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ABSTRACT

In this paper, we consider a set up in which the plant and obetrare local to each other, but are together driven by
a remote reference signal that is transmitted through aefaite noiseless channel. When control must be done over a
communication channel, there is a fundamental tradeoffiben allowing enough time for reconstruction of signalsrove
the channel and achieving performance in finite-time. Maostkwn the area of control under communication constraints
have addressed infinite-horizon control objectives (egpibty, disturbance rejection). In this paper, we study tiinite-
horizon control tasks. The first task is to minimize a finitaikhon weighted tracking error between the remote system
output and a reference command, which belongs to a clasgmdlsi The second task is to navigate the state of the remote
system from a nonzero initial condition, which lies in a bded set, to as close to the origin as possible in finite-time.
We compute lower and upper bounds on the worst-case penfmerfar the two objectives as a function of the channel
rate, time horizon, and system parameters. We achieve batr Ibounds with noncausal coding schemes and show that
imposing causality on the coding scheme limits achievabléopmance in both cases, but more severely for tracking. We

illustrate how the bounds behave under various scenaridslaow tradeoffs between time and performance accuracy.

. INTRODUCTION

The classical control paradigm addresses problems wherenmcmication between one plant and one controller is
essentially perfect. Today new problems in control ovenwoeted systems, whose components are connected via
communication links that can be very noisy, induce delaysl lave finite rate constraints, are emerging. Applications
include remote navigation systems (deep-space and searatiph) and multi-robot control systems (eg. aircraft and
spacecraft formation flying control, coordinated contridiemd robots, control of multiple surface and underwatérieles),
where robots exchange data through communication charhatsimpose constraints on the design of coordination

strategies.
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In communication systems, problems entail designing celeemcoders and decoders to reconstruct signals sent throug
noisy channels. Questions abastymptotiaeconstruction are typically addressed. In control systgroblems often entail
designing controllers to generateal-timedesirable responses from a system. Therefore, when contrstl be done over
a communication channel, there is a fundamental tradeoffden allowing enough time for reconstruction of signald an
achieving stability and performance in finite-time.

Control under communication constraints is a research afemowing interest. Much work has focused on stability
under finite-rate (or countable) feedback control, wheee dhly excitation to the system is an unknown (but bounded)
initial state condition [2], [3], [4], [5], [7], [10], [14],]15], [16], [18], [19], [20], [22], [23]. The questions podénvolve
conditions on the channel rate that will guarantee that thie ©f the system (or some function of the state) approazh th
origin/remain bounded as time goes to infinity. More regemtisturbance rejection limitations were derived for tlaeng
setting, assuming stochastic exogenous signals entdrengytstem [17]. Although these studies have contributedtigre
to our understanding of the interplay between communinadied control, few studies address finite-horizon perfoigean
limitations under communication constraints.

A handful of recent studies explore the tradeoffs betwedtefimorizon performance and control complexity for linear
systems and finite automata systems [6], [8], [11], [12].18]] Fagnani etal. consider the closed-loop system shown in

Figure 1.

Fig. 1. Equivalent Closed-Loop System

G is a single-input multi-output discrete-time causal LTkt®m with unknown initial conditior:y € R™, which is a
random vector with uniform probability density over a giveosunded setV ¢ R"™. The feedback control law, € R, must

be generated over a finite-rate link that transmits exaktlyits per time step. Fagnani etal. ask the following question
Given a subset’ of W, find the minimum expected timB{T ()} that “traps” the statex; in V for all ¢t > T.
Fagnani etal. show that for any givgh> 0,

E{T
Tet < 8= iy 2 5(6),

whereC' = % (1 is the Lebesgue measure inf*Ris a contraction rate that describes how small the targeis&ith

respect to the starting sefk. is a measure of the complexity of the coding schefiel§) andd(3) = Hlﬁw%, for some

w > 1 and constantf;, which depends on the plant dynamics. See [12] for detail$s Tésult shows that demanding



smaller values of the expected minimum time to reachi&etesults in requiring more complicated coding schemes.

In this paper we compute lower bounds for finite-horizonkiiag and navigation objectives under finite-régedforward
control. In our tracking problem, we compute the smallekivadble worst-case performance over a class of reference
signals. In our navigation problem, we compute the smadéistvable ball around the origin that the state of the system
can reach irf” time steps, given that the initial condition lies in an dlyod. In turn, we also compute the minimum number
of time steps,T", for the state of the system to reach a given ball around tiginoiVe also construct quantization/coding
schemes to derive upper bounds on both performance olgsctind illustrate how imposing causality on the quantizer
limits achievable performance. Our framework is deterstioiand our lower bounds are independent of the complexity

of the coding scheme.

II. TRACKING

In this section, we are interested in tracking a class ofresfee commands, over a finite-horizon and under finite-rate

constraints. We consider the cascade of SISO discretesystems shown in Figure 2.
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Fig. 2. Finite Horizon Tracking Set Up

Specifically,

e ze R st ||2]]2 < 1,

e L:RT - RT is an invertible linear operator,

o E:RT = {0,1}%7T is an arbitrary operator (encoder) that maps a real vectargequence dt®*” binary symbols,

« R is the channel rate for the finite-rate noiseless channeélnia@s{0, 1}%7 — {0, 1} 17,

o D:{0,1}*T - R” is an arbitrary operator (decoder) that maps a sequenz&’obinary symbols to a real vector

and

« H:RT = R” is an invertible linear operator (model of remote plant andtwller system at rest).

