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Abstract

Point process models have been shown to be useful in characteriz-
ing neural spiking activity (NSA) as a function of extrinsic and intrinsic
factors. Most point process models of NSA are parametric as they are
often efficiently computable. However, if the actual point process does
not lie in the assumed parametric class of functions, misleading inferences
can arise. Nonparametric methods are attractive due to fewer assump-
tions, but computation grows with the size of the data. We propose a
computationally efficient method for nonparametric maximum likelihood
estimation when the conditional intensity function, which characterizes
the point process in its entirety, is assumed to be a Lipschitz continu-
ous function but otherwise arbitrary. We show that by exploiting much
structure, the problem becomes efficiently solvable and we compare our
nonparametric estimation method to the most commonly used parametric
approaches on goldfish retinal ganglion neural data. In this example, our
nonparametric method gives a superior absolute goodness-of-fit measure
than all parametric approaches analyzed.

1 Introduction

Characterizing neural spiking activity as a function of environmental stimuli,
and intrinsic effects such as a neuron’s own spiking history and concurrent en-
semble activity is important in neuroscience. Such a characterization is complex
and there is increasing need for a broad class of models to capture such details.
Point process models have been shown to be useful in characterizing neural
spiking activity. For example, they have successfully characterized stimulus-
response relationships computed from data recorded in hippocampal cells of a
rat [1], retinal ganglion cells in salamander, rabbit, and cat, as well as from lat-
eral geniculate nucleus neurons in cat [15]. These models also captured the dy-
namics of supplementary eye field cells of a macaque monkey [14], the influence
of one neuron’s spiking activity on another’s in sea hare (Aplysia californica) [4],
and ensemble activity in hippocampal cells of rats [11].

1



Most point process models developed to date are parametric. That is, the
conditional intensity function is assumed to belong to a class of parametric
functions. Parametric models have several advantages. First, they are often
efficiently computable. Second, the parameters may be related back to physio-
logical and environmental factors. Finally, they have nice asymptotic properties
when the actual distribution lies in the assumed parametric class. However, if
the true conditional intensity function does not lie in the assumed class, large
errors may occur resulting in misleading inferences. In contrast, there are very
few computable nonparametric methods for estimating the conditional intensity
function of a point process model. Furthermore, even if a method is computable,
it is very difficult to show nice asymptotic properties of the estimate. Yet, non-
parametric estimation methods have the advantage of not assuming that the
conditional intensity function lies in some known class of functions.
We propose a computationally efficient method to build nonparametric point

process models, which only involves computing a convex optimization problem
subject to linear constraints. We show that point process estimation is a sim-
ple application of a nonparametric nonlinear regression problem [5]. The only
restriction on the conditional intensity function is that its logarithm must be
Lipschitz continuous.
Although this method is nonparametric, it does require an assumption of the

Lipschitz continuity constant. Enforcing the constant to be too small results in
over-constraining the estimate of the function, while making the constant too
large results in overfitting the data. Thus, model selection [2] is fundamentally
required to develop an estimate of the constant based upon the data. We use
the time-rescaling theorem [10, 8] and the Kolmogorov-Smirnov statistic [13] as
a principled method to perform model selection in this scenario. We compare
our nonparametric estimation method to the most commonly used parametric
approaches on goldfish retinal ganglion neural data. In this example, our non-
parametric method gives a superior absolute goodness-of-fit measure than all
parametric approaches analyzed.

2 Methods

2.1 Point Process Models

A point process is a stochastic process that describes a collection of binary events
in a given continuum (eg. number of bus arrivals, number of neural spikes in
some time interval), and is characterized entirely by the conditional intensity
function (CIF) defined below.
Consider the time interval (0, T ] as the continuum, and events as neuronal

spike times. Let t1, t2, ..., tS denote the times of each neural spike such that
0 < T1 < t2... < tS ≤ T . Then, if N(t) is the sample path of the associated
counting process (i.e. N(t) ∈ Z+ ∀ t,N(0) = 0 and N(t) ≥ N(τ) for t ≥ τ), the
conditional intensity function is defined as follows:

λ (t|Xt) , lim∆→0
Prob(N(t,t+∆)=1|Xt)

∆
⇔ Prob(N(t, t +∆) = 1|Xt) ≃ λ (t|Xt)∆,
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where Xt is a vector of real-values in general whose components carry infor-
mation about intrinsic and extrinsic factors that impact the probability that a
neuron fires at time t. Also note that for (a, b], N(a, b) , N(b) − N(a) is the
number of counts in the interval (a, b]. See [10] for more on point process theory.
One can also compute the inter-spike interval (ISI) probability density at

time t, p(t), in terms of the conditional intensity function and the previous
spike time tprev as follows

p(t) = λ(t|Xt) exp{−
∫ t

tprev
λ(u|Xu)du}.

