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ABSTRACT

In this paper, we consider a set up in which the plant and controller are local to each other, but are together driven by

a remote reference signal that is transmitted through a finite-rate noiseless channel. When control must be done over a

communication channel, there is a fundamental tradeoff between allowing enough time for reconstruction of signals over

the channel and achieving performance in finite-time. Most work in the area of control under communication constraints

have addressed infinite-horizon control objectives (eg. stability, disturbance rejection). In this paper, we study two finite-

horizon control tasks. The first task is to minimize a finite-horizon weighted tracking error between the remote system

output and a reference command, which belongs to a class of signals. The second task is to navigate the state of the remote

system from a nonzero initial condition, which lies in a bounded set, to as close to the origin as possible in finite-time.

We compute lower and upper bounds on the worst-case performance for the two objectives as a function of the channel

rate, time horizon, and system parameters. We achieve both lower bounds with noncausal coding schemes and show that

imposing causality on the coding scheme limits achievable performance in both cases, but more severely for tracking. We

illustrate how the bounds behave under various scenarios and show tradeoffs between time and performance accuracy.

I. INTRODUCTION

The classical control paradigm addresses problems where communication between one plant and one controller is

essentially perfect. Today new problems in control over networked systems, whose components are connected via

communication links that can be very noisy, induce delays, and have finite rate constraints, are emerging. Applications

include remote navigation systems (deep-space and sea exploration) and multi-robot control systems (eg. aircraft and

spacecraft formation flying control, coordinated control of land robots, control of multiple surface and underwater vehicles),

where robots exchange data through communication channelsthat impose constraints on the design of coordination

strategies.
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In communication systems, problems entail designing channel encoders and decoders to reconstruct signals sent through

noisy channels. Questions aboutasymptoticreconstruction are typically addressed. In control systems, problems often entail

designing controllers to generatereal-timedesirable responses from a system. Therefore, when controlmust be done over

a communication channel, there is a fundamental tradeoff between allowing enough time for reconstruction of signals and

achieving stability and performance in finite-time.

Control under communication constraints is a research areaof growing interest. Much work has focused on stability

under finite-rate (or countable) feedback control, where the only excitation to the system is an unknown (but bounded)

initial state condition [2], [3], [4], [5], [7], [10], [14],[15], [16], [18], [19], [20], [22], [23]. The questions posed involve

conditions on the channel rate that will guarantee that the state of the system (or some function of the state) approach the

origin/remain bounded as time goes to infinity. More recently, disturbance rejection limitations were derived for the same

setting, assuming stochastic exogenous signals entering the system [17]. Although these studies have contributed greatly

to our understanding of the interplay between communication and control, few studies address finite-horizon performance

limitations under communication constraints.

A handful of recent studies explore the tradeoffs between finite-horizon performance and control complexity for linear

systems and finite automata systems [6], [8], [11], [12]. In [12], Fagnani etal. consider the closed-loop system shown in

Figure 1.
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Fig. 1. Equivalent Closed-Loop System

G is a single-input multi-output discrete-time causal LTI system with unknown initial conditionx0 ∈ IRn, which is a

random vector with uniform probability density over a givenbounded setW ⊂ IRn. The feedback control law,u ∈ IR, must

be generated over a finite-rate link that transmits exactlyR bits per time step. Fagnani etal. ask the following question:

Given a subsetV of W, find the minimum expected time,E{T(W,V )} that “traps” the statext in V for all t ≥ T.

Fagnani etal. show that for any givenβ > 0,

E{T(W,V )}
ln(C) ≤ β ⇒ LN

ln(C) ≥ δ(β),

whereC = µ[W ]
µ[V ] (µ is the Lebesgue measure in IRn) is a contraction rate that describes how small the target set is with

respect to the starting set.L is a measure of the complexity of the coding scheme (E,D) andδ(β) = H1βw
1
β , for some

w > 1 and constantH1, which depends on the plant dynamics. See [12] for details. This result shows that demanding



smaller values of the expected minimum time to reach setV , results in requiring more complicated coding schemes.

In this paper we compute lower bounds for finite-horizon tracking and navigation objectives under finite-ratefeedforward

control. In our tracking problem, we compute the smallest allowable worst-case performance over a class of reference

signals. In our navigation problem, we compute the smallestallowable ball around the origin that the state of the system

can reach inT time steps, given that the initial condition lies in an ellipsoid. In turn, we also compute the minimum number

of time steps,T , for the state of the system to reach a given ball around the origin. We also construct quantization/coding

schemes to derive upper bounds on both performance objectives, and illustrate how imposing causality on the quantizer

limits achievable performance. Our framework is deterministic and our lower bounds are independent of the complexity

of the coding scheme.

II. TRACKING

In this section, we are interested in tracking a class of reference commands,r, over a finite-horizon and under finite-rate

constraints. We consider the cascade of SISO discrete-timesystems shown in Figure 2.
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Fig. 2. Finite Horizon Tracking Set Up

Specifically,

• z ∈ IRT s.t. ||z||2 ≤ 1,
• L : IRT → IRT is an invertible linear operator,

• E : IRT → {0, 1}RT is an arbitrary operator (encoder) that maps a real vector toa sequence of2RT binary symbols,

• R is the channel rate for the finite-rate noiseless channel that maps{0, 1}RT → {0, 1}RT ,

• D : {0, 1}RT → IRT is an arbitrary operator (decoder) that maps a sequence of2RT binary symbols to a real vector1,

and

• H : IRT → IRT is an invertible linear operator (model of remote plant and controller system at rest).

Note thatL defines a class of signals,Cr, that is generated from a unit ball in IRT . SinceL is linear, it maps the unit

ball to a bounded ellipsoid. We set out to minimize a trackingerror over all signals,r, in this class (worst-case analysis).