Note thatL defines a class of signal§,, that is generated from a unit ball in’R Since L is linear, it maps the unit
ball to a bounded ellipsoid. We set out to minimize a traclengpr over all signalsy, in this class (worst-case analysis).
Since the input and output signals have finite length, thieviahg performance metric is computed over a finite-horizon
||W (y — 7|3, whereW € RT x R” is a given full-rank weight matrix.

It is worth commenting that in the ideal case of perfect comimation (R = o), it is possible to construct an encoder
and decoderf; = L=! and D = H~!) such that]|W (y — r)||3 =0 Vr € C,.. However, with a finite-rate constraint, the

control, u, can only take2®T values over a horizon df’ time steps. Furthermore, witH being a one-to-one mapping,

INote that we denote the reconstructed signal:aahich is standard notation for a control input to a system.



the outputy, can only take”” values over a horizon df time steps. Therefore, it is not clear what level of perfonoe
is achievable ove€,..

To understand tracking limitations under finite-rate fesdfard control, we compute, g and~y g, such that

YL < min(g, py sup,ec, [|W(y — )3 <ws.

Knowledge ofyr g tells us that regardless of the encoder and decoder that leet,see can do no better than this
lower bound. Therefore, we expect it to be independent aind D. The upper bound tells us that there exists a coding
scheme such that the worst case performance is always Esthequal toyy . Therefore, to computgy s, we need
to construct an encoder and decoder and compute the condisgovorst-case performance. We compyitg; andyy g

in the following sections.

I1-A. A Lower Bound

In this section we derive the lower bound on worst-case perdoce.
Theorem I1.1. Given the tracking set up defined above, assumedbdiV’) # 0, det(L) # 0. Then,
yop = 272R{|det(L)| |det(W)[} .

Proof.

The set of all possible commands,= {r € RT|r = Lz,2'2 < 1} = {r ¢ R | (L7'r)'(L~'r) < 1}. C, is a bounded
ellipsoid in R centered at the origin with volume det{((L~1) (L~'))~%%} = 5|det(L)|, wheren is the volume of a
unit ball in R”.

Over a horizonT, the channel sends a total @1 bits which limits the control signal to take on no more than
28T values; and, sinceéd is a one-to-one mapping, the channel limits the output t@ tak no more thar2®” values.
Consider a selection of outputs, yo, ..., yorr, Which correspond to inputs;, us, ..., ugrr, respectively. We must then
map eachr € C, to exactly oney; i = 1,2,...,2%T. Such a mapping induces a partition @h. In particular, define
P, ={r €C|r— y}fori=172 .28 Now, suppose that the selectign,ys,, ..., y,rr Were chosen such that
W (y; — )|} < for all » € P, and for all i. Then necessarily; C S}, £ {r € R” | (r — ) W'W(r — y;) <~}
Note thatSy. is a bounded ellipsoid in R centered at poiny; with volumen(,/7)Tdet{(W'W)=%5} = %. See
Figure 3 for an illustration.

SinceP; C Sy for eachi = 1,2,...,2%7, it is necessary tha2”" bounded ellipsoids)) cover the seC,. This

implies that2®" x volume(S;) > volume(C,). Equivalently,

RT volume(Cr) __ |det(L)| |det(W)]
2 2 volume(Sy) VNT ’

After rearranging terms, we get that> 2-22{|det(L)| |det(W)[} 7.



Fig. 3. Bounded Ellipsoid€’,. and S}

Since we often consider classes of inputs generated fronsy3temsij.e., L is LTI, we compute the lower bound for

this case in the following corollary.

Corollary 11.1. Assume thatlet(W) # 0, det(L) # 0, and H is a one-to-one mapping.  is a causal SISO LTI system
with state-space descriptioh = ss(A;, By, Cy, D;), then

W (y —7)ll3 = 27F(Do)*{|det(W)|} 7.

Proof. If L is a SISO causal LTI with state-space description- ss(A;, By, Ci, D;), then forT time steps, it can be
represented as d x T' lower triangular Toeplitz matrix operator, with all' eigenvalues equal t®;. This implies that
the {det(L)}* = (D). |

As expectedyp depends orl (class of reference commands), (performance weights)’ (performance horizon),
and R (channel rate). It is helpful (as we will see when we compuytpear bounds) to rewrite the lower bound in terms of
the singular and eigenvalues of the matiixZ_ as follows:y, g = 27 2B{[[/,' os(WL)} ¥ = 2 2R{T] ' (W L)} 7.

When computing the lower bound, we made no assumptions orhethé¢he encoder and decoder are causal or
noncausal operators. If and D are both noncausal, then our tracking problem reduces wvegctantization problem
with a deterministic error metric [1], where time need noteerihe picture. At timg = 0, a noncausal decoder “knows”
the future, that is, it can computg, for k =0,1,...,7 — 1, which are represented B§R bits over a horizon of" steps.

On the other hand, if and D are causal, then the decoder only can compytat timek anduy is represented by at
most (k + 1)R bits.