In turn, the CIF can also be written in terms of p(t) as follows

λ(t|Xt) =
p(t)

1−
∫ t

0 p(u)du
. (1)

When modeling neural spike train data as a point process, one is ultimately
interested in estimating either the conditional intensity function or the ISI dis-
tribution. As mentioned in the introduction, most point process models of NSA
have been parametric. We highlight commonly used models below.
The exponential, gamma, and inverse Gaussian distributions have been used

to model ISI densities for neural spiking activity [9].

• Exponential: the ISI densities are i.i.d. with distribution p(t) = λe−λt t ≥
0, which comes from a simple stochastic model that the neuron spike times
constitute a Poisson arrival process (a special point process) with constant
CIF or rate function λ.

• Gamma: the ISI densities are i.i.d. gamma random variables with param-
eters β > 0 and α > 0. That is,

p(t|β, α) = βα

Γ(α) t
α−1 exp−βt.

This is the ISI probability model obtained from a simple stochastic integrate-
and-fire model in which the inputs to the neuron are Poisson with constant
rate β, and α depends on the firing threshold of the neuron. One can
show, via transformation (1) that the corresponding conditional intensity
is a function of time and parameters (β, α). For details refer to [9].

• Inverse Gaussian: Finally, if one models neural spiking activity as a
stochastic integrate-and-fire model in which the membrane voltage of the
neuron is represented as a random walk with drift [19], then the resulting
ISI densities are i.i.d. inverse Gaussian. That is

p(t|µ, η) = ( η2πt3 )
1

2 exp{−η(t−µ)
2

2µ2t },

where the positive real parameters (µ, η) depend on the neuron’s proper-
ties. The associated CIF can also be computed using (1) and is a function
of (µ, η) and time.
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Since the gamma and inverse Gaussian ISI probability densities can be derived
from elementary stochastic integrate-and-fire models, these distributions seem
more plausible than the exponential in modeling neural spiking activity [9]. Also
note that fitting the above models with spike train data requires construction of
the likelihoods as a function of the parameters and then estimating the param-
eters via some optimization algorithm. See [8, 9] for construction of conditional
intensity functions and likelihoods for the above ISI distributions.
The generalized linear model (GLM), has recently been used to model con-

ditional intensity functions of point processes. In its simplest form, the GLM
represents the conditional intensity function parametrically as follows:

log(λ(t|Xt)) =
∑

i

αig
ext
i (t) + βig

int
i (t),

where gexti (t) and g
int
i (t) are known basis functions that capture the extrinsic

and intrinsic effects (carried in Xt) on the probability of spiking at time t,
respectively. The extrinsic and intrinsic associated parameters to be estimated
are αi, βi ∈ IR, respectively.

2.1.1 The Likelihood Function

As mentioned above, most estimates of the CIF and ISI density are parametric,
and the parameters are estimated via algorithms such as maximum likelihood
(ML) or method of moments [8]. In this paper, we compute ML estimates for
all models generated.
For any point process with conditional intensity function λ (t|Xt) and ar-

rival times {t1, t2, . . . , tS} in [0, T ], it can be shown [8] that the likelihood
φ ({λ (t|Xt)}) can be expressed as

φ ({λ (t|Xt)}) = fT1,... ,TS (t1, . . . , tS)

=
[

∏S

j=1 λ
(

tj |Xtj
)

]

exp
{

−
∫ T

0
λ (t|Xt) dt

}

= exp
{

∫ T

0
log λ (t|Xt) dN(t)− λ (t|Xt) dt

}

.

By discretizing [0, T ] into n small discrete length ∆ intervals so that

dNi , N((i+ 1)∆)−N(i∆) ∈ {0, 1} ,

we get that the likelihood function of spike observations and discrete samples
of the CIF is

n
∑

i=1

−dNiλi(Xi) +

n
∑

i=1

λi(Xi)∆. (2)

where λi(Xi) = λ(t|Xt) for t = i∆, i = 1, 2, ..., n.
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2.1.2 Goodness of Fit Test

Before making inferences from the data, one must first check the validity of the
point process model. The time-rescaling theorem can be used to develop
goodness-of-fit tests for point process models and is stated below.

