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Abstract

In this paper, we analyze and derive conditions for stahilfta feedback system in which the plant and feedback
controller are separated by a noiseless finite-rate conuatioh channel. We allow for two deterministic classes
of reference inputs to excite the system, and derive suffiatenditions forinput-output stabilityas a function of
the encoding strategy and controller. We first construct mcoéer as a quantizer that can hawénite memory
and can bedime-varying in that the strategy it follows to allocate a total &f bits to its inputs, is a function of
time. This construction of the quantizer leads to the rethalt the set of allocation strategies that maintains stabil
for each class of reference signalscisnvex allowing the search for the most efficient strategy to emsiability
to be formulated as a convex optimization problem. We themh®&size quantizers and time-varying controllers to
minimize the rate required for stability and to track comagnExamples presented in the paper demonstrate how
this framework enables computationally efficient methamtssfmultaneously designing quantizers and controllers fo
given plants. Furthermore, we observe that our finite mengoigntizers that minimize the rate required for stability

do not reduce to trivial memoryless bit-allocation strégeg

Index Terms

Input-Output Stability, Quantizer, Channel, Transmissitate, Bit-Allocation Strategy

I. INTRODUCTION

The classical control paradigm addresses problems whenencaication between the plant and the controller
is essentially perfect. Recently problems in control ovetworked systems, whose components are connected via
noisy communication links that may also induce delays ane ffiaite rate constraints, are emerging. Applications
include remote navigation systems (deep-space and searatiph) and multi-robot control systems (aircraft and
spacecraft formation flying control, coordinated contrblamd robots, control of multiple surface and underwater
vehicles), where robots exchange data through commuaitatiannels that impose constraints on the design of

coordination strategies.

This research has been supported by AFOSR: 6892167.
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Finite-Rate
Noiseless
Channel

Fig. 1. Simple Feedback Network

We consider the control system shown in Figure 1. In thisesysthe output of the plan, is separated from
the controller,K, by a finite-rate noiseless channel. We assume that the plaptt is encoded by some operator,
E, before entering the channel, and decoded by another operat after exiting the channelE and D work

together to reduce the deleterious effects of the chaning.system shown in Figure 1 has the following model.

Ti+1 = A.’Et + B(Ut + Tt) Vt Z 0, (1)
Yyt = Oﬂ?t,
vy = K(Qt),

wheret € Z,, xz; € R", andr, y:, v: € R.

Previous works mainly focus on some notion of state stghilitder finite-rate (or countable) feedback control,

where the only excitation to the system is an unknown (butided) initial state conditionr{ = 0) [1], [2], [3],
[4], [6], [7], [8], [10], [11], [12], [13], [16], [17], [18], [19], [20]. This research aims at finding conditions on the
channel rate that will guarantee that the state of the sy&iesome function of the state) approach the origin/remain
bounded as time goes to infinity. More recent works addresthegis of quantizers and/or performance limitations
under finite-rate and finite-capacity feedback control [19], [14].

In contrast, we allow for certain classes of inputgo excite the system and studyput-outputstability under
finite-rate feedback. Our approach introduces a computatimethodology for analysis and synthesis of quantizers
and controllers £, D and K) to meet various control objectives.

Another important distinction between our work and pregiatudies is that we only consider encoders that
have memory but do not have access to the plant input and taontgute this control signal. When encoders
have access to the control signal or can compute the coritoalsexactly, the plant output signal that must

be communicated down to the decoder, can be described byta finimber of parameters. More concretely,
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yy = CAlzyg+C Z’;;é At=17tBy,. Therefore, the only quantity unknown # and D is xg, which is just a vector

of n numbers that belong to a bounded set ih. Rherefore, assuming is observable, the encoder can compute
xo aftern time steps and start transmitting through the channel down to the decoder, at a rat& dfits per
time step. Consider an encoder that allocatedits to theith component ofzg, such thaty . R; = R, while the

decoder continues to update its approximation:gfandx;. The error vector then evolves as follows:
€t = Tt — th = At(.’EO — jO,t)y

wherezy ; is the estimate of, at timet. If we assume thatl is diagonal! we get the following upper bound on

the magnitude of each error component:
le(i)] < L{2LAY =12, n,

where|zo(7)| < L, for i = 1,2,...,n. It is easy to see that iR; > maz(0,log(|\;(4)]), for i = 1,...,n, which
implies thatR > >, max(0,log(|\;(A)|), then the system is asymptotically stable, sifeis assumed to be
stabilizing.

On the other hand, when the encoder does not have access $sigaay in the loop except for the plant output,
the unknown quantities characterizipgare zo andug, u1, us..., which are an infinite number of parameters. From
the encoder and decoder’s perspective, the output of the {slauddenly very “rich.” For any fixed, the decoder
must approximatey, y1, ..., y:. These approximations cannot converge to their actual sahmd the best strategy
that E and D can employ is to improve the approximations over time byvalhg F to allocate more and more
bits to them (this motivates our construction of the quantiresented in section 1I-A). The system boils down to
a quantized feedback system, which is difficult to analyrel where the usual tradeoff of delay versus accuracy
holds.