In the following sections, we compute two upper bounds. Ooénld is computed by constructing a noncausal encoder

and decoder, and the second upper bound is computed by wttivggra causal coding scheme, which is more practical.

[1-B. A Noncausal Upper Bound

In this section, we derive an upper bound on worst-case padioce assuming that the encoder and decoder are
noncausal. The upper bound is derived using a coding schiesméransmits information about the sigmain terms of a

basis derived from the singular value decomposition (SVDhe matrix W L.



Consider Figure 4 below. The encoder first uses the SVIVdf = UXV* to write Wr = Zf:_ol oio;u;, whereo;
is theith singular value oW L, «; = vjw wherev} is theith row vector ofVV*, andu; is theith column vector ofU.
The «;'s are then each converted into their binary representatiord truncated according to the bit-allocation strategy
denoted inR = (Ro, Ry, ..., Rr—1). In particular, a total ofR;, bits are allocated tey, for £k = 0,1, ..., T, and the only
restriction is thaty", —y Ry = TR.

The decoder uses the bit-allocation stratdgyo reconstrucx and then uses the SVD &7 L to computer from é.

Finally, the decoder applie ~! to # to generate:. We call thisE — D construction the “SVD Coding Scheme.”

Encoder Decoder

Fig. 4. SVD Coding Scheme

Note that with the above SVD coding scheme,

sup ||[W (y —r)l|3 = sup |[W (7 —r)|13
r€C r€C

= sup |[|WL(w — w)||§
{wl [lw[l2<1}
T—1T-1

= sup > (G — ) (& — ay)oio; (ujuy)

{a] [|a]2<1} i=0 j=0

T-1
< sup Z |27 2 i}

{al llala<1} =5
< Umaac(s)

where S is the diagonal matrixtiag(2=f00g, 2 1oy, ...,27Fr-157_1).
To derive the upper bound using the above SVD coding scherae;omstructR = (Ry, Ry, ..., Rr—1) to solve the

following optimization problem:

ming max; 2728 012

sty 'R =TR
R;>0 Vi.

We allow the rates to take on non-integer values to solve forogtimal bit-allocation strategy. The resulting

non-integer valued rates can be interpreted as average oa&r time. The solution to the above problem forces



27252 = 2—2R§UJ2 Vi # j, where Rf = R + log(o;) — %Zsz_Ol log(o;) for i = 0,1,...,T — 1. This gives us
yws =27 {log([[/S' 0)}F =B
Therefore, we achieve the lower bound with the noncausal 8ding scheme above. However, this is not a practical

implementation as the encoder must have access to the sigfival,, at time O.

[I-C. A Causal Upper Bound

In this section, we derive an upper bound assuming that thedam and decoder are causal and implement a practical
coding scheme illustrated in Figure 5. In this scheme, thenéer is a quantizer parameterized by a rate matrix which
dictates how bits are allocated to each component in thedemsomemory at each time step. Specifically, the rate matrix

has the following form.

Roo 0 0
Rox Ri1 0 0
R = Ro2 Ri2 R22 ,
| Ror-1 Rir-1 Ror-1 ... Rr17-1 |

such thatzj R;;=Rfori=0,1,...,T — 1.

Encoder

Fig. 5. Causal Coding Scheme

To understand how the above rate matrix dictates a bitiloc strategy, lef;(j) be the quantized estimate of at
time j. Then, R determines that at time = 0, Ryo bits are used to quantizg to produce,(0). At time ¢t = 1, an
additional Ro; bits are used to quantizg to producefy(1), and Ry; bits are used to quantize to producer; (1), and
so on. The accuracy aof;(5) is within +M;2~ Sii Bir of r; for all ¢ > 0, where2M; is the length of the interval in
which r; belongs to as computed by the decoder at time gtdfhe decoder compute®/; from its past inputs and from

constraints imposed on € C,.. These computations will become clear below.
Consider the following example for horizon lendgth= 2,

Qé (Lil)'(lfl) _ I: qgoo  go1 ] C WW = [ Woo  Wo1 ] 7

qo1 Q11 Wo1 W11

for someqp; andwg; € R.



At time t = 0, the encoder receives which has magnitude less than or equalifg,? and its quantization region is on
the interval{ — My, My} which is divided into2% equal intervals as shown in Figure 6. The union of the reprtasiges

for each region comprise the range Bfat time 0. Specifically,
E(ro;t=0) = nMo2(~Foo)

for nM2(1=Fo0) < py < (n+2)Mo2(t—Foo) p = —2(Foo=1) '_o(Foo=1) 12 (2, ... 2(Feo=2) Thus, when the encoder
receivesrg it outputs the right boundary value of the interval in whichfalls, which is represented biy, bits. The
decoder then receiveg(0) and updates its bounds for both andr; to prepare for its next input.

