the KS statistic is

max
t∈[0,1]

|Fempirical(t)− Funiform(t)|.

KS plots, which plot Funiform(t) versus Fempirical(t), are
used to visualize the goodness-of-fit for each model. The
model is better if its corresponding KS plot lies on the 45
degree line. In addition, once can compute 95% confidence
bounds for the degree of agreement using the distribution of
the KS statistic [14].

We use KS statistic to test absolute goodness of fit for
all point process models computed in our examples.

3. THE DYNAMIC MAXIMUM LIKELIHOOD
ESTIMATION PROBLEM

We consider a nonlinear nonparametric regression problem,
where we would like to infer the structure of an unknown
nonlinear function z, only assuming that it is Lipschitz con-
tinuous and not assuming any a priori parametric structure.
In particular, we would like to do this within the context of
point process observations where z = logλ(X).

Recall that a function z : IRm → IR is Lipschitz contin-

uous with parameterK > 0 if

|z(X1)− z(X2)| ≤ K‖X1 −X2‖∞

holds for all X1, X2.
We consider the likelihood function of a point process

and follow the methodology of [6] (section 3) to get the fol-
lowing Dynamic Maximum Likelihood Estimation (DMLE)
problem:

min − logφ
({

λ̂ (t|Ht)
})

s.t.
∣

∣

∣
log λ̂j1 − log λ̂j2

∣

∣

∣
≤ K‖Xj1 −Xj2‖∞,

j1, j2 = 1, . . . , n

which by way of (2) corresponds to

min
[

∑n
i=1−dNi log λ̂i

]

+
∑n
i=1 λ̂i∆

s.t.
∣

∣

∣
log λ̂j1 − log λ̂j2

∣

∣

∣
≤ K‖Xj1 −Xj2‖∞,

j1, j2 = 1, . . . , n. (4)

Note that we are minimizing a convex function over a
convex set.

3.1. Computational Reduction of the DMLE

Although our DMLE (4) is a convex optimization prob-
lem, it has a nonlinear cost function with n unknowns and
n(n − 1) constraints. Typically, neural data involves sam-
ple sizes on the order of n = 10, 000 rendering a need for
a computationally efficient way to compute (4). In this sec-
tion, we make a series of observations that lead a computa-
tionally efficient algorithm for solving (4).

We first exploit the separable structure of the (4) and
duality. By introducing zi = logλi(Xi),and
Cj1,j2 = K‖Xj1 −Xj2‖∞ we have:

min
∑n
i=1−dNizi +∆exp(zi) (5a)

s.t. zj1 − zj2 ≤ Cj1,j2 j1, j2 = 1, . . . , n. (5b)
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We now exploit the special structure of this problem.
Note from Section 5.1.6 in [3] that this problem is in what
is called as ‘separable’ form:

min
∑n
i=1 fi(zi)

s.t.
∑n
i=1 gi,j(zi) ≤ 0, j1, j2 = 1, . . . , n.

where the equivalence is made by the following

• From (5a) fi(zi) = −dNizi +∆exp(zi).

• From (5b), for j1, j2 = 1, . . . , n

gi,j(zi) =







zi −
1
2Ci,j2 if i = j1

−zi −
1
2Cj1,i if i = j2
0 otherwise.

This class of problems has a special structure that allows
for simplified analysis and separation. This can be seen by
taking a look at the dual. We can define the Lagrangian by

L(z, µ) =
∑n

i=1

[

fi(zi) +
∑n

j1=1

∑

)j2 = 1
nµjgi,j(zi)

]

=
∑n

i=1
Li(zi, µ),

where

Li(zi, µ) , fi(zi) +
n
∑

j1=1

n
∑

j2=1

µjgi,j(zi)

= −dNizi +∆exp(zi) +
[

n
∑

j2=1

µj

(

zi −
1

2
Ci,j2

)

]

+

[

n
∑

j1=1

µj

(

−zi −
1

2
Ci,j2

)

]

(6)

Now we let q(µ) , infzi,i=1,... ,n {L(z, µ)} =
∑n
i=1 infzi {Li(zi, µ)} =

∑n
i=1 qi(µ). Then define qi(µ) ,

infzi {Li(zi, µ)} , and the dual problem of (6) becomes
max q(µ) s.t. µ ≥ 0.