We conclude this introduction with an overview of the papersection Il, we describe our setup, introduce
a new parameterized class of encoders that have memory batcess to the control signal, and formulate a
stability problem. In section Ill, we derive sufficient catidns for finite-gain stability for bounded and decaying
classes of reference inputs. In section IV, we show that gteoEstable bit-allocation strategies implemented by
our parameterized quantizers is convex, enabling syrgtafssuch quantizers that achieve desired objectives. In
sections V and VI, we design finite-memory bit-allocatiorattgies and controllers that minimize the rate required

for stability and that track commands for different plarimally, we conclude in section VII.

Il. PROBLEM FORMULATION

We study system (1), in which the channel encoder has menmatyna access to the control input. is a
limited-rate quantizer which hasfinite memoryand istime-varyingin that the strategy it follows in allocating a

total of R bits to all of the inputs up to time, is a function oft (see section II-A for details). We assume that

1All results hold for generald matrices as shown in [18].
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the channel can transmR bits instantaneously with each use. The channel decddecpmputes updates on the
current and past values gfand sends these to the controllét.is a causal linear time-varying system described
in II-B.

We define the closed-loop system to be input-output (IO)lstdtfor all » € C,., there exists a finite positive
constantx and a finite constant such that|y||- < a||r||« + 3. Here, we investigate 10 stability with respect to

the following classes of reference inpufs,

1) Bounded Signals: C, = I 7, Wherely - is the class of all signals that are bounded in magnitude. by
2) Decaying Signals: C, = C, 7, whereC, 7 is the class of all signals that are bounded by the positicaylag

function7y* for all k >0 and0 < v < 1, i.e, if r € C, 7, then|r,| < 7" for all k£ > 0.

A. Limited-Rate Time-VaryingR, M)-Quantizers

Before stating the problems that we are interested in sgjwire first define and model the parameterized class
of time-varying infinite-memoryR, M)-quantizers.

We view the quantizer as a module that approximates its jryloich in general requires an infinite number of
bits, with a finite number of bits. Formally speaking, &, (\/)-quantizer with bit-rateR, is a sequence of causal
time-varying operators, parameterized by an infinite-disi@nalrate matrix R of the form

Roo 0 0

Ror Run 0 0
R02 R12 R22 0 ’

where Zj R;; = R — 1 for all 4, and an infinite-dimensional positive-definite diagosable matrix M =
diag(Moo, M11, Mosa, ...,). The (R, M)-quantizer saturates to outpdfy, the (k + 1)** diagonal of M, when
its input, yx, has magnitude greater than or equalMgy, i.e, when|y,| > My,. However, we denote the quantizer
“valid” only when |y;| < My, for all £ > 0, and define what the quantizer does in this case below.

Let 3;(j) be the quantized estimate gf at time j. Then, R determines that at time = 0, 1 bit is used to
denote the sign ofy, and Ry bits are used to quantize the magnitudeygfto producej,(0). At time ¢t = 1, an
additional Ro; bits are used to quantize the magnitudeygfto producejy(1); 1 bit is used to denote the sign of
11, and Ry, bits are used to quantize the magnitudeyofto produceg; (1), and so on. The accuracy ¢f(j) is
within £M;;2~(Ci=i Bi+1) of 4, for all i > 0.

For the sake of analysis, the quantizer, channel, and decadebe broken down into the five steps at any instant
t as shown in Figure 2 whejy,| < My, for 0 < k < t. First, theith component of the vectay® is scaled byML“
fori =1,2...,t, to producez?t, wherey® = [ yo 41 ... U ], , and M; = diag(Mgo, M1, ..., My). The scaling by
M ensures thal|z!||. < 1. Then, each element of is converted into its binary representatiom,, a string

of ‘0’s and ‘1’s in the Decimal-to-Binary (D2B) converter.eXt, each binary string is truncated according to the

bit-allocation strategy induced by. Specifically, the binary string representingi) = -%- is truncated to contain

M,
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only its first (Y% _, Ri;) bits. Note that this truncation induces an error of at mosg=s=: #4+1) in magnitude
for z4(i), i.e. |2t(i) — 5t(i)| < 2~ (Zs=i Ris+1)

M R
at at

g i ot ] )

| -1
———+ My = D2B}— T |+ B}~ M|

3 _ I 5 o
yOo | 0111000., 0l.. ! i‘ 0
o 1101000.. 1101... | y_1()

w 0100011., 010... ‘

i i A
A 1111000. 1111 Vo Ly

Fig. 2. Quantizer-Channel-Decoder Operator at Time

As shown in Figure 2, the truncated binary string is convkerback into its decimal representation, via
the Binary-to-Decimal module (B2D), to producé. Finally, 3¢ is scaled bylM; to producej®, wheregt =

[Go(t) 91(t) G2(t) ... Ge(t) ], An upper bound on the error between each input componenttsuapproximate
output is:

lye — Gr(t)] < M2~ Cimr Brit 1),

Vk < t. Stated differently, iflyx| < My, for 0 < k < ¢, then there exists ay(t) with sign(wk(t)) = sign(yx)
and|wg(t)] <1 Vt >0, such that

N — t .
G (t) =y + M2~ = Brit Doy, (¢),

for all k£ < t. For analysis, we augment the output of the quantizer at titoebe the vector ofll estimates ofy*

from time O to timet. We denote the augmented vectorsgsas shown below.