The bounds forr; are generated from the constraints imposed by theCset {r ¢ R |r = Lz,2'z < 1}. For
T = 2, C, forces|ry + Liry| < VIterg given ry, wherepy = % — qoo- Therefore, after time step 0, we have that

q11 Var q
10(0) S T0 S UO(O),ll(O) S 1 S ul(O), 3 where

ind = 1+1(0(0)2 — 1+ 1(u(0))2
1(0) = min{ itk 0) — VRO, Stk n(0) - VIO,

u1 (0) — max{ 713(1)1 lO (O) + vV 1+H(l0(0))2 —q01 UO(O) + vV 1+IJ«(“0(0))2 }

Va1 > q11 Va1

At time t = 1, the encoder further quantizeg by dividing the intervallly(0), u0(0)] into 2f01 equal length intervals,
and sends the representative of the new interval in whiches, denoted?;(1). The encoder then uses the remainder
Ry bits to quantize~; by dividing the updated interval; (1), u;(1)] into 271 intervals, and then sends the center of the

interval in whichr; falls. It is straightforward to compute

lo(1) = 7(0) — 2*(1?00+Ro1)]\407
uo(1) = 70(0) + 2*(R00+R01)M0’

. — 4/ l 2 _ w \/ u 2
11(1) = min{ 2otlo@) _ VIHAM0QT " —aniuat) _ 1+un?(1) I3

q11 Va1 ’ q11
_ —gqo1lo(1) V1+plo(1)? —gorug(1) V 1+nug(1)?
ul(l) - max{ a11 + Vaii ’ q11 + Vair }

It is important to note that past allocation of bitsitgat timet = 1 allows for a tradeoff of a smaller known interval in
which r; lies, [l1(1),u1(1)], and finer quantization of the interval itself.

SinceC, is an ellipsoid in R, knowledge ofr; impacts the lower and upper bounds anfor k # j Therefore, it
appears that allocating bits to past signal components reagdvantageous. It turns out however, that wens any
ellipsoid, it is always optimal in our worst-case settingaltocate allR bits to the current value, at timek, i.e., it is

neveroptimal to allocate bits to past valueg, r1,...,rx—1 t0 quantizery.

Theorem |1.2. Consider the tracking problem that implements the causdingbscheme above parameterized by a rate

2The encoder can compufely = [{Z;}11{U;}11| from the SVD composition of. = U; %, V}*

3Qur notation ofl; (k) is the lower bound for component; right after time stegk as computed by the decoder. The upper bound is similarly etéfin



Fig. 6. Quantization region at time= 0

matrix R. Then, the optimal solution tming sup,c. ||[W(r —#)||3 is a diagonal rate matrixR* = RI andr* = 0,
the centroid ofC,..
Proof.

We prove the theorem assumingis diagonal for a simpler read, however, the general casal$@nd can be proven
using an identical argument outlined below.

1) We compute an upper bound, for sup,c. ||[W(r —7)]|3.

2) We show that* = 0 achieves/ and computd|W (r* — r*)||3 as a function of the rate matrix.

3) We show that minimizingup,.c¢. ||[W (r — #)|[3 = ||[W(r* — r*)||3 over all possible rate matrices gives rise to a

diagonal rate matrix.

Consider the set up for where (and hence?) is diagonal.

qo0
q1
A — —
QeI = ;
qTr-1
woo wo1 wWo,T-1
, wo1 w11 w1, T7-1
W'W =
wr-i,1  wWr-i,1 ... Wr-1,7-1

Then,C, = {r € R?| Zl o ¢ir? < 1}. Now, since we transmit the signaiin a causal manner, the class of signals forces

|ri| < M;, where

- baer2 .
M, =z @0 g 9 T 1,

qi

and My = |[{Z;}11{Ui}11] from the SVD composition df = U,;%,V;*. At the decoder end, at timg the transmitted

signal (o, 1, ...,7;) IS not perfectly known. Therefore, it computes each bound a

M; = \/1 it @ (P (1) — M 20~ R ()2

qi ’

where Ry (i) = Z;:k Ry;. Note that)M; is a function offg (i), 71 (2), ..., 7 (¢) and R;, which is the first x i elements of
the full T x T rate matrix. We suppress these dependencies for an easidr Tde above bound assumes, without loss

of generality, the following encoder operator at tinie



E(T,,]) = niMi2Ri(j)
n; € 8; & {—2R=1 _oRi@=1 4 9 0,2,..,280)=2}

for n;M;2%0) < r; < (n; + 2)M;2%0), To see where the above expression fdf comes from, consider a
simple example wherd® = 2 and R = 3 illustrated in Figure 7. Givenro(l) at ¢ = 1, the uncertainty set as
computed by the decoder for shrinks fromC, to one of2(foo+Fo1) “strips” of the 2D-ellipsoid. For example, for
ro € (4Mo2~ (oot Roil 67,2~ (Roo+Fo1)] the uncertainty computed by the decoder is the shaded $towrs in Figure 7,

and the correspondingy (1) = 6,2~ (Foo+Ro1) As shown in Figure 7, the bourd; = \/1_‘10(’Qo(1)_M°;1(17(R°°+R°1)))2.