The dual problem above can be analyzed in more depth
by looking at the structure of each qi(µ). We exploit the
separability and calculate the closed-form expression for
each qi(µ). Note that the Lagrangian Li(zi, µ) satisfies
∂Li(zi,µ)
∂zi

= −dNi+∆exp(zi)+
∑

j2
µi,j2−

∑

j1
µj1,i. So

by definingWi(µ) , dNi+
∑

j1
µj1,i−

∑

j2
µi,j2 and tak-

ing
∂Li(zi,µ)
∂zi

= 0,we have∆exp(z∗i ) =Wi(µ), which im-

plies that z∗i = − log∆ + logWi(µ). Note thatWi(µ) ≥ 0
for all i, µ. We can now express qi(µ) as the Lagrangian
evaluated at z∗i :

qi(µ) = −dNiz
∗

i +∆exp(z
∗

i ) +

[

∑

j2

µi,j2

(

z
∗

i −
1

2
Ci,j2

)

]

+

+

[

∑

j1

µj1,i

(

−z∗i −
1

2
Cj1,i

)

]

= ∆exp(z∗i )− z
∗

i

(

dNi +

[

∑

j1

µj1 ,i −
∑

j2

µi,j2

])

−

∑

j2

1

2
µi,j2Ci,j2 −

∑

j1

1

2
µj1,iCj1,i

= (1 + log∆)Wi(µ)−Wi(µ) logWi(µ)

−
∑

j2

1

2
µi,j2Ci,j2 −

∑

j1

1

2
µj1,iCj1,i.

We simplify the expression for q(µ) =
∑n
i=1 qi(µ). It fol-

lows from the definition of Wi(µ) that (1)
∑n
i=1Wi(µ) =

∑n
i=1 dNi and (2) the appearance of the term− 12Cj1,j2µj1,j2

in q(µ) appears twice, once for qj1 (µ) and once for qj2(µ).
Thus, q(µ) = [

∑n
i=1(1 + log∆)dNi −Wi(µ) logWi(µ)]+

[

∑

j1

∑

j2
−Cj1,j2µj1,j2

]

, and the bottom line is that per-

forming our nonparametric regression is equivalent to solv-
ing the dual optimization problem boxed below.

DUAL PROBLEM:

max q(µ)
s.t. µ ≥ 0

where µ = (µj1,j2) has n2 components 1 and the function q is

specified as

q(µ) =

[

n
∑

i=1

(1 + log∆)dNi −Wi(µ) logWi(µ)

]

+

[

∑

j1

∑

j2

−Cj1,j2µj1 ,j2

]

where

Wi(µ) , dNi +
∑

j1

µj1,i −
∑

j2

µi,j2

Cj1,j2 , K‖Xj1 −Xj2‖∞.

The optimal solution to the primal, given the dual solution, is

given in closed form simply as

z
∗

i = − log∆ + logWi(µ
∗)

⇒ λ̂∗i =
1

∆
Wi(µ

∗)

This LP is in standard form and thus there must exist a
basic feasible solution that is optimal [5, Sec. 2.6]. Also
note that any column of A has exactly two nonzero values,
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with one being 1 and the other being −1. Thus, it follows
that this is a network flow problem [5, Chapter 7]. We have
a graph G = (V,E) with a set V of vertices, ranging from
1 to n where each vertex corresponds to a millisecond ob-
servation. The edge set E corresponds to directed edges
(j1, j2) in the graph, and each edge (j1, j2) has an associ-
ated cost Cj1,j2 . This is exactly the Cj1,j2 corresponding to
the Lipschitz constraint. Note that the graph is fully con-
nected, because we want the Lipschitz constraints to be sat-
isfied for all possible pairs. To enforce absolute value con-
straints, what this means is that the directed edges (j1, j2)
and (j2, j1) are both in the edge set E and they both have
the same cost Cj1,j2 . There is a flow bi =Wi − dNi that is
supplied to the network at node i.

In general, network flow problems are efficiently solv-
able and the network simplex method, dual ascent methods,
and likewise allow for extremely efficient solutions. They
are often orders of magnitudes faster than implementations
of the standard LP simplex method. Thus we now have the
equivalent problem to our dual:

Computationally Efficient Dual Problem:
Perform

min q̃(W )

s.t. W ≥ 0,
n
∑

i=1

Wi =

n
∑

i=1

dNi

where the function q̃ is specified as

q̃(W ) ,
n
∑

i=1

Wi logWi +R(W ),

R(W ) = min
µ

n
∑

j1=1

n
∑

j2=1

Cj1,j2µj1,j2

s.t.

n
∑

j1=1

µj1,i −
n
∑

j2=1

µi,j2 =

Wi − dNi, i = 1, . . . , n

µ ≥ 0

= max

n
∑

i

pi(Wi − dNi)

s.t. pj2 − pj1 ≤ Cj1,j2 ,

j1, j2 = 1, . . . , n, j1 6= j2.