[ 90(0) ]
Jo(1)
91(1)

<
N

(3

oy

o~
NN

L 9:(t)
We can then model the quantizer in its “valid” region as thkofeing sequence of time-varying operators:

(t+1) (t+2) . —
QR,M)={Q:: R 5 R 2 | Quy") = 9% = Liy' + Fu(R)M(M)w!, t> 0},

where
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S _
1 0
0 1
I, =
ItXt
and
foo Moo
fo1 Moo
fi1 Mi1
F(R) = . My(M) = ,
fot Moo
L ftt ] L Mtt

with fi, = 2~ (Zi=x BxitD) for s = 0,1,...,¢, andk = 0,1, ..., s.
Also,

- wO(O) -
wo(l
w1(1

NN,

a wo ()
w1 (t)
)

wao (t

wy (t)

wherew, € [, such that||w,||o < 1.

B. Plant and Controller

We represent the LTI causal systashand the causal linear time varying controll&r as the following matrix

multiplication operators at any time instance

ko
g1 go
k}l k}o
= 92 g1 9o
Gy = , Ki= ko k1 ko
gt g1 go

Note that, with matrixl, as defined abovek; satisfiesk;l; = KLT! where KFT! represents a linear time

invariant system given by
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k1 ko
KtLTI: ko ki1 ko
ke ... ... ki ko

Figure 3 illustrates the closed-loop system at tinwehen the quantizer is modeled as an endogenous disturbance

as described in section II-A, with

7(0) u(0)
(1) u(1)

r(t) u(t)

Fig. 3. Control System at Time

From here onwards, we refer #6(R) as F; and M (M) = M, for an easier read.
C. Problem Statement

We are interested in solving the following problems.
1) GivenG, K, C,, and a rate matrixk, determine whether there exists a set of scale matrideghat maintain

IO stability and quantizer validity.
2) GivenG, K, and(,, characterize the set of all rate matric&s, such that the system is 10-stable and the

guantizer is valid.
3) Within the set of stabilizing rate matrices, find the miomm transmission rateR, of the channel.

4) For a givenG andC,, designK andR to minimize the rate required for stability and to track coamds in

C,.
IIl. STABILITY ANALYSIS

A. Bounded Signals

In this section, we derive sufficient conditions for 10 stipiwhen C, = I, 7. Let T; = (I — G, KFTH)~1G,,

then it is straightforward to show that = Tyr* + T, K, F,Mw!. The following theorem then gives sufficient
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conditions for 10 stability and quantizer validify Note that for a matrix4, [|All; = max; > |a;;].

Theorem 3.1:Consider system (1) witly = 0. Let E = Q(R, M), for a given rate matrixR, and letr € I 7.
If

1) [|T[lh < oo,

2) ITKF|[y <1,
then there exists a constant scale matvix= mI, such that

o (10 stability) [|yl[co < ||T1]|7|lcc +m||TKF][1,

« (quantizer validity)||y||co < m.

Proof. Choosem > % > 0, which is possible given the norm bounds @nl’, andT K F'. Then,
y*]loo = sup {[|Tert + T K Fy Myw' |0 }
< sup, |[Ti][1]|r*||oo + sup, ||Te K Fy M| |y
< [Tl |r[loc +m||TKF||x
< m.

The last inequality comes from our choice af
[ |

The stability condition in Theorem 3.1 sufficientas we have not yet proven that.| > m, for any k > 0,
renders the system unstable. We note that memorylessjiivagant quantizers are represented by an identity rate
matrix multiplied by the value of the fixed rate — 1, which leads to the following corollary.

Corollary 3.1: Consider system (1) withy = 0. Let E = Q(R, M), for a diagonalrate matrixR = (R — 1)1,
and letr € I 7. If

1) 1T < oo,

2) [Ty < 2R,

then there exists a constant scale mafvix= m/ such that

« (10 stability) |lyllcc < [|T][1|rlloc +m2~F|TK ]y,

« (quantizer validity)||y||co < m.

B. Decaying Signals

We now consider the case where C, 7, and derive sufficient conditions for 10 stability. We showatlif G and
KETI are finite-dimensional systems, the conditions can gueeathtat the output signaj,, decays exponentially

over time. In this section botty¥ and K71 are assumed to be finite-dimensional systems.

20ne can add an exogenous inpditat the input of the controller and derive sufficient coruiti for external stability by computing transfer

functions fromr andd to y andv (output of the controller). We omit the details here as thalyais is straightforward.
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10

We know that with perfect feedback and a stabiliziiig”!, exponentially decaying reference signals generate
system outputs that exponentially decay over time. We whkiddto generate the same types of decaying responses
with finite-rate feedback, and thus consider the quantizales, My, to be a decaying function of, i.e., M; =
diag(m,mB,mB3?,...,mpB"), wherem < oo and0 < 3 < 1. The matrix(FM); will have kth diagonal equal to
pr2~ Yi-rRui for 0 < k < ¢, and the quantizer is valid only |fj;| < m3t for all t > 0. Below we state a theorem
that states sufficient conditions for 1O stability. The dstéhat lead to the derivation of the theorem and proof are
shown in the Appendix A.