M_1

-(R_00+R_01) -(R_00+R_01)
4M02 6M_02

Fig. 7. Intervals forr; whenrg € (4Mg2~(FootRoi] 67,2~ (Roo+Fo1)],

Now, we can begin computing an upper bound on the cost fundtlote that

T-1
W (=M < S wia(M2 )2
=0
T—-1 T-1
F3Y w2 a2
i=0 j=i+1
Then, the following is an upper bound on the cost.
T-1
Sucp ||W(7’ - f)”% < suprec, Z wii(Mi2’R“')2
reCr =
T—-1 T-1
i=1 j=i+1

<



T-1 1= g (=1 M 20— Be@)y2 o
SUPn;es; Yo wu(\/ k=0 Ik Ttk - k 9~ Rii)

i1 ~ TR
2y T z+1wu\/1 Sizh o (DM R D)2

q;

\/1*23;;0 i ((ng —1) M 20~ Br(0))2 9~ (Rii+R;j)
q; '

We rewrite the above inequality as

T-1
sup ||[W(r — 7#)||3 < supn, es, {Z Ch,iiM7 (n;) +
reCyr i=0
T-1 T—1
22 Z Ca,i5 M, M;(n;)}
=1 j=1+1

-1 "R, (i
whereMo(n:) = [{Eb1{Un} 1, and M (n;) = / 2=imo ol lu DM D) g =1 71, € = wy,2-2Re,
and Co;j = 2w._2—(Rii+Rjj), We can then take partial derivatives df(ng,...,nr—1) = Z;T:_ll C1iM2(n;) +
22 ZJ ir1 C2,ijM;(n;) M;(n;) with respect ton; assuming; is continuous fori = 0,1...,7 — 1, and set each to

zero to see if the corresponding’s are integers. When we take partial derivatives, we get

2 21 Cl i (nl) SMZ(M +2 Zg =i+1 Ca,ij SMZn(nZ) M; (nJ)

After some algebra, one can show thgt = 1 results infoi =0 and 327]20|nj <0, fori=0,1

n¥’s are integer maxes:’ (i) = M;2~ % and

T — 1. Since the

T-1 2 Ry;
sup [|W(r —# ||2 < wii )2
S

T—-1 T-1
+2 iy 5?2 (Riutlys) & 1,

Finally, it is straightforward to show that wherf = 0, for i = 0,1,...,7 — 1, then#} (i) = M;2~ %) and ||W (r* —
7*)||3 = U. Thereforesup, ., ||[W(r —#)||3 for any given rate matrix occurs at the centroid of the eltijls

Now, we minimizeup, ., ||W (r —#)||3 over all rate matrices as follows:

R;; —(Ri;+Rjj;)
ming Z 1 L ;i 2 +2Z Z; l+1w”2qlT“
s.t. Zi:o R” =R forj=0,1,..,.T -1
R;; >0 forall 4, j.

By inspection, the optimal rate matrix is diagonal.



One can show that past allocation may be useful for signa #®tt are nonsymmetric or finite or for different
performance metrics. Also, if the encoder has access to rhieeesignalr at timet¢ = 0, but still transmitsR bits

per time step, past allocation improves performance as shiowur navigation problem (section IlI).

[1-D. Comparison of Bounds

We now compare the lower bound and causal upper bound to e¢aehfor different LTI causal systems
L = ss(A;, By, Ci, Dy), and for different time horizon%'. We consider diagonal weight matrices
W = diag(Xo, A1, ..., Ar—1) with |A;| < 1, Vi, and fix the rateR = 10. Under such conditions, we note thatz =
272 (DI N}

Figures 8 and 9 illustrate the bounds for various scenasiod,we make a few observations.

«10° Minimum Gamma vs. T x10° Minimum Gamma vs. T
T T T T

ool Lower_Bound — 1 Lower_Bound /
Upper_Bound / — ev_EuuV\d /
// 12f pper. ,/
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/ 08 /
£ g //
£05 g
: / £ /
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/
/ /
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L T L /
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Lower_Bound
—— Upper_Bound
sk
. /

AN

Fig. 8. Top: Bounds forL = ss(0.01,0.01,1,1) and random weights, Middle: Bounds fdr = ss(0.3,0.3,1,1) and

random weights, Bottom: Bounds fdr = ss(0.9,0.9,1, 1) and random weights.

« When the eigenvalues 6% are chosen randomly from an i.i.d. process, then we seehtbabtver bound plateaus for

largeT'. To see why this makes sense, we compute the expected valuaaance ofy,z with L = s5(0.9,0.9,1,1)



x10”

Minimum Gamma vs. T
T

x10°

Minimum Gamma vs. T
T T

Lower_Bound

/ —— Upper_Bound

—— Lower_Bound
Upper_Bound 12

Fig. 9. Top: Bounds forL = ss(0.1,0.1,1,1) and decaying weights, Bottom: Bounds ffr= ss(0.9,0.9,1,1) and

decaying weights

and observe their behaviour d@sgrows large.
B{ys} =2 E{IL NI 7).

Since the);’s are all independent, we get that the expectation of theywbis the product of the expectations. In
addition, since the\;’s are identically distributed their expectations are gjia, and we get the following.

E{yrp} =271, B{I\|T} = 272RET{|\/7}.
Now, asT — oo, we get thatE{y.z} — 272% since|)\;| < 1. Next, we compute the variance of 5 by first
computingE{~? 5 }.

B{yip} =2 "B{I[S, [Nl T} = 27 FET{|A/ ).
We see that a§’ — oo, we get thatE{y2 5} — 27, which implies thatar(y.5) = E{?5} — E*{vL5} — 0.
Therefore, for largel’, we expect that the lower bound approachesd?.

« When the eigenvalues df are exponentially decaying.e., \; = (3)! for i = 0,1,...,7 — 1, and for some

0 < B < 1, then the lower bound approaches 0 Bs— oo. This can be verified by showing that the ratio
. 2

vee(T+1) _ {I17 8371
ye(T) — et Bi}%
rate when the pole of. is close to the unit disk.