Since the input and output signals have finite length, the following performance metric is computed over a finite-horizon:

||W (y − r)||22, whereW ∈ IRT × IRT is a given full-rank weight matrix.

It is worth commenting that in the ideal case of perfect communication (R =∞), it is possible to construct an encoder

and decoder (E = L−1 andD = H−1) such that||W (y − r)||22 = 0 ∀r ∈ Cr. However, with a finite-rate constraint, the

control,u, can only take2RT values over a horizon ofT time steps. Furthermore, withH being a one-to-one mapping,

1Note that we denote the reconstructed signal asu, which is standard notation for a control input to a system.



the output,y, can only take2RT values over a horizon ofT time steps. Therefore, it is not clear what level of performance

is achievable overCr.

To understand tracking limitations under finite-rate feedforward control, we computeγLB andγUB, such that

γLB ≤ min(E,D) supr∈Cr ||W (y − r)||22 ≤ γUB.

Knowledge ofγLB tells us that regardless of the encoder and decoder that we select, we can do no better than this

lower bound. Therefore, we expect it to be independent ofE andD. The upper bound tells us that there exists a coding

scheme such that the worst case performance is always less than or equal toγUB . Therefore, to computeγUB , we need

to construct an encoder and decoder and compute the corresponding worst-case performance. We computeγLB andγUB

in the following sections.

II-A. A Lower Bound

In this section we derive the lower bound on worst-case performance.

Theorem II.1. Given the tracking set up defined above, assume thatdet(W ) 6= 0, det(L) 6= 0. Then,

γLB = 2
−2R{|det(L)| |det(W )|} 2T .

Proof.

The set of all possible commands,Cr , {r ∈ IRT |r = Lz, z′z ≤ 1} = {r ∈ IRT | (L−1r)′(L−1r) ≤ 1}. Cr is a bounded

ellipsoid in IRT centered at the origin with volumeη det{((L−1)′(L−1))−0.5} = η|det(L)|, whereη is the volume of a

unit ball in IRT .

Over a horizonT , the channel sends a total ofRT bits which limits the control signal to take on no more than

2RT values; and, sinceH is a one-to-one mapping, the channel limits the output to take on no more than2RT values.

Consider a selection of outputsy1, y2, ..., y2RT , which correspond to inputsu1, u2, ..., u2RT , respectively. We must then

map eachr ∈ Cr to exactly oneyi i = 1, 2, ..., 2RT . Such a mapping induces a partition onCr. In particular, define

Pi = {r ∈ Cr| r → yi} for i = 1, 2, ..., 2RT . Now, suppose that the selectiony1, y2, ..., y2RT were chosen such that

||W (yi − r)||22 ≤ γ for all r ∈ Pi, and for all i. Then necessarilyPi ⊆ Sγyi , {r ∈ IRT | (r − yi)′W ′W (r − yi) ≤ γ}.
Note thatSγyi is a bounded ellipsoid in IRT centered at pointyi with volumeη(

√
γ)Tdet{(W ′W )−0.5} = η

√
γT

|det(W )| . See

Figure 3 for an illustration.

SincePi ⊆ Sγyi for each i = 1, 2, ..., 2RT , it is necessary that2RT bounded ellipsoids (Sγy ) cover the setCr. This

implies that2RT × volume(Sγy ) ≥ volume(Cr). Equivalently,

2RT ≥ volume(Cr)
volume(Sγy )

= |det(L)| |det(W )|
(
√
γ)T .

After rearranging terms, we get thatγ ≥ 2−2R{|det(L)| |det(W )|} 2T .
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Fig. 3. Bounded EllipsoidsCr andSγy

Since we often consider classes of inputs generated from LTIsystems,i.e.,L is LTI, we compute the lower bound for

this case in the following corollary.

Corollary II.1. Assume thatdet(W ) 6= 0, det(L) 6= 0, andH is a one-to-one mapping. IfL is a causal SISO LTI system

with state-space descriptionL = ss(Al, Bl, Cl, Dl), then

||W (y − r)||22 ≥ 2−2R(Dl)2{|det(W )|}
2
T .

Proof. If L is a SISO causal LTI with state-space descriptionL = ss(Al, Bl, Cl, Dl), then forT time steps, it can be

represented as aT × T lower triangular Toeplitz matrix operator, with allT eigenvalues equal toDl. This implies that

the {det(L)} 2T = (Dl)2.

As expected,γLB depends onL (class of reference commands),W (performance weights),T (performance horizon),

andR (channel rate). It is helpful (as we will see when we compute upper bounds) to rewrite the lower bound in terms of

the singular and eigenvalues of the matrixWL as follows:γLB = 2−2R{
∏T−1
i=0 σi(WL)}

2
T = 2−2R{∏T−1i=0 |λi(WL)|}

2
T .

When computing the lower bound, we made no assumptions on whether the encoder and decoder are causal or

noncausal operators. IfE andD are both noncausal, then our tracking problem reduces vector quantization problem

with a deterministic error metric [1], where time need not enter the picture. At timet = 0, a noncausal decoder “knows”

the future, that is, it can computeuk for k = 0, 1, ..., T − 1, which are represented byTR bits over a horizon ofT steps.

On the other hand, ifE andD are causal, then the decoder only can computeuk at timek anduk is represented by at

most (k + 1)R bits.

In the following sections, we compute two upper bounds. One bound is computed by constructing a noncausal encoder

and decoder, and the second upper bound is computed by constructing a causal coding scheme, which is more practical.

II-B. A Noncausal Upper Bound

In this section, we derive an upper bound on worst-case performance assuming that the encoder and decoder are

noncausal. The upper bound is derived using a coding scheme that transmits information about the signalr in terms of a

basis derived from the singular value decomposition (SVD) of the matrixWL.