Theorem 2.1. By defining T0 = 0 and for i = 1, . . . , S:

Λ(t) =

∫ t

0

λ (τ |Xτ ) dτ

Λk = Λ(Tk) =

∫ Tk

0

λ (t|Xt) dt

Zk = Λk − Λk−1 =

∫ Tk

Tk−1

λ (t|Xt) dt, (3)

if we observe the S arrival times {Tk} of occurrence of a point process with
conditional intensity function λ (t|Xt), then {Λk} are arrival times of a unit-rate
Poisson process. Equivalently, the time-rescaled inter-arrival times, or inter-
spike-intervals (ISIs), {Zk}, given by (3), are i.i.d. unit-rate exponentials.

Various proofs of the time rescaling theorem are given in [16, 18, 10, 7]

To compute how well a model λ̂(t|Xt) fits spike train sample t = (t1, ..., tS),

we first generate time-rescaled ISIs Zk = Λk − Λk−1, which, if λ̂ = λ, are
i.i.d unit-rate exponential random variables. Then, the Zk’s are transformed to
uk = 1 − exp(Zk), which, if λ̂ = λ, are i.i.d. uniform [0, 1] random variables.

To assess goodness-of-fit of λ̂(t|Xt), we compute the Kolmogorov-Smirnov (KS)
statistic to assess agreement between the uk’s and a uniform distribution [13].
The KS statistic measures the difference between the empirical distribution
generated from the uk’s (Fempirical(t)) and the cumulative distribution of a
uniform random variable (Funiform(t) = t). Specifically, the KS statistic is

max
t∈[0,1]

|Fempirical(t)− Funiform(t)|.

KS plots, which plot Funiform(t) versus Fempirical(t), are used to visualize the
goodness-of-fit for each model. The model is better if its corresponding KS plot
lies on the 45 degree line. In addition, once can compute 95% confidence bounds
for the degree of agreement using the distribution of the KS statistic [13].
We use KS statistic to test absolute goodness of fit for all point process

models computed in our examples.

2.1.3 Computing Uncertainty

Once a point process model is estimated and an acceptable goodness-of-fit is
established, one would like to make reliable inferences from the data about the
underlying neural process being studied. Basic questions of inference require
characterizing uncertainty in either the estimate itself or a statistic computed
from the estimate (eg. its mean or standard error).
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Uncertainty can be computed exactly by repeating the experiment and build-
ing a model an infinite number of times. However, in practice, only a finite data
set is available and uncertainty must be approximated. There are methods
to compute approximations analytically, which include Propagation of Errors
Method (Lindberg, 2000), and the Delta Method (Green, 2003). The general
method of getting formulas for propagating errors involves computing the total
differential of a function, which may be difficult to compute. The delta method
derives an approximate probability distribution for a given function of an esti-
mate, but requires knowledge of the limiting distribution of that estimate. If
uncertainty cannot be characterized analytically, then bootstrap algorithms can
be used to numerically approximate uncertainty (Davison and Hinkley, 1997).
However, bootstrapping typically relies on the strong assumption that the data
samples (spike times) are i.i.d. If the conditional intensity function of a point
process model does not depend on the history of the process, then the arrival
times are independent events. However, if one is modeling neural spike trains,
then in general each spike time is dependent on the times of the previous spikes,
which makes bootstrapping more challenging.
In [17], a new bootstrap technique applicable to any point process model that

does not require any distribution approximations or additional assumptions on
the data was introduced. The method applies the time-rescaling theorem to
represent the original spike-time samples as a set of i.i.d. samples, and then
implements one of two bootstrap techniques to the transformed data. When
bootstrap samples are generated, they are transformed back into spike arrival
time samples, and then bootstrap replications of the estimate of conditional
intensity function and/or statistics are computed. We use the parametric boot-
strap method described in [17] to compute uncertainties in our point process
model estimates.