Theorem 3.2:Assume thatl’ and TKXTT are finite-dimensionastable LTI systems, whose corresponding
matrices (of state-space descriptions) have spectrél paaid v, respectively (bottp andv have magnitudes less
than 1). DenotgT}; and {T K**1}; as theith componentsi(= 0, 1,...) of the impulse responses @f andT K,
respectively. Given system (1), C, 7, and a rate matrixe, if

1) {T}i <mp' (0<m <oo) foralli>0,

2) {TE*™"}i <mpv' (0 <z < ) foralli >0,

3) max(v, p,7)(1 = n2||Fl[1) > v,
then there exists a decaying scale mafvix(My, = m3*) such that

» (10 stability) [|y||oc < [[T'[[1]|7]|o0 +m|[TK]]1,
« (quantizer validity)|y;| < mpt vt > 0.

IV. CHARACTERIZATION OF STABLE RATE MATRICES

We have shown that ifiT K F||; < n for n > 0, then the system is 10-stable for bounded and decaying inputs
This inequality can be written as a ssdnvexconstraints on the rate matrix parameters. The followireptam
shows this result.

Theorem 4.1:Let X = {vec(R)} * = [ Roo Ro1 Ro2 .. Ri1 Rz ... ]', then for any infinite dimensional
matrix, P, the condition||PF(X)||1 < n is convex inX for anyn > 0.

Proof.

IPF(X)|[ < ne Y20 F(X)|Pyl <n  i=0,1,..
where f;(X) =27 2= Bt \We now show thaff;(X) is convex inX, and thus any non-negative combination of
f;(X) is convex. First, we recall th& ¢ is a convex function ir. Let 9~ (XiZ; Ryitl) — 9—(X+1) wherec] is

an appropriate row vector fgr= 0, 1, ... Note that

27>\(c3-X1+1)—(1—A)(c;X2+1) — 9~ AMar+)=(1-X)(az+1)

< )\~ (a1+1) +(1— )\)2*(&2+1)

= 227 (GFIFD (1 y)2 (XD,

3The “vec” operator on a matrix simply concatenates all thieroa to form one large column vector.

May 23, 2007 DRAFT



11

If we let P = T'K, then we get that the stability conditiof7 K F'||; < n, is a set of convex constraints on the
infinite dimensional vectovec(R). This result enables the search for the most efficient quamtizbe formulated

as a convex optimization problem.

V. SYNTHESIS. MINIMIZING CHANNEL RATE

In this section we synthesiZ&?, M)-quantizers and time-varying controllers for differetangts to minimize the

rate required for IO stability fo€, = I 7. In particular, we set out to solve the following problem.

minKLTI’R R (2)
st |7 < o0,
ITKFR)I: <1,

> Ryj=R-1 i=0,1,..
J

whereT = (I — GKX*TH)~1G. We make a few comments regarding our approach to solve (3).

1) The (R, M)-quantizer is described by an infinite number of parametBss) as it has infinite memory. To
make things easily computable and more practical, we oesturselves to finite-memoryR, M)-quantizers,
defined below in section V-A, each of which is described by @€finumber of parameters.

2) The optimization problem (3) has constraints that are-cmmvex in bothKZ7! and R and therefore is not
efficiently solvable. We propose an iterative algorithmsa#®ed below in section V-B, that alternates between
computing a controller and quantizer. In each computatizs solve a convex optimization problem subject
to convex constraints. We show that our iterative algoritias a nonincreasing cost and therefore converges

to a local minimum. Numerical examples are given in sectie@.V

A. Finite-Memory(R, M )-Quantizers

We consider a special class of practical quantizers that ffiaite memory and are periodic. Specifically, each
value ofy gets approximated by the quantizer firmostN consecutive time steps. In fact, for ahy 0, y:n+;
gets approximated falV — j time steps, forj = 0,1, ..., N — 1. Moreover, the bit-allocation strategy repeats every
N time steps. We call this class of quantizers, “repeateddiI@RB) quantizers because the structure of the rate
matrix is block diagonal as shown beloR. =

Each block is the followingV x N matrix:

May 23, 2007 DRAFT



12

Roo

Ro1 R
Rytock =

Ro,n-1 Rin-1 ... Rn-1,N-1
It is useful to highlight that RB quantizers are time-inaauti operators in “lifted” coordinates, where each time
step in the lifted coordinates is equivalent&dtime steps in original coordinates. We define the followiifigpd

signals fort > 0:

TN YtN wen((t+1)N —1)
B TEN+1 B YtN+1 : win+1((t+1)N —1)
ry = . y Yt = , Wi = i
T(t+1)N—1 Y(t+1)N-1 wiernyn-1((E+ 1N —1)

The model for a repeated-block quantiz@r 5, in the lifted coordinates, denote:@lRB, is:
Qre(R,M) ={Qrs : RY = R | Qrp(¥y) =y = Iny + mFnW},

where, written as a matrix multiplication operatﬁrm = diag(Fn-1,Fn_1,...) andIy = I, evaluated at = N.

The closed-loop system in lifted coordinates is shown iruFegs.