Consider Figure 4 below. The encoder first uses the SVD ofWL = UΣV ∗ to writeWr =
∑T−1
i=0 σiαiui, whereσi

is the ith singular value ofWL, αi = v∗iw wherev∗i is the ith row vector ofV ∗, andui is the ith column vector ofU .

The αi’s are then each converted into their binary representations and truncated according to the bit-allocation strategy

denoted inR = (R0, R1, ..., RT−1). In particular, a total ofRk bits are allocated toαk, for k = 0, 1, ..., T, and the only

restriction is that
∑T−1
k=0 Rk = TR.

The decoder uses the bit-allocation strategyR to reconstructα and then uses the SVD ofWL to computer̂ from α̂.

Finally, the decoder appliesH−1 to r̂ to generateu. We call thisE −D construction the “SVD Coding Scheme.”
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Fig. 4. SVD Coding Scheme

Note that with the above SVD coding scheme,

sup
r∈Cr

||W (y − r)||22 = sup
r∈Cr

||W (r̂ − r)||22

= sup
{w| ||w||2≤1}

||WL(ŵ − w)||22

= sup
{α| ||α|2≤1}

T−1
∑

i=0

T−1
∑

j=0

(α̂i − αi)(α̂j − αj)σiσj(u′iuj)

≤ sup
{α| ||α|2≤1}

T−1
∑

i=0

|αi|22−2Riσ2i

≤ σmax(S)

whereS is the diagonal matrixdiag(2−R0σ0, 2−R1σ1, ..., 2−RT−1σT−1).

To derive the upper bound using the above SVD coding scheme, we constructR = (R0, R1, ..., RT−1) to solve the

following optimization problem:

minRmaxi 2−2Riσ2i

s.t.
∑T−1
i=0 Ri = TR

Ri ≥ 0 ∀i.

We allow the rates to take on non-integer values to solve for an optimal bit-allocation strategy. The resulting

non-integer valued rates can be interpreted as average rates over time. The solution to the above problem forces



2−2R
∗

i σ2i = 2
−2R∗j σ2j ∀i 6= j, whereR∗i = R + log(σi) − 1

T

∑T−1
j=0 log(σj) for i = 0, 1, ..., T − 1. This gives us

γUB = 2
−2R{log(∏T−1i=0 σj)}

2
T = γLB.

Therefore, we achieve the lower bound with the noncausal SVDcoding scheme above. However, this is not a practical

implementation as the encoder must have access to the entiresignal,r, at time 0.

II-C. A Causal Upper Bound

In this section, we derive an upper bound assuming that the encoder and decoder are causal and implement a practical

coding scheme illustrated in Figure 5. In this scheme, the encoder is a quantizer parameterized by a rate matrix which

dictates how bits are allocated to each component in the encoder’s memory at each time step. Specifically, the rate matrix

has the following form.

R =





















R00 0 0 ... ...

R01 R11 0 0 ...

R02 R12 R22 0 ...

...
...

...
. . .

. . .

R0,T−1 R1,T−1 R2,T−1 ... RT−1,T−1





















,

such that
∑

j Rij = R for i = 0, 1, ..., T − 1.
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Fig. 5. Causal Coding Scheme

To understand how the above rate matrix dictates a bit-allocation strategy, let̂ri(j) be the quantized estimate ofri at

time j. Then,R determines that at timet = 0, R00 bits are used to quantizer0 to producer̂0(0). At time t = 1, an

additionalR01 bits are used to quantizer0 to producêr0(1), andR11 bits are used to quantizer1 to producêr1(1), and

so on. The accuracy of̂ri(j) is within ±Mi2−
∑j

k=i Rik of ri for all i ≥ 0, where2Mi is the length of the interval in

which ri belongs to as computed by the decoder at time stepj. The decoder computesMi from its past inputs and from

constraints imposed onr ∈ Cr. These computations will become clear below.

Consider the following example for horizon lengthT = 2,

Q , (L−1)′(L−1) =





q00 q01

q01 q11



 , W ′W =





w00 w01

w01 w11



 ,

for someq01 andw01 ∈ IR.



At time t = 0, the encoder receivesr0 which has magnitude less than or equal toM0,2 and its quantization region is on

the interval{−M0,M0} which is divided into2R00 equal intervals as shown in Figure 6. The union of the representatives

for each region comprise the range ofE at time 0. Specifically,

E(r0; t = 0) = nM02
(1−R00)

for nM02(1−R00) < r0 ≤ (n+2)M02(1−R00), n = −2(R00−1),−2(R00−1)+2, ..., 0, 2, ..., 2(R00−2). Thus, when the encoder

receivesr0 it outputs the right boundary value of the interval in whichr0 falls, which is represented byR00 bits. The

decoder then receiveŝr0(0) and updates its bounds for bothr0 andr1 to prepare for its next input.

The bounds forr1 are generated from the constraints imposed by the setCr , {r ∈ IRT |r = Lz, z′z ≤ 1}. For

T = 2, Cr forces |r1 + q01
q11
r0| ≤

√
1+µr20√
q11

given r0, whereµ = q201
q11
− q00. Therefore, after time step 0, we have that

l0(0) ≤ r0 ≤ u0(0), l1(0) ≤ r1 ≤ u1(0), 3 where

l0(0) = r̂0(0)− 2−R00M0,
u0(0) = r̂0(0) + 2

−R00M0,

l1(0) = min{−q01q11
l0(0)−

√
1+µ(l0(0))2√

q11
, −q01
q11
u0(0)−

√
1+µ(u0(0))2√

q11
},

u1(0) = max{−q01q11
l0(0) +

√
1+µ(l0(0))2√

q11
, −q01
q11
u0(0) +

√
1+µ(u0(0))2√

q11
}.