2.2 The Dynamic Maximum Likelihood Estimation Prob-

lem

We consider a nonlinear nonparametric regression problem, where we would
like to infer the structure of an unknown nonlinear function z, only assuming
that it is Lipschitz continuous and not assuming any a priori parametric struc-
ture. In particular, we would like to do this within the context of point process
observations where z = logλ(X).
Recall that a function z : IRm → IR is Lipschitz continuous with parameter

K > 0 if

|z(X1)− z(X2)| ≤ K‖X1 −X2‖∞

holds for all X1, X2.
We consider the likelihood function of a point process and follow the method-

ology of [6] (section 3) to get the following Dynamic Maximum Likelihood Es-
timation (DMLE) problem:
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min − logφ
({

λ̂ (t|Xt)
})

s.t.
∣

∣

∣
log λ̂j1 − log λ̂j2

∣

∣

∣
≤ K‖Xj1 −Xj2‖∞,

j1, j2 = 1, . . . , n

which by way of (2) corresponds to

min
[

∑n
i=1−dNi log λ̂i

]

+
∑n
i=1 λ̂i∆

s.t.
∣

∣

∣
log λ̂j1 − log λ̂j2

∣

∣

∣
≤ K‖Xj1 −Xj2‖∞,

j1, j2 = 1, . . . , n. (4)

Note that we are minimizing a convex function over a convex set.

2.2.1 Computational Reduction of the DMLE

Now we uncover a computationally efficient method to solve the DMLE problem
(4) by exploiting duality, separable structure, and network flow problems.
By introducing zi = logλi(Xi), lipschitzconstraint = K‖Xj1 −Xj2‖∞ and

the set J = {(j1, j2) : j1 < j2, j2 = 1, 2, . . . , n} we have:

min
∑n
i=1−Nizi +∆exp(zi) (5a)

s.t. zj1 − zj2 ≤ Cj1,j2 j ∈ J. (5b)

We now exploit the special structure of this problem. Note from Section
5.1.6 in [3] that this problem is in what is called as ‘separable’ form:

min
∑n
i=1 fi(zi)

s.t.
∑n
i=1 gi,j(zi) ≤ 0, (j1, j2) ∈ J

where the equivalence is made by the following

• From (5a) fi(zi) = −Nizi +∆exp(zi).

• From (5b), for j = (j1, j2) ∈ J

gi,j(zi) =







zi −
1
2Ci,j2 if i = j1

−zi −
1
2Cj1,i if i = j2
0 otherwise.
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This class of problems has a special structure that allows for simplified analysis
and separation. This can be seen by taking a look at the dual. We can define
the Lagrangian by

L(z, µ) =
∑n

i=1

[

fi(zi) +
∑

j∈J
µjgi,j(zi)

]

=
∑n

i=1 Li(zi, µ),

where

Li(zi, µ) , fi(zi) +
∑

j∈J

µjgi,j(zi)

= −dNizi +∆exp(zi) +





∑

j=(i,j2)

µj

(

zi −
1

2
Ci,j2

)





+





∑

j=(j1,i)

µj

(

−zi −
1

2
Ci,j2

)





= −dNizi +∆exp(zi) +

[

n
∑

j2=1

µi,j2

(

zi −
1

2
Ci,j2

)

]

+

[

n
∑

j1=1

µj1,i

(

−zi −
1

2
Ci,j2

)

]

(6)

(7)

q(µ) = infzi,i=1,... ,n {L(z, µ)} =
∑n
i=1 infzi {Li(zi, µ)}

=
∑n
i=1 qi(µ).

Let qi(µ) , infzi {Li(zi, µ)} , and our dual problem of max q(µ) such that
µ ≥ 0 can be analyzed in more depth by looking at the structure of each qi(µ).
Now we exploit the separability and calculate the closed-form expression for

each qi(µ). Note that the Lagrangian Li(zi, µ) given by (6) satisfies
∂Li(zi,µ)
∂zi

=

−dNi +∆exp(zi) +
∑

j2
µi,j2 −

∑

j1
µj1,i.

So by defining Wi(µ) , dNi+
∑

j1
µj1,i−

∑

j2
µi,j2 and taking

∂Li(zi,µ)
∂zi

= 0, we

have ∆ exp(z∗i ) =Wi(µ), which implies that z
∗
i = − log∆+logWi(µ). Note that

Wi(µ) ≥ 0 for all i, µ.We can now express qi(µ) as the Lagrangian evaluated at
z∗i :
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qi(µ) = −dNiz
∗

i +∆exp(z
∗

i ) +

[

∑

j2

µi,j2

(

z
∗

i −
1

2
Ci,j2

)

]

+

+

[

∑

j1

µj1,i

(

−z∗i −
1

2
Ci,j2

)

]

= ∆exp(z∗i )− z
∗

i

(

dNi +

[

∑

j1

µj1,i −
∑

j2

µi,j2

])

−

∑

j2

1

2
µi,j2Ci,j2 −

∑

j1

1

2
µj1,iCj1,i

=Wi(µ)− [− log∆ + logWi(µ)]Wi(µ)−
∑

j2

1

2
µi,j2Ci,j2 −

∑

j1

1

2
µj1,iCj1,i

= (1 + log∆)Wi(µ)−Wi(µ) logWi(µ)

−
∑

j2

1

2
µi,j2Ci,j2 −

∑

j1

1

2
µj1,iCj1,i.