=1
g
OF

Fig. 4. Lifted Closed-Loop System

After liting by a factor of N, the plantG is LTI with N inputs andN outputs and the controllek becomes

LTI with w inputs andN outputs. This enables us to use existing control tools fdrdyBtems to synthesize
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13

We state sufficient conditions for 10 stability for boundedrsls in the lifted coordinate space with arbitrary
linear time-varying controllers, but first state the foliogg Lemma whose proof is straightforward and left to the

reader.

Lemma 5.1:Let P be any causal LTI SISO system, aitis a lifted version ofP with lift factor N. Then, for
any N > 1, [|P|[s > || P[]

Theorem 5.1:Consider system (1) with an arbitrary time-varying conéolifted by a factor ofN, with 2y = 0.

Let E = Qrgr(R, M), for a given repeated-block rate matfi, and letr € I 7. If

1) [|(I = GKETH=1G||; < 00, and
2) ||(I - GKMTH='GKFyl; < 1,

then the original system is 10-stable.

Proof. If condition (1) and (2) hold, then by invoking Lemma 5.1, wet ¢ghat||(I — GKLTH)~1G||; < oo, and
||(I - GKEFT)=1GKF||; < 1. From Theorem 3.1, we then get that the original system (ted)i is |0 stable.m

B. R-K lteration

The R-K iteration algorithm proposed here efficiently computes aally optimal controller and finite-
memory repeated-block quantizer that solves (3). The #lgoris described in the box below. Note th&t =

(I-GR,""1¢.
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R-K lteration Algorithm
1) For a given plants, pick any stabilizing controllerkK7!. Pick a convergence threshald> 0 and
setc=0.

2) Solve the following problem to construi.:

min R (©)]
ITKFNn(R)|x < 1,

st. R=1+Y Ry i=0,1,.,N—-1,
J
Ri; >0 j<i=0,1,..,N—1.

Note that the above problem has constraints that are convatk inknown parametet®;; as showr|
in section IV and is therefore efficiently computable using atandard convex optimization softwafe.

We demonstrate how we use MATLAB's 'fmincon.m’ function tohge (4) in Appendix B. Ifc >=1

and if R._; — R. < e then STOP. Else goto Step 3.

3) Fix R. and compute new controllet.;; by solving

min ||TKFN(RC)H1

KLTI

s.t. I < o0

Since the constraint is not convex !, apply “Q-Parameterization” or “Youla Parameterization
to parameterize all stabilizing controllers and convee #bove problem to a convex optimization

problem of the form:

Hgﬂ |[Ho — HiQH>||1 (4)

st. Q LTI stable, rational, and proper,

whereHy, H, and H, are derived from the system to eqUAEK Fi (Ro)||1 to ||Ho — Hi1QHs ;.
Note that there is a one-to-one relationship wih,; and Q given by the parameterization. We
omit details as this is a common procedure and refer the readb], [15] for details. Note that (5)
is again efficiently computable using any standard conveiipation software.

4) Incrementc by 1 and goto Step 2.

The above algorithm continues to iterate between the twiomigdtion problems until both costs fail to change
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TABLE |

EXAMPLE 1
2
Step 1 G = zlfl Ko = =0.0752 733075270.075 e=15
1.4171
0.2621 1.1551
Step 2| Rpiock,0 = Ry = 2.4171 Ry = 2.6792
0.4907 0.9265
0.2665 1.1507
2 -~ ~ ~ -~ ~ ~
Step 3 K= —0.043752 70A3§O74z+0001745 HTKOFN(RO)III =1 HTKIFN(RO)HI = 0.2252
Step 2 Rpiock,1 =0 R =1 (Ro— R1)=14171 < ¢

more than a giver. This iteration will converge to a local minimum rate requifer stability as described in the
following Proposition .

Proposition 5.1: The R-K iteration algorithm has a nonincreasing cost in the chanmel R and therefore
converges to a local minimum.
Proof. For a given plant and controller suppose we have just cordpate matrixR . with rate R, for some positive
integerc. GivenR ., the iteration algorithm then computes a controlier,; that minimizes the biaﬁTf{FN (Rl
by solving (5) and converting) back to K. Then we get thal|TK. 1 Fx(R.)|1 < [|[TKEn(R.)||: for all
controllersK. Next, we compute a rate matri®.,; that minimizes the channel rate required for stability subj

to the constraint thaiT K., Fx(R)||; < 1. Note thatR. is a feasible solution, therefom®,,; < R.. [

C. Examples

We now execute one iteration of tlie-K iteration algorithm for three different unstable plantgshw = 1 and
N = 4 (memory size of quantizer). We summarize the results foh @émnt in separate tables. In each case, we give
the initial controllerK, used to compute repeated-block quantiRgrwhich is entirely characterized biy;ock,0-
We also compare the rat®, to the minimum rateR,,; obtained if we restrict the quantizer to be memoryless
and time-invariant (a diagonal rate matrix). Note that theimum channel rate?, required for stability for each
corresponding closed-loop systemAg;,.x,0(1,1) + 1. We then show the controllek’; computed by fixing the
quantizer to be parameterized B and the corresponding quantizer bias tetiiK,Fy (R)||:. Finally, we fix
the controller toK; and computeR; to complete one iteration.