At time t = 1, the encoder further quantizesr0 by dividing the interval[l0(0), u0(0)] into 2R01 equal length intervals,

and sends the representative of the new interval in whichr0 lies, denoted̂r0(1). The encoder then uses the remainder

R11 bits to quantizer1 by dividing the updated interval[l1(1), u1(1)] into 2R11 intervals, and then sends the center of the

interval in whichr1 falls. It is straightforward to compute

l0(1) = r̂0(0)− 2−(R00+R01)M0,
u0(1) = r̂0(0) + 2

−(R00+R01)M0,

l1(1) = min{−q01l0(1)q11
−
√
1+µl0(1)2√
q11

,
−q01u0(1)
q11

−
√
1+µu0(1)2√
q11

},

u1(1) = max{−q01l0(1)q11
+

√
1+µl0(1)2√
q11

,
−q01u0(1)
q11

+

√
1+µu0(1)2√
q11

}.

It is important to note that past allocation of bits tor0 at time t = 1 allows for a tradeoff of a smaller known interval in

which r1 lies, [l1(1), u1(1)], and finer quantization of the interval itself.

SinceCr is an ellipsoid in IRT , knowledge ofrj impacts the lower and upper bounds onrk for k 6= j Therefore, it

appears that allocating bits to past signal components may be advantageous. It turns out however, that whenCr is any

ellipsoid, it is always optimal in our worst-case setting toallocate allR bits to the current valuerk at timek, i.e., it is

neveroptimal to allocate bits to past valuesr0, r1, ..., rk−1 to quantizerk.

Theorem II.2. Consider the tracking problem that implements the causal coding scheme above parameterized by a rate

2The encoder can computeM0 = |{Σl}11{Ul}11| from the SVD composition ofL = UlΣlV ∗l
3Our notation oflj(k) is the lower bound for componentrj right after time stepk as computed by the decoder. The upper bound is similarly defined.
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Fig. 6. Quantization region at timet = 0

matrix R. Then, the optimal solution tominR supr∈Cr ||W (r − r̂)||22 is a diagonal rate matrix,R∗ = RI and r∗ = 0,

the centroid ofCr.
Proof.

We prove the theorem assumingL is diagonal for a simpler read, however, the general case holds and can be proven

using an identical argument outlined below.

1) We compute an upper bound,U, for supr∈Cr ||W (r − r̂)||22.
2) We show thatr∗ = 0 achievesU and compute||W (r∗ − r̂∗)||22 as a function of the rate matrix.

3) We show that minimizingsupr∈Cr ||W (r − r̂)||22 = ||W (r∗ − r̂∗)||22 over all possible rate matrices gives rise to a

diagonal rate matrix.

Consider the set up for whereL (and henceQ) is diagonal.

Q , (L−1)′(L−1) =

















q0

q1

. . .

qT−1

















,

W ′W =

















w00 w01 ... w0,T−1

w01 w11 ... w1,T−1
...

...

wT−1,1 wT−1,1 ... wT−1,T−1

















.

Then,Cr = {r ∈ IR2|∑T−1i=0 qir
2
i ≤ 1}. Now, since we transmit the signalr in a causal manner, the class of signals forces

|ri| ≤Mi, where

Mi =

√

1−
∑i−1
k=0 qkr

2
k

qi
, i = 1, 2, , , T − 1,

andM0 = |{Σl}11{Ul}11| from the SVD composition ofL = UlΣlV ∗l . At the decoder end, at timei, the transmitted

signal (r0, r1, ..., ri) is not perfectly known. Therefore, it computes each bound as

Mi =

√

1−
∑i−1
k=0 qk(r̂k(i)−Mk2(1−Rk(i)))2

qi
,

whereRk(i) =
∑i
j=k Rkj . Note thatMi is a function ofr̂0(i), r̂1(i), ..., r̂i(i) andRi, which is the firsti× i elements of

the full T × T rate matrix. We suppress these dependencies for an easier read. The above bound assumes, without loss

of generality, the following encoder operator at timej:



E(ri; j) = niMi2
Ri(j)

ni ∈ Si , {−2Ri(j)−1,−2Ri(j)−1 + 2, ..., 0, 2, ..., 2Ri(j)−2},

for niMi2Ri(j) ≤ ri < (ni + 2)Mi2Ri(j). To see where the above expression forMi comes from, consider a

simple example whereT = 2 and R = 3 illustrated in Figure 7. Givenr̂0(1) at t = 1, the uncertainty set as

computed by the decoder forr shrinks fromCr to one of2(R00+R01) “strips” of the 2D-ellipsoid. For example, for

r0 ∈ (4M02−(R00+R01], 6M02−(R00+R01)], the uncertainty computed by the decoder is the shaded strip shown in Figure 7,

and the correspondinĝr0(1) = 6M02−(R00+R01). As shown in Figure 7, the boundM1 =
√

1−q0(r̂0(1)−M02(1−(R00+R01)))2
q1

.

M_0

r_0

r_1

-M_0 0

4 M_0 2
-(R_00+R_01) -(R_00+R_01)

6 M_0 2

M_1

Fig. 7. Intervals forr1 whenr0 ∈ (4M02−(R00+R01], 6M02−(R00+R01)].

Now, we can begin computing an upper bound on the cost function. Note that

||W (r − r̂)||22 ≤
T−1
∑

i=0

wii(Mi2
−Rii)2

+

T−1
∑

i=0

T−1
∑

j=i+1

wij [Mi2
−Rii ][Mj2

−Rjj ].