= 3 < 1. The causal upper bound increases but plateaus for #rpat at a much slower

o The causal upper bound is closer to the lower bound when tleegfdhe LTI system ofL or that which generates

a noncausal is close to the origin than if the pole is close to the unit disk

1. NAVIGATION

In this section, we assume that the remote system has somewnlhnitial conditionzy which lies in a known bounded

ellipsoid in R*. We want to steer the state of the remote system as close taitjie as possible under the constraint that



the control input can take on at mast” values afterT time stepsj.e., the command is transmitted through a finite-rate

noiseless channel as shown in Figure 10.

R
w Xg u X

Fig. 10. Finite Horizon Navigation Set Up

Specifically,
e weER" st w2 <1,
« F:R" — R" is a linear operator,
o E:R" — {0,1}7T is an arbitrary operator (encoder) that maps a real vectargequence dat’*’ binary symbols,
« R is the channel rate for the finite-rate noiseless channelntia®@s{0, 1} 77 — {0, 1}77,
« D:{0,1}*T - R” is an arbitrary operator (decoder) that maps a sequen2&’obinary symbols to a real vector,
and
» H is a causal SISO LTI system with state-space representéfienss(A, B, 1,0) with (A, B) reachable and is

full rank.

We investigate two performance metrics for our navigatioobfem. The first metric fixes the horizdh and looks for

the smallest ball around the origin that the state can rdacparticular, we compute lower an upper bounds such that

YrB < min(g p) SUPgyeC,, lzr|l3 < B,

whereC,, £ {zo € R"|z¢g = Fw,w'w < 1} = {29 € R" | (F~120)'(F~'xo) < 1}. Knowledge ofy. 5 tells us that
regardless of the encoder and decoder that we select, weocaa Hetter than this lower bound. Therefore, we expect it
to be independent af and D. The upper bound tells us that there exists a coding schenteefacoder an decoder) such
that the worst case performance is always less than or equalg. Therefore, to computey s, we need to construct
an encoder and decoder and compute the corresponding eemestperformance.

The second metric fixes and looks for the minimum time it takes for the state vectordach a ball of sizey.
Therefore, we fixy and then look fofT},;,, such thatmin g, p) SUDgec,, l|lzr||3 < v forall T > Thin.

We compute the bounds in the following sections.

[11-A. A Lower Bound
In this section we derive the lower bound on worst-case raidig performance.
Theorem I11.1. Consider a reachable SISO LTI causal DT systédin= ss(A, B,I,0) where A is full-rank and with

initial condition zy € {z € R"|x = Fw,w € R",w'w < 1}, for a given full-rankF. If the control input is constrained

to take on at mose®? values afterT” > n time steps, thefjzz||2 < v only if



y 2 2721/ {|det(F)| |det(AT)|} .

Proof.

We first observe that the set of all possible initial conditpC,, = {zo € R'zg = Fw,w'w < 1} =
{zo € R" | (F7tx)(F~txg) < 1}. C4, is a bounded ellipsoid in R centered at the origin with volume
n det{((F~1)(F~1))=95} = n|det(F)|, wheren is the volume of a unit ball in R Since A is full rank, the set
created by multiplyingeo on the left byA” is also a bounded ellipsoid in 'R Denote this new set a8,r,, = {y €
Ry = ATzg, 20 € Cyy }-

Next, note that|jzr|3 = |[ATzy + Mu||3, where AT is the (T)"* power of the matrix4, and M =
[ AT-2B AT-3B ... AB B } is the reachability matrix of systerf. Since M is full row rank, one can pick
any valuey € R and find au € RT such thaty = Mwu. Over a horizonT', the channel sends a total &7 bits which
limits the control signal to take on no more thaf” values. Thereforey = Mu can only take or2®7 values.

Consider a selection of signals, yo, ..., yarr, Which correspond to inputsy, us, ..., usrr, respectively. We must then
map eachATz € C,r,, to exactly oney; i = 1,2,...,2%7. Such a mapping induces a partition 6nr,,. In particular,
defineP; = {v € Cpr,,| v — y;} for i =1,2,..., 28T,

Now, suppose that the selectign, s, ..., yorr Were chosen such th&tA” zo + ;|3 < v for all ATz € P;, and for
all i. Then necessarily’; C B, where, is a ball in R* of sizey with volume,/~7".

Since P, C B, for eachi = 1,2,...,2%7 it is necessary tha®” ~-balls cover the se€,r,,. This implies that

28T % volume(B,) > volume(Cyr,,). Equivalently,

9RT volume(Cz) _ |det(F)| |det(AT)]
= wolume(B,) V™

After rearranging terms, we get that> 2-287/n{|det(F)| |det(AT)[}=.
|

Since we often consider classes of inputs generated fronsydtemsj.e., F' is LTI, we compute the lower bound for

this case in the following corollary.

Corollary I11.1. Given the navigation set up defined abovéy i generated by a causal SISO LTI system with state-space
descriptionss(Ay, By, Cy, Dy), then

2

ller[[3 > 27280/7(Dy)?{|det(AT)[}+.