From Tables 1-3, we see th&) < R, in all cases indicating that allowing the quantizer to havenrary and
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TABLE 1l
EXAMPLE 2
_ _10 _ —0.0722%-0.02162—0.00648 _
Step 1 G=_22 Ko = 22002162 e=1
2.1630
0.1830 1.9800
Step 2| Rpiock,0 = Ro =3.163 Ry = 3.3461
0.3580 1.8050
0.1847 1.9783
2 ~ ~ o~ ~ ~ o~
Step 3 Kl — —0.11732 70.;);)309270401148 HTKOFN(RO)Hl =1 ||TK1FN(R())||1 —=0.4731
1.2131
0.2875 0.9255
Step 2| Rpiock,1 = Ry =2.213 (Ro— R1) =0.95 < ¢
0.5750 0.6380
0.2876 0.9255
TABLE Il
EXAMPLE 3
2
Step 1 G = zlfz KO — —0.144z 70.3276270402304 e=1.1
4.4267
0.2284 4.1982
Step 2| Rpiock,0 = Ry = 5.4267 R,y = 5.6551
0.4329 3.9938
0.2271 4.1996
Step 3 Ky = 704184122—0.38769z70401779 ITKoFn(Ro)|1 = 1 TR 1 Fn(Ro)||1 = 0.2915
3.4036
0.2692 3.1344
Step 2| Ryiock,1 = R1 = 4.4036 (Ro— R1) =1.0231 < ¢
0.5298 2.8738
0.2683 3.1353
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to allocate bits to the past maintains stability for chaaneith smaller rates than in the case where the quantizer
is memoryless and does not allocate to the past. In additienmore unstable the plant, the more rate required for
closed-loop stability. Finally, one iteration shows a netkmprovement in rate required for stability 8 < Ry

in all cases?

VI. SYNTHESIS. TRACKING COMMANDS

In this section we synthesize limited-rate finite-mem¢®;, M)-quantizers and time-varying controllers for a
given plant to track a family of bounded reference commafids- I, » such that the rate is limited by a given

R. In particular, we set out to solve the following problem.

min [|T = Il|1 + m||TKFn(R)||1 (5)
KLTI R
st T < oo,

1Tl +m|[TKFn(R)[[1 < m,

Minimizing the cost functiorj|T — I||; + m||T K Fx(R)||1 is a tracking objective. From Figure 3, we get that the
tracking error isy — r = (T — I)r + TK Fx(R)Mw,. Therefore,||ly — 7||cc < ||T — I||1 + m||TKFn(R)||1,

wherem ensures quantizer validityT'||; + m||TK Fx(R)||1 < m. Therefore, the lower bound an depends on

R and K.

Again, we will restrict ourselves to repeated-block quaens and will apply an iteration algorithm to minimize

tracking cost. We outline the iteration algorithm below.

4Note that 3rd-order finite impulse response controllersewsigned to simplify computation and are shown in Tabl8s Searching over
all FIR controllers is not optimal, yet we are still able tomlenstrate the validity of our synthesis algorithms.
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R-K lteration Tracking Algorithm

1) For a given plantG and rate limitR, pick any stabilizing controlleri(y, a positive constant. and

a convergence threshotd> 0. Setc = 0.

2) Solve the following problem to construi.:

min |7 — I{ji + m||TKFy (R)||x (6)
st. R=1+Y Ry i=0,1,.,N—1,
Rijzjo j<i=0,1,.,N—1.
R <R,

[ T1]s + ml| TR eEx (R)]1 < m.

Note that the above problem has cost and constraints thabarex in all unknown parameters;;
and is therefore efficiently computable using any standarve&x optimization software. Denote the
resulting optimal tracking cost ag. If the problem is infeasible, then increaseand goto Step 2.
If c>=1and ifvy._1 —7. < e then STOP. Else goto Step 3.

3) Fix R. and compute new controlle.,; by solving

min || = T||1 + m||TKEFx(Re)|1
KLTI
s.t. |T)|1 < o0

IT111 +m[|TKEy(Re)l[1 < m.

Since the constraint is not convexn”“T!, apply “Q-Parameterization” or “Youla Parameterization

to parameterize all stabilizing controllers and convee #bove problem to a convex optimization

problem of the form:

Hgn [[Vo — V1Q Va1 (7)
st. @Q LTI stable, rational, proper,

1A (@)l +ml[f2(Q)][x < m,

where Vy, Vi and V, are derived from the system to equaté — T||; + m||[TK Fyx(R.)|: to
[[Vo — V1QV5||1 and f; and f, are affine functions in Q such thdif;(Q)||1 + m||f2(Q)]|1 equals
[[T]|: +m||TK Fx(R.)||1. Note that (8) is again efficiently computable using any staddonvex
optimization software.

May 23'4300I7ncrementc by 1 and goto Step 2.
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TABLE IV

TRACKING EXAMPLE 1

p— — 27
Step1| G = zl+01 (R=5m=20) | Ko= —0:0368z ozgooszwﬂozs
Step 2| infeasible infeasible infeasible

We fix m in Step 1 of the algorithm and check to make sure that the quearmemains valid for that chosen value
of m in both (6) and (7). Keepingn as a function ofR and K would not enable convexity of the subproblems
(6) and (7). One can find the smallest over all R and K such that the quantizer remains valid and minimizes
the tracking cost by applying the above iteration algoritturdifferent values ofn, changingm via a bisection
algorithm.