Then, the following is an upper bound on the cost.

sup
r∈Cr

||W (r − r̂)||22 ≤ supr∈Cr
T−1
∑

i=0

wii(Mi2
−Rii)2

+2

T−1
∑

i=1

T−1
∑

j=i+1

wijMiMj2
−(Rii+Rjj )

≤



supni∈Si
∑T−1
i=0 wii(

√

1−
∑i−1
k=0

qk((nk−1)Mk2(1−Rk(i)))2
qi

2−Rii)2

+2
∑T−1
i=1

∑T−1
j=i+1 wij

√

1−∑i−1
k=0

qk((nk−1)Mk2(1−Rk(i)))2
qi

...

√

1−∑j−1
k=0

qk((nk−1)Mk2(1−Rk(j)))2
qj

2−(Rii+Rjj ).

We rewrite the above inequality as

sup
r∈Cr

||W (r − r̂)||22 ≤ supni∈Si {
T−1
∑

i=0

C1,iiM
2
i (ni) +

2

T−1
∑

i=1

T−1
∑

j=i+1

C2,ijMi(ni)Mj(nj)}.

whereM0(ni) = |{Σl}11{Ul}11|, andMi(ni) =
√

1−∑i−1
k=0 qk((nk−1)Mk2(1−Rk(i)))

qi
, for i = 1, ..., T −1, C1,i = wii2−2Rii ,

and C2,ij = 2wij2
−(Rii+Rjj). We can then take partial derivatives off(n0, ..., nT−1) =

∑T−1
i=1 C1,iM

2
i (ni) +

2
∑T−1
i=1

∑T−1
j=i+1 C2,ijMi(ni)Mj(nj) with respect toni assumingni is continuous fori = 0, 1..., T − 1, and set each to

zero to see if the correspondingn∗i ’s are integers. When we take partial derivatives, we get

δf
δni
= 2
∑T−1
i=1 C1,iMi(ni)

δMi(ni)
δni

+ 2
∑T−1
j=i+1 C2,ij

δMi(ni)
δni

Mj(nj).

After some algebra, one can show thatn∗i = 1 results in δf
δni
= 0 and δ

2f
δn2i
|n∗
i
< 0, for i = 0, 1, ..., T − 1. Since the

n∗i ’s are integer maxes,̂r∗i (i) =Mi2
−Ri(i), and

sup
r∈Cr

||W (r − r̂)||22 ≤
T−1
∑

i=0

wii(
2−Rii√
qi
)2

+2

T−1
∑

i=1

T−1
∑

j=i+1

wij

√

1

qiqj
2−(Rii+Rjj) , U.

Finally, it is straightforward to show that whenr∗i = 0, for i = 0, 1, ..., T − 1, then r̂∗i (i) =Mi2
−Ri(i), and ||W (r∗ −

r̂∗)||22 = U. Therefore,supr∈Cr ||W (r − r̂)||22 for any given rate matrix occurs at the centroid of the ellipsoid.

Now, we minimizesupr∈Cr ||W (r − r̂)||22 over all rate matrices as follows:

minR
∑T−1
i=1 wii

2−2Rii

qi
+ 2
∑T−1
i=0

∑T−1
j=i+1 wij

2
−(Rii+Rjj)

qiqj

s.t.
∑j

i=0 Rij = R for j = 0, 1, ..., T − 1
Rij > 0 for all i, j.

By inspection, the optimal rate matrix is diagonal.



One can show that past allocation may be useful for signal sets that are nonsymmetric or finite or for different

performance metrics. Also, if the encoder has access to the entire signalr at time t = 0, but still transmitsR bits

per time step, past allocation improves performance as shown in our navigation problem (section III).

II-D. Comparison of Bounds

We now compare the lower bound and causal upper bound to each other for different LTI causal systems

L = ss(Al, Bl, Cl, Dl), and for different time horizonsT. We consider diagonal weight matrices

W = diag(λ0, λ1, ..., λT−1) with |λi| ≤ 1, ∀i, and fix the rateR = 10. Under such conditions, we note thatγLB =

2−2R(Dl)2{
∏T−1
i=0 |λi|}

2
T .

Figures 8 and 9 illustrate the bounds for various scenarios,and we make a few observations.
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Fig. 8. Top: Bounds forL = ss(0.01, 0.01, 1, 1) and random weights, Middle: Bounds forL = ss(0.3, 0.3, 1, 1) and

random weights, Bottom: Bounds forL = ss(0.9, 0.9, 1, 1) and random weights.

• When the eigenvalues ofW are chosen randomly from an i.i.d. process, then we see that the lower bound plateaus for

largeT . To see why this makes sense, we compute the expected value and variance ofγLB with L = ss(0.9, 0.9, 1, 1)
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Fig. 9. Top: Bounds forL = ss(0.1, 0.1, 1, 1) and decaying weights, Bottom: Bounds forL = ss(0.9, 0.9, 1, 1) and

decaying weights

and observe their behaviour asT grows large.

E{γLB} = 2−2RE{
∏T−1
i=0 |λi|

2
T }.

Since theλi’s are all independent, we get that the expectation of the product is the product of the expectations. In

addition, since theλi’s are identically distributed their expectations are all equal, and we get the following.

E{γLB} = 2−2R
∏T−1
i=0 E{|λi|

2
T } = 2−2RET {|λ| 2T }.

Now, asT → ∞, we get thatE{γLB} → 2−2R since |λi| ≤ 1. Next, we compute the variance ofγLB by first

computingE{γ2LB}.

E{γ2LB} = 2−4RE{
∏T−1
i=0 |λi|

4
T } = 2−4RET {|λ| 4T }.

We see that asT →∞, we get thatE{γ2LB} → 2−4R, which implies thatvar(γLB) = E{γ2LB} − E2{γLB} → 0.
Therefore, for largeT , we expect that the lower bound approaches2−2R.