Proof. If F is generated by a SISO causal LTI system with state-spaceipteen F' = ss(Ay, By, Cy, D), then it can
be represented asa x n lower triangular Toeplitz matrix operator, with alt eigenvalues equal t® . This implies that

the {det(F)}» = (Dy)?. [

We now comment onyz .
o v depends orf’ (class of initial conditions)p (the dimension of the system stat#),(performance horizon), and

R (channel rate).



« If A is stable, then necessarily the lower bound approaches @"agrows large sinced” is approaching 0. In this
case, for largél’ one does not need to apply a control inpuand the state will approach the origin.
« Itis helpful (as we will see when we compute upper boundsgterite the lower bound in terms of the singular and

eigenvalues of the matrid” F as follows:
g = 2 2RI 0 (ATF) Y = 27 2RI b (AT F) [}

Again, when computing the lower bound, we made no assungtornwhether the encoder and decoder are causal or

noncausal. In the following sections, we compute noncaasdlcausal upper bounds.

[11-B. A Noncausal Upper Bound

In this section, we derive an upper bound on worst-case padioce assuming that the encoder and decoder are
noncausal. The upper bound is derived using a coding schleatdransmits information about the vectay in terms
of a basis derived from the singular value decompositiondBuf the matrix AT F similar to the scheme describes in

section II-B.

Consider Figure 11 below. The encoder first uses the SVRGF = ULV * to write ATy = ATFw = Z?:_Ol 005U,
whereo; is theith singular value ofA” F, a; = vw wherev; is theith row vector of V*, and u; is the ith column
vector ofU. Theq;'s are then each converted into their binary representaoil truncated according to the bit-allocation
strategy denoted iR = (R;, R, ..., R,,). In particular, a total ofR; bits are allocated tav, for kK = 1,...,n, and the
only restriction is thaf",_, R, = TR.

The decoder uses the bit-allocation stratéyyto reconstructx and then uses the SVD of” F to computez, from
&. Finally, the decoder computes the minimum 2-norm contrghai v such thatA” &, + Mwu = 0, which is the least

squares solution to an under-constrained set of lineartiemsa

Encoder Decoder

Minimum Norm
Least Squares

Fig. 11. SVD Coding Scheme

Note that with the above SVD coding scheme,



sup ||z |l3 = sup,ec,, 1A (Z0 — 20)[3
xOECmO

= SUP (| |jw|l2<1} ||ATF(“7 - w)||§

= SUPyq| ||al2<1} i1 7:1(071' — i) (&5 — aj)oioj (wiu;)
<SUPLa| (lals<1} i |i]?27 207

< max; 272Ri0i2.

To derive the upper bound using the above SVD coding schemecaomstructR = (Ri, Ry, ..., R,) to solve the

following optimization problem:

ming max; 2728 012

S.t. Z?:l R,=TR
R; >0 Vi.

We allow the rates to take on non-integer values to solve fiooatimal bit-allocation strategy. The resulting non-gee
valued rates can be interpreted as average rates over theel¥ove problem is computable and it is easy to verify (using
Lagrange multipliers) that the optimal solutionR§ = (% — L5 [ loga(04)) +loga(o;) Vi. Therefore, the larger the
singular valuer;, the more bits are allocated tg. It is straightforward to show that the resulting upper boactieves

the lower bound.

[11-C. A Causal Upper Bound

In this section, we derive an upper bound by constructing dified SVD Coding Scheme, where the encoder has
access to the entire vectogp € C,, at timet = 0, but the decoder is restricted to only procés®its of information per
time step. This is a more practical implementation.

The causal coding scheme transmits information ahqutin terms of a basis derived from the singular value
decomposition (SVD) of the matri¥. Consider Figure 12. Here, the encoder first uses the SV’ 6t UXV* to
write xg = Z?:_Ol o;0,u;, Whereo; is theith singular value of, a; = v;w wherev? is theith row vector ofV*, andu;
is theith column vector ofU. Thew;’s are then each converted into their binary representsigonl truncated according

to the bit-allocation strategy dictated bylax n rate matrix

Roy Ris . Ron
Ry R Ry,
R = RQl RQQ R2n )

| Rr—1q1 Rr—12 Rr-13 ... Rroin |



such thatzj R;j=Rfori=0,1,..,T—1. Let R;(t) = Z;:O R, fori=1,..,nand¢t=0,1,...,7 — 1. Then, a total

of R;(t) bits are allocated tey;, for i = 1,...,n at timet.

Encoder Decoder

Fig. 12. SVD Coding Scheme for Navigation

At time ¢, the decoder uses the bit-allocation stratégyas described in section 1I-C) to reconstructs &(t). The

decoder then computes the scalar control inputhat minimizes||z.||2, by solving the following optimization problem

min,, sup,cg, |[AUYa + Ef;g A1 By, + Buy|o
st. Si={a € R"| |y —&;(t)| <27 %" =12 .. n}

The solution to the above min-sup problem can be computedtlgx#&irst, we use the property that the supremum
of a convex function over a bounded interval occurs at thenHaries, which gives us that*(¢), the solution to

Supaes, |[AUSa + 3122 A1 Bu; + Bu||2, as one of the following vectors:

Gy (t) £27 @
o (t) £ 27120

G (t) £ 2710 (®)

Then, we minimizg|AUZa*(t) + ZE;S A*=171Bu; + Bu||» by taking its derivative with respect to, and then setting

* t—2 At—1—i Y
it to 0. We get that the optimal control input at tinds v} = AUZ O+ AT Bui)'B

. Finally, we can show that

(B'B)
supc,, ||zr||2 occurs atrg = 0 and correspondingly = 0, which gives
2—R1(t)
2—R2(t)
a*(t) =
2—Rn(t)
Therefore, the decoder computes = (AUE“*“HZ(];%kaiBuin using the above* (t).