The optimal solution to the primal, given the dual solution, is

given in closed form simply as

z
∗

i = − log∆ + logW ∗

i

⇒ λ̂∗i =
1

∆
W
∗

i

Note that by exploiting this structure, we have elimi-
nated the µ variables and thus the complexity of the problem
has been diminished vastly. Namely, the original problem
involved n2 constraints (which for 30s=30, 000ms of reti-
nal data cannot even be filled into a Matlab matrix without
memory overflow errors), and the dual problem involved
involved on the order of n2 variables that suffer the same
Matlab fate. By reducing our problem as described above,
there are only n variables. Every call to the dual function
involves the computation ofR(W ), which can be done with
any special-purpose network flow algorithm.

We discuss some properties of this problem that allow
us to only compute a sequence of network flow problems to
attain a solution in [10].

4. APPLICATION TO NEURAL DATA

We study a spike train data series from a goldfish retinal
ganglion cell neuron recorded in vitro. The retinae were re-
moved from the goldfish and maintained in a flow of moist
oxygen and recordings were made with an extracellular mi-
croelectrode under constant illumination (constant stimu-
lus). The data are 975 spikes recorded over 30 seconds from
neuron 78 in [13].

We built various nonparametric (using our DMLE) and
parametric models for the first 3 seconds of this data. We
use a resolution of ∆ = 1ms, where each Xi is equal to
the time (in ms) since the last spike (purely an intrinsic fac-
tor). For our nonparametric model, we do not know a priori
the Lipschitz constant K and so we estimate it from the
data. We use the time-rescaling theorem and the KS statis-
tic as a principled methodology for estimating K . Note
that estimating K has a flavor of model selection [2]: by
virtue of (5), the feasible sets are nested increasingly with
K . This is analogous to the traditional model selection
problem whereby one tries to develop the correct parameter
dimension of a model. As in the case of traditional model
selection, allowing for K to be too large results in over-
fitting and constraining K to be too small overconstrains
the estimate of the function we are after. The parametric
models built are enumerated below.

1. ISI Density is Exponential: λ̂exp

2. ISI Density is Gamma: λ̂gam(t, β̂ML, α̂ML)

3. ISI Density is Inverse Gaussian: λ̂invg(t, µ̂ML, η̂ML)

4. CIF is a GLM: λ̂glm(t) = exp{
∑

10

i=1
α̂MLj N(t−l(i, 1), t−

l(i, 2))}2

Figure 1 shows the KS plots for the 4 parametric models
and 3 nonparametric models (with 3 different Lipschitz con-
stants). The optimal nonparametric model (K = 14.1) has
the best absolute goodness of fit.

We note that asK tends to∞, the Lipschitz constraints
disappear and the optimal DMLE solution is just

2Note that the history dependence (Xi) is more
flexible for the GLM estimate. In particular, l =
[1 5; 6 10; 11 20; 21 30; 31 35; 36 40; 41 45; 46 50; 51 60; 61 100 ]msec.
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Fig. 1. Using the time-rescaling theorem and Kolmogorov-
Smirnov plots for model selection of the Lipschitz parame-
ter K . The optimization algorithm was applied to 3000ms
of goldfish retinal ganglian neural data and plotted are the
95% confidence intervals as well as empirical CDFs of the
time-rescaled ISIs forK = 1.0,K = 14.1, andK = 100.

λ̂i =

{

0 dNi = 0
1
∆ dNi = 1.

Loosely speaking, the above is simply a model that ’equals’
the data. As a consequence, note that each time-rescaled ISI

will become Zk =
∫ Tk
Tk−1

λ (t|Ht) dt ≃
∑ik
i=ik−1+1

λ̂i∆ =
1
∆∆ = 1 and, so each τk = 1− exp(−Zk) = 1− exp(−1).
See the vertical line in the KS plot (Figure1). Note that we
can see this phenomena manifesting itself already at K =
100. Thus over-fitting, as it pertains to selection ofK using
our methodology, is captured with the KS plot.
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