• When the eigenvalues ofW are exponentially decaying,i.e., λi = (β)i for i = 0, 1, ..., T − 1, and for some

0 < β < 1, then the lower bound approaches 0 asT → ∞. This can be verified by showing that the ratio
γLB(T+1)
γLB(T )

=
{∏Ti=0 β

i}
2

T+1

{∏T−1i=0 β
i}
2
T

= β < 1. The causal upper bound increases but plateaus for largeT, but at a much slower

rate when the pole ofL is close to the unit disk.

• The causal upper bound is closer to the lower bound when the pole of the LTI system ofL or that which generates

a noncausalL is close to the origin than if the pole is close to the unit disk.

III. NAVIGATION

In this section, we assume that the remote system has some unknown initial conditionx0 which lies in a known bounded

ellipsoid in IRn. We want to steer the state of the remote system as close to the origin as possible under the constraint that



the control input can take on at most2RT values afterT time steps,i.e., the command is transmitted through a finite-rate

noiseless channel as shown in Figure 10.
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F

Fig. 10. Finite Horizon Navigation Set Up

Specifically,

• w ∈ IRn s.t. ||w||2 ≤ 1,
• F : IRn → IRn is a linear operator,

• E : IRn → {0, 1}RT is an arbitrary operator (encoder) that maps a real vector toa sequence of2RT binary symbols,

• R is the channel rate for the finite-rate noiseless channel that maps{0, 1}RT → {0, 1}RT ,

• D : {0, 1}RT → IRT is an arbitrary operator (decoder) that maps a sequence of2RT binary symbols to a real vector,

and

• H is a causal SISO LTI system with state-space representationH = ss(A,B, I, 0) with (A,B) reachable andA is

full rank.

We investigate two performance metrics for our navigation problem. The first metric fixes the horizonT and looks for

the smallest ball around the origin that the state can reach.In particular, we compute lower an upper bounds such that

γLB ≤ min(E,D) supx0∈Cx0 ||xT ||
2
2 ≤ γUB,

whereCx0 , {x0 ∈ IRn|x0 = Fw,w′w ≤ 1} = {x0 ∈ IRn | (F−1x0)′(F−1x0) ≤ 1}. Knowledge ofγLB tells us that

regardless of the encoder and decoder that we select, we can do no better than this lower bound. Therefore, we expect it

to be independent ofE andD. The upper bound tells us that there exists a coding scheme (and encoder an decoder) such

that the worst case performance is always less than or equal to γUB . Therefore, to computeγUB, we need to construct

an encoder and decoder and compute the corresponding worst-case performance.

The second metric fixesγ and looks for the minimum time it takes for the state vector toreach a ball of sizeγ.

Therefore, we fixγ and then look forTmin such thatmin(E,D) supx0∈Cx0 ||xT ||
2
2 ≤ γ for all T ≥ Tmin.

We compute the bounds in the following sections.

III-A. A Lower Bound

In this section we derive the lower bound on worst-case navigation performance.

Theorem III.1. Consider a reachable SISO LTI causal DT system,H = ss(A,B, I, 0) whereA is full-rank and with

initial condition x0 ∈ {x ∈ IRn|x = Fw,w ∈ IRn, w′w ≤ 1}, for a given full-rankF. If the control input is constrained

to take on at most2RT values afterT ≥ n time steps, then||xT ||22 ≤ γ only if



γ ≥ 2−2RT/n{|det(F )| |det(AT )|} 2n .

Proof.

We first observe that the set of all possible initial conditions, Cx0 , {x0 ∈ IRn|x0 = Fw,w′w ≤ 1} =
{x0 ∈ IRn | (F−1x0)′(F−1x0) ≤ 1}. Cx0 is a bounded ellipsoid in IRn centered at the origin with volume

η det{((F−1)′(F−1))−0.5} = η|det(F )|, where η is the volume of a unit ball in IRn. SinceA is full rank, the set

created by multiplyingx0 on the left byAT is also a bounded ellipsoid in IRn. Denote this new set asCAT x0 , {y ∈
IRn|y = ATx0, x0 ∈ Cx0}.

Next, note that ||xT ||22 = ||ATx0 + Mu||22, where AT is the (T )th power of the matrixA, and M =
[

AT−2B AT−3B ... AB B

]

is the reachability matrix of systemH . SinceM is full row rank, one can pick

any valuey ∈ IRn and find au ∈ IRT such thaty =Mu. Over a horizonT , the channel sends a total ofRT bits which

limits the control signal to take on no more than2RT values. Therefore,y =Mu can only take on2RT values.

Consider a selection of signalsy1, y2, ..., y2RT , which correspond to inputsu1, u2, ..., u2RT , respectively. We must then

map eachATx0 ∈ CATx0 to exactly oneyi i = 1, 2, ..., 2RT . Such a mapping induces a partition onCATx0 . In particular,

definePi = {v ∈ CAT x0 | v → yi} for i = 1, 2, ..., 2RT .

Now, suppose that the selectiony1, y2, ..., y2RT were chosen such that||ATx0 + yi||22 ≤ γ for all ATx0 ∈ Pi, and for

all i. Then necessarilyPi ⊆ Bγ , whereBγ is a ball in IRn of sizeγ with volume
√
γn.

SincePi ⊆ Bγ for each i = 1, 2, ..., 2RT , it is necessary that2RT γ-balls cover the setCATx0 . This implies that

2RT × volume(Bγ) ≥ volume(CATx0). Equivalently,

2RT ≥ volume(Cx0 )
volume(Bγ ) =

|det(F )| |det(AT )|
(
√
γ)n .

After rearranging terms, we get thatγ ≥ 2−2RT/n{|det(F )| |det(AT )|} 2n .

Since we often consider classes of inputs generated from LTIsystems,i.e.,F is LTI, we compute the lower bound for

this case in the following corollary.

Corollary III.1. Given the navigation set up defined above, ifF is generated by a causal SISO LTI system with state-space

descriptionss(Af , Bf , Cf , Df ), then

||xT ||22 ≥ 2−2RT/n(Df )2{|det(AT )|}
2
n .