We simplify the expression for q(µ) =
∑n
i=1 qi(µ). It follows from the definition

of Wi(µ) that (1)
∑n
i=1Wi(µ) =

∑n
i=1 dNi and (2) the appearance of the term

− 12Cj1,j2µj1,j2 in q(µ) appears twice, once for qj1(µ) and once for qj2(µ).

Thus, q(µ) = [
∑n
i=1(1 + log∆)dNi −Wi(µ) logWi(µ)]+

[

∑

j1

∑

j2
−Cj1,j2µj1,j2

]

,

and the bottom line is that performing our nonparametric regression is equiva-
lent to solving the following dual optimization problem.
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DUAL PROBLEM:

max q(µ)
s.t. µ ≥ 0

where µ = (µj1,j2) has n
2 components and the function q is specified as

q(µ) =

[

n
∑

i=1

(1 + log∆)dNi −Wi(µ) logWi(µ)

]

+

[

∑

j1

∑

j2

−Cj1,j2µj1,j2

]

where

Wi(µ) , dNi +
∑

j1

µj1,i −
∑

j2

µi,j2

Cj1,j2 , K‖Xj1 −Xj2‖∞.

The optimal solution to the primal, given the dual solution, is given in closed form
simply as

z
∗

i = − log∆ + logWi(µ
∗)

⇒ λ̂∗i =
1

∆
Wi(µ

∗)

It turns out that we can cut computational costs by looking more carefully
at the dual problem. Consider, for a fixed W , the set S(W ) = {µ : µ ≥
0, Wi − dNi =

∑

j1
µj1 ,i −

∑

j2
µi,j2 , i = 1, . . . , n}, where Wi ≥ 0, i = 1, . . . n and

∑

iWi =
∑

i dNi. This can be described succinctly by saying that

Aµ = b,
µ ≥ 0

where A is a matrix consisting of 0, 1 and −1 and entries, with n rows and n2

columns; and b =W − dN is the column constraint matrix. Note that

n
∑

i=1

bi =

n
∑

i=1

(Wi − dNi) =

(

n
∑

i=1

Wi

)

−

(

n
∑

i=1

dNi

)

= 0. (8)

Therefore, we are fixing the values of W and varying the remaining free param-
eters µ, consistent with this fixed W , to optimize q(µ). Note that maximizing
q(µ) subject to this fixed value of W is equivalent to performing the following
linear program (LP):
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min
∑

j1

∑

j2
Cj1,j2µj1,j2

s.t. Aµ = b
µ ≥ 0

COMPUTATIONALLY EFFICIENT DUAL PROBLEM:
Perform

min q̃(W )
s.t. W ≥ 0,

∑n

i=1Wi =
∑n

i=1 dNi

where the function q̃ is specified as q̃(W ) ,
∑n

i=1Wi logWi +R(W ),

R(W ) = minCj1,j2µj1,j2
s.t. Aµ = b
µ ≥ 0

= max
∑n

i
pi(Wi − dNi)

s.t. pj1 − pj2 ≤ Cj1,j2 , j1, j2 = 1, . . . , n

This can efficiently be solved by performing a simple line search method (i.e. fmincon)
in Matlab as we have n unknown variables, n+1 constraints, and each call to the dual
function involves the computation of R(W ), which can be done with special-purpose
network flow algorithms that are computationally efficient.
The optimal solution to the primal, given the dual solution, is given in closed form
simply as

z
∗

i = − log∆ + logW ∗

i

⇒ λ̂∗i =
1

∆
W
∗

i .

This LP is in standard form and thus there exists a basic feasible solution
that is optimal [5]. Also note that any column of A has exactly two nonzero
values, with one being 1 and the other being −1. Combining this observation
with (8), it follows that this is a network flow problem [5] (chapter 7). We have
a graph G = (V,E) with a set V of vertices, ranging from 1 to n where each
vertex corresponds to a millisecond observation. The edge set E corresponds
to directed edges (j1, j2) in the graph, and each edge (j1, j2) has an associated
cost Cj1,j2 . Note that the graph is fully connected, because we want the Lips-
chitz constraints to be satisfied for all possible pairs. To enforce absolute value
constraints, what this means is that the directed edges (j1, j2) and (j2, j1) are
both in the edge set E and they both have the same cost Cj1,j2 . There is a flow
bi =Wi − dNi that is supplied to the network at node i.
By virtue of the dual, this can also be expressed as

max
∑n
i pi(Wi − dNi)

s.t. pj1 − pj2 ≤ Cj1,j2 , j1, j2 = 1, . . . , n.
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In general, network flow problems are efficiently solvable and the network
simplex method, dual ascent methods, and likewise allow for extremely efficient
solutions. They are often orders of magnitudes faster than implementations of
the standard LP simplex method. Thus we now have the equivalent problem
(shown in box above) that can be solved efficiently.