The critical difference between the above coding schemetatdntroduced in section 1I-B is the restriction of allticg

a total of R bits each time step, which is captured by the rate matrix.



[11-D. Comparison of Bounds

We now compare the lower and upper navigation bounds ¢m each other for different LTI causal systems
H = ss(A,B,C, D), and for different time horizond". We consider diagonal x 4 (n = 4) state-transition matrices
A = diag(ao, a1, az,a3), an F that is generated by LTI systews(Ay, By, Cy, Dy), and we fix the rateR = 5. Under

such conditions,
— n n—1 2
vB = 272BT/" (D) {112y lail T}

Figures 13 and 14 illustrate the bounds for the followingnsems.

1) F = 55(0.99,0.99,1,1), A = diag([0.2 0.8 0.9 0.8]), andB = [1 1 1 1]".
2) F =ss5(0.01,0.01,1,1), and A and B are the same matrices as those generated in 1.
3) F =55(0.99,0.99,1,1), A = diag([1.2 1.8 1.9 1.8]),andB=[11 1 1]".
4) F =ss(0.01,0.01,1,1), and A and B are the same matrices as those generated in 3.

0.035 x10°
—— Lower_Bound
Causal_(E,D)_UB

— Lower_Bound

003F 1 ast Causal_(E,D)_UB

0.0251

0.021

0.0151 b 2t

001+ 1 st

0005+ N

Fig. 13. Left: Bounds forF = s5(0.99,0.99,1, 1) and A stable, Right: Bounds foF' = ss(0.01,0.01,1,1) and A stable

We make a few observations.

« Stability of A: All bounds decay whem is stable asl" grows. WhenA is unstable, then the causal upper bound
only decays when the pole of the system that generatescloser to the unit disk.

« Pole of F: When the pole of the system that generakess closer to the origin, the singular values Bfare all
comparable and therefore using the SVD basis to reprageintthe causal coding scheme is less helpful. Therefore,
we expect causal coding performance to deteriorate, whicdoés. Put another way, whdn has a pole close to
the unit disk, then the ellipsoid sét, has more structure, that is knowing some componentg,ofiive alot of
information about the remaining componentigf When the pole of is closer to 0, the®,,, looks more and more

like ann-dimensional sphere.
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Fig. 14. Left: Bounds forF = s5(0.99,0.99,1,1) and A unstable, Right: Bounds foF" = ss(0.01,0.01,1,1) and A

unstable,

I11-E. A Lower Bound on Time Horizon

In this section, we seek to minimize the time it takes for ttaesvector to reach a ball of size Therefore, we fixy

and then look for the smallest horizdhto meet performance.

Theorem I11.2. Consider a reachable SISO LTI causal DT systéin—= ss(A, B, I,0) with A being full rank and with
initial condition zy € {z € R"|z = Fw,w € R*,w'w < 1}, for a givenF. If the control input is constrained to take on

at most2” values afterT’ > n time steps, thehzz||2 < v (for any giveny > 272F|det(A)|?) only if

2(loga (|det (F)]) —loga (|det(A)])
T= m‘w(‘ Too () T F—Toa (A=t (A T)

,n).

Proof.

As shown in the proof for Theorem 111.1, an equivalent exgices for navigation performancgMu + AT Fw||2 < v
is ||[Una + ATFw||3 < . We apply the same counting argument as that given in the gmoTheorem 111.1, but
isolate T' on one side of the inequality instead of We then get that the lower bound on the number of time steps as
‘2%’;’3g'v‘ﬁjfg?l)z_lé;‘(’fél‘f(@jf))‘)‘ as long asloga(y) + 2R — 2log(|det(A)|) > 0, which is equivalent toy > 272%|det(A)|2.
Finally, since we assumed th&t > n (M full row rank), this lower bound is only valid if it is greatdhan n. If

2(logz (|det(F)|) —loga(|det(A)])
log2 (v)+2R—2log(|det(A)])

’ < n, then it is possible to reach a ball of sizein n time steps.

Note that the lower bound depends &n F, v, and the system dynamics.

IV. CONCLUSIONS & FUTURE WORK

In this paper, we present a deterministic worst-case appréa reconstructing signals that are transmitted throaigh

finite-rate noiseless channel and then applied to lineaanycal systems. We define two finite-horizon system perfocaa



criteria, discuss performance limitations when codingeitnicted to be causal, and quantify achievable performévels
for each.

In this paper, we ignore feedback and only consider how thiefiate channel impacts control in a feedforward setting.
This makes sense when one is controlling “slowly”. That ispenmand is sent to a remote system when it is at rest and
then it “moves” accordingly. Feedback as to where the systasimoved to is given, but at a slower time-scale. In future

work, we will allow for feedback and study finite-horizon ebjives in this case.
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