It is straightforward to see that the tracking iterationasithm described above always results in a nonincreasing

tracking cost.

A. Examples

We now execute one iteration of tie-K iteration tracking algorithm for one unstable plant andedént(R, m)
pairs. We seF = 1 and summarize the results for each example in separatestdbleach case, we give the initial
controller K, used to compute repeated-block quantiZy which is entirely characterized b&yoc,0 and its
tracking cost. We then show the controll&y computed by fixing the quantizer to be parameterizeddgy and
the corresponding bound on the 1-norm of the tracking eFioally, we fix the controller tak; and computéR,
to complete one iteration.

From Tables 4-8, we make a few observations.

« If eitherm or R is too small, the problem may be infeasible. Recall that thentjzer is valid only if validity

[ly|loo < m, so if m is too small then norm of is forced to be small which limits input-output behavior. If
R is too small, the the channel restricts the feedback coirimlt too much to achieve tracking.

« If we fix m and increaseR the tracking error cost improves. This makes sense as thenehhecomes less

restrictive asR increases.

« If we fix R and increasen, the tracking error cost increases. This also makes serseide asn increases,

the cost||I — T||1 + m||TKoFn(Ro)||1 also increases (for a fixed controller and quantizer).

« The tracking cost in just one iteration is decreasingy@s v is positive for all examples.

« Although we do not show results for memoryless quantizeesptserved that quantizers with finite memory

perform better than memoryless quantizers in tracking ds we

We note that 3rd-order finite impulse response controllexsevdesigned to simplify computation and are shown
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TRACKING EXAMPLE 2

20

_ _ 2_
Step 1 G = Zl+01 (R = 10,m = 30) Ko = —=0:03682 ()Z.é)OOGz+0.0026
9.0000
0.0500  8.9500
Step 2| Rpiock,0 = Ry =10 ~o0 = 30.9563
0.0975 8.9025
0.0532 8.9468
I-T I-T
Step 3 K, = 7()‘06532z27OAS§O6IZ70AOO7916 o J| [+ o ~H i+
m||TKoFn(Ro)|[1 = 30.9563 m||TK1Fn(Ro)||1 = 25.0942
9.0000
9.0000 1 = 25.0917
Step 2| Rpiock,1 = R; =10
9.0000 (o — 1) = 5.8647
0.0899 8.9101
TABLE VI
TRACKING EXAMPLE 3
_ 10 o _ _ __ —0.036822—-0.00062+0.0026
Step 1 G=2% (R =15,m = 30) Ko = 2 U guons
14.0000
8.6722  5.3278
Step 2|  Rpiock.0 = Ro=15 Yo = 30.9326
’ 5.9975 8.0025
3.0004 10.9996
Step 3 K, = —0.065272% —0.030542—0.007872 I1 =T+ 1 =T+
z m||TKoFn(Ro)||1 = 30.9326 m||TK1Fn(Ro)|[1 = 25.0594
14.0000
14.0000 1 = 25.0474
Step 2| Rpiock,1 = Ry =15
1.8799  12.1201 (y0 — v1) = 5.8875
0.9405  13.0595
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TABLE VII

TRACKING EXAMPLE 4

21

Step 1 _ 21+02 (R = 15,m = 50) Ko = 7OA0368z2702é)0062+0A0026
14.0000
5.1680 8.8320
Step 2| Reiock,0 = Rg =15 Y0 = 30.9305
3.5761 10.4239
1.7834  12.2166
Step 3 K, — —0.06416:%-0.02832: —0.005319 o ~HI =T+ o ~HI =Tl
z m||TKoFn(Ro)||1 = 30.9305 +m||TK1EFn(Ro)||1 = 25.4943
14.0000
14.0000 1 = 25.4895
Step 2| Ryjock,1 = Ri=15
0.4685 13.5315 (Yo — 1) = 5.4410
0.4673  13.5327
TABLE VIII
TRACKING EXAMPLE 5
p— — 27
Step 1| G = zl+01 (R =15,m = 20) | Ko = —0:03682 ozgooszw‘oo%
Step 2 | infeasible infeasible infeasible

in Tables 4-8. Searching over all FIR controllers is not gt (also what is infeasible with FIR controllers may

be feasible for IIR controllers), yet we are still able to dmstrate the validity of our iteration algorithm. Finally,

our results are dependent on the initial selectiorkgfand initial conditions of 'fmincon.m’.

VII. CONCLUSIONS

In summary, we consider a plant and feedback controllerragguh by a finite-rate noiseless channel and we

study a new class of encoders that have memory but do not lmessato the control input to the plant. If the

encoder is not local to the plant and if it does not know whaitidler will receive the signal it sends through the

channel, then it can be modeled as belonging to this clashawe constructed a parameterization of time-varying
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guantizers that belong to this encoder class, and that keadsonvex characterization of bit-allocation strategies
that maintain finite-gain stability. For finite memory quiaets, the convex characterization of stabilizing quartz
allows for efficient and non-trivial bit-allocation strgies and controllers to be synthesized for a given plant to
meet various performance objectives.

In the future, we would like to obtain necessary conditidmet tmaintain input-output stability.