Proof. If F is generated by a SISO causal LTI system with state-space description F = ss(Af , Bf , Cf , Df), then it can

be represented as an×n lower triangular Toeplitz matrix operator, with alln eigenvalues equal toDf . This implies that

the {det(F )} 2n = (Df )2.

We now comment onγLB.

• γLB depends onF (class of initial conditions),n (the dimension of the system state),T (performance horizon), and

R (channel rate).



• If A is stable, then necessarily the lower bound approaches 0 andT grows large sinceAT is approaching 0. In this

case, for largeT one does not need to apply a control inputu and the state will approach the origin.

• It is helpful (as we will see when we compute upper bounds) to rewrite the lower bound in terms of the singular and

eigenvalues of the matrixATF as follows:

γLB = 2
−2RT/n{∏n−1i=0 σi(A

TF )} 2n = 2−2RT/n{∏n−1i=0 |λi(ATF )|}
2
n .

Again, when computing the lower bound, we made no assumptions on whether the encoder and decoder are causal or

noncausal. In the following sections, we compute noncausaland causal upper bounds.

III-B. A Noncausal Upper Bound

In this section, we derive an upper bound on worst-case performance assuming that the encoder and decoder are

noncausal. The upper bound is derived using a coding scheme that transmits information about the vectorx0 in terms

of a basis derived from the singular value decomposition (SVD) of the matrixATF similar to the scheme describes in

section II-B.

Consider Figure 11 below. The encoder first uses the SVD ofATF = UΣV ∗ to writeATx0 = ATFw =
∑n−1
i=0 σiαiui,

whereσi is the ith singular value ofATF, αi = v∗iw wherev∗i is the ith row vector ofV ∗, andui is the ith column

vector ofU . Theαi’s are then each converted into their binary representations and truncated according to the bit-allocation

strategy denoted inR = (R1, R2, ..., Rn). In particular, a total ofRk bits are allocated toαk, for k = 1, ..., n, and the

only restriction is that
∑n
k=1 Rk = TR.

The decoder uses the bit-allocation strategyR to reconstructα and then uses the SVD ofATF to computex̂0 from

α̂. Finally, the decoder computes the minimum 2-norm control signal u such thatAT x̂0 +Mu = 0, which is the least

squares solution to an under-constrained set of linear equations.
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Fig. 11. SVD Coding Scheme

Note that with the above SVD coding scheme,



sup
x0∈Cx0

||xT ||22 = supx0∈Cx0
||AT (x̂0 − x0)||22

= sup{w| ||w||2≤1} ||A
TF (ŵ − w)||22

= sup{α| ||α|2≤1}
∑n

i=1

∑n

j=1(α̂i − αi)(α̂j − αj)σiσj(u′iuj)

≤ sup{α| ||α|2≤1}
∑n

i=1 |αi|22−2Riσ2i

≤ maxi 2−2Riσ2i .

To derive the upper bound using the above SVD coding scheme, we constructR = (R1, R1, ..., Rn) to solve the

following optimization problem:

minRmaxi 2−2Riσ2i

s.t.
∑n
i=1 Ri = TR

Ri ≥ 0 ∀i.

We allow the rates to take on non-integer values to solve for an optimal bit-allocation strategy. The resulting non-integer

valued rates can be interpreted as average rates over time. The above problem is computable and it is easy to verify (using

Lagrange multipliers) that the optimal solution isR∗i = (
RT
n − 1n

∑n
i=1 log2(σi))+ log2(σi) ∀i. Therefore, the larger the

singular valueσi, the more bits are allocated toαi. It is straightforward to show that the resulting upper boundachieves

the lower bound.

III-C. A Causal Upper Bound

In this section, we derive an upper bound by constructing a modified SVD Coding Scheme, where the encoder has

access to the entire vectorx0 ∈ Cx0 at time t = 0, but the decoder is restricted to only processR bits of information per

time step. This is a more practical implementation.

The causal coding scheme transmits information aboutx0 in terms of a basis derived from the singular value

decomposition (SVD) of the matrixF. Consider Figure 12. Here, the encoder first uses the SVD ofF = UΣV ∗ to

write x0 =
∑n−1
i=0 σiαiui, whereσi is theith singular value ofF, αi = v∗i w wherev∗i is theith row vector ofV ∗, andui

is the ith column vector ofU . Theαi’s are then each converted into their binary representations and truncated according

to the bit-allocation strategy dictated by aT × n rate matrix

R =























R01 R12 ... R0n

R11 R12 R1n

R21 R22 R2n
...

...
...

RT−1,1 RT−1,2 RT−1,3 ... RT−1,n























,



such that
∑

j Rij = R for i = 0, 1, ..., T − 1. Let Ri(t) =
∑t
j=0 Rji for i = 1, ..., n andt = 0, 1, ..., T − 1. Then, a total

of Ri(t) bits are allocated toαi, for i = 1, ..., n at time t.
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Fig. 12. SVD Coding Scheme for Navigation

At time t, the decoder uses the bit-allocation strategyR (as described in section II-C) to reconstructα as α̂(t). The

decoder then computes the scalar control inputut that minimizes||xt||2, by solving the following optimization problem

minut supα∈St ||AUΣα+
∑t−2
i=0 A

t−1−iBui +But||2
s.t. St = {α ∈ IRn| |αi − α̂i(t)| ≤ 2−Ri(t) i = 1, 2, ..., n}.

The solution to the above min-sup problem can be computed exactly. First, we use the property that the supremum

of a convex function over a bounded interval occurs at the boundaries, which gives us thatα∗(t), the solution to

supα∈St ||AUΣα+
∑t−2
i=0 A

t−1−iBui +But||2, as one of the following vectors:

α∗(t) =

















α̂1(t)± 2−R1(t)

α̂2(t)± 2−R2(t)
. . .