3 Results

We study a spike train data series from a goldfish retinal ganglion cell neuron
recorded in vitro. The retinae were removed from the goldfish and maintained
in a flow of moist oxygen and recordings were made with an extracellular mi-
croelectrode under constant illumination (constant stimulus). The data are 975
spikes recorded over 30 seconds from neuron 78 in [12]. Figure 1 illustrates the
histogram of ISIs in this data.

0 20 40 60 80 100 120 140 160 180 200
0

20
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60

80

100

120

140
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ts

ISI (msec)

Histogram of ISIs

Figure 1: Histogram of ISIs

We built various nonparametric (using our DMLE) and parametric models
for the first 3 seconds of this data. We use a resolution of ∆ = 1ms, where each
Xi is equal to the time (in ms) since the last spike (purely an intrinsic factor).
For our nonparametric model, we do not know a priori the Lipschitz constant
K and so we estimate it from the data. We use the time-rescaling theorem
and the KS statistic as a principled methodology for estimating K. Note that
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estimating K has a flavor of model selection [2]: by virtue of (5), the feasible
sets are nested increasingly with K. This is analogous to the traditional model
selection problem whereby one tries to develop the correct parameter dimension
of a model. As in the case of traditional model selection, allowing forK to be too
large results in over-fitting and constraining K to be too small overconstrains
the estimate of the function we are after. The parametric models built are
enumerated below.

1. ISI Density is Exponential: λ̂exp

2. ISI Density is Gamma: λ̂gam(t, β̂ML, α̂ML)

3. ISI Density is Inverse Gaussian: λ̂invg(t, µ̂ML, η̂ML)

4. CIF is a GLM: λ̂glm(t) = exp{
∑10
i=1 α̂

ML
j N(t− l(i, 1), t− l(i, 2))}1

Figure 2 shows the KS plots for the 4 parametric models and 3 nonparametric
models (with 3 different Lipschitz constants). The optimal nonparametric model
(K = 14.1) has the best absolute goodness of fit.
We note that as K tends to ∞, the Lipschitz constraints disappear and the

optimal DMLE solution is just

λ̂i =

{

0 dNi = 0
1
∆ dNi = 1.

Loosely speaking, the above is simply a model that ’equals’ the data. As a
consequence, note that each time-rescaled ISI will become

Zk =

∫ Tk

Tk−1

λ (t|Xt) dt ≃

ik
∑

i=ik−1+1

λ̂i∆ =
1

∆
∆ = 1

and so each τk = 1 − exp(−Zk) = 1 − exp(−1). See the vertical line in the KS
plot (Figure2).
Note that we can see this phenomena manifesting itself already at K = 100.

Thus over-fitting, as it pertains to selection of K using our methodology, is
captured with the KS plot.

3.1 Computing Uncertainty

In this section, we compute 95% confidence intervals for each point process
estimate. In particular, we do the following for each case:

• Exponential

• Gamma

1Note that the history dependence (Xi) is more flexible for the GLM estimate. In partic-
ular, l = [1 5; 6 10; 11 20; 21 30; 31 35; 36 40; 41 45; 46 50; 51 60; 61 100 ]msec.
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KS Plot for Comparison of Parametric and Nonparametric Approaches
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Figure 2: Using the time-rescaling theorem and Kolmogorov-Smirnov plots for
model selection of the Lipschitz parameter K. The optimization algorithm was
applied to 3000ms of goldfish retinal ganglian neural data and plotted are the
95% confidence intervals as well as empirical CDFs of the time-rescaled ISIs for
K = 1.0,K = 14.1, and K = 100.
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• Inverse Gaussian

• GLM

• Nonparametric (K = 14.1)

4 Future Work

Future work includes showing consistency in our nonparametric estimate of
the conditional intensity function, and understanding the KS statistic from an
information-theoretic model selection perspective.
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