VIIl. A PPENDIX
A. Proof of Theorem 3.2
Below, we make some observations that lead to Theorem 3.2tangtoof. We assume the following norm
conditions,
1) [|IT[x < oo,
2) ITK*[1 < oo,

and break downy, as follows:

ye = (Tr)e + (TKFMw)t = yr: + yq:.

Under the first assumption, we show that there exists a peditiite constant’; and ana; (0 < a3 < 1), such
that |yr;| < Ciad, for all t > 0.

Assuming that||T'||; < oo, there exists g, with 0 < p < 1, and a positive finite constanf;, such that
H{T}i| < mpt, for all i > 0. {T'}; is theith value of the impulse response 6f In fact, p can be chosen to be
the spectral radius of the stabfematrix of a state-space description fBr SinceT is LTI, yr; = ZEZO{T}t_iri,

therefore,

lyrel < 31 HT}e—illrs]
<TFY R ompT
=mrp' 320 (2)

mrp .t
p— P

where the last equality holds i < p < 1. Similarly, |yr:| = IZEZO{T}m—iI < %yt, if p <y < 1. Putting
both cases together, we get that
lyre| < Ciaf,
for all t > 0, where
C1 :ma:c(:’yl—f:,zlfi’;), a1 = maz(p,y).
Under the second assumptidtl’ KL77||; < oo, we show that there exists a positive finite const@ptand a

constantos (0 < ag < 1), such thatlyg;| < Coad, for all t > 0.
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Since ||[TKETT||; < oo, there exists a constamt with 0 < v < 1, and a positive constanf,, such that
HTKETTY,| < mort, for all i > 0. We now look at the magnitude of the response due to the exogatisturbance

induced by the quantizegg;.

lyal =13 Timy Yoo KT mpBi2™ Xm0 Rita ()|
<ml|Fll | Y5 Yl o s K5 68

<m||F|l 325, ITKZS |3

—J
< meml|Fll 352, v 08

=mm||F|l ' 120 (2)

_ F[lingmv
Py

v

where the last equality holds # < v < 1. If v < 3 < 1, then it is easy to show thadgq;| < ”F‘glf”imﬁﬂt. We

then get that

lyq:| < Caab,

for all t > 0, where

a2 = maz(v, B).

[|F|l1mn2 B HFH177”72V)
ﬁ )

v ) v—

Co = max(
Recall thatg is a parameter we are looking for to ensure thyat < m3t. Therefore,3 > v, which gives us

Cy = HF‘glm”mﬁ’ as = .

—v

Putting everything together, we get that for alk 0,
lyel < lyrel + lyqe| < Craf + LEmn2B gt

For the quantizer to be valid, we requiig| < m@3t, for all ¢ > 0. The above observations lead us to the following
proof.
Proof:

Define C; = max(zl—fz, g), as computed in section 1lI-B above. Then chogke- maz(p,v,v) andm =

%. It is straightforward to show that is finite and positive due to condition (3). To show inputymutt
EPEIIEIIN

stability, we have

19" lloe = sup,{[|T:Gex" + TiGe I F Myw'||oo }
< T ll7]loe +m||TKF||y
< WTl[x]I7lloo + m]|[TK]]1
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where the last inequality comes from the fact tha|; < 1. To show quantizer validity, we computed in section Ill-

B above that forv; = max(p,vy),

IN

Cy ai + HF‘L‘;—"L"ZBﬂt (8)

mf3',

|yt ]

IN

where the last inequality comes from our choices3aind m.

B. Using MATLAB's 'fmincon.m’ to Synthesize Quantizers

In this section, we show how we use MATLAB to solve the follagrioptimization problem.

minR
st. » Ryj=R—-1 i=0,2,.,N-1, (9)
J
(I - GK*" ™) 'GKFn|h < 1, (10)
Ri; >0 j<i=0,1,.,N—1, (11)

For a givenG and K71, we lift the original system by a factor dV and denote the state-space description of
(I — GKXTH=1GK by (Au, B, Cet, Dop). Let X 2 vee(Ryocr) and rewrite the above optimization problem as

minX1
s.t. AeqX = Beg,
P(X) <0,

X >0,

where A.,X = B., captures the equality constraints (&(X) < 0 captures constraints (3) antl > 0 are

equivalent to constraints (4). For exampleNf= 4, then

Roo
R R

Rytock = o M ,
Ro2 Ri2 Ra

Ros Riz Res Rss
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’

X =| Roo Ror Ro2 Ros Rin Ri2 Riz R Roas R33]7

-11.0 0 1 0 0 0 0 O
Aegq=| -1 0 1 0 0 1 0 1 0 O |,
-1 0 01 0 01 0 1 1

’

Bu=[0 0 0],

and
P(X) = ||[DaFs(X)||1 + X pey |Ca Al BaFu(X)|h — 1,
with
¢ = [1111000000]
cy = [0000111000]
ch = [0000000110}
cﬁ;—[OOOOOOOOOl]
and
) Fu(X) = ;
2—%1
2*2?:1)(1'
25
2*2?:1}(1'
1 2*2?:5}(1'
3 o Xs

2= T X
2= 23:5 X
2~ Eg:s Xi

92—=X10

Note that we approximate the 1-norm@df— GK~71)~1GK Fy, to guarantee that we can numerically compute

the solution to the constrained minimization probl2m.
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