α̂n(t)± 2−Rn(t)

















.

Then, we minimize||AUΣα∗(t) +∑t−2i=0 At−1−iBui+But||2 by taking its derivative with respect tout and then setting

it to 0. We get that the optimal control input at timet is u∗t =
(AUΣα∗(t)+

∑t−2
i=0 A

t−1−iBui)
′B

(B′B) . Finally, we can show that

supCx0 ||xT ||2 occurs atx0 = 0 and correspondinglyα = 0, which gives

α∗(t) =

















2−R1(t)

2−R2(t)

. . .

2−Rn(t)

















.

Therefore, the decoder computesu∗t =
(AUΣα∗(t)+

∑t−2
i=0 A

t−1−iBui)
′B

(B′B) using the aboveα∗(t).

The critical difference between the above coding scheme andthat introduced in section II-B is the restriction of allocating

a total ofR bits each time step, which is captured by the rate matrix.



III-D. Comparison of Bounds

We now compare the lower and upper navigation bounds onγ to each other for different LTI causal systems

H = ss(A,B,C,D), and for different time horizonsT. We consider diagonal4 × 4 (n = 4) state-transition matrices

A = diag(a0, a1, a2, a3), an F that is generated by LTI systemss(Af , Bf , Cf , Df ), and we fix the rateR = 5. Under

such conditions,

γLB = 2
−2RT/n(Df )2{

∏n−1
i=0 |ai|T }

2
n .

Figures 13 and 14 illustrate the bounds for the following scenarios.

1) F = ss(0.99, 0.99, 1, 1), A = diag([0.2 0.8 0.9 0.8]), andB = [1 1 1 1]′.

2) F = ss(0.01, 0.01, 1, 1), andA andB are the same matrices as those generated in 1.

3) F = ss(0.99, 0.99, 1, 1), A = diag([1.2 1.8 1.9 1.8]), andB = [1 1 1 1]′.

4) F = ss(0.01, 0.01, 1, 1), andA andB are the same matrices as those generated in 3.
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Fig. 13. Left: Bounds forF = ss(0.99, 0.99, 1, 1) andA stable, Right: Bounds forF = ss(0.01, 0.01, 1, 1) andA stable

We make a few observations.

• Stability ofA: All bounds decay whenA is stable asT grows. WhenA is unstable, then the causal upper bound

only decays when the pole of the system that generatesF is closer to the unit disk.

• Pole ofF : When the pole of the system that generatesF is closer to the origin, the singular values ofF are all

comparable and therefore using the SVD basis to representx0 in the causal coding scheme is less helpful. Therefore,

we expect causal coding performance to deteriorate, which it does. Put another way, whenF has a pole close to

the unit disk, then the ellipsoid setCx0 has more structure, that is knowing some components ofx0 give alot of

information about the remaining component ofx0. When the pole ofF is closer to 0, thenCx0 looks more and more

like ann-dimensional sphere.
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Fig. 14. Left: Bounds forF = ss(0.99, 0.99, 1, 1) andA unstable, Right: Bounds forF = ss(0.01, 0.01, 1, 1) andA

unstable,

III-E. A Lower Bound on Time Horizon

In this section, we seek to minimize the time it takes for the state vector to reach a ball of sizeγ. Therefore, we fixγ

and then look for the smallest horizonT to meet performance.

Theorem III.2. Consider a reachable SISO LTI causal DT system,H = ss(A,B, I, 0) with A being full rank and with

initial condition x0 ∈ {x ∈ IRn|x = Fw,w ∈ IRn, w′w ≤ 1}, for a givenF. If the control input is constrained to take on

at most2RT values afterT ≥ n time steps, then||xT ||22 ≤ γ (for any givenγ > 2−2R|det(A)|2) only if

T ≥ max(
∣

∣

∣

2(log2(|det(F )|)−log2(|det(A)|)
log2(γ)+2R−2log(|det(A)|)

∣

∣

∣
, n).

Proof.

As shown in the proof for Theorem III.1, an equivalent expression for navigation performance||Mu + ATFw||22 ≤ γ
is ||Umα + ATFw||22 ≤ γ. We apply the same counting argument as that given in the prooffor Theorem III.1, but

isolateT on one side of the inequality instead ofγ. We then get that the lower bound on the number of time steps as
∣

∣

∣

2(log2(|det(F )|)−log2(|det(A)|)
log2(γ)+2R−2log(|det(A)|)

∣

∣

∣
as long aslog2(γ) + 2R− 2log(|det(A)|) > 0, which is equivalent toγ > 2−2R|det(A)|2.

Finally, since we assumed thatT ≥ n (M full row rank), this lower bound is only valid if it is greaterthan n. If
∣

∣

∣

2(log2(|det(F )|)−log2(|det(A)|)
log2(γ)+2R−2log(|det(A)|)

∣

∣

∣
< n, then it is possible to reach a ball of sizeγ in n time steps.

Note that the lower bound depends onR, F , γ, and the system dynamicsA.

IV. CONCLUSIONS & FUTURE WORK

In this paper, we present a deterministic worst-case approach for reconstructing signals that are transmitted througha

finite-rate noiseless channel and then applied to linear dynamical systems. We define two finite-horizon system performance



criteria, discuss performance limitations when coding is restricted to be causal, and quantify achievable performance levels

for each.

In this paper, we ignore feedback and only consider how the finite-rate channel impacts control in a feedforward setting.

This makes sense when one is controlling “slowly”. That is, acommand is sent to a remote system when it is at rest and

then it “moves” accordingly. Feedback as to where the systemhas moved to is given, but at a slower time-scale. In future

work, we will allow for feedback and study finite-horizon objectives in this